
 1 

Degenerate Four-Wave Mixing in a Multiresonant 

Germanium Nanodisk 

Gustavo Grinblat*, Yi Li*, Michael P. Nielsen, Rupert F. Oulton, Stefan A. Maier 

The Blackett Laboratory, Department of Physics, Imperial College London, London SW7 2AZ, 

United Kingdom 

ABSTRACT. Dielectric nanoantennas excited at Mie resonances are becoming suitable 

candidates for nonlinear optical effects due to their large intrinsic nonlinearity and capability to 

highly confine electromagnetic fields within subwavelength volumes. In this work, we show that 

a single Ge nanodisk, recently demonstrated as an efficient source of third harmonic generation 

(THG), can also be exploited for four-wave mixing (FWM) phenomena. The high field 

enhancement inside the disk yields effective third-order susceptibilities as high as 2×10-8 esu 

(2.8×10-16 m2/V2), which were determined by single pump wavelength THG measurements tuned 

to high-order Mie modes. A similar nonlinear optical response is observed in the case of 

degenerate FWM where two different pump wavelengths are coupled to a single high-order 

resonant mode. However, when the two pump wavelengths are coupled to different high order 

modes, the FWM process is partially suppressed due to a diminished near-field spatial overlap of 

the mixed wavelengths within the disk. This investigation reveals useful pathways for the 

optimization of third-order optical processes in all-dielectric nanostructures.  
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High-resolution optical microscopy,1-4 ultra-sensitive nanoscale sensing,5,6 photonic 

nanocircuitry,7 and optoelectronic nanodevices,8 can all be boosted by exploiting nonlinear 

optical effects with large efficiencies at subwavelength volumes. In most cases, nonlinear optical 

phenomena involve the interaction of two or more photons in a nonlinear medium to produce one 

or more photons at different energies. As a consequence, the intensity of the generated light often 

depends in a superlinear manner on the input field intensity, allowing this kind of processes to be 

enhanced by locally confining electromagnetic fields to maximize the excitation density. An 

example of such a nonlinear optical effect is third harmonic generation (THG), which coherently 

combines three photons of equal frequency to create a new photon of triple the incident photon 

frequency.9-11 In this situation, the generated light intensity increases with the cube of the input 

excitation power, and relies on the third order susceptibility of the material, (3). 

A larger number of photon frequencies can be processed by four-wave mixing (FWM),12-

14 a third-order nonlinear effect in which two or three different incident photon energies are 

mixed, enabling multiple output wavelengths. In particular, when three different incident photon 

frequencies are considered (1 2 3), a non-degenerate process takes place, producing five 

different waves governed by the equation FWM = ± 1 ± 2 ± 3. In the case of only two 

incident frequencies 1 and 2, degenerate FWM gives rise to four different generated 

frequencies FWM = 21,2 ± 2,1. To differentiate between the “+” and “-“ cases, some authors 

refer to them as “four-wave sum mixing” and “four-wave difference mixing”, respectively.15,16 
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When all incident photons have identical frequency  the process simplifies to FWM = 3, i.e. 

the THG phenomenon.  

Numerous examples of FWM processes on the nanoscale have been demonstrated via 

plasmonic nanoantennas during the past decade.17-21 Radiative electric modes have been 

engineered to concentrate the fundamental fields in the vicinity of metallic nanoclusters to 

maximize their nonlinear optical response. However, intrinsic ohmic losses, together with a field 

confinement effect that is limited to surfaces, severely restrict the conversion efficiencies that 

can be attained with plasmonic nanoantennas.22-25 To address this issue, more recently, low-loss 

dielectric nanoantennas made of Si or Ge have been investigated for enhanced nonlinear 

processes due to their large intrinsic nonlinear index, multiple resonant modes, and ability to 

concentrate fields within their volumes.26-30 Remarkably, THG conversion efficiencies of the 

order of 10-3% have been demonstrated for single Ge nanodisks when exciting at higher-order 

anapole modes30. However, up until now, FWM processes have not been effectively manipulated 

in single dielectric nanostructures. 

 

Figure 1. (a) Illustration of the nonlinear experiment. A 200 nm-thick Ge disk on glass is excited 

with one or more photon energies using ultrafast near-infrared light. The inset shows a 

representative scanning electron microscope (SEM) image of the nanodisk. Scale bar, 500 nm. 
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(b) Schematic of the experimental setup. ’M’ denotes a mirror, 'DM' denotes a dichroic mirror, 

and ’FXXX’ denotes a lens with focal length XXX in mm. For the mirrors, dashed lines represent 

flipper mirrors. The light source was focused on the sample through a high numerical aperture 

objective and the sample was then scanned using a three-axis stage. A shortpass dichroic mirror 

removes the pump beam from the nonlinear output, which is then measured with either a power 

detector or a spectrograph. 

In this work, we analyze the degenerate FWM performance of a single Ge nanodisk in the 

visible range when exciting with fundamental wavelengths in the near-infrared region (i.e., the 

four-wave sum mixing case), as schematized in Figure 1. First, the presence of resonances that 

enhance the electric energy inside the structure is identified through extinction and THG 

measurements. Then, the FWM process is characterized using two excitation beams, and the 

comparison is made between the FWM signals when exciting at a single high-order resonant 

mode and when combining two high-order resonant modes. The results show that the best 

efficiency is achieved when the near-field overlap of the incident wavelengths inside the 

nanostructure is maximized.  

Ge disks of 200 nm height and 625 nm radius were fabricated by means of electron beam 

lithography and a standard lift-off process (see Methods section for fabrication details). A pitch 

of 4 m was chosen to avoid optical coupling between adjacent disks. The extinction cross 

section of the particles was studied by Fourier transform infrared (FTIR) spectroscopy in arrays 

of 25 × 25 disks in transmission configuration. At the same time, to theoretically analyze the 

experimental results, simulations were performed using the RF module of Comsol software 

(refer to Methods for details on simulations and optical characterization). Figure 2 a-b show, 

respectively, the result of extinction measurements together with the corresponding numerical 
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calculation. A good agreement is observed between the curves, however there are some 

discrepancies which may be attributed to small variations among different disks due to 

imperfections in the fabrication process.26,27,32 In addition, the use of a reflective microscope 

objective in the collection geometry could also have contributed to this disagreement, as this type 

of objective blocks the central region of the beam and may alter the relative contribution of the 

different modes to the spectrum. We note that the characteristic anapole mode of the disk is 

located beyond 2000 nm wavelength (region not shown), and therefore the spectra in Figure 2 

comprise only higher-order modes, which have been recently demonstrated as the most efficient 

for THG in a dielectric disk.30 The near-field intensity distribution at mid-height of the disk is 

represented in Figure 2 d-e for three different wavelengths in the spectrum, labelled as HOM1, 

HOM2, and HOM3. In all cases, we observe that the electric field is preferentially located inside 

the antenna, which is a beneficial aspect for nonlinear processes with large volume contribution 

such as THG and FWM. 
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Figure 2. (a) Experimental and (b) simulated extinction spectra of a Ge disk of 200 nm height 

and 625 nm radius. The experimental cross sections correspond to measured values of 1-T (T, 

transmittance). (c)-(e) Simulated distribution of the electric field intensity (|E|2/|E0|
2) computed 

inside the nanodisk and its surroundings for the modes HOM1 (c), HOM2 (d), and HOM3 (e).  

To confirm that the observed resonant modes indeed maximize the electric energy within 

the Ge particle, we studied the THG response when exciting at varying fundamental wavelength 

pump (refer to Methods for experimental details on the nonlinear characterization). Figure 3a 

shows the measured THG spectra (red curves) for pump in the 1250-1750 nm range. It is found 

that the envelope of the spectra (black curve) presents three distinctive peaks, indicating high 

field enhancement inside the disk. To theoretically describe this result, considering that THG is a 

third-order process, we analyzed the spectral dependence of the cube of the electric energy stored 

within the particle at the fundamental wavelength. The electric energy was computed as 𝑊𝐸 =

𝑛2 ∭|𝐸|
2

𝑑𝑉/2, where n and V denote the refractive index and volume of the dielectric particle, 

respectively. We remark that no resonances were found at the THG wavelengths and therefore 

no significant contribution to the enhancement effect is expected to originate from the emission 

process. As shown in Figure 3b, a very good agreement is obtained between simulation and 

experiment, with the three maxima in (WE)3 occurring at the pump wavelengths corresponding to 

the modes HOM1, HOM2, and HOM3 as anticipated. Regarding the difference in intensity 

between experiment and simulation for the peak at the shortest (fundamental) wavelength, it may 

be attributed to the decreasing (3) behavior with decreasing wavelength for Ge in this spectral 

region,33 which reduces the nonlinear performance. In order to quantify the nonlinear response of 

the Ge nanodisk in the optimal condition, we studied the power dependence of the nonlinear 

signal at pump = 1650 nm. As shown in the inset of Figure 3(a), the expected cubic trend is 
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observed, giving rise to a maximum THG conversion efficiency of ƞTHG 10-3% (ƞTHG = THG 

power/excitation power) at a peak pump intensity of 8 GW/cm2. To compute an effective value 

of the third-order nonlinear susceptibility for the nanodisk, we consider first that the THG signal 

power, PTHG, is proportional to the cube of the pump power, Ppump, with (𝜒(3))2  as the 

proportionality coefficient, i.e.  𝑃𝑇𝐻𝐺 ∝ (𝜒(3))2 ∗ (𝑃𝑝𝑢𝑚𝑝)3 . Then, by comparing the THG 

response of the disk with that of bulk Ge,27 the effective nonlinear susceptibility 𝜒𝑒𝑓𝑓
(3)

 of the 

particle is determined to be as large as 2×10-8 esu (2.8×10-16 m2/V2), which is 2 orders of 

magnitude larger than that of the bulk. Moreover, we estimate that this value could be as high as 

10-15 m2/V2 if the disk radius is increased to about 1 m so that the HOM1 resonance occurs at 

around 2500 nm wavelength, i.e. where the intrinsic nonlinear response from Ge is maximum.33 

This would further enhance ƞTHG by nearly two orders of magnitude. It is worth mentioning here 

that the obtained 𝜒𝑒𝑓𝑓
(3)

 is up to one order of magnitude lower than those reported for plasmonic 

nanoantennas.18 Indeed, third-order susceptibilities of metals are among the highest in nature.34 

Nevertheless, since plasmonic nanostructures confine electromagnetic fields exclusively to 

surfaces, their corresponding third-order optical efficiencies (i.e., ƞTHG) are reported to be several 

orders of magnitude smaller than the one presented here,35-39 leaving the dielectric strategy as the 

best approach. 
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Figure 3. (a) Fundamental wavelength dependence of the THG spectrum for the Ge disk. Each 

spectrum (red curves) corresponds to a different fundamental wavelength of triple that of the 

central THG wavelength. The envelope of the set of spectra is shown in black. The inset exhibits 

the measured excitation power dependence of the THG signal at 1650 nm pump wavelength. The 

line in the plot is a fit considering cubic dependence with the excitation power. (b) Simulated 

spectral dependence of the cube of the electric energy (WE) inside the disk. The dashed lines 

represent the excitation frequencies chosen for the FWM studies. 

Due to the presence of several resonances in the Ge disk, we could study FWM by exciting either 

multiple or single modes. In particular, from the results in Figure 3, HOM1 and HOM2 are 

expected to be the best candidates to be used for FWM processes since their THG signals are 
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found to be the highest. In addition, these two modes were estimated to have a field intensity 

overlap as high as 80% within the disk, enabling efficient wave mixing effects.18 The 

combination of highly confined fields and spatial overlap of HOM1 and HOM2 within the disk 

with low absorption40 should allow FWM processes to be effectively exploited.  

Figure 4a shows the result of mixing two different excitation frequencies, one at HOM1 and one 

at HOM2, namely 1 and 2 respectively. Excitation powers for the different wavelengths were 

adjusted to produce similar THG responses (corresponding peaks are labelled as 31 and 32 in 

the graph). As it can be seen in the figure, two additional maxima appear in between the two 

THG peaks. When calculating the associated frequencies, it is found that those maxima 

correspond to the FWM signals at 21 + 2 and 22 + 1 (i.e., the four-wave sum mixing 

process). Interestingly, it is observed that the intensities of the FWM peaks are >30% lower than 

those related to the THG emission, indicating that it is not equivalent to mix photons of different 

or equal frequencies. To analyze this result theoretically, we have estimated the nonlinear cross-

sections of the near fields inside the disk for the FWM process. To that end, we have calculated 

the volume integral of the products 𝑃12,21 = |𝐸𝜔1,2|
4

× |𝐸𝜔2,1|
2

 inside the disk, after 

corroborating the expected quadratic and linear dependencies of the FWM signals with the 

intensities of the fundamental fields (inset of Figure 4(a)). Figure 4 b-c exhibit 2D distributions 

of the nonlinear cross-sections at mid-height of the disk prior to volume integration. 

Combinations of the patterns corresponding to the different modes involved (Figure 2 b-c) can be 

appreciated. After volume integration of 𝑃12,21, the obtained values are found to be 40% lower 

than those for the THG processes. This proportional reduction in response due to the reduced 

spatial mode overlap is in good agreement with the experimental results considering the mixing 

of the various combinations of three photons at 1 and 2. To further confirm this observation, 
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the two different pump frequencies, namely 3 and 4, were coupled to a single high order 

mode. The reduction in the FWM signals with respect to the THG peaks is now significantly less 

than in the multi-mode FWM case, as shown in Figure 4d for . This can be understood 

from the much better overlap between the near field distributions at the two selected frequencies, 

which approaches 100% since the patterns are in this case essentially the same. We remark that 

the mode engineering approach proposed here would also be useful for the FWM emissions at 

21,2 - 2,1 and 23,4 - 4,3, since their efficiencies depend on the near-field overlap of the 

excitation waves in the same way as the analyzed “+” cases.18 

 

Figure 4. (a) Measured nonlinear response of the Ge disk when exciting at HOM1 and HOM2 

modes simultaneously. The inset exhibits the dependence of the FWM signal at 21 + 2 with the 
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excitation powers. A quadratic (linear) behavior with the pump power at 1 (2) is observed. 

(b)-(c) Nonlinear cross-section maps for the FWM process when mixing the modes HOM1 and 

HOM2. (d) Measured nonlinear response of the Ge disk when exciting at two different 

wavelengths comprised by HOM1.  

In conclusion, FWM processes with emission at visible frequencies were studied by exciting a 

single Ge nanodisk at multiple high-order modes in the near-infrared range. When considering a 

single excitation frequency, the third order susceptibility was found to be as large as 2×10-8 esu 

(2.8×10-16 m2/V2), which is two orders of magnitude greater than the corresponding value for 

bulk Ge. When mixing two pump wavelengths comprised by a single high-order mode, the 

degenerate FWM signals were observed to decrease by only 10% in intensity with respect to 

the THG process, indicating nearly equivalent efficiency. However, when considering two 

different modes with near-field intensity overlap of about 80% within the disk, the FWM peaks 

were found to be >30% lower in intensity compared to the THG case. These results show that the 

single dielectric nanodisk operating at high-order modes works as an efficient element for FWM 

processes in subwavelength volumes. 

METHODS 

Sample Fabrication. Arrays of Ge nanodisks with 4 m pitch and radius of 625 nm were 

fabricated on borosilicate glass using electron beam lithography. The substrate was first coated 

with positive-tone PMMA (950K A4) resist, and posteriorly baked for 5 minutes at 180 °C. The 

nanostructures were then defined by an electron beam exposure, followed by a development 

procedure. Ge thermal evaporation at 1.5 Å/s at room temperature (resulting in amorphous Ge 

growth) and a standard lift-off process completed the fabrication process. 
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Optical Characterization. Extinction measurements of the fabricated nanoantennas were 

performed via FTIR spectroscopy (Bruker Hyperion 2000) using linearly polarized light at 

normal incidence in transmission mode, averaging over arrays of 25×25 disks. 36 X (NA = 0.5) 

reflective objectives were used to focus and collect the light.  For the THG characterization of 

individual nanostructures, a pulsed Yb:KGW PHAROS laser system was used as the pump of a 

collinear optical parametric amplifier ORPHEUS with a LYRA wavelength extension option 

(Light Conversion Ltd, pulse duration of 180 fs, repetition rate of 100 kHz). The excitation beam 

( = 1200 nm - 1800 nm) was reflected by a shortpass dichroic mirror (Thorlabs DMSP1000) 

and focused onto a 1.2 m2 spot on the sample with a 100X (NA = 0.9) air objective from Nikon. 

The THG emission was collected in a back-scattering configuration via the same objective, and 

detected with a spectrograph (PI Acton SP2300 by Princeton Instruments) for spectral 

measurements. The sample was fixed to an XYZ piezo-scanner stage (Nano-Drive, Mad City 

Labs) to perform the scanning. The power of the collected THG emission was measured with a 

calibrated silicon photodetector (Newport), and the excitation power was measured with a 

germanium photodetector (Thorlabs). For <1 pW THG powers, values were calibrated by using 

the measured THG spectra. For the FWM studies, a supercontinuum laser (SC400, NKT 

Photonics) coupled to an acousto-optic tunable filter (SuperK SELECT, NKT Photonics) that 

allowed multiple excitation wavelengths simultaneously was employed. 

Numerical Simulations. Theoretical calculations of the extinction cross section spectra and the 

near-field intensity distributions were performed using the RF module of the commercial 

software Comsol Multiphysics. Simulations were carried out within a 4 m diameter sphere 

containing the Ge nanodisk on glass substrate and surrounded by air medium. The problem was 

solved for the scattered field using scattering boundary conditions and a perfectly matched layer 
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of 50 nm thickness. The extinction cross section was calculated as the sum of the absorption and 

scattering cross sections, i.e. ext = abs + scat, considering linearly polarized light at normal 

incidence. The absorption cross section was computed over the nanodisk volume, while the 

scattering cross section was calculated as the field scattered over a semi-sphere placed opposite 

to the direction of incidence of the pump wave. In order to account for small deviations of the 

fabricated structure from the perfect cylinder, we have allowed variations in the radius of around 

10% in the numerical calculations to better describe the experimental results. Simulations of the 

electric energy stored inside the nanostructure were performed by integrating the electric field 

intensity within the nanodisk volume using the expression 𝑊𝐸 = 𝑛2 ∭|𝐸|
2

𝑑𝑉/2. Similarly, the 

nonlinear cross-sections for the FWM processes were calculated by integrating the products 

|𝐸𝜔1,2|
4

× |𝐸𝜔2,1|
2

 considering the selected wavelengths at the modes HOM1 and HOM2, 

correspondingly. 
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