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Abstract

In this paper, the problem of stability of uncertain cellular neural networks with discrete and

distribute time-varying delays is considered. Based on the Lyapunov function method and convex

optimization approach, a new delay-dependent stability criterion of the system is derived in terms of

LMI (linear matrix inequality). In order to solve effectively the LMI as a convex optimization

problem, the interior-point algorithm is utilized in this work. A numerical example is given to show

the effectiveness of our results.

r 2008 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

During two decades, there have been great attentions on the stability analysis of cellular
neural networks (CNNs) since it has been widely applied to various systems such as pattern
recognition, associative memories, signal processing, and fixed-point computation. These
applications rely on the existence of the equilibrium point and require commonly need the
equilibrium point of the required network to be stable. Time-delay exists in many
2.00 r 2008 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

.jfranklin.2008.04.011

nding author. Tel.: +82 43 261 2422; fax: +82 43 263 2419.

dresses: madwind@chungbuk.ac.kr (O.M. Kwon), jessie@ynu.ac.kr (J.H. Park).

www.elsevier.com/locate/jfranklin
dx.doi.org/10.1016/j.jfranklin.2008.04.011
mailto:madwind@chungbuk.ac.kr
mailto:jessie@ynu.ac.kr


ARTICLE IN PRESS
O.M. Kwon, J.H. Park / Journal of the Franklin Institute 345 (2008) 766–778 767
applications due to the finite switching speed of amplifiers in electronic networks or finite
speed for signal propagation in biological networks (see [1–3]). The delay in the desired
networks influences on the stability and occasionally causes the oscillation and poor
performance of the network. Therefore, there have been many efforts to the study for the
stability analysis of delayed Cellular Neural Networks (DCNNs) [4–16] during the last
decade.

On the other hand, it is noticed that the signal propagation is sometimes instantaneous
and can be modeled with discrete delays. Also it may be distributed during a certain time
period so that the distributed delays should be incorporated in the model. In other words,
it is often the case that the neural network model possesses both discrete and distributed
delays [7]. Recently, the stability of CNNs with discrete and distributed delays has been
investigated in [13–16]. Very recently, the parametric uncertainties, which often break the
stability of systems, are considered in the works [14–16]. Nevertheless, it is necessary to do
more research on this topic to obtain less conservative criteria for global asymptotic
stability.

In this paper, we consider the problem for global asymptotic stability of a class of
DCNNs. The DCNNs tackled in the work have parametric uncertainties, discrete, and
distribute time-varying delays, which is more general cases than time-invariant ones. By
constructing a suitable Lyapunov–Krasovskii functionals and utilizing free weight
matrices, a new stability criterion for the system is derived. The criterion is delay-
dependent one which is less conservative than delay-independent one when the size of
delays is small [17]. Also, the proposed stability criterion is of the form of linear matrix
inequalities (LMIs) which can be solved efficiently by using the interior-point algorithms
[18]. Finally, we include a numerical example to show that our results are less conservative
than those of the existing ones.

Notation: Rn is the n-dimensional Euclidean space, Rm�n denotes the set of m� n real
matrix. k � k refers to the Euclidean vector norm and the induced matrix norm. For
symmetric matrices X and Y, the notation X4Y (respectively, XXY ) means that the
matrix X � Y is positive definite (respectively, nonnegative). diagf� � �g denotes the block
diagonal matrix. % represents the elements below the main diagonal of a symmetric matrix.
lMð�Þ and lmð�Þ mean the largest and smallest eigenvalue of given square matrix,
respectively.

2. Problem statements

Consider the CNNs with discrete and distributed time-varying delays by the following
state equations:

_yðtÞ ¼ ð�Aþ DAÞyðtÞ þ ðW 0 þ DW 0Þf ðyðtÞÞ þ ðW 1 þ DW 1Þf ðyðt� hðtÞÞÞ

þ ðW 2 þ DW 2Þ

Z t

t�tðtÞ
f ðyðsÞÞdsþ b, (1)

where yðtÞ ¼ ½y1ðtÞ; . . . ; ynðtÞ�
T 2 Rn is the neuron state vector, n denotes the number

of neurons in a neural network, f ðyðtÞÞ ¼ ½f 1ðy1ðtÞÞ; . . . ; f nðynðtÞÞ�
T 2 Rn denotes

the activation functions, f ðyðt� hðtÞÞÞ ¼ ½f 1ðy1ðt� hðtÞÞÞ; . . . ; f nðynðt� hðtÞÞÞ�T 2 Rn, A ¼

diagfaig is a positive diagonal matrix, W 0 ¼ ðw
0
ijÞn�n, W 1 ¼ ðw

1
ijÞn�n, and W 2 ¼ ðw

2
ijÞn�n

are the interconnection matrices representing the weight coefficients of the neurons,
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b ¼ ½b1; . . . ; bn�
T means a constant input vector, and DA, DW 0, DW 1, and DW 2 are the

uncertainties of system matrices of the form

½DA DW 0 DW 1 DW 2� ¼ DF ðtÞ½Ea E0 E1 E2�, (2)

where the time-varying nonlinear function F ðtÞ satisfies

FTðtÞF ðtÞpI ; 8tX0. (3)

The delays, hðtÞ and tðtÞ, are time-varying continuous function that satisfies

0ohðtÞph̄; _hðtÞpm; 0otðtÞpt̄, (4)

where h̄, t̄, and m are positive constants.
The activation functions, f iðyiðtÞÞ; i ¼ 1; . . . ; n, are assumed to be nondecreasing,

bounded and globally Lipschiz, that is,

0p
f iðxiÞ � f jðxjÞ

xi � xj

pli; xi; xj 2 R; xiaxj ; i; j ¼ 1; . . . ; n. (5)

Note that by using the Brouwer’s fixed-point theorem [4], it can be easily proven that there
exists at least one equilibrium point for Eq. (1).
For simplicity, in stability analysis of system (1), the equilibrium point y� ¼ ½y�1; . . . ; y

�
n�
T

is shifted to the origin by utilizing the transformation xð�Þ ¼ yð�Þ � y�, which leads system
(1) to the following form:

_xðtÞ ¼ ð�Aþ DAÞxðtÞ þ ðW 0 þ DW 0ÞgðxðtÞÞ þ ðW 1 þ DW 1Þgðxðt� hðtÞÞÞ

þ ðW 2 þ DW 2Þ

Z t

t�tðtÞ
gðxðsÞÞds, (6)

where xðtÞ ¼ ½x1ðtÞ; . . . ;xnðtÞ�
T 2 Rn is the state vector of the transformed system, gðxðtÞÞ ¼

½g1ðxðtÞÞ; . . . ; gnðxðtÞÞ�
T and gjðxjðtÞÞ ¼ f jðxjðtÞ þ y�j Þ � f jðy

�
j Þ with gjð0Þ ¼ 0ðj ¼ 1; . . . ; nÞ. It

is noted from (5) that gjð�Þ satisfies the following condition:

0p
gjðxjÞ

xj

plj ; 8xja0; j ¼ 1; . . . ; n (7)

which is equivalent to

gjðxjÞ½gjðxjÞ � ljxj �p0; gjð0Þ ¼ 0; j ¼ 1; . . . ; n. (8)

Here, as a mathematical tool for our analysis, the following zero equation is introduced:

GxðtÞ � Gxðt� hðtÞÞ � G

Z t

t�hðtÞ

_xðsÞds ¼ 0.
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Then, we can represent system (1) as

_xðtÞ ¼ ð�Aþ GÞxðtÞ � Gxðt� hðtÞÞ � G

Z t

t�hðtÞ

_xðsÞdsþW 0gðxðtÞÞ

þW 1gðxðt� hðtÞÞÞ þW 2

Z t

t�tðtÞ
gðxðsÞÞdsþDpðtÞ,

pðtÞ ¼ F ðtÞqðtÞ,

qðtÞ ¼ EaxðtÞ þ E0gðxðtÞÞ þ E1gðxðt� hðtÞÞÞ þ E2

Z t

t�tðtÞ
gðxðsÞÞds, (9)

where pðtÞ 2 Rn, qðtÞ 2 Rn, and G 2 Rn�n will be chosen later.
Before deriving our main results, we state the following facts, and lemma.

Fact 1 (Schur complement). Given constant symmetric matrices S1;S2;S3 where S1 ¼ ST
1

and 0oS2 ¼ ST
2 , then S1 þ ST

3S
�1
2 S3o0 if and only if

S1 ST
3

S3 �S2

" #
o0 or

�S2 S3

ST
3 S1

" #
o0.

Fact 2. For any real vectors a; b and any matrix Q40 with appropriate dimensions, it
follows that

2aTbpaTQaþ bTQ�1b.

Lemma 1. For a positive matrix Q40, any matrices F iði ¼ 1; . . . ; 8Þ, and scalar h̄X0, the

following inequality holds:

�

Z t

t�hðtÞ

_xTðsÞQ _xðsÞdspzTðtÞeFzðtÞ þ h̄zðtÞTF̄
T

Q�1F̄zðtÞ,

where

F̄ ¼ ½F1 F2 F 3 F 4 F5 F6 F 7 F8�, (10)

eF ¼

0 0 FT
1 0 0 0 0 0

% 0 FT
2 0 0 0 0 0

% % FT
3 þ F3 F 4 F5 F6 F 7 F8

% % % 0 0 0 0 0

% % % % 0 0 0 0

% % % % % 0 0 0

% % % % % % 0 0

% % % % % % % 0

2666666666666664

3777777777777775
, (11)

and

zTðtÞ ¼ xTðtÞ xTðt� hðtÞÞ

Z t

t�hðtÞ

_xðsÞds

� �T

_xTðtÞ

"

gTðxðtÞÞ gTðxðt� hðtÞÞÞ

Z t

t�tðtÞ
gðxðsÞÞds

� �T

pTðtÞ

#
. (12)
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Proof. Utilizing Fact 2, we have

�

Z t

t�hðtÞ

_xTðsÞQ _xðsÞds

p2

Z t

t�hðtÞ

_xðsÞds

� �T

F̄zðtÞ þ
Z t

t�hðtÞ

zTðtÞF̄T
Q�1F̄zðtÞds

p2zTðtÞ

0

0

I

0

0

0

0

0

2666666666666666664

3777777777777777775

F̄zðtÞ þ h̄zTðtÞF̄T
Q�1F̄zðtÞ

¼ zTðtÞeFzðtÞ þ h̄zTðtÞF̄T
Q�1F̄zðtÞ: &
3. Main results

In this section, we propose a new global stability criterion for CNNs with discrete and
distributed time-varying delays (9).
Before stating our main results, let us define the matrices for simplicity in Appendix.

Now, we have the following main results.

Theorem 1. For given h̄, m, t̄, and L ¼ diagfl1; l2; . . . ; lng, the equilibrium point of Eq. (1) is

globally stable for 0ohðtÞph̄; _hðtÞpm, and 0otðtÞpt̄ if there exist positive diagonal

matrices R1 ¼ diagfr1; r2; . . . ; rng, K1 ¼ diagfk11; k12; . . . ; k1ng, and K2 ¼ diagfk21; k22;
. . . ; k2ng, positive definite matrices P, Riði ¼ 2; . . . ; 5Þ, H, and any matrices Y 1,
Fi; Ji;Mi;Ni ði ¼ 1; . . . ; 8Þ satisfying the following LMI:

S h̄F̄
T t̄J̄

T CTH

% �h̄R4 0 0

% % �t̄R5 0

% % % �H

266664
377775o0; (13)

where S; F̄ ; J̄; and C are defined in Appendix.

Proof. For positive definite matrices P, R1 ¼ diagfr1; . . . ; rng, Riði ¼ 2; . . . ; 5Þ, let us
consider the Lyapunov–Krasovskii functional candidate:

V ¼ V 1 þ V2 þ V 3, (14)
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where

V1 ¼ xTðtÞPxðtÞ,

V2 ¼ 2
Xn

i¼1

ri

Z xiðtÞ

0

giðsÞdsþ

Z t

t�hðtÞ

gTðxðsÞÞR2gðxðsÞÞdsþ

Z t

t�hðtÞ

xTðsÞR3xðsÞds,

V3 ¼

Z t

t�h̄

Z t

s

_xTðuÞR4 _xðuÞdudsþ

Z t

t�t̄

Z t

s

gTðxðuÞÞR5gðxðuÞÞduds. (15)

From Eq. (9), differentiating V 1 leads to

_V1 ¼ 2xTðtÞP _xðtÞ

¼ xTðtÞð�PA� ATPþ PG þ GTPÞxðtÞ � 2xTðtÞPGxðt� hðtÞÞ

� 2xTðtÞPG

Z t

t�hðtÞ

_xðsÞdsþ 2xTðtÞPW 0gðxðtÞÞ þ 2xTðtÞPW 1gðxðt� hðtÞÞÞ

þ 2xTðtÞPW 2

Z t

t�tðtÞ
gðxðsÞÞdsþ 2xTðtÞPDpðtÞ. (16)

By differentiating V 2, we have

_V2 ¼ 2
Xn

i¼1

rigiðxiðtÞÞ _xiðtÞ

þ gTðxðtÞÞR2gðxðtÞÞ � ð1� _hðtÞÞgTðxðt� hðtÞÞÞR2gðxðt� hðtÞÞÞ

þ xTðtÞR3xðtÞ � ð1� _hðtÞÞxTðt� hðtÞÞR3xðt� hðtÞÞ

p2gTðxðtÞÞR1 _xðtÞ þ gTðxðtÞÞR2gðxðtÞÞ � ð1� mÞgTðxðt� hðtÞÞÞR2gðxðt� hðtÞÞÞ

þ xTðtÞR3xðtÞ � ð1� mÞxTðt� hðtÞÞR3xðt� hðtÞÞ. (17)

The time derivatives of V 3 is obtained as

_V3 ¼ h̄ _xTðtÞR4 _xðtÞ �

Z t

t�h̄

_xTðsÞR4 _xðsÞds

þ t̄gTðxðtÞÞR5gðxðtÞÞ �

Z t

t�t̄
gTðxðsÞÞR5gðxðsÞÞðsÞds. (18)

Here, by utilizing Lemma 1, we obtain

�

Z t

t�h̄

_xTðsÞR4 _xðsÞdsp�
Z t

t�hðtÞ

_xTðsÞR4 _xðsÞds

pzTðtÞeFzðtÞ þ h̄zTðtÞF̄T
R�14 F̄zðtÞ, (19)

and

�

Z t

t�t̄
gTðxðsÞÞR5gðxðsÞÞdsp�

Z t

t�tðtÞ
gTðxðsÞÞR5gðxðsÞÞds

pzTðtÞeJzðtÞ þ t̄zTðtÞJ̄T
R�15 J̄zðtÞ, (20)

where zðtÞ is defined in Eq. (12), and F̄ , J̄, eF , eJ are defined in Appendix, respectively.
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Thus, we have a new upper bound of _V 3 as follows:

_V 3ph̄ _xTðtÞR4 _xðtÞ þ zTðtÞeFzðtÞ þ h̄zTðtÞF̄T
R�14 F̄zðtÞ

þ t̄gTðxðtÞÞR5gðxðtÞÞ þ zTðtÞeJzðtÞ þ t̄zTðtÞJ̄T
R�15 J̄zðtÞ. (21)

As a tool of deriving a less conservative stability criterion, we add the following two zero
equations with any matrices N̄ and M̄ to be chosen as

2zTðtÞN̄ � _xðtÞ � AxðtÞ þW 0gðxðtÞÞ þW 1gðxðt� hðtÞÞÞ

�
þW 2

Z t

t�tðtÞ
gðxðsÞÞdsþDpðtÞ

�
¼ 0, (22)

and

2zTðtÞM̄ xðtÞ � xðt� hðtÞÞ �

Z t

t�hðtÞ

_xðsÞds

� �
¼ 0, (23)

where N̄ and M̄ are defined in Appendix.
This can be represented as

zTðtÞðX1 þ X2ÞzðtÞ ¼ 0, (24)

where X1 and X2 are also defined in Appendix.
Here note that Eq. (7) means that

gjðxjðtÞÞ½gjðxjðtÞ � ljxjðtÞÞ�p0 ðj ¼ 1; . . . ; nÞ, (25)

and

gjðxjðt� hðtÞÞÞ½gjðxjðt� hðtÞÞÞ � ljxjðt� hðtÞÞ�p0 ðj ¼ 1; . . . ; nÞ. (26)

From the above two inequalities (25) and (26), for any diagonal positive matrices K1 ¼

diagfk11; . . . ; k1ng and K2 ¼ diagfk21; . . . ; k2ng, the following inequalities hold:

0p� 2
Xn

j¼1

k1jgjðxjðtÞÞ½gjðxjðtÞÞ � ljxjðtÞ�

� 2
Xn

j¼1

k2jgjðxjðt� hðtÞÞÞ½gjðxjðt� hðtÞÞÞ � ljxjðt� hðtÞÞ�

¼ 2½xTðtÞLK1gðxðtÞÞ � gTðxðtÞÞK1gðxðtÞÞ

þ xTðt� hðtÞÞLK2gðxðt� hðtÞÞÞ � gTðxðt� hðtÞÞÞK2gðxðt� hðtÞÞÞ�. (27)

Since the following inequality holds from (3) and (9):

pTðtÞpðtÞpqTðtÞqðtÞ ¼ zTðtÞCTCzðtÞ, (28)

there exist a positive matrix H satisfying the following inequality:

zTðtÞCTHCzðtÞ � pTðtÞHpðtÞX0, (29)

where C is defined in Appendix.
From Eqs. (16)–(29) and applying S-procedure [18], the time derivative of V has a new

upper bound as
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_V ðtÞpxTðtÞð�PA� ATPþ PG þ GTPÞxðtÞ � 2xTðtÞPGxðt� hðtÞÞ

� 2xTðtÞPG

Z t

t�hðtÞ

_xðsÞdsþ 2xTðtÞPW 0gðxðtÞÞ þ 2xTðtÞPW 1gðxðt� hðtÞÞÞ

þ 2xTðtÞPW 2

Z t

t�tðtÞ
gðxðsÞÞdsþ 2xTðtÞPDpðtÞ þ 2gTðxðtÞÞR1 _xðtÞ

þ gTðxðtÞÞR2gðxðtÞÞ � ð1� mÞgTðxðt� hðtÞÞÞR2gðxðt� hðtÞÞÞ

þ xTðtÞR3xðtÞ � ð1� mÞxTðt� hðtÞÞR3xðt� hðtÞÞ

þ h̄ _xTðtÞR4 _xðtÞ þ zTðtÞeFzðtÞ þ h̄zTðtÞF̄T
R�14 F̄zðtÞ

þ t̄gTðxðtÞÞR5gðxðtÞÞ þ zTðtÞeJzðtÞ þ t̄zTðtÞJ̄T
R�15 J̄zðtÞ þ zTðtÞðX1 þ X2ÞzðtÞ

þ 2½xTðtÞLK1gðxðtÞÞ � gTðxðtÞÞK1gðxðtÞÞ

þ xTðt� hðtÞÞLK2gðxðt� hðtÞÞÞ � gTðxðt� hðtÞÞÞK2gðxðt� hðtÞÞÞ�

þ zTðtÞCTHCzðtÞ � pTðtÞHpðtÞ

¼ zTðtÞ½Oþ h̄F̄
T

R�14 F̄ þ t̄J̄
T

R�15 J̄ þCTHC�zðtÞ, (30)

where

O ¼

ð1; 1Þ ð1; 2Þ ð1; 3Þ S14 S15 S16 S17 S18

% S22 S23 S24 S25 S26 S27 S28

% % S33 S34 S35 S36 S37 S38

% % % S44 S45 S46 S47 S48

% % % % S55 S56 S57 S58

% % % % % S66 S67 S68

% % % % % % S77 S78

% % % % % % % S88

2666666666666666664

3777777777777777775

,

ð1; 1Þ ¼ Pð�Aþ GÞ þ ð�Aþ GÞTPþ R3 �N1A� ATNT
1 þM1 þMT

1 ,

ð1; 2Þ ¼ �PG � ATNT
2 �M1 þMT

2 ,

ð1; 3Þ ¼ �PG þ FT
1 � ATNT

3 �M1 þMT
3 ,

and other Sij are defined in Appendix.

By defining Y 1 ¼ PG and using Fact 1, the inequality Oþ h̄F̄
T

R�14 F̄þ

t̄J̄
T

R�15 J̄ þCTHCo0, which guarantees the stability of system (1) by the Lyapunov

stability theory, is equivalent to the LMI (13). This completes our proof. &
Remark 1. Since the LMIs (13) in Theorem 1 can be easily solved by various efficient
convex algorithms. In this paper, we utilize Matlab’s LMI Control Toolbox [19] which
implements the interior-point algorithm. This algorithm is significantly faster than classical
convex optimization algorithms [18].
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Remark 2. By iteratively solving the LMIs given in Theorem 1 with respect to h̄ for fixed t̄,
one can find the maximum upper bound of time delay h̄ for guaranteeing asymptotic
stability of system (1).

Remark 3. In [11,12], the additional condition _hðtÞpmo1 is required to guarantee the
stability of DCNNs with time-varying delays. However, our criterion do not need this
condition, which is more general cases than the previous in other literature.

Remark 4. When the bound of time-delay derivative m is unknown, we can obtain a delay-
dependent stability criterion using similar method in Theorem 1. With the Lyapunov
functional candidate,

V ¼ xTðtÞPxðtÞ þ 2
Xn

i¼1

ri

Z xiðtÞ

0

giðsÞdsþ

Z t

t�h̄

Z t

s

_xTðuÞR4 _xðuÞdu ds

þ

Z t

t�t̄

Z t

s

gTðxðuÞÞR5gðxðuÞÞduds, (31)

the delay-dependent stability criterion can be obtained by letting R2 ¼ R3 ¼ 0 in
Theorem 1.

4. Numerical example
Example 1. Consider the uncertain DCNNs of form (1) in [15], where

A ¼

2:3 0 0

0 3:4 0

0 0 2:5

2664
3775; W 0 ¼

0:9 �1:5 0:1

�1:2 1 0:2

0:2 0:3 0:8

2664
3775; W 1 ¼

0:8 0:6 0:2

0:5 0:7 0:1

0:2 0:1 0:5

2664
3775,

W 2 ¼

0:3 0:2 0:1

0:1 0:2 0:1

0:1 0:1 0:2

2664
3775; L ¼ diagf0:20:20:2g; D ¼ I ; Ea ¼

0:1 0:2 0:1

0:1 0:2 0:1

0:1 0:2 0:1

2664
3775,

E0 ¼

0:2 0 0:3

0:2 0 0:3

0:2 0 0:3

2664
3775; E1 ¼

0:1 0:1 0:2

0:1 0:1 0:2

0:1 0:1 0:2

2664
3775; E2 ¼ ½0 0:1 0:1�.
Table 1

Comparison of delay bounds with h̄ ¼ t̄ (Example 1)

m ¼ 0 m ¼ 0:8 m ¼ 1 or unknown

[15] 19.5 16.3 2.861

Ours 1 1 3.40
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By applying Theorem 1 and Remark 4 to the above system, we can obtain the maximum
allowable delay bounds as shown in Table 1 which compares our results with ones in [15] for
the case h̄ ¼ t̄. From Table 1, one can see that our results guarantee much larger delay bounds.

5. Conclusion

In this paper, the problems of delay-dependent stability criterion for cellular neural
networks with discrete and distributed time-varying delays have been studied. By
constructing a suitable Lyapunov–Krasovskii functionals, the stability criterion are
derived in terms of LMIs which can be easily solved via convex optimization algorithm.
A numerical example is included to show that our proposed method provides a larger
time-delay bound than other results.
Appendix

S ¼ ðSijÞ ði ¼ 1; . . . ; 8; j ¼ 1; . . . ; 8Þ,

S11 ¼ �PA� ATPþ Y 1 þ YT
1 þ R3 �N1A� ATNT

1 þM1 þMT
1 ,

S12 ¼ �Y 1 � ATNT
2 �M1 þMT

2 ,

S13 ¼ �Y 1 þ FT
1 � ATNT

3 �M1 þMT
3 ,

S14 ¼ �N1 � ATNT
4 þMT

4 ,

S15 ¼ PW 0 þ LK1 þN1W 0 � ATNT
5 þMT

5 ,

S16 ¼ PW 1 þN1W 1 � ATNT
6 þMT

6 ,

S17 ¼ PW 2 þN1W 2 � ATNT
7 þMT

7 þ JT
1 ,

S18 ¼ PDþN1D� ATNT
8 þMT

8 ,

S22 ¼ �ð1� mÞR3 �M2 �MT
2 ,

S23 ¼ FT
2 �M2 �MT

3 ,

S24 ¼ �N2 �MT
4 ,

S25 ¼ N2W 0 �MT
5 ,

S26 ¼ LK2 þN2W 1 �MT
6 ,

S27 ¼ N2W 2 �MT
7 þ JT

2 ,

S28 ¼ N2D�MT
8 ,

S33 ¼ F 3 þ FT
3 �M3 �MT

3 ,

S34 ¼ F 4 �N3 �MT
4 ,

S35 ¼ F 5 þN3W 0 �MT
5 ,

S36 ¼ F 6 þN3W 1 �MT
6 ,

S37 ¼ F 7 þN3W 2 �MT
7 þ JT

3 ,
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S38 ¼ F8 þN3D�MT
8 ,

S44 ¼ h̄R4 �N4 �NT
4 ,

S45 ¼ R1 þN4W 0 �NT
5 ,

S46 ¼ N4W 1 �NT
6 ,

S47 ¼ N4W 2 �NT
7 þ JT

4 ,

S48 ¼ N4D�NT
8 ,

S55 ¼ R2 þ tR5 � 2K1 þN5W 0 þWT
0 NT

5 ,

S56 ¼ N5W 1 þWT
0 NT

6 ,

S57 ¼ N5W 2 þWT
0 NT

7 þ JT
5 ,

S58 ¼ N5DþWT
0 NT

8 ,

S66 ¼ �ð1� mÞR2 � 2K2 þN6W 1 þWT
1 NT

6 ,

S67 ¼ N6W 2 þWT
1 NT

7 þ JT
6 ,

S68 ¼ N6DþWT
1 NT

8 ,

S77 ¼ N7W 2 þWT
2 NT

7 þ JT
7 þ J7,

S78 ¼ N7DþWT
2 NT

8 þ J8,

S88 ¼ �H þN8DþDTNT
8 ,

F̄ ¼ ½F1 F2 F 3 F 4 F5 F6 F 7 F8�,

J̄ ¼ ½J1 J2 J3 J4 J5 J6 J7 J8�,

eF ¼

0 0 FT
1 0 0 0 0 0

% 0 FT
2 0 0 0 0 0

% % FT
3 þ F3 F 4 F5 F 6 F7 F 8

% % % 0 0 0 0 0

% % % % 0 0 0 0

% % % % % 0 0 0

% % % % % % 0 0

% % % % % % % 0

2666666666666664

3777777777777775
,

eJ ¼

0 0 0 0 0 0 JT
1 0

% 0 0 0 0 0 JT
2 0

% % 0 0 0 0 JT
3 0

% % % 0 0 0 JT
4 0

% % % % 0 0 JT
5 0

% % % % % 0 JT
6 0

% % % % % % JT
7 þ J7 JT

8

% % % % % % % 0

2666666666666664

3777777777777775
,
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N̄ ¼ ½N1 N2 N3 N4 N5 N6 N7 N8�,

M̄ ¼ ½M1 M2 M3 M4 M5 M6 M7 M8�,

X1 ¼

�N1A� ANT
1 �ATNT

2 �ATNT
3 �N1 � ATNT

4

% 0 0 �N2

% % 0 �N3

% % % �N4 �NT
4

% % % %

% % % %

% % % %

% % % %

2666666666666666664
N1W 0 � ATNT

5 N1W 1 � ATNT
6 N1W 2 � ATNT

7 N1D� ATNT
8

N2W 0 N2W 1 N2W 2 N2D

N3W 0 N3W 1 N3W 2 N3D

N4W 0 �NT
5 N4W 1 �NT

6 N4W 2 �NT
7 N4D�NT

8

N5W 0 þWT
0 NT

5 N5W 1 þW 0NT
6 N5W 2 þWT

0 NT
7 N5DþWT

0 NT
8

% N6W 1 þWT
1 NT

6 N6W 2 þWT
1 NT

7 N6DþWT
1 NT

8

% % N7W 2 þWT
2 NT

7 N7DþWT
2 NT

8

% % % N8DþDTNT
8

37777777777777777775

,

X2 ¼

M1 þMT
1 �M1 þMT

2 �M1 þMT
3 MT

4 MT
5 MT

6 MT
7 MT

8

% �M2 �MT
2 �M2 �MT

3 �MT
4 �MT

5 MT
6 MT

7 MT
8

% % �M3 �MT
3 �MT

4 �MT
5 MT

6 MT
7 MT

8

% % % 0 0 0 0 0

% % % % 0 0 0 0

% % % % % 0 0 0

% % % % % % 0 0

% % % % % % % 0

2666666666666664

3777777777777775
,

C ¼ ½Ea 0 0 0 E0 E1 E2 0�.

References

[1] M. Ramesh, S. Narayanan, Chaos control of Bonhoeffer-van der Pol oscillator using neural networks, Chaos

Solitons Fractals 12 (2001) 2395–2405.



ARTICLE IN PRESS
O.M. Kwon, J.H. Park / Journal of the Franklin Institute 345 (2008) 766–778778
[2] B. Cannas, S. Cincotti, M. Marchesi, F. Pilo, Learning of Chua’s circuit attactors by locally recurrent neural

networks, Chaos Solitons Fractals 12 (2001) 2109–2115.

[3] K. Otawara, L.T. Fan, A. Tsutsumi, T. Yano, K. Kuramoto, K. Yoshida, An artificial neural network as a

model for chaotic behavior of a three-phase fluidized bed, Chaos Solitons Fractals 13 (2002) 353–362.

[4] J. Cao, Global asymptotic stability of neural networks with transmission delays, Int. J. Syst. Sci. 31 (2000)

1313–1316.

[5] S. Arik, An analysis of global asymptotic stability of delayed cellular neural networks, IEEE Trans. Neural

Networks 13 (2002) 1239–1242.

[6] S. Arik, An improved global stability result for delayed cellular neural networks, IEEE Trans. Circuits Syst.

I: Regular Papers 49 (2002) 1211–1214.

[7] S. Ruan, R.S. Filfil, Dynamics of a two-neuron system with discrete and distributed delays, Physica D 191

(2004) 323–342.

[8] V. Singh, A generalized LMI-based approach to the global asymptotic stability of delayed cellular neural

networks, IEEE Trans. Neural Networks 15 (2004) 223–225.

[9] H.J. Cho, J.H. Park, Novel delay-dependent robust stability criterion of delayed cellular neural networks,

Chaos Solitons Fractals 32 (2007) 1194–1200.

[10] J.H. Park, A new stability analysis of delayed cellular neural networks, Appl. Math. Comput. 181 (2006)

200–205.

[11] J.H. Park, Global exponential stability of cellular neural networks with variable delays, Appl. Math.

Comput. 183 (2006) 1214–1219.

[12] E. Yucel, S. Arik, New exponential stability results for delayed neural networks with time varying delays,

Physica D 191 (2004) 314–322.

[13] J.H. Park, A delay-dependent asymptotic stability criterion of cellular neural networks with time-varying

discrete and distributed delays, Chaos Solitons Fractals 33 (2007) 436–442.

[14] J.H. Park, On global stability criterion for neural networks with discrete and distributed delays, Chaos

Solitons Fractals 30 (2006) 897–902.

[15] C.-H. Lien, L.-Y. Chung, Global asymptotic stability for cellular neural networks with discrete and

distributed time-varying delays, Chaos Solitons Fractals 34 (2007) 1213–1219.

[16] J.H. Park, An analysis of global robust stability of uncertain cellular neural networks with discrete and

distributed delays, Chaos Solitons Fractals 32 (2007) 800–807.

[17] T. Mori, Criteria for asymptotic stability of linear time-delay systems, IEEE Trans. Autom. Control 30

(1985) 158–161.

[18] S. Boyd, L. El Ghaoui, E. Feron, V. Balakrishnan, Linear Matrix Inequalities in System and Control Theory,

SIAM, Philadelphia, 1994.

[19] P. Gahinet, A. Nemirovskii, A. Laub, M. Chilali, LMI Control Toolbox, The Mathworks, MA, 1995.


	Delay-dependent stability for uncertain cellular neural networks with discrete and distribute �time-varying delays
	Introduction
	Problem statements
	Main results
	Numerical example
	Conclusion
	Appendix
	References


