Rafeeq et al. Advances in Difference Equations (2020) 2020:40 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-2516-3 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Delay dynamic double integral inequalities
on time scales with applications

Sobia Rafeeq', Humaira Kalsoom?, Sabir Hussain®, Saima Rashid* and Yu-Ming Chu®’

“Correspondence:
chuyuming2005@126.com Abstract

°Department of Mathematics, . . . .
Huzhou University, Huzhou, China In the article, we present the explicit bounds for three generalized delay dynamic

Full list of author information is Gronwall-Bellman type integral inequalities on time scales, which are the unification
available at the end of the article of continuous and discrete results. As applications, the boundedness for the solutions
of delay dynamic integro-differential equations with initial conditions is discussed.

MSC: 26D10; 34C11; 39A12

Keywords: Delay integral inequality; Time scale; Dynamic equation; Discrete
inequality; Boundedness

1 Introduction

Theory of time scales is the unification of both continuous and discrete analysis due to
Stephen Hilger [1] in his PhD thesis, and it has wide applications in quantum calculus
and difference and differential calculus. Due to its vast contributions in different branches
of mathematics, it attracts the researchers and mathematicians to work on it. The role
of inequalities cannot be forgot because they have huge contributions in the theory of
differential equations [2—22], bivariate means [23—31], calculation and optimization [32—
49], special functions [50—69], probability and statistics [70-75], and so on.

It is well known that the explicit bounds for integral inequalities on unknown functions
are very useful in the qualitative and quantitative analysis for the solutions of differential,
integral, and integro-differential equations [76—100]. One of the most important inequali-
ties in mathematics is the Gronwall inequality, it is an indispensable tool to obtain various
estimates in the theory of ordinary and stochastic differential equations. The differential
form of this inequality was proved by Gronwall [101] and its integral form was proved
by Bellman [102]. Gronwall-Bellman integral inequalities have a lot of contributions to
analyzing the behavior of solutions of the differential and integral equations. Recently, to
dealt with the difficulties encountered in the solutions of differential and difference equa-
tions, the Gronwall-Bellman integral inequality on time scales has become one of the
most important topics in mathematics research. A lot of work has been done in this area
[103-106]. To discuss the abstract analysis of the solutions of certain types of dynamic
equations, Gronwall-Bellman delay type inequality on time scales can play a significant
role, but it still cannot deal with the abstract analysis for the solutions of some more gen-
eral differential and difference equations. This gives us the motivation to discuss some
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generalized delay integral inequalities on time scales. The main purpose of the article is
to provide the explicit bounds for some delay double integral inequalities on time scales,
present the characteristics of the solutions of certain integro-differential equations, and
establish their discrete inequalities with initial conditions by use of the analytical and nu-
merical methods in our obtained results.

2 Preliminaries

The time scale T is a nonempty closed subset of the real numbers set R, its forward jump
operator o : T — T for ¢ € T is defined by o (¢) := inf{r € T : r > ¢} and its backward jump
operator p : T — T for t € T is defined by p(t) := sup{r € T : r < t}. The derived set T is
defined as follows: if T has a left-scattered maximum s, then T = T — {m}; otherwise,
Tk =T.

Lemma 2.1 (see [107]) Let a,x € TX with x > a, f : T x T — R be continuous at (x,x),
f2(x, ) be the derivative of f with respect to its first variable such that it is right-dense con-
tinuous on [a, o (x)], and g(x) = f:f(x, T)At. If, for each € > 0, there exists a neighborhood
U of x independent of T € [a, o (x)] such that

If(o@®),7) =fOr 1) =f2x1)(0®) —y)| < €|o@) -y

forally e U, then

g (x) = / FA1)AT +f (0 (%), %).

Theorem 2.2 (see [108]) Let fi : R — R be continuous and differentiable and f, : T — R
be delta differentiable. Then f{f; : T — R is delta differentiable and

(f25)" () = { fo F (&) + b (x) dh }fZA ().

Theorem 2.3 (see [108]) Let hy : T — R be strictly increasing such that T = hy(T) is a time
scale, and hy : T — R. Then

(i)™ = (15 °ha)
if h®(x) and h (hy(x)) exist for x € T*,

3 Main results

Throughout the section, R represents the set of real numbers, Rj = [0,00), R = [1,00),
Z represents the set of integers, Ny represents the set of nonnegative integers, A; C Ny
(1<j<2), x5 €T, T;=[xp,00)T S T* is the time scale, pji is the backward jump oper-
ator, X% (y1,¥2,...,9,) (1 <i < n) is the partial delta-derivative of X with respect to its
ith variable and Ay;X(y1,¥,...,¥,) is the forward difference of X with respect to its ith
variable.

Theorem 3.1 Let u,r;,a;: Ty x Ty — R and f,g,f™" : T2 x T} — R be nonnega-

tive and right-dense continuous such that a; is nondecreasing with respect to its each
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variable, let yj; : T; — R{ be nonnegative, nondecreasing, and right-dense continuous
such that y;(x;) < x; and yﬁA(x,») >0, wi : Tj — T such that wj(x;) < x; and —00 < p; =
inf{min(;; (7)), %5 € Tj} < %05, a2 ([P, %01] X [P2,%02])12 — Ry be nonnegative and right-
dense continuous, w,w; : Rj — R§ be nonnegative, nondecreasing, and continuous such
that w(p) > 0, wj(p) > 0 for p > 0 and

w(u(x1,%,))

” riite1)  pyeilxo)
< a1 (%1, %2) + aa(x1,%2) Z/ / wi (M(Mu(ﬁ)r Mzt(tz)))
%

i—1 Y Vilxo1) Y y2i(x02)

51 1)
X |:ﬁ(x1,f1,x2,t2){Wz(lft(//«u(tl),ﬂzi(tz))) +/ / gi(ty, my, by, my)
71i(x01) Y ¥2i(x02)
X Wz(”(l/«u(mﬂ,Mzt(le)))AleAWh} +1i(t1, tz):| Aty Aty (3.1)
for (x1,%2) € Ty x Ty with the initial condition

w(u(x,%2)) = alx1,%2), %1 € [p1,%01]T 0oF %9 € [P2, Xo2]T,

a(pi(x1), moi(x2)) < ar1(x1,%2),  pai(x1) < xo1 or poi(x2) < X02.

Then

u(x1,%2) < wH(GH(G3 (Ga (b1 (31, %2)) + a2 (1, %2)c(%1, %)) ) (3:3)

for all xo1 <x1 <Xy and xgy <xy <Xy if
n

rix1)  rryaitxa)
bi(x1,%2) = Gr (a1 (%1, %2)) + a2 (%1, %2) Z/ / ri(t, ) At Aty
v v

i—1 Y nilxo1) Y y2ix02)

n r1ix1)  praix2)
c(x1,%2) = Z/ f filx1, b1, %0, 1)
b%

i—1 Y nilxo1) Yyailx02)

151 ty
X (1 +/ / g,-(tl,ml,tz,mz)AmzAm1>AtzAtl,
Y V:

1(x01) ¥ ¥2i(x02)

S Ap
Gs:/ ———  §>81 >0 with G1(oc0) = 00,
1(s) o ) 1 1(00)

§ Ap .
GZ(S):/S; m, S>82>0Wlth Gz(OO)ZOO,

where GII and G; 1 are respectively the inverse  functions of G1 and G, and X1, X, are chosen
such that

G2 (b1(%1,2)) + a2 (%1,2)c(%1,%2) € Dom(G; "),
GEI(Gz(bl(xl,xz)) + ag(xl,xz)c(xl,xz)) € Dom(G[l),

GII (Ggl (Gz (bl(xl,xz)) + az(xl,xz)c(xl,xz))) S Dom(w"l).

Page 3 of 32
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Proof For fixed numbers x; € Ty, X, € Ty with xp; <X; <%; and xpy < X, < ¥,, inequality
(3.1) can be rewritten as follows:

W(”(xbe))

n

o o r1ix1)  preix2)
Sﬂl(xl;x2)+ﬂ2(x1,x2)2f [ Wl(”(/‘«li(tl)r/'LZi(b)))
v ¥

i=1 Y Vilxo1) Y r2ix02)

151 ty
X |:ﬁ(x1;t1;x2;t2){WZ(M(Mli(tl)rMZi(tZ))) +/ / 8i(t1, my, ty, my)
71i(xo1) ¥ yail

%02)

X WZ(M(Mli(ml)rH2i(m2)))Am2Aml} +71i(t1, tz)]At2At1~
Let

&1(x1,%0)

o - r1i&x1) - pr2i2)
:al(xl,x2)+a2(x1,x2)2/ / Wl(u(ll«li(tl):/LZi(tZ)))
v

i=1 Y nilxo1) Yy2i(x02)

t ty
X [ﬁ(xl,tlyxetZ){WZ(M(Mli(tl)rMZi(tZ))) +/ / &i(ty, my, ty, my)
71i(x01) ¥ v2i(

%02)

x wa (u(p1i(my), /in(mz)))AmzAml} +ri(ty, tz)] Aty At (3.4)
for %, € [xo1,%1]7 and &, € [x2, %2]7. Then
£1(x01,%2) = &1 (%1, %02) = a1 (%1, %2) (3.5)
and
w(u(r,x2)) < &(x1,%2), u(xr, 62) < wl (E1(x1,%2)). (3.6)

If fe1i(x1) = w01 and poi(x2) > %02 for x1 € [xo1,%1]T and xy € [xo2,%2]7, then uy;(x;) €

[xo1,%1]T, t2i(x1) € [%02,%2]T, and
(i), taix2)) < wh (&1 (ru), mai(x2))) < w' (&1 (1, %2)). (3.7)
On the other hand, if p1;(x1) < %01 or o;(x2) < x93, then from (3.2) we have

M(Mli(ﬁﬁ), pai(%2)) = w! (a(ﬂli(xl): Mzi(xz)))

< w ' (a1(x1,%2)) < W (E1(x1,%2)). (3.8)
It follows from (3.7) and (3.8) that
(i), paix2)) < wt (E1(x1,%2)) (3.9)

for x1 € [x01,%1]T and %y € [x02, %2 ]T.
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From Lemma 2.1, (3.4), and (3.9), one has

1% (x1, %)

v2i(x2)

= ay(%1,%2) Z i (1) / wi (1 (y1i(x1)) 12i(82)))

i=1 72i(%02)

X [fi (0 (1), y1:(%1), 22, £2) { wa (4 (i1 (v1i(%1)) iai(82)) )

rix1) ph
+ / / gi(yli(xl)r ml;tZ: mZ)
y 2i(%02)

1i(%01)

x wa (u(p1i(m1), poi(my))) Amy Amy } +7i(yri(x), tz)j| Aty

n

r1i(%1) 72i(%2)
+az(x1,%2) Z/ [/ wi (u(pi(tr), pai(ts)))
v .

i—1 Y Vilxo1) 2i(%02)

X |:ﬁ(x1, t1,%2, 1) { wa ((p1i(81), pai(£2)))

t 1)
+/ f gi(tl;mbt2¢mZ)W2(u(Mli(ml);HZi(m2)))Am2Aml}
% v

1i(x01) ¥ ¥2i(%02)

Axq
+ Vi(tl,tz)] At21| Atl
and

157 (1, %2)

" 2i(%2)
< as(¥1,%;) Z ¥ii (1) / wi (W (&1 (y1:(x1), 12)))
i-1

2i(%02)

X [fi (o (x1), y1:(®1), 22, £2) { wy (W™ (81 (y1:(x1), 12) ))

nix1) pt2
+ / / gi(v1i(x1), my, 3, m3)
Y 2i(%02)

1i(x01)

x wy(w ™ (E1(m1, m2))) Amy Amy } +7i(yrilx), tz):| Aty

" r1i(x1) 72i(%2)
+ay(x1,%2) Zf [/ wi (W™ (51(t1, 12)))
v .

i—1 Y Vilxo1) 2i(%02)

X |:fi(x1; t1, %2, t) { wa (W (51(t1,12)))
t ty
+/ / gi(thml;tz,m2)W2(W_1(§1(Wl1,mz)))AmzAml}
y1i(xo1) Y y2i(x02)
Axq
+ Fi(tl,tz)]At2:| Atl.

Using the fact that wy, wl, and &; are nondecreasing, we have

1% (%1, %)
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" 2i(%2)
< ay(x1, %)w1 (' (51(x1,%2))) Z 1/1?(901)/

i=1 ¥2i(%02)

|:ﬁ (U (1), 1i(x1), %2, tz)

r1i(x1)

X {Wz( Y& (ri(x), 1)) /
v

/. gi(yli(xl): mi, t21m2)
¥2i{*02

1i(%01)

x wa (W (&1(m1, m3))) Ama Ay } +7i(y1:(x1), tz)] Aty

o i) [ pr2ile)
+ ﬂZ(xlrx2)W1( 51 xl»xZ) Zf [/ |:ﬁ(x1,t1,x2,t2)
¥

71i(x01) 2i(%02)

t ty
X {Wz(Wl(él(tl,fz))) +/ / gi(t1, my, by, my)
r1i(x01) ¢ v2i(%02)

Axq
X WQ(W_1 (El(ml, le)))AleAml } + r,-(tl, tz)] Atz] Atl.

Dividing both sides by w;(w™1(£1(x1,x2))), we obtain

5% (%1, %)

wi(w(&1(x1,%2)))

< ay(¥1,%2) Z Vit (x1) /

i=1 2i(x02)

v2i(%2)

|:fi(0 (1), 1i(x1), %2, t2)

r1i(x1)

X{Wz( Y& (i), 1)) / f gi(v1ix1), my, ta, m3)
% yailxo2

1i(x01)

x wy(w ™ (E1(m1, m2))) Amy Ay } +7i(y1i(x), tz)] Aty

r1i(*1) v2i(%2)
+ as (X1, %2) Zf [/ |:ﬁ(x1,t1,x2,t2)
%

71i(*01) 2i(%02)

2] 1)
X {Wz(W_l(-‘El(tl,tz))) +/ / &i(ty, my, ty, my)
r1i(xo1) ¢ v2i(%02)

Axq
X Wz(W_l (Sl(ml, le)))AleAml } + ri(tl, tz):| Atz] Atl

r1i(x1)  praix)
_ﬂ2(xl»x2)2|:/ / |:ﬁ(xl’t11x21 t2)
Y

1i(%01) i (%02)

5]
Xiwz(w_l(&(tbtz))) f / &i(t1, my, by, m3)
rilxo1) vy

2i(%02)

Axq
X Wz(W_l(él(mhmz)))AleAml} + Vi(f17t2)i| AtzAt1i| .
Integrating over [xo1,x;], then using the definition of G; and (3.5), we get

Gy (&1(x1,%2))

o - r1ix1)  pr2ilx2)
< Gi(a1(F1,%2)) + az(%1,%2) / / ri(t, ) Aty Aty
y v

i—1 Y nilxo1) Y yai(x02)
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r1i(x1)  pyailxa)
+as (X1, %) Z/ / filx1, t1, %0, £)
%

v1itxo1) Y v2i(x02)

X {Wz(w_l(él(tbfz)))+/l /2 &i(t1, my, by, m3)
y v

1i(x01) ¥ ¥2i(%02)
X Wy (W_1 (%‘1 (ml, le))) AleAml } AtzAtl

r1i(® ¥2i(%2)
< Gi(a1(%1,%2)) + a(%1,%2) Z/ ri(t, ) A Aty

=1 Y nilxo1) Y v2i(x02)

ritx1)  prailx2)
+ ﬂz(xl,xz)Z/ / filx1, t1, %0, £)
%

r1ixo01) Y v2i(x02)

X {Wz(w_1(§1(t1:f2)))+/ 1 fz &i(t1, my, by, my)
y v

1i(x01) Y v2i(%02)
X Wy (W_1 (%—1 (ml, mz))) AmgAml } AtzAtl

v1ilx1)  pyailxa)
= b1 (%1,%2) + ax(X1,%2) E / / filx1, t1, %0, 82)
72

v1i(xo1) (xoz)

2] 1)
X {Wz(W_l(-‘El(tbtz))) +/ / gi(ty, my, ty, my)
y1i(xo01) ¢ v2i(%02)

X W2(W71 (él(ml,}‘ﬂz)))AmZAWll}AtzAtl. (310)

Let
n

- _ y1i(x1) y2i(x2)
&1(x1,%2) = b1 (%1, %2) + ap(¥1,%2) Z/ / Sfilx1, 81,20, 82)
Vi %

i=1 Y nilxo1) Y y2i(x02)

5] ty
X {Wz(Wl(él(tl,tz))) +/ f &i(ty, my, ty, my)
r1i(x01) ¢ v2i(%02)

x wz(w_l(él(ml,mz)))ArngAml}AtzAtl. (3.11)
Then we have
C1(xo1,%2) = &1 (%1, %02) = b1 (%1, %)) (3.12)
and
£1(x1, %) < G (41 (x1,%2)). (3.13)

It follows from Lemma 2.1 and (3.11) that

v2i(%2)

&1 (1, %2) = ap (%1, %) Z Vi (xl)/ Si(o (@), yri(x), %2, 1)

i=1 72i(%02)

rix1) pta
X {Wz(W_l(gl(J/u(M), 5))) +/ / gi(nix1), m, ta, ms)
y v

1i(x01) o y2i(x02)

Page 7 of 32
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X Wz(W_1 (%_1 (Wll, mz)))AmzAml } Atz

r1i(*1) y2i(%2)
+ ﬂz(xhxz)Z/ [/ filx, 1,00, 1)
%

71i(*01) 2i(%02)
) i 17}
X {Wz(W_ (gl(tl;tZ))) +/ / &i(ty, my, ty, my)
r1i(xo01) ¢ y2i(x02)

Axq
X w2(w_1(§1(m1,m2)))Am2Am1}At2:| Atl.

Making use of (3.13) and the fact that wy, w1, G7', and ¢; are nondecreasing, we get

&1 (1, %2)
wa(w (G (&1 (%1, %2))))

v2i(%2)

< ay(¥1,%2) Z |:)/1? (oe1) / fi(U (1), Y1:(%1), %2, tz)
¥

2i(%02)

y1i(*1)
{1 + / / gi(Vli(xl)»ml,tz,le)AmzAml}Atz
v v2i(x02

1i(%01)

y1i(*1) 2i(x2)
+ / |:_/ Silx1, 1, %0, 1)
v1i(x01) LY y2i(x02)

t ty Axy
X {1 +/ / gi (tl,ml, tg,le)AleAWll }At2:| Atl]
Vi

1i(01) Y v2i(%02)
y1ix1)  pr2ilxa)
= as(X1,%2) g / / Silx1, t1, %0, £)
71i(xo1) Y vai(x02)

“ t Axq
X {1 +/ / gi(tl,ml,tz,mz)AmzAml}AtzAtl] .
r1i(xo1) Jy

1i 2i(%02)

Integrating over [xo1,%1], then using the definition of G, and (3.12), we get

r1ix1)  preix2)
Ga(41(x1,%2)) < Ga (b1 (%1, %)) + ﬂ2(x1yx2)2/ / Jilx1, 1, %2, 8)
v

Y1i xOl 2i x02
51 t:
X {1 +/ / gi(tl,ml,lfz,ﬂ’Iz)AI’ﬂzAml}AtzAtl (314)
Y1i\x01) ¥ ¥2i(X02
= Gy (b1(%1,%2)) + a2 (%1, %2)c(x1, %2). (3.15)
A combination of (3.6), (3.13), and (3.15) gives the desired result (3.3). a

Remark 3.2 Let T =Z, ay(x1,%2) = ¢, as(x1,%2) =wa =1, v = wjy = I, n = 1, fi1, b1, %0, 1) =
f(t1,t), g = r; = 0. Then Theorem 3.1 coincides with Theorem 2.1 in [109]. Moreover, if
w(u) = v, then it coincides with Theorem 2.1 in [110].

Remark 3.3 Let T = R, aj(x1,%2) = ¢, aa(x1,%2) = 1, wi = wjy = I, filwr, t1, %2, 1) = fi(t1, £2),
g =0 (1 <i<n). Then Theorem 3.1 leads to Theorem 2.3 in [111]. Moreover, if r; = 0,
then it reduces to Theorem 2.2 in [111].
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Remark 3.4 Let T =R, wi(u) = u?, wj; = I, fi(x1, t1, %2, &) = fi(t1,£2), g =0 (1 < i < n). Then
Theorem 3.1 becomes Theorem 2.1 in [112].

Remark 3.5 Let n =1, y;; =1, wy = 1, fi(x1, 1, %2, £2) = f(t1, £2), and g; = r; = 0. Theorem 3.1
coincides with Theorem 1 in [113].

Remark 3.6 Let T=7Z, wy =1, v = =1, n = 1, fi(x1,81,%2, 1) = f(t1,22), and g; =1, = 0.
Then Theorem 3.1 leads to Theorem 1 in [114].

Remark 3.7 Let T =R, wj; = I, fi(x1, t1,%2, &2) = fi(t1,¢2), and g; = 0. Then Theorem 3.1 re-
duces to Theorem 1 in [115].

Theorem 3.8 Let aj, ri, w, Wj, fi, 8i» Vji» Wji» and a be defined as in Theorem 3.1 such that
Wj.2 has the same conditions of wj, and let u : T1 x Ty — R be a right-dense continuous

function such that

w(u(xy, %))

" rite1)  pr2itx)
< ay(x1,%2) + aa(x1,%2) Z/ / wi (u(p1i(th), p2i(t2)))
¥

i—1 Y nilxo1) Y yai(x02)

X [ﬁ(xlel,xzjtz)wz (M(Mu(tl),l«bzl‘(tz))) {WB(M(Hli(t1)¢M2i(t2)))
+/ 1 /2 gi(tr, my, ty, my) X WB(M(/lei(ml)’M2i(m2)))Am2Am1}
y1i(xo1) ¥ v2i(%02)
+1ilty, to)wa (log (u(pri(tr), MZi(tZ))))] Aty Aty (3.16)

Sfor (x1,%2) € T x Ty with initial condition (3.2). Then the following statements are true:
(1) If wa(u) > wa(log(u)), then

u(x1,x2) < w (GG (Qr (Qu(dr(31,%2)) + as (1, x2)c(x1,%2)) )) ) (3.17)

fOV all xo1 < x1 < X1 and xpp < %y < Xo;
(2) If wa(u) < wa(log(w)), then

u(x1,%2) < wH(GH(G5'(Q 1 (Qa(da(w1,%2)) + aa (1, x2)c(x1,%2)) )) ) (3.18)

for all xo; < x1 < X3 and xgy < xy < X4, where

n

r1i*1)  py2i(x2)
dj(x1,%2) = Gj1 (G (a1(x1,%2)) ) + aa(x1, %2) Z/ / ri(ty, ) Aty Aty,
v ¥

i=1 Y nito1) JYyilxo2)

§ Ap .
G?,(S):/S3 m, S>Sg>0Wlth G3(OO)=OO,

’ Ap ,
&)= / GG O Qo) = e

Page 9 of 32
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¢, G1, and G, are defined as in Theorem 3.1, Gi', G;', G3', and G;' are respectively the

inverse functions of G1, Gy, Gs, and Ga, and x1, Xy, X3, and X4 are chosen such that

Qj(d(x1,%2)) + az (1, %2)c(x1, %2) € Dom(Qj‘l),
Q I(Q ( (x1,%2 ) + ﬂz(xl;xz)C(xl,xz)) € Dom(GHll)
G Q1 (Q(di(x1,%2)) + az(x1,%2)c(x1, %2))) € Dom(Gy'),

G (G (QM(Qi(dj(x1, %)) + aa(x1, %2)c(x1,%2))) ) € Dom(w™).

Proof Letx; € T; and x, € Ty with xp; < x; <%; and xpp < ¥2 < X5. Then inequality (3.16)

can be rewritten as

w(u(x1,%,))

ri1)  prai2)
< a1(%1,%2) + aa(¥1, %)) Z/ / u(p1i(tr)s pai(t)))
Y:

71i(*01) 2i(%02)

X |:ﬁ(x1:tl:xZ:tZ)WZ(u(Mli(tl)»M2i(t2))){WB(M(MIi(tl):MZi(tZ)))

+/ 1 /2 &i(t1, m1,ty, my) x WB(M(MU(WII):/LZi(mZ)))AmzAml}
Y1i(%01 Y2i(%02

+ ri(t1, ta)wa (log (u(pi(tr), Mzi(tz))))] Aty Aty

for xg; <x1 <X; and xgy < %y < X9.
Let

& (%1, %)

r1ix1) oy xz)
= a1 (x1,%2) + az(x1,%2) Z/ / Mlz(fl) pai(t2)))
v

71i(%o01) 2i(%02)

X |:ﬁ(x1» t1, %2, ta) W (u(/lei(tl)» Mzi(tz))) {Ws (M(ll«u(tl), Mzi(tz)))
+ / 1 / ’ &i(t1, my,ty, my) x WB(M(MH(WII):MZi(MZ)))AmzAml}
Y1ixo1 Y2i(%02
+ ri(t1, ta)wa (log (u(pai(tr), Mzi(tz))))] Aty Aty
Then one has
&2(x01,%2) = Ea(x1, %02) = a1 (%1, %2)
and

ulxy, ) <w' (52(961,962))- (3.19)
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On taking the identical steps as in (3.7)—(3.10), we get
G1(&2(x1,%2))

o - r1i*1)  py2i(x2)
<G (ﬂl(xlyxz)) + ap (%1, %2) Z/ / [ﬁ(xl;tl»nytZ)
%

i—1 Y 7ilxo1) Y yai(x02)
t1 ty
X Wz(W_l(%'z(tl,tz))){Ws(w_l(&(thtz))) +/ / gi(ty, my, ty, my)
r1i(xo01) ¥ v2i(x02)
X W3(W_1(52(m1,m2)))AleAm1}

+ ri(tl: tz)W4 (lOg(W71 (Sz(tl, Ifz))))] Alfz Atl. (320)
For wy(u) > wy(log(u)), inequality (3.20) can be rewritten as follows:
G1(&2(x1,%2))

" i) prailx2)
< Gi(a1(F1,%2)) + ax(x1, %) Z/ f wa (W (52(01, 1))
v

i=1 Y 7ilxo1) Y y2i(x02)
5] 1)
x |:fi(xbthx2’t2){WB(W_I(SZ(tDtZ))) +/ / gi(t1, my, by, my)
r1i(xo1) Y v2i(x02)
X Wg(W_l (%'2(}’}’11, le)))AleAml } + Vj(tl, tz):| AtzAtl. (321)
Let

" r1it1)  preile)
0 (%1,%2) = Gy (a1 (%1, %2)) + a2 (%1, %) Z/ / wa (W (52(81,12)))
y

i—1 Y nixo1) Yyailx02)
t1 ty
X |:ﬁ(xl’ tl!xZ! tZ){Wfi(W_l(Ez(tlltZ))) +/ / gi(tly my, t2rm2)
r1i(x01) ¥ v2i(%02)
X W?,(W_1 (Ez(ml, le)))AmzAml } + r,-(tl, tz)] At2At1.
Then
Ca(x01,%2) = La(x1, %0) = G (@1(%1,%2))
and
& (x1,%2) < GII(Cz(xbxz))' (3.22)
On taking the identical steps as those in (3.13)—(3.14), one has
G2 (421, %2))
o - r1i(x1)  pr2ilx)
= Gz(G1 (ﬂl(xbxz))) + ap (X1, %2) Z/ / |:ﬁ(x1,t1,x2,t2)

i=1 Y nito1) Yyixo2)

x wy(w (G (%2(t1,12))))

Page 11 of 32



Rafeeq et al. Advances in Difference Equations (2020) 2020:40 Page 12 of 32

t ty
X {1 +/ / gi(fl,mbtz,mz)AmzAml} + Vi(fl;tz)] Aty Aty
y y

1i(x01) ¢ ¥2i(x02)

7ix1)  praix2)

n
<di(x1,%2) +ﬂ2(9?1;9?2)2f filx, t1, %0, 1)
i=1 YV

1i(x01) 7 y2i(x02)

x ws(w™ (G (5a(t1, 12))))

t ty
X {1 + / / gi(t1, m, tz,le)AleAml}AtzAtl'
r1i(x01) ¢ v2i(%02)

Let
o & y1ix1)  pyailr)
U (x1,%2) = di(X1,%2) + as (%1, %2) Z/ / filxr, t1, 20, 81)
i—1 Y nilxo1) Y y2i(x02)
X WB(W_I(GII (é“z(hﬁz))))
t iy
X {1 + / f gi(tl,ml,tz,le)AleAml}AtzAtl. (323)
r1i(x01) ¢ v2i(%02)
Then
(%01, %2) = (%1, %02) = d1(X1,%2) (3.24)
and
0(x1, %) < Gy (9 (%1, %2)). (3.25)

It follows from Lemma 2.1 and (3.23) that
ﬁAxl (xl’xZ)

n ¥2i(x2)
= 42(561,562)2[)/1?(361)/ Si(o (1), v1:(%1), %2, 1)
y

i=1 2i(%02)

X W3 (w_1 (GI1 (Cz (Vli(xl)’ tZ))))

i) pt2
x {1 + / f gi(yu(xl),ml,tz,Mz)AMzAml}Atz
Y 72i(%02)

1i(*01)

71i(x1) ¥2i(x2)
+/ |:/ filxr, t1,0, ) (W (G (82(51, 12)) )
v v

1i(x01) 2i(%02)

t ty Axy
X {1 + / / gi(tl,mbtz,mz)AmzAml}Atz] At1]~
r1i(x01) ¢ v2i(x02)

From (3.25) and the fact that w3, w1, G;!, G;!, and ¢ are nondecreasing, we have

A% (x1, %)
ws(w (GG (9 (x1,%2)))))

n

2i(x2)
< ﬂ2(9_€1,562)2|:)’1$(x1)/ Si(o @), vii(x1), %2, 1)
v

i-1 2i(%02)
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rii®1) iz
X {1 +/ / gi(yli(xl);mlrt27MZ)AWIZAWII}At2
v v

1i(x01) 7 v2i(x02)

71i(*1) v2i(%2)
+/ |:f Sfilx1, b1, %2, t1)
r1i(xo1) LY y2i(x02)
f ty Axy
{1+/ / g,(tl,ml,tz,M2)Am2Am1}At2j| Atl]
v1i(xo1) Y vai(x02)

ni*x1) prvai xz
= ﬂz(xl,xz) / / Silx, 1,20, 1)
r1i(xo1) ¢ y2ilx02)

a ) Axy
{1+/ / gi(t17m1’t2)m2)Am2Am1}AtzAtl] .
r1i(x01) ¢ v2i(%02)

Using the definition of Q; and (3.24), integrating over [xo1,%1], we get
Q1 (P (x1,%2)) < Qi1 (d1(%1,%2)) + a2 (%1, %2)c(x1, %2). (3.26)

It follows from (3.19), (3.22), (3.25), and (3.26) that
u(xr,x%2) < w (GG (QTH(Qu(di (31, %2)) + aa (X1, X2)c(x1,%2)) ))).
Let x, = %; and x, = %. Then
w1, %) < w (GG QT (Qu(di (1, %2)) + aa (X1, %2)c(F1,%2)) ))). (3.27)

Since xp1 < ¥; < x; and xpy < X < X, are chosen arbitrarily, so after substituting x; and
respectively x, with x; and x,, we obtain the desired result (3.17).
For wy(u) < wa(log(u)), inequality (3.20) can be rewritten as follows:

Gy (&2(x1,%2))

n ritx1)  prailxe

)
< Gi(a1(F1,%2)) + aa(x1, %) / wa(log(w™ (&2(t1,12))))
i-1

r1i(x01) Y v2i(x02)
t ty

X |:ﬁ(x1,t1,x2,t2){W3(w1(&2(t1,t2))) +/ / &i(ty, my, ty, my)
r1i(xo1) ¥ vai(x02)

X W3(W_1 (52(1’}’11, }’}12)))AWI2A1/}11 } + Vl'(tl, tz):| AtzAtl

y1i(x1) VZt(x2
< Gi(a1(x1,%2)) + az(%1,%2) Z/ / (&2(t1,12)))
vai

y1i(x01) (w02)

X [ﬁ(xl»tl,xz,tz){WB(W_I(Ez(tbtz))) /1 )/2 &i(ty, my, ty, m3)
2! ¥

i(x01) v ¥2i(x02)

X W?,(W_1 (Ez(l’l’ll, le)))AVﬂzAml } + r,-(tl, t2)1| AtzAtl.

On taking the identical steps as those (3.21)—(3.27), then after substituting ¥; and X, with
x1 and x,, we obtain the desired result (3.18). O
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Remark 3.9 Let T =R, w3 = 1, uj; = I, fi(x1,t1,%2, £) = fi(t1,£2), and g; = 0. Then Theo-
rem 3.8 leads to Theorem 2 in [115].

Theorem 3.10 Let aj, r;, w, W}, fi, &> Vji» Wji» and a be defined as in Theorem 3.1, and
LM:T; x Ty x R — R{ be right-dense continuous on Ty x Ty and continuous on R
such that

0 S L(xl,xZ,u) - L(xl,xZ’ U) S M(xl’xZ’ U)(u - U)

foru>v>0and (x1,%) € Ty x Ty, and

w(au(x1,%2))

riie1)  pyailx2)
< ay(x1,%2) + az(x1, x2) f / w1 (M(Mli(tl)yll«zi(tz)))
1YV Y

iz 1i(x01) Y ¥2i(%02)

(1, 11, ,t){ i(t1), 12i(t2))) i(t1, my, b2, m>)
|:fx1 1,%2, 12 Wz( (M1 1) L2 2 /yhxm /):MOZ 1, My, Ly, My

X WZ(M(Hli(ml)rM2i(m2)))Am2Am1}

+ Y'l'(tl, tz)L(tl, ty, Wy (I/l(tl, tz))):| Atz Atl (328)

for (x1,%3) € Ty x Ty with initial condition (3.2). Then

u(xy, %) < w” (G 1( (Gz(bz(xl,xz))+az(x1,xz){0(x1,x2)

" ri(x1)  prai(2)
+ / / (tl,tz)M(tl,tg,O)AtgAtl (329)
i—1 Y r1ilxo1) Jy2i(x02)

14

for all xo1 < x1 < X1 and xgy < %y < Xy, where

by(x1,%2) = Gy (ﬂl(xlyxZ)) + ay (%1, %)

Y1i(x1) y2i(x2)
/ f ri(t1, t)L(t1, 2, 0) Aty Aty
y ¥

1i(x01) Y/ y2i(x02)

¢, G, and G, are as defined in Theorem 3.1, and %, and X, are chosen such that
G (ba(x1,%2)) + @ (%1, %) {C(xler)

" ri1)  prai2) .
+Z/}: /]; l”i(tl,tz)M(tl,tz,O)AtzAfl EDOm(GE ),

1i(x01) Y ¥2i(x02)

G, (Gz (ba(x1,%2)) + ﬂZ(xler){C(xlrxz)

" r1i1)  preix2) .
+ Z/}: /y Vi(tl, Ifz)M(tl,tg,O)AtgAtl (S DOITI(GI ),

i—1 Y nilxo1) Yyai(x02)
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11(6 1(Gz by(%1,%2)) +a2(x1,x2){ (x1,%2)

" rilx1)  prailxa)
+ / / V,(tl, Ifz)M(tl,tg, O)AtgAtl € Dom(w_l).
Yii xOl Y2i x02

i=

Proof Letx; € Ty and xp € Ty with xp; < x; <%; and xp; < ¥ < X,. Then inequality (3.28)

can be rewritten as follows:

w(u(x1, %))

n

o o ri1)  proi2)
§al(x1,x2)+a2(x1,x2)2/ / Wl(”(ﬂli(tl)r/'LZi(tZ)))
% %

i—1 Y Vilxo1) Y r2i(x02)

t ty
X [ﬁ(xl,tlyxbtz){WZ(M(Mli(tl)yHZi(tZ))) +/ / &i(ty, my, ty, my)
71i(x01) Y ¥2i(x02)
X WZ(M(Mli(ml)yM2i(m2)))Am2Am1} +ri(t1, L‘z)L(tl,tz, wa (u(ty, tz)))i|AL‘2At1
for xg1 <x; <X; and xgy < %y < Xy. Let

&3(x1,%2)

" r1ix1)  pr2i2)
= a1(X1,%2) + az(x1,%2) / / 1(M(Mli(t1), MZi(tZ)))
y

iz 1i(x01) i(%02)

|:f(x1,t1,x2,t2){wz( (1i(81), p2i(82))) / / 8i(t1, my, by, m3)
o) J vailxoz)
x wa (u(p1i(m1), pa2i(mz))) Amy Amy } +7i(t1, 2)L(t1, ta, wa (uty, tz))):| Ab Aty

Then

&3(x01,%2) = &3(x1, %02) = a1(%1,%2)
and

w(x1,%0) < w (€31, %2)). (3.30)

On taking the identical steps as in (3.17)—(3.10), one has
Gy (&3(x1,%2))

o I r1i1)  pr2ilx2)
< Gi(a1(F1, %)) + az(%1,%2) Z/ f [fi(xbtlyxz,tz)
v

i—1 Y nilxo1) Y yai(xo02)

t ty
X {Wz(wl(&z(tbl«‘z))) +/ f &i(ty, my, ty, m3)
r1i(xo1) ¥ v2i(x02)

x wa (W (&3(my1, m2))) Army Ay }



Rafeeq et al. Advances in Difference Equations (2020) 2020:40

+ ri(t1, t2)L (1, b, wo (W™ (&3(81, tz))))] Aty Aty

7ix1)  rrailx)
< Gi(a1(%1, %)) + @z (%1, %2) Z/ / [ﬁ(xbtl,xz,tz)
72i(%02)

71i(*01)

t iy
X {Wz(W_l(-‘Es(tl,tz))) +/ / &i(ty, my, ty, my)
r1i(xo01) ¢ v2i(%02)

x wa(w ! (&3(m1,m2))) Amy Amy }

+ri(t1, ) {L(t1, £,0) + M(t1, 82, O)wa (W (&3(t1, £2)) ) }] Aty Aty

r1i((x1) 72i(%2)
< Gi(a1(F1,%2)) + az(%1,%2) Z/ / ri(t1, )L, £, 0) Aty Aty
¥

r1itxo1) Jv2i(x02)

" ri1)  preix2)
+ 612(?_01,562)2/ / wy(w (&3(t1,12)))
-1 YV %

1i(x01) Y ¥2i(x02)

2
|:f(x1, L1, %2, tz){l + / gity, my, L‘z,mz)AleAml}
v2i (%02

71i(*01)

+ 1t )Mty to, 0)] Aty Aty

= bo(X1,%2) + as(X1,%2) Z/
i=1 7Y

t t
X |:fi(xlxt1,x2,t2){1 +f / gi(tl’mhtzme)AmzAml}
r1i(xo1) ¥ vai(x02)

i) praibe

(x2)
wa (W (&(t1,12)))

1i(x01) ¢ 2i(x02)

+1i(t1, ) M2, £, 0)] Aty Aty.

Let
o o n 1) i) .
83(x1,%2) = ba(X1, %) + az(X1,%2) Z/ f wa (W (&5(t1, 1))
i—1 Y nilo1) Jy2ilx02)
|:f(x1, 1, %2, tz){l + / gi(ty, my, tz,mz)Am2Am1}
v1i(x01) Y vai(x02
+ Vi(tlx tZ)M(tly t2; 0)] Atg Atl.
Then
$3(wo1,%2) = L3(x1,%02) = ba(¥1,%2)
and

E3(x1,%2) < Gy (¢3(w1,x2)).
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On taking the identical steps as in (3.13) to (3.14), one has

Ga(83(x1,%2))

o - riite1)  pyeilxo)
= GZ(bZ(xl:xZ)) +a(x1,%2) Z/ / {fi(xbtl,xz,tz)
¥

i—1 Y nilxo1) Jyailxo2)

51 ty
X (1 +/ / gi(tl,mlytz,mz)AmzAVﬂl)
y1i(xo1) v vai(%02)

+ri(t1, tz)M(thtz,O)}AtzAtl
= Gy (ba(%1,%2)) + a2 (%1, %) {C(xbxz)

n v1ix1)  pyi(r2)
+ 2/ / ri(ty, )M, 0, 0) Aty Aty .
¥

i—1 Y nilxo1) Y y2ilx02)

It follows from (3.30)—(3.32) that

w(xy, %) <w! (Gll (Gzl (Gz(bz(?_cl,ﬁ_cz)) + ﬂz(ﬁ_clﬁ_cz){c(xl,xz)

i=1

Let x; = x; and x, = ¥. Then we have

u®, %) <w (Gfl (GQI (Gz(bz(ﬁ_ﬂy?_ﬁz)) + ﬂz(ﬁ_flyﬁ_fz){c(il»iz)

i=1

Since xp; < X; < ¥; and xg2 < X < X, are chosen arbitrarily, we obtain

u(xy,x) < w (Gfl (GEI (Gz (bz(xlyxz)) + ﬂz(x1»x2){0(x1»x2)

i=1

n r1itx1)  prailx2)
+ Z/ / ri(ty, 22)M(t, £, 0) Aty Aty .
11i(x01) Y vai(x02)

n 7i*x1)  prai*2)
+ Z/ / ri(ty, t2)M(t1, £, 0) Aty Aty .
; 11i(xo1) Y vai(x02)

n ritx1)  prai2)
+ Z/ / ri(ty, )M, £, 0) Aty Aty .
11i(x01) Y vai(x02)

(3.32)

O

Remark 3.11 Let T = R, wy = uj; = I, fi(x1,t1,%2,t2) = fi(t1,t2), and g; = 0. Then Theo-

rem 3.10 coincides with Theorem 3 in [115].

Corollary 3.12 Let u, r;, wo, f;, gi» Vji» and pj; be defined as in Theorem 3.1, a(x1,x2) be

a nonnegative and right-dense continuous function defined on ([py,%01] X [Py, X02])12, and
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q1 > q> > 0 and € > 0 be constants such that

q1 1i(x01) V y2i(x02)

” riite1)  py2ix)
ul (x1,%) < €+ n Z/ / u® (p1,(t1), pai(t2))
TSy .
X |:fi(x1:t1;x2; tz){Wz(u(lLli(tl),Mzi(tz)))

4] 15}
+ / / gi(tl,mlth)mZ)
r1i(xo01) ¢ vai(x02)

X Wy (”(Mli(ml);MZi(MZ)))AmzAml} +7i(ty, L‘z)} Aty Aty (3.33)
for (x1,%2) € Ty x Ty with the initial condition

u(x1,%2) = alx1,%2), %1 € [P, %0111 0F %3 € [Py, Xo2]T)

(3.34)
alpai(x1), mailx2)) < Ve, p1i(x1) < xo1 or pai(%2) < Xoo.
Then
u(xr, ) < "7 Hl_l(Hl (El(xl»xz)) + C(xhxz)) (3.35)

for all xo1 <x1 < X1 and xpy < xy <X, where

_ a-0 " reruta)  praix)
bi(x1,%0):=C 01+ 2/ / ri(ty, ) Aty Aty
¥

i=1 Y nilxo1) Yy2i(x02)

S

A

Hi(s) = f 719, s> 8¢ > 0 with Hy(00) = 00,
S6 WZ( qliq%/l—'))

c is defined as in Theorem 3.1, Hy is the inverse function of Hy, and %, and %, are chosen
such that

H; (Zl(xl,xz)) + c(x1,%7) € Dom(Hl_l).

Proof Let

— Q eyt pyoil) “
£ (x1,2) = €+ > u® (ailtr), poi(12))
v Y

41— 92 7 yiieor) Jyaileon)

X I:ﬁ(xlxtl;x2;tZ){W2(u(Mli(tl);MZi(tZ)))
t ty
+ / / gi(tlrml’tZ)mZ)
r1i(xo1) ¥ vai(x02)
x wa (u(p1i(m1), pr2i(my))) Ay Ay } +7i(ty, tz):| Aty Aty. (3.36)
Then

&1 (wo1, %2) = &1 (1, %02) = € (3.37)
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and
u(xy,x) < V& (¥1,%) forx; € [x01,%1]1 and x; € [xon, %2 ], (3.38)

where x; € T; and X, € Ty are fixed numbers with xy; < X; < X; and xpp < Xy < X».
For x1 € [xo1,%1]T and %y € [x02, %o]T, if p1:(x1) > o1 and feo;(w2) > X2, then (1) €

(%01, %1]T, p2i(x1) € [%02,%2]T, and

(i), fai(x2)) < q\l/gl (111(x1), pa2i(x2)) < q\l/gl(xpxz) (3.39)

If yi(x1) < x01 Or wai(x2) < x92, then from (3.34) we obtain

(i), pai2)) = a(pi(r), mailrn)) < V€< V& (x1,22). (3.40)

It follows from (3.39) and (3.40) that

u(pri(xr), poix2)) < 4 &1 (%1, %) (3.41)

for x; € [xo1,%1]T and x5 € [x02, X2]T.
From Lemma 2.1 and (3.36) we know that

— Ax
&1 1(961,962)

y2i(x2)
G (x) / u® (i (y1i(x1)), pai(t2))
%

2i(*%02)

X |:fz U(xl) Y1i(x1), xz,tz){ ( (Mli(yli(xl)))MZi(tZ)))

y1i(*1)
+ / f (yli(xl)r my, t, m2)
y1i(xo1) Y vai(xo02)

x wa (u(p1i(m1), pai(ma))) Amy Ay } +7i(yri(x), tz)i| Aty

n i(x1) v2i(%2)
q Y1
+— Z/ |:/ u® (pitr), poi(t))
Vi Y

91— 92 "= IniGor) 2i(%02)

x |:fi(x1:t1¢x2¢t2){Wz(u(ﬂli(tl)rﬂ%(t2)))+f1 /2 8i(t1,my, 1y, m3)
¥

1i(x01) ¥ ¥2i(x02)

Axq
x Wz(u(ﬂli(ml)rMzi(WIZ)))AmZAml} + n(tl,tz)]Atz} Aty.

Making use of (3.41) and the fact that €, is nondecreasing, we have

— Ax
&, 1(?61,962)
)

E i (xl’xZ)

q1
|
i=1 v

P 2i(%02)

v2i(%2)

[ﬁ (U (x1), y1:(x1), %2, tz)
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— rix1) pt2
X {Wz( VE (y1i(x1), 12)) +/ / gi(v1ix1), my, ty, my)
Y 2i(x02)

1i(x01)

x wa W)A%Aml} + ri(yri(x), tz):|At2
i @) [ pr2ile) —
* & Z/ |:/ |:fi(x1’ 11, %2, tz){wz( q\ll &.(t, tz))
D92 T Uy y

1i(x01) 2i(%02)

t ty —
+/ / git, my, ty, ma)ws q\1/§1(m1,m2))Am2Am1}
v1i(xo1) Y vai(x02)

Axq
+ Fi(tl,tz)]At2:| Atl

r1ix1)  py2ilx2) iy =
|: / |: (xl,tbxz,tz){ ( lél(tlytz))
ql 42 7 71i(x01) v y2i(x02)

t 1) —
+/ / gi(tl;ml:t2¢m2)w2(q\1/$1(m17m2))Am2Aml}
r1i(xo1) v v2i(x02)

Axy
+ri(ty, tz)] At2At1] . (3.42)

Theorem 2.2 and £, A (x1,%2) > 0 lead to the conclusion that

1 12
=§," (xl,xz)/ {€1(x1,%2) + B, %008, (x1,%2)} 0 dh
0

Axq 1 —am B
= W {1 +hu(x1,x2)w} a Jh

£, (w1,%7) 70 &1(x1,%2)

gl ! (o1, %2) “‘*M(MM@)M} @ 11

&1(x1x2) < g (xlrx2) (3.43)
B0 Gx) o) Em ) T E i ()

From (3.42) and (3.43) we have

q1 — 92

n i*1)  praie2)
el Y1
< ZI:/ / I:ﬁ(xlltlrx2rt2)
41— 492 7 L yulxor) Jyailxon)

— 1 ty
X {Wz(q\l/&(tl,fz)) +f / 8i(t1, my, ty, my)
71i(xo1) ¥ vai(x02)
— Axy
X wa( q\‘/él(ml,mz))AmzAml} + ri(tl,tz)]AtzAtl] )

_ Axq
q _ 11-92
( LE, @ (xl,xz))
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Making use of (3.37) and integrating over [xo1,x;], we get

n

) a1-42 ri(x1)  py2ilx2)
£ 1 (xpx) <€ a4+ Zf / ri(ty, ) At Aty
Y

i=1 ¢ r1i(xo1) Y r2i(x02)
r1ix1)  py2i(x2)
+ Z/ / Jilx1, t1,%0, 8)
i—1 Y 7ilxo1) Y yai(x02)
— 51 t2
X {WZ(ql gl(tlitz)) +/ / gi(tlxmlytZ,le)
71i(xo1) v v2i(%02)
X WZ( q\l/ 51(”"11,1’”2)) Amy Amy } Aty Aty
1-92 ri®1)  prai2)
=¢a / / ri(t, ) At Aty
Y1i(x01) ¥ y2i(x02)
n ni1)  prai)
+ Z/ / ﬁ(xl»tl)xZ)tZ)
i—1 Y nilxo1) Y yai(x02)

— 151 ty
X {Wz( q\l/ 51(1‘1,752)) +/ / &i(t1, my, by, my)
11i(%01) ¥ v2i(x02)
X W2( q\I/ gl (Wll, I/H2)) AVVIQAWIl } AtzAtl
y1i(*1) y2i(%2)
= by(%1,%) + Z/ f Jilx1, t1, %2, £2)
Y2

1i(x01) (w02)

— 5] o
X {Wz( v ‘51(t1,t2)) +/ / gi(ty, my, ty, my)
r1i(x01) Y y2i(x02)

X Wz( q\I/ gl(l’l’ll, }’1’12)) AWIzAWll } AtgAtl.

Let

_ - n v1itx1)  pyailxa)
C1(x1,%2) = b1(%1, %) + Z/ / filoe1, t1, %0, 82)
¥

i—1 Y nilxo1) Y yai(x02)

— 13} ty
X {Wz( VEit, tz)) + / / &i(t, my, ty, my)
r1i(xo1) ¥ v2i(%02)
X W2( q\ll gl (Wll, I’VIQ)) AmgAml } Aty Aty.

Then we have

1 (xo1,%2) = €1 (%1, %02) = by (X1, %2)

and

_ _ q1
&1 (1, 0) < &9 172 (01, %2).

(3.44)

(3.45)

(3.46)
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It follows from Lemma 2.1 and (3.44) that

v2i(%2

1 M (xth)
)
Si(o 1), v1i(x1), %2, 1) {Wz( VE (niln), 12))

= Z Yii (xl)f
i(%02)
71i(x1)
/ / gi(vii(x1), my, ta,mo) x wa( V&, (m11m2))Am2Am1}At2
1% ¥2i(%02)

1i(%01)

71i(*1) 72i(x2) —
+ Z/y |:fy Silx1, t1, %2, £5) X {Wz( q\l/ él(tlﬂfz))

i—1 Y nilxo1) 2i(%02)

t1 12} — Axy
+/ f gi(tbmpfz,mz)wz(q\l/51(m1,m2))AWl2Am1}At2i| Aty.
% v

1i(x01) ¥ ¥2i(%02)

It follows from (3.46) and the fact that w; and ¢, are nondecreasing that

X
1 1(xlrx2)

wa( R (01, x2))

¥2i(x2)

< Iyi@) S0 (1), vl ), 0, 12)
i=1

72i(%02)

r1i¥1)  pi2
X {1+/ / gi(yli(xl);mhtble)AmzAml}Atz
¥ %

1i(x01) v ¥2i(x02)

" 71i(*1) v2i(%2)
+ Z/ |:f Silor, t1, %2, 8)
; r1ixo01) LY y2i(x02)

i=1

t1 t Axq
x 31+ / / gi(tl,ml,tz,m2)Am2Am1}At21| Atl
y1i(x01) v v2i(x02

" o) preiler)
/ / ﬂ(xl’ tlerrtZ)
i=1 LY viilxor) Jyailx02)

t t Ax1
X 1+/ / g;(fl,mbtz,mz)AmzAml}AtzAtl] .
(x01) ¥ v2i(x02)

Making use of (3.45) and the definition of H;, integrating over [xo1,%1] gives

riilx1)  pr2ilan)
((1(951,952)) = Hl(bl(xler) Z/ / Jilx1, 21,52, 1)
y v

1i(x01) < yoi(x02)
x {1 +/ / gi(tl;mlytZ:mz)Am2Aml}At2At1
y1i(xo1) v vai(%02)
= Hl (El(ﬁ_cl,JCg)) + C(xl,X2). (347)

Combining (3.38), (3.46), and (3.47), we get

w(xy,%2) < VY H T (Hy (b (%1, X)) + (31, %))
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Letting %1 = X; and x, = X, in (3.3), and considering x; € T; and X, € T, are arbitrary,

after substituting x; and x, with x; and x,, we obtain the desired result (3.35). a
Let T = Z. Then Theorem 3.1 leads to Corollary 3.13 immediately.

Corollary 3.13 Let u,r;,a;: A; x Ay — Ry and f,g,f*™ : A} x A} — R be nonneg-
ative real-valued functions such that a; is nondecreasing with respect to its each vari-
able, let y;; : Aj — R{ be a nonnegative and nondecreasing function, a : {-p;,...,—1,0} x
{-=p2,...,-1,0} = R} be a nonnegative function, —oo < ﬁj = inf{min(x; — p;;),%; € A;} <0,
w and w; be as defined in Theorem 3.1. If u(x1,x,) satisfies the following discrete inequality

w(u(x1,%2))

n y1i(x1)-1yp;(x2)-1

< ay(%1,%2) + @ (x1, %)) Z Z Z W1 — P1ist2 —pzz))

i=1 t1=y1;(0) t2=y2;(0)

2
X |:fi(x1; t1, %2, ) {Wz (M(tl = pP1ist2 — PZi)) + 1_[ Z &i(ty, my, ty, my)

=1 my=y;;(0)

x wy(u(my — prj, mz — Pzi))} +ri(t, fz)j| (3.48)
with the following initial condition

w(u(x1,%)) = a(x1,%2), %1 € [p1,0] or x5 € [p,0], (3.49)

a(x1 — p1i, %2 — p2i) < ar1(x1,%2), X1 < Py 0F X2 < Py

then
(v, %) < w (Hy ' (Hy (Fs (b1 (%1,%)) + a2 (31, 22)E(x1, %2)))) (3.50)

forall 0 <x; <X and 0 < x, < x,, where

n o y1ile1)-1y2i(x2)-1

o)=Yy D Y filwtxm,b)

i=1 t1=y1,(0) t2=y2;(0)

tr—-1
(]. + Z Z gi Ifl,I’I’I1,t2,m2)>

m1=y1(0) ma=y;(0)

n y1i(x1)-1y(x)-1

l;l(xl»xZ):HZ(dl(xl;xZ))+ﬂ2(x1:x2)z Z Z ri(t1, ),

i=1 t1=y1,(0) t2=y2;(0)

S dp
Hys)= | ————, 0 with Hy(00) = 00
2(s) /S; 1) §> 87 >0 with Hy(00)

S

d

Hs(s) = / —pl, s> sg > 0 with Hz(00) = 00,
S8 W2 (p
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H;' and H3' are respectively the inverse functions of Hy and Hs, and %, and %, are chosen
such that

Hi(b1(x1,%2)) + @z (1, %2)¢(x1, %) € Dom(H31),
H3_ ( (bl(xl,QCz)) + a2(x1,x2)c(x1,x2)) € DOHl(H ),

H_ ( (Hg(ial(xl,xz)) + az(xl,xz)é(xl,xz))) € DOIIl(W_l).

4 Applications

Example4.1 Consider the following integro-differential equation with several arguments:

[H(xbxz)]mlmz = F|:x1, b, %, to, u(pan (1), o1 (82)), - (i1 (1), 1h2n(£2)),

t1 ty
/ / Q(t1, 1, ta, my, u(prr (my), par (my)),
x02

M(Mln(ml)r//LZn(mZ)))AmZAmI] (4.1)
with the initial condition
[(x1,%02) 1472 = af (1), u(xo1,%2) = az(x2),
u(x1,%2) = a(x1,%2), %1 € [p1, %01l or xy € [P2, X02]T, (4.2)

[a(ieni(x1), poi(®2))] < la1(x1,%2)],  pai(x1) < xo1 or pai(x2) < Xoo

for F: T? x T3 x R**! — R is right-dense continuous on T? x T3 and continuous on R"*1,
Q:T? x T5 x R” — R is right-dense continuous on T? x T3 and continuous on R”, u
Ty x Ty — R/{0}, a;: T; — R, a: ([p1,%01] X [p2,%02])12 = R, a1 : Ty x Ty — R are right-
dense continuous functions and p; is as defined in Theorem 3.1.

Theorem 4.2 Assume that
[E(x1, £1, %9, b2, 81, 8,5 8, K) | < an (o1, %0) D wa(18])
X [ﬁ(xh tl’xZ’ tZ){W2(|EL|) + |k|} + rl'(tlr t2)]¢ (4'3)
|Q(x1, L1, %2, Lo, El} e EVl)l = gi(xly t1,%9, tz)W2(|Ez’|);
where f;, g, 1i, ay are as defined in Theorem 3.1, ay(x1,%;) = Z] La(x7), wi(n) = o2(n) +

Jo(n)n + \3/?, wa(n) = /o (/) + 1 for n € R, and u(x1,x,) is a solution of equation

(4.1) with initial condition (4.2), then
|u(x1, %) < (Vb3 (1, %2) + az(xl,xz)b4(x1,x2))6,

where

n x1 X2
bs(x1,%2) = ] a1 (1, %) | +a2(x1,x2)2/ / ri(ty, ) Aty Aty

i=1 YX01 YX02
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n x1 X
by(x1,%2) = Z/ / Jilx1, t1,%2,8) (4.4)
i=1 Y¥01 Y X02
t1 ty
X (1 +f / gj(tl,ml,tz,l’ng)AngAml)AtgAtl.
X01 Y Xx02

Proof Let T= o(T1,x,) and Gj(n) = 4J/n, where o(x1,%,) is strictly increasing with respect
to x; € Ty. Then it follows from Theorem 2.3 that

[G1 (Q(xl:xz))]m1 = G%(Q)le (%1, %2)

_ 01 (x1,%2)
Jo2(o(x1,%2)) + /o (0(x1,%2))0(%1,%2) + /02 (%1, %2)
oMM (wLa) 0™ (x1,x0)

T wio(r, X)) | Wi (0@, x2))

(G (Q(xl,xz))]Axl = (N;zi(Q)QM1 (%1,%2)

_ 041 (1, %2)
\/U(Q(xbxz)) + \/Q(xl:xZ)
0 (x1,%9) 0™ (x1,%2)

T w03 %)  wa(w LG 0 x2)))

From (4.1) and (4.2) we get

X1 pxo
u(x1,%) = ai(x1,%2) + / / F[xl,tl,m, tZyM(Mll(tl)’MZI(tz))’
X01 Y X02

5]

oo tt(pan(t1), an(t)), / ) Q(t1, 1, to, M, u(j11 (1), o (m3)),

*01

~~~’u(ﬂln(ml)rMZn(mZ)))AmZAmI]AtZAtL (4.5)

From (4.3) we know that (4.5) has the form

X1 x2
’M(xl:x2)| = |a1(x1,x2)| +/ /
x01 ¥ X02

ol
...,u(l/«ln(tl),pbn(tz)),f / Q(tlzmlytZ;”nZ:u(ﬂll(ml):MZI(MZ));
X01 Y X02

Fl:xlr tr, %0, b, w11 (1), o (12)),

Aty Aty

...,M(Mln(ﬂh)yMzn(mz)))AmzAml]
= |a1(x1,x2)| +a2(x1,x2)2/ 1/ 2W1(|U(M1i(tl),,u«2i(t2))|)
j=1 Y¥01 YX02
x |:fi(x1:tl:x2:t2){WZ(‘M(Mli(tl):H«Zi(tZ))D+/I/Zgi(tlrml:tbmz)

x wy(|u(pai(m), pai(ma))|) Ama Ay } +ri(t1, tz):| At Aty. (4.6)

Therefore, the desired result follows easily from (3.3) and (4.6). O
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Example 4.3 Consider another integro-differential equation with several arguments:
2 A
(145 (o1, 22)u™ (31, 0) | XZF|:x1;tl,x2’t2rU(Mll(tl)quZI(tZ));
h rh
m,u(ﬂm(tl),ﬂm(tz));/ / Q(tbmbtzrmz,bt(ﬂu(mﬂ,le(mz)),
X01 ¥ %02
...,M(mn(ﬂ’ll),Mzn(mz)))AleAml] (4.7)

with the initial condition

2 558 (x1) 3
U (1, %02) U™ (301, %02) = 15, us (xo1,%2) = fa(x2),
u(x1,%2) = a(x1,%2), %1 € [p1,%o1]T or wy € [P2, X02]T, (4.8)

1
[aieni(®1), poi(®2))] < €5, pq(x1) < xo1 or woi(%2) < Xoo

for F: T7 x T x R™! — R is right-dense continuous on T? x T3 and continuous on
R™1, Q:T? x T3 x R” — R is right-dense continuous on T x T3 and continuous on R”,
u:Ty x Ty = RAOYL §j: Tj = R, a: ([p1,x01] x [p2,%02])12 — R are right-dense continu-
ous functions, € is a nonzero constant such that ¢ > Zle §;(x;)| and pj; is as defined in
Theorem 3.1.

Theorem 4.4 Assume that

[F(x1, 1,20, £, 81, 89, ..., €y, K|
n .12
< Y B [fi e, 11,000, ) {wa(181]) + KT + 73t 22)], (4.9)
|Q(x1,t1,x2,tQ,El,...,En” Sgi(xl,tbe) t2)W2(|El‘|),

where f;, g, and r; are as defined in Theorem 3.1, wy(n) = /o2(n3) + /o (n®)n® + n® for
n € RE. If u(x1,x2) is a solution of equation (4.7) satisfying initial condition (4.8), then

’M(xl¢x2)| = \3/ b3(x1, %) + ba(x1,%2),

where by(x1,%2) is defined by (4.4) and

_ 3 L TR )
b3(9‘:1»’52) =05 + Z/ / Vl’(tl, tz)AtzAtl.
i=1 Y¥01 Y X02

Proof Let T = @ (T, %,) and Ga(y) = ¥/n, where @ is strictly increasing with respect to
x1 € T1. Then by Theorem 2.3 we have

[Ga( (x1,%2))] ™ = G ()2 (31, 02)
wal (xlixZ)
Vo2 (@ (x1,%2)) + 7o (@ (%1,%2)) (x1,%2) + /@2 (%1, %2)
@ 81 (%1, %,)

" WY @)
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Integrating equation (4.7) over [xgp, x;] gives

2
U (%1, 2%2)u™ (21, %)

X2

2
=us (901,9602)MM1 (%1, %02) + /
x02

151 t
M(Mln(tl)rMZn(tZ)):/ / Q(thmbIfz,mz;M(Mu(Wll),Mm(le)),...,
x01 Y X02

Fl:xlr 1, %2, 2, M(Mn(ﬁ)y l/~21(t2)), Y

M(/'Lln(ml):MZn(m2)))Am2Aml]At2- (4.10)

It follows from Theorem 2.2 and “—-L(1%2) > 0 that
u(xq,%2)

5 an ! -2
<§u%(x1,x2)> = MAxl(xl,xz)/ {”(xl»xz) +hﬂ(x1,x2)uml(?€1,x2)} édh
0

w1 (xq,00) 1 w1 (%1, ) -3
T DE— {1+hu(x1,xz)7} dh
us(x1,x2) Jo u(x1,%2)
Ax 3
U () S+ ) RS 5
X

2 Ax
u5 (x1,%7) 3/1(951:952)%

Axq
u X1, X
#' 4.11)
us (xler)

From (4.10) and (4.11) one has

3 Axq
( uS(xl,xz)>

- 5§ (1) s
- 3

[SSR )|

x
/ F[xl, 11, %, ta, u( (1), o (£2)),
x02

t ty
~~~,M(M1n(t1),ﬂ2n(t2))r/ / Q(t1, 1y, ty, Mg, u (11 (1), o1 (m3)), ...
X01 Y %02

u(pan(rmy), l«ézn(mz)))AleAml] Aty.

Integrating over [ro1,11] leads to

3 3 X1 x2
us (x1,%2) < f1lx1) + fa(xa) + —/ / F|:x1,tl,xz,tz,M(Mn(h),ﬂzl(fz)),
5 X01 Y X02
t1 ty
...,M(Mln(tl),,U«Zn(tz)),/ / Q(t1, 1, to, i, u (11 (1), o1 (m3)),
X01 Y X02

veey M(Mln(l’l’ll), u2n(m2)))Am2Am1] AtzAlfl. (412)
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Table 1 The value of u(x;y) from (4.8) and (4.10)

.y (4.8) (4.10)

(2,2) 3.0692e+11  5.7300e+11
2,5) 3.1140e+11 1.9384e+12
2,9) 3.1481e+11  9.2602e+12
(3,4) 3.1193e+11  2.8268e+12
(3,8) 3.1605e+11  3.9592e+13
(7,3) 3.1497e+11 1.7927e+13
(11,5)  32673e+26  6.3683e+26
(15,2)  3.1803e+11 1.2336e+14
(40,1)  32160e+11 1.9787e+14

From (4.9) we know that inequality (4.12) has the form

3 3 (a1 (%
|45 (31, ) | §€+—/ /
5 X01 Y X02

t ty
m,u(ﬂln(fl),ﬂzn(tz)),/ / Q(t1, 1, to, o, u (11 (1), o1 (m3)),
X01 Y X02

F|:x1: t1, %o, ta, w11 (11), a1 (£2)),

...,u(mn(ml),uzn(mz)))AmzAml] At At

1 n x1 x2
<C+ z Z/ / {M(Mu(tl),Mzi(tz))|2|:ﬁ(x17t1,x2, t)
i=1 Y¥01 YX02

X {W2(|M(M1i(tl);ﬂ2i(t2))|)+/1/2gi(tl:ml»t2;m2)
X Wz(iu(ll«li(ml),M2i(m2))|)AW12AW11} + ri(tl:tZ)] Aty Aty. (4.13)

Therefore, the desired result follows from (3.5) and (4.13). a

Example 4.5 Consider the delay discrete inequality (4.8) satisfying initial condition
(4.9) with u(x1,%2) = 272, p; = ji, a1(x1,%2) = 27%, as (w1, %) = YX1Xs, filor, t1, %0, 82) =
arctan( “W/x1 + b + %3 + B), rilxn,x2) = explaixg), vi = w =1, gi(xy, t, %0, £) = 10771 x
/%1 +t + %+ B (1 <i<2),and w; is defined as in Theorem 4.2.

We find that the numerical solution agrees with the analytical solution for some discrete
inequalities by calculating the value of u(x, y) from (4.8) and (4.10) (see Table 1).

5 Conclusion

In the article, we have presented several explicit bounds for the delay double integral
inequalities on time scales and have given their applications to the solutions of certain
integro-differential equations. Our results are the improvements and generalizations of
some previously known results. Furthermore, we have found some new estimates for the
integral inequalities in the form of exponential function.
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