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DEMAND FLUCTUATIONS AND
CAPACITY UTILIZATION UNDER DUOPOLY

J. J. Gabszewicz * and S. Poddar *

September 1995

Abstract

This paper studies the impact of uncertain demand on firms’ capacity decisions when
they operate in an oligopolistic environment. We define a two-stage game where firms
choose capacity in the first stage without knowing which state of nature is going to
realize, and output levels in the second. knowing which state is realized. We prove
the existence of a symmetric subgame perfect equilibrium at which firms are in excess
capacity compared with the capacity they would choose in the Cournot certainty
equivalent game.

* CORE, Université catholique de Louvain.
We thank Y. Smeers for his helpful and interesting comments.

This text presents research results of the Belgian Program on Interuniversity Poles
of Attraction initiated by the Belglan State, Prime Minister’s Office, Science Policy
Programming. The scientific responsibility is assumed by its authors.



1. Introduction

This paper studies the impact of uncertain demand on firms’ capacity deci-
sions when they operate in au oligopolistic environment. The effect of uncertain
demand fluctuations on expected profits. expected price and capacity in com-
petitive, or monopolistic industries has been extensively analysed (see Of {1961),
Sandmo (1971), Leland (1972), Dréze and Gabszewicz { 1967), Smith {1969), Dreze
and Sheshinski (1976)). To the best of our knowledge, no similar contributions
have been devoted to the same problem, with assuming that demand fluctuations
are faced by firms in a context of strategic interaction.! This context implies that
firms must adjust their capacity not only in view of meeting output demand lev-
els varying across the states of Nature, but also for providing best output replies
against the capacity and output strategies chosen by rival firms. In this random
environment, firms play a game simultaneously against Nature and against their
rivals. We assume however a kind of sequentiality in this intertwined game: when
firms have to make their oufput decisions, they know which state the Nature has
chosen; but they do not know it when they make their capacity choice. This situ-
ation lends itself to be formalized as a two-period sequential game in which firms
choose capacity in the first stage {without knowing which state is going to realize),
and output levels in the second (knowing which state is realized). In the second
stage. firms play a Cournot game, conditional on the capacity levels decided in the
first stage. If, between the first and the second stage, Nature has chosen a “boom”
demand function, a firm with a low capacity level chosen in the first stage is un-
able to play in the second stage the Cournot output corresponding to the boom,
but can at best, play a quantity equal to its chosen capacity. On the contrary,
if Nature has chosen a “recession” demand function, a firm having chosen a high
capacity level can play the Cournct output corresponding to recession, but re-
mains with a costly idle capacity. A subganme perfect equilibrium of the two-stage
game defined above must take simultaneously into account the strategic aspects
of firms’ behaviour and the cost considerations reiated to possible underutilization
of capacity.

1A recent literature considers infinitely repcated price competition when the in-
dustry is submitted to exogenous demand shocks {see, in particular, Rotenberg, J.
and G. Saloner (1986) and Kandori, M. (1991}). Even if these contributions are
somewhat related to the present paper, they are formulated in the totally different
approach of a supergame theoretic model. The purpose is also different since they
study the impact of demand shocks on collusive behaviour of firms.
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Our model assumes that total demand varies linearly with output in each
state of Nature, with a random intcreept over the states. The industry consists of
two firms. each with the same cost structure of the inelastic type. For this context,
first we prove the existence of a symmetric subgame perfeet equilibrium. Then,
we fully characterize it, in terms of the capacity chosen at equilibrium and of the
set of states at which firms decide, for reducing the cost of capacity, to choose a
capacity smaller than the Cournot output level corresponding to these states.

Under pure competition, it is known that firms operate production, on av-
erage, at a level which is smaller than capacity. This is due to the fact that the
numnber of Arms for which expected profits are equal to zero, exceeds the num-
ber of firms for which the average cost of output per firm is minimum (see, for
instance, Dréze and Sheshinski (1976}). Here we obtain an analogous excess capac-
ity property when we compare the capacity chosen by the firms at the symmetric
subgame perfect equilibrium, with the capacity they would choose if they would
play a Cournot game with a “certainty equivalent” demand function. We found
that uncertain capacity chosen hy the firms at the symmetric subgame perfect
equilibrium is at least greater than or equal to the capacity they would choose if
they would play a Cournot game with “certainty equivalent” demand function. By
contrast, expected output and expected price are shown to coincide at equilibrium
with the output and price resulting from the same Cournot “certainty equivalent”
game.

We present the model and the two-stage game in section 2. Section 3 is
devoted to the existence and characterization of the symmetric subgame perfect
equilibrium for the two-stage game defined in section 2. Section 4 compares the
duopoly solution with the monopoly case. and with the “certainty eguivalent”
Cournot game. We end up with some concluding remarks collected in section 5.

2. The model

‘We consider two firms with the same cost structure facing uncertain demand.
The cost structure is of inelastic type: when production does not exceed capacity.
costs increase linearly with output; when production exceeds capacity, costs are
infinite, ie.

Clkyq) = Bk+vq, gk
= X, k <g.



We assume that there are n states of Nature and the demand in state i is given by
H{Q):Ai_Q‘ Ai<Ai+hi31$-"7na

with (@ denoting aggregate supply. Furthermore we assume that 4; > v + 4,
t=1, . n.

We study a two-stage game in which firms choose capacity &y and &3 in the
first stage and output levels g1 and go in the second stage. When choosing capacity,
firms do not know which state will realize, while they choose output knowing which
state has realized. We assume the existence of an objective probability density p;,
i = 1,...,n. over the states of Nature, 3., p; = 1. Firms are assumed to be
risk-neutral. We are interested in a symmetric subgame perfect equilibrium cor-
responding to firms’ strategies (k;, ¢;);=1.2, in which firm j chooses first capacity
k; and then output level ¢;.

Assume that firms have chosen capacities &) and k3 in the first stage and let
us consider the second stage game. The second stage payolf of firm j in state i is
defined by

Ti5(0i, grkj k) = (As — g5 — an)q; — 1g; — Bk;, if g; < k; and qn < kg;
= (A: —q; —kn)g; —vq; — Bk;, if g; < k; and gi > k; (1)
= {A; = k; — kn)k; — vk; — Bk;.if g; > k; and g5 > k.

It is easy to verify that, when both firms’ capacities k; and k- exceed the Cournot
output —4—‘—3_—’! in state ¢, the unique second stage “unconstrained” Nash equilib-

rium is given by (&3_—1 A—‘af—l) in state i. When both firms’ capacities k; and
ko are smaller than the Cournot outcome &3_—1 in state i, the unique second
stage Nash equilibrium in state i is given by (k;, k2}. In the asymmetric case,
when k; > &f—l while k), < 1‘5_13‘__’1, the unique second stage Nash equilibrium
in state i is [min {kj,_ &,:%Lz_“_’l} . kh] where ﬁ‘—igh—ml is the best reply out-

put of firm j against kj.

Figures 1.1 and 1.2 illustrate the second stage equilibrizan in state 4. Figure
1.1 corresponds to the case where capacities k; and k; chosen in the first stage
are both insuffictent to produce the Cournot outcome ( &fl, A_zg——_'1> in state
i. Figure 1.2 illustrates the second stage equilibrium when firm 1 is capacity
constrained at k) and finmm 2 has chosen a capacity ks in the first stage sufficient
to play its best reply against k;.



Figure 1.1

In the next section, we characterize a symmetric subgame perfect equilibrium
{SSPE) and prove its existence. This symmetry allows us to define the first-stage
game payoffs ouly on a restricted set of first stage strategies (ky, kz).

3. The symmetric subgame perfect equilibrium (SSPE)

To characterize a SSPE, we shall write the first stage payoff of each firm under
the assumption that both firms in the second stage are constrained (resp. uncon-
strained) by capacity on ezectly the same subset of states of Noture. Indeed this
property must necessarily hold at a SSPE whenever it exists: in such an equilib-
rium, both firms choose the same capacity level, which implies that unconstrained
Cournot outcomes can be reached by both firms on exactly the same subset of
states. Accordingly, in order to characterize a SSPE, we have only to consider the
second stage equilibria which are given by (ky, kz) in those states where capacity
constraints are active, and by (ﬁfz, i3'1:’1) in those states ¢ where firms are
not constrained by installed capacity. Since A; < Ay foralli=1,....n, it is
clear that if capacities (k;, ko) are binding for some state s (namely, ky and &, are
less than &Bﬂ)‘ they will be also binding for all states 4, where s <@ < n.



Denoting by ¢* the largest index of states for which capacities are not binding.
expected payoff 7y (ky.k2) for firm 1 is given by

it A2 . n
Mghnbe) = oo | Lg 2l — b+ 30 ol b= k=7 = B3] 2

anm i s=f*+1

and by Hi; (k1. ko), with

L hok) = 3 s[%@-———wﬁk}r > pellhe= b=k == Okl (3)

g=1
for firm 2.

Constder a candidate SSPE of the two stage game, and let i* denote that
state for which, at the corresponding candidate, both firms are not constrained
up to state i*, but constrained in the states s with * +1 < s < n. At this can-
didate subgame perfect equilibrium., first-order conditions for a maximum should
be satisfied, that is,

AL, Z"

—(')‘}c—;*O:#smaﬂpsMﬁ_Qk?"ki’"ﬂ——ﬁ_o (4)
and

OIL Z

chz —Oi’s_t +ng s 2ky k=]~ g =0 (5)

It is easy to verify that the second order conditions for a maximum are also satis-
fied. Now {4} holds «

k]:—‘-———j—-(z Ps(As_k2”“7))m_"mm§"_'
2 Z ps NEUH 2 Z Ps

Fmmi® 41 a=mi*41

Simiilary, (5) holds <

kzﬂ"‘“”;;l“*—_—( 3 M&»«m—ﬂ)——f——.
2 30 p, M 23

st 41 amit4-1



Using the symmetry property, we solve the above system for k) = k2 = &*, say,

which yields
D b -8
x_ Llien ,
=g | (©
2.
i*+1
Notice in particular that, if it is optimal for the firm to choose i* + 1 to he equal
to 1, so that the firin chooses to be constrained in all states, then we get

> ps A= {0 +7)

k* = s=1 )
- Q

Proposition 1. For the pair (k*, k™) to be part of a SSPE with firms constrained
from state (i* -+ 1) onwards, it s necessarily true that

D plAs = Aws1 <B Y pe(As — Ai). (8)

s>it41 8>

Proaf. To be a part of a SSPE with both firms unconstrained up to state ¢*, k*
must exceed the Cournot outcome under state i*, Le. k* > A—‘f—l an inequality
which is satisfled if, and only if, the right ineguality of (8) holds. By a similar
argument, it must be necessarily true that k™ < »ﬂiii, an inequality which
is satisfied if, and only if, the left inequality of (8) holds. »

So far we have shown that, to be a part of a SSPE in which both firms are not
capacity constrained up to state {*, capacities must be defined by (6} and satisfy
the parametric conditions (8). Yet, this is not sufficient to guaraniee that (k* k%)
is a SSPE. We have still to prove that, under (8), no unilateral strategic deviation
from k* can be advantageous to any firm.

Proposition 2. Under (8), the pair (k*,k*) is part of o SSPE with firms con-
strained from stete (i* 4+ 1) onwards.

Proof. See appendix for the detailed proof. Here we provide a sketch of the proof.
Consider that firm 1 deviates from &* by increasing its capacity to a level k; which
exceeds k*, while firm 2 stays at k*. As soon as &) exceeds the Cournot outcone
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in state ¢* + 1, firm 1 is no longer capacity-constrained in % -+ 1; accordingly,
the payoff in the first stage game as a function of ky is no longer provided by
(2). From now on. firm 1 can play its best reply against k* in all second stoge
games corresponding to states where these best replies are smaller or equal to ky.
Thus. given k;. the first stage game payoff of firm 1 consists of three terms: the
first term corresponds to the expected profit obtained from playing the Cournot
outcome in all states o < 1*; the second term corresponds to the expected profit
of playing the best replics against &* in all second stage games corresponding to
states where the best replies are smaller or equal fo k1. The third term represents
the expected profit over all states where the capacity k; is not large enough to
produce the best reply againgt k* in the corresponding states (the mathematical
expression of this payoff is provided by formula (I) in the appendix). For instance,
assume that ky belongs to the imterval [R; 1{k*), Bieq2(k*)] where R;-iq(k%)
(resp. Ri+.2(k™)) denotes the solution of the problem max, {4 41 ~k* —q}¢—q},
(resp. maxg{ 442 —k* —g)g —vq}), ie. Riep:(k*) (resp. Rioyo(k*®)) is the best
reply against k* in the second-stage game in state * + 1 (resp. ¢* + 2). Then the
payoff ;. 41(k:.k*) for this deviation k; consists of the sum of three terms: (i)

. 2
2o=1P0 {(A—f’gm::ﬁ) - ﬁkl} (expected payoff of playing the Cournot outcome in

states o < i*); {ii) pi- 41 {{Ri-H (k)% - ,Bkl} {expected payoff of playing the best
reply against &* in the second stage game under state i* +1); (iti) 357 .. 5 po{As—
kE* — k1 — v — )k {expected payoff over the states where the firm is constrained
to play ki). It is shown in the appendix that the graph corresponding to this
payoff can be represented as in figure 1, where the graph of the payoff IT;. (ki, k%)
is also plotted. The interesting fact is that the graph of I« 1 (k1, £*) is not only
strictly concave, but it “cuts” the graph of . (k1. k*) when k; is equal to the best
reply R 1(k*) in their respective decreasing parts. From this we conclude that
the payoff It (k1. k*) for ky € [Rie 1 (k%) Ri- 42(Kk™)[ is smaller than the payoff
Thie 41 (Ri- 41 {k*), k™). which itsell s equal to Il (Ri-41(k*). k*). Furthermore,
we know that II;- (R;-41(k*), k") is less than Il;- (k*,k*}. Hence, no deviation
ky in {Ry41(k*), Riv42(k*)] can be profitable. Then proceeding recursively by
assuming ki in [Ripo(k*), Rie g3 (R*) - [Rn—1 (k7). Ba(k*)], we show that no
deviation k) > k* can be profitable for firm 1.



Ao =1 K LAy B

Figure 2.1 Figure 2.2

Now, assume that firm 1 deviates by decressing its capacity from k*, while
firm 2 stays at k*. Clearly no deviation &y with A_=3:1 < k; < k* can be prof-
itable. So we must only consider deviations k; with k; < 41——3——1 When k; is
chosen between the Cournot outcomes in the second stage games under state s
and state s + 1, 1 < 5 € 1* — 1, the payoff of firm 1 H,(k;, k%) in the first stage
game consists again in the sum of three terms (see formula (IT) in the appen-

2
dix): () Za,_} Po [(&3_—74) - ,ﬁkl] {expected payoff of playing the Cournot
outcome in states o < 5 —13; (ii) Zf;:s Po [(Ao — ‘_413';1 -k -~ - ,6) kl} (ex-

pected payoff in all states with firm 1 constrained by k; and firm 2 playing the
corresponding Cournot cutcome: remember that firm 2 has capaeity equal to £*,
and can thus produce the Cournot outcome for all states o with ¢ < 7*); and
(1) 2 opeie 1 Po [{Ag = k* — k1 — v — B8) k1] (expected payoff with both firms con-
strained, firm 1 by k;, firm 2 by k*). For instance, assume that k; is chosen in the
interval | Ai‘“é " A*' — 2| (ie. =14 —1). Then the payoff I+ _;{k;,k*) in
the first stage game obtams as

pe Ay =y ? A —
Dby k) =D (=5 ) 4o | (A = =5 — ki =) ks

gzl

+ 5 palAa— k" ki —1k1 ~ Bky.

o=i*+1

It is shown in the appendix that the graph of IT;.._;(ky, k*) can be represented as
on figure 2 where the graph of the payoff I1;« (k, k*) is also plotted. The interest-
ing fact is that not only the graph of T _{(k;, k™) is strictly concave, but it “cuts”
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the graph of L. (k1. k*) when k; is equal to the Cournot outcome A—‘B:—l under

state * in their respective increasing parts. From this we conclude that the pay-
off I;+ .1 (ky, k*) is smaller than the payoff II;. 4 (ét—S—_—l, k*) which itself being
equal to II;. (&3—_—1,1%*), is smaller than IL.{k* k*). Accordingly, no devia-

tion k; in the interval [Ai'“:; bt A‘“S_ i { can be profitable. Then. proceeding

recursively by assuming k) in Ai'“g - Ai"é =X..., [&{—7, &3_:1 {, we
show that no deviation k; < &* can be profitable for firm 1. Applying a similar

argument for deviations of firm 2 leads to a complete proof of proposition 2.

4. A comparison with monopoly and with the uncertainty equivalent
case

It is interesting to compare the duopoly solution which as just been derived
with the monopoly case. Given state i, the monopolist’s optimal output is A_,2:1
As under duopoly, the monopolist, facing the same uncertain demand and the
same cost conditions, can freely choose its capacity and, accordingly, the subset of
states under which this capacity exceeds the monopoly output in the corresponding
states. If the monopolist's capacity k., is chosen so as to be unconstrained up to
state 1,,. expected profit writes as

s As -7 2 P =
E(Hm(km)) = zps [(‘“‘5‘“") ™ dkm} + Z pa(As - km ’"’“')’""')B}km-

se=i g=im+1

The first order condition for & maximum requires that

n

=0= Y pulAs~ 2%m—7) =8

CET S |

x
dkm

Solving for &, &f k%, leads to

n

¢ Z psAs - 18
b= 5 | =] (9)
> o
s=im,+1

An argument similar to the one used in the duopoly case shows that exactly the
same condition on @ (see equation {(8)) as in the duopoly case, gharantees that

9



it is indeed optimal for the monopolist to choose k., S0 as to be uneconstrained
up to state i,,. However, a direct comparison between (9) and (6) reveals that
k% < 2k*, so that total installed capacity in the duopoly case exceeds the installed
capacity under monopoly.

Now, it is also of interest to compare both monopoly and duopoly capacities
with the certainty equivalent case. This case is defined as a deterministic market, in
which the demand function P(Q) would be equal to the expected demand function
resulting from the randomness of demand over the n states of Nature, i.e.

P@)=Y pR@ =3 p{A4i-Q) =) mAi~Q,
gan] i==l i=1

with @ denoting aggregate supply.

In the duopoly situation, it is easy to check that the Cournot outcome corre-
sponding to the certalnty equivalent case is given by

pidi — (8 +7)
n ~ i=1 def 7

k1=k2=§12§2= 3 ""_*ka (10)

s0 that it coincides with the duopoly solution &k = k} = k" under uncertainty when
firms choose to be constrained over all states (see (7)). In all other cases, when it
is optimal for the firms to be constrained over a restricted set of states only, we get
that k* > k, with k* defined by {6). Indeed. assume on the contrary that k* < £,
with both firms having chosen to be constrained from state ¢* + 1 onwards, This
implies that

i
n Z psAs

)8>ZP3A3—§“=:.—' (11)

= > b
g=1

Using the right hand side of (8). which holds since it is optimal for the firms to be
constrained from state i* + 1 onwards, we get

n

ﬁg Z ps{As "”Ai'}- (12)

gz=it 41

10



Thus, combining (11) and {12), we must have

n ZPSAS n
ZpsAs'"E:—.'_—"S Z pS(As_Ai‘):
g=1 s=i"41

S

gzl

which implies
Ai‘ (Z Ps) < Z psA81
a=1 s=1
a contradiction. Thus we have proved the following

Proposition 3. Whenever at the SSPE, firms choose to be unconstrained in at
least one state, then the capacity chosen by the firms ot eguilibrium exceeds the
capacity they would choose in the certuinly equivalent case.

At the monopoly, the certainty equivalent optimal capacity k.. obtains as

b, = —i; [2 pidi — (B + 7)} . (13)

A similar argument as in proposition 3 shows that, whenever it is optimal for the
monopolist to be unconstrained in a least one state, then monopolist’s optimal
capacity k;, exceeds form.

Finally, it is worthwhile to perform some further comparisons. First, notice
that market ercess capacity, obtained by aggregating firms ezcess capacities as
referred in proposition 3, is greater under duopoly than under monopoly. Indeed,
market excess capacity in the monopoly case is equal to &), — ki As under
duopoly, market excess capacity is equal to 2(k* — k), and a direct eomparison

using (93, (13}, (6) and (10), reveals that kX, — km < 2(k* — k).

On the other hand, it is useful to compare, for the duopoly situation, the
expected price and output in the uncertain demand case with price and output in
the certainty equivalent case. For the latter, the output obtains as

2% = 323- [; pids —{f+ 'Y)} (14)

11



and price as

ZP:’Ai

P(2k) = E_L?_’_

In the uncertain demand case, under conditions {8) which guarantee that the firms
choose the SSPE to be unconstrained up to state {*, expected output writes as

i* n
gzps(f‘is—?f)“*"zk* D P

8] gomit 41

+ %(5 +9)- (15)

which, by {6), is equal to

% |:ZPSAS - (5+"/)] .

as in {14). As for the expected price, we get

i Ag + 27 n )

o () ¢ Y (-2,

s=1 s==iv 1

and it is easily checked that this expected price is equal to P(2k). Accordingly,
we obtain the following

Proposition 4. Whenever it is optimal for the firms to be unconstrained up so
state i*, expected price and oufput at the SSPE coincide with the price and output
corresponding to the certainty equivalent case.

5. Concluding remarks

In this paper we have analyzed the investment behaviour of firms when they
are simultaneously faced with a random demand and with rival firms in the indus-
try. Under the restricted assumption of a linear demand with a random intercept
over the states of Nature, we have shown that there exists a symmetric equilibrinm
at which frms operate in excess capacity, when compared with the capacity they
would choose in the certainty equivalent case. Qur analysis is original, we feel, to
this extent that it deals with the strategic behaviour of firms when they operate
in an uncertain environment.

The paper calls for two natural extensions. The first would be to generalize the
above analysis to other cost structures and different random demand environments.

12



The other one would consider the problem of investment in entry deterrence when
demand fluctuates randomly. We have in mind an extension of the paper by Dixit
(1980) which would consider sequential entry in an industry faced with uncertain
demand.
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Appendix: Proof of Propaosition 2

If capacity is not binding under state s, the best reply against k* in the
second-stage game obtains as the solution of the maximization problem

max(4; — k" — g)g - 7¢.

e As — k" — ger *
— = R, (k*).

Now assume that firm 1 deviates from k* to some new level of capacity k; > k™.

When &* < k) < i*‘—g—:l it is clear that such a deviation cannot be profitable

since k* is the best reply in the first stage game against k* as long as k; is in the

interval [A*:;— T, Ai"’é - ’Y]. So we have only to consider in the sequel values of

ky > AT Lot s be any state with i* < s <n. 1 k1 € [Ry(k), Ry (k)5
I,, it is optimal for firm 1 to play K, (k*) in the second stage game in state o, for
o€ {i*+1,---,8}. Foro € {s+1,---,n}, firm 1 is constrained by k; since it
capnot use R, (k*) in the second stage game. Accordingly, the payoffs of firm 1 in
the first stage game when ky € [Rs(k*), Bet1 (k™) is given by:

s#
1

oy de AT Ay — k" ~\?
e ¥ (552)  § (Ao

o=l o=i*+1 (I)

+ Z po(As — ki — k™ ~ v)ky — Bky.

o=8-+1

Assume first that &y €

A":;*"“, Av g Ek —— [ Then payoffs to firm 1 of the

first stage game is, given by (see (2))

2 n
Hr(kt,k*)=2pa(““’3“'*) + Y palAe—ki =K =k - Bhi. (A1)

a=1 o=i*+1

We know that k; = k™ is the best reply against k* for &y in this domain since the
payoff (A.1) coincides with (2), from which k* has been shown to be the unique
solution to the maximization problem.

Now assume that & € Ap g1 ;k —1 Air 42 Ek =) = Iyq. In this

domain the payoff of the first stage game given firm 2 plays k*, obtains by applying

14



formula (I) with s =4 + 1, iLe.

e A ~ 2 Ai‘ — k= 2
Hi'n&-l(ki:k*) = Zpo' ( 63 ) + Pir 41 (_—i—l'“i“—”'““)
a=1

+ > polAe — k" — Ky — 1)k — By
qestt 42

(A.2)

217, *
It is easy to check that et B}c ki k7)o 0, so that I1;..; is strictly concave. On
i
the other hand,

k1)
Z Polg — B .
OILie 4y =0 k= Fy & a=a*+2u _k +’Y
3k 2
2 Z Po
=it 42
Now assume that 4 "

ki > Qi 7K 7

2
This implies that
8 < Z Po{Ae — Air 1),

o»it+1

which contradicts the left part of inequality (8), so that
N Averr —k* —
k}.l < ....f_.ﬂ—z__....z

Accordingly, the value of k; which maximizes the function II;. 44 (k1, k*) does not
belong to I.yq. Thus, by strict concavity of II;.41(kq1, &), the optimal value of
I 41, when ky is restricted to I+ 42, lies on the left boundary of I.4q, ie. at
ky == ﬁ_:i-_l_aﬁ*;’[ Moreover, substituting the values of k1 in (A.1) in IL- (-, k%),
we see that

L. (A_L—QL:__: k*) = e sy (i.,th%’f_“_lk) . (43

Since

2

no deviation kq in I;+41 is profitable.

1. (Mk) < T (K, )

15



Now assume that k; € I;+42. Applyving fromula (1) with s = i* + 2, we get,
for k, € Ir.g.g,

A S Ajerr —k* =4\ 2
Hi’-i-?(khk )zzpa( d3 ’Y) + it (—+1——-~w-—l)

el 2

A ek 2 n

g=i*+43

2 ” *
It is easy to check that &I B?c k. k < 0, so that {I;» 1o is strictly concave.
1
Furthermore,

n

Z Pefs — 3

— *
ﬂ()@k1=k22€“l“—“€fa=z+3n _k;-'y-
2 2 po

o=i*+-3

Now suppose that &z > é‘—ii_zu This implies

Ol 4o
9k,

BL Y (Ae— Airga)

gzi” 43

and, a fortior,

B < Z Po (Ae — A y2) + pio g2 (A p2 = Air ).

=it +3
This, in turn, implies .
B< S po(Ae— Airsr)
a=iv+2
since Ajepn > A,

However the last inequality contradicts the left part of {A.1). Accordingly,
the value of k, which maximizes IL;» o(ky, k*) does not belong to I;. 2. Thus,
by strict concavity of I1;+,5, the optimal value of H;. .5, when k; is restricted to

Ii= 42, lies on the left boundary of I;+ 42, ie at ky = Airgz — k"~ Y Hence, for
all ky & 1} 1o, we have
Y [ L
My ke, k*) S miv g2 (_Al_*"?z_k_"f,k*) . (A4)
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Moreover, substituting this value of ki in IL11{.. k*), we see that

Ajrya — k=7, Apga—Kk —~
i 42 (—““5“““““1,’6 ) = L 41 (Mi&“ﬁm—z,k ) - (A5)

Now, by strict concavity of I, and the fact that k;; < iq-i—'—j‘l—“zj—:l, it
follows that

Apgo—k* — N Ajogr — k" — .
M4y (_-ﬁ—z———lk ) < ey (——“*:-1—3————11: ) (A.6)

since (Ai'+2 S s Ava K "f) . Furthermore, using (A.3) and (A.6),

we get

vz — kY - Ajeyr = k*
s (ii?__{—-—lk) <1 (——“*i—z————ik) < [0 (k*,k*). (A7)

Finally comparing (A.4) and (A.7), we obtain
e ya(kr, k7)) <TL. (67, k%)
for all k; € I 5, which proves that no deviation k; in Ij |, is profitable.

Proceeding in the same fashion for k; in Lvgs, Iivigq - - In, it can be shown
that no deviation ky > k™ can be profitable for firm 1.

Now let us consider deviations k; with & < k*. When 14153—'—’1 <k <k it
is clear that such a deviation cannot be profitable, since k* is the best reply in the
first stage game against k* as long as k; is in the interval [Ai'gm X A‘“*’é - 7].

—A—i-gﬂ. Let s be any state with

So we have only to consider the values of k; <

1 < s < i*. Denote by D, the interval ASS_ 7, A’“‘"é e {, 1<s<i*—1. When

k1 € Dy, 1 < s <i" — 1, the payoff TL,(k1,k*) of firm 1 in the first game is given
by :

gt (A -7\ | < Ay —~
ﬂs(klgk*) = Zpa ( 0-3 ) +chr (Aa_ 63 _kl_')') ki

crmnl g=3 (II)
+ D pelde — K =y —Ei)ky — fha.

o=t 41
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Assume first that &1 € D1, In this domain, the pavoff of the first stage gane,
given that firm 2 plays &™, obtains by applying formnula (IT} with s = * — 1. i.e,

Y W A =7
i1 {k, k) = Y pe 3 o (Ae -~k h

=1

+ 3 po(Aa —k* —ky — )k — By,

o=i*4]
Y 82]:[1‘_«_1 , .
It is easy to theck that — < 0, so that IL;. _; is strictly concave. On the
other hand,
it
> pohs— B
it gy m & o= |7
ok TR = n T3

> po

o=i*

Notice that if k3 is strictly smaller than &311, then we would have

3

8> Z po{As ~ A ),

ag=i*41

which contradicts the right part of inequality (A.1).

Accordingly, the value of k; which maximizes the function II;._; exceeds the
right extreme of the interval Dy._y. Thus, by strict concavity of IL;- (ks k*},
the optimal value of .. _;(ky, k*) when ki is restricted to D;._1, lies on the right
boundary of Di«_y, le. at by = ‘—41—3_—"1 Moreover, substituting this value of &
in (2), we see that

ﬂi‘—i (%:z’k«) — Hi- (Ai*g"‘ 7,5(:*) .,<,,.. Hi‘ (k*,kt).

Accordingly, no deviation from k* can be profitable by reducing capacity in Dy, .
Applying the analogous reasoning held above for values of k; < k*, it can be
shown that no deviation in D;._5, D« _3, -+, Dy can be profitable to firm 3. Con-
sequently, no deviation ky < k* can be profitable for firm 1. A perfectly similar
argument applies to show that no deviation from k* can be profitable either for
firm 2.

This completes the proof of propoesition 2.
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