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We propose a density-functional theory for the isotropic-nematic transition of hard ellipsoids 
which is in fair quantitative agreement with the récent computer simulations of this System and 
which improves considerably upon the earlier theoretical attempts. The theory has an explicit 
oblateprolate symmetry and leads to simple analytic expressions, e.g., for the équation of state of 
the isotropic phase. When the free energy of the nematic phase is expanded with respect to the 
MaierSaupe quadrupole order parameter, an explicit Landau theory is produced, which is shown to 
underscore considerably the strength and the width of the transition. A virial expansion of the free 
energy produces in turn an Onsager theory for finite elongations whose results are shown to tend 
only very slowly to their Onsager limiting value. We also propose a Lindemann rule for orientation
al freezing. 

L I N T R O D U C T I O N 

T h e main reason to s tudy Systems of h a r d convex bo
dies is that they provide us with simple référence Systems 
for the investigation of more realistic Systems. F o r in
stance, it is well known that t h e s tudy of Systems of hard 
sphères (HS), both by theory' and computer simulations,^ 
has played an important rôle in the élaboration of présent 
day liquidstate theory' and in our understanding of the 
liquidsolid phase transition.^ T h e H S System is also 
known to be a very good référence System for a perturba
tional study of realistic Systems of spherical molécules.' 
In the case of nonspherical molécules t he number of pos
sible géométrie shapes is much larger but within the con
text of convex bodies t h e s implest possible référence Sys
tem a p p e a r s t o be a System of hard ellipsoids (HE). It is 
well known t ha t such nonspherical molécules can f o rm a 
very large variety of l iquidcrystal phases or mesophases 
with a symmetry in between t h a t of the liquid and of the 
crystal. ' Récen t computer simulations^ have shown tha t 
Systems of H E do exhibit some of thèse liquidcrystal 
phases and can thus indeed be used a s simple référence 
Systems for t he study of nonspherical convex molécules. 
T h e very existence of a H S crystal^ and a H E nematic 
phase* also shows t ha t the attractive forces are not essen
tial for the occurrence of, respectively, positional freezing 
and orientational freezing, a n d tha t both phase transi
tions are thus monitored by the répulsive forces leading to 
a compétit ion between entropie and excluded volume 
effects. T h e s imulations have, moreover, shown'* that 
liquid crystal phases can be formed both by prolate (rod
like) and by oblate (dislike) H E . T h è s e various facts tak
en together indicate that the H E System can be expected 
t o yield a good référence System for a perturbational 
treatment' of more realistic Systems of nonspherical con
vex molécules. 

It is the purpose of th i s investigation to présent a sim
ple, HSbased , theory for two of the simplest phases of 
the H E System together with their phase coexistence. 

T h e t w o phases w h i c h will be cons ide red h e r e a r e t h e fu l 
ly d i sordered , u n i f o r m a n d i so t ropic , fluid phase , a n d t h e 
or ienta t ional ly o r d e r e d , u n i f o r m a n d an i so t rop ic , n e m a t i c 
phase , des ignated h e r e a f t e r , respect ively , as t h e ( isotro
pic) / p h a s e a n d t h e (nemat ic) phase . T h e H E System 
cons ide red here will, m o r e o v e r , be c o m p o s e d of e l l ipsoids 
of révolut ion so t h a t t h e c o r r e s p o n d i n g N p h a s e is a lways 
uniaxia l . 

T h e most c o n v e n i e n t t heo re t i ca l Framework ava i lab le 
a t p résen t for t h e s t u d y of severa l p h a s e s a n d the i r coex
is tence f rom a unif ied po in t of view a p p e a r s t o be t h e 
dens i ty  func t iona l t h e o r y (DFT) . T h i s a p p r o a c h to equ i 
l ib r ium stat is t ical m e c h a n i c s bea r s i ts n a m e f r o m t h e f a c t 
t h a t it views t h e t h e r m o d y n a m i c po ten t i a l of t h e System 
as a func t iona l of t h e ave rage onebody dens i ty . T h e ve r 
sion of t he D F T w h i c h will be used here* is based o n t h e 
H e l m h o l t z free ene rgy as t h e r m o d y n a m i c po ten t i a l . F o r 
coi ivenience a br ief s u m m a r y is g iven in Sec. I I . I t s ap 
p l ica t ion to the a p p r o x i m a t e desc r ip t i on of t h e / p h a s e is 
then descr ibed in Sec. I I I . T h e N p h a s e a n d t h e I-N 
coexis tence a re s t ud i ed in Sec. IV . T h e re la t ion t o t h e 
classical théor ies of Landau^ a n d Onsager* a s well as t o 
some récent t h e o r e t i c a l ' " " a n d c o m p u t e r s imula t ion* 
s tudies is developed in Sec. V, w h e r e a s t h e final sec t ion 
(Sec. VI) con ta ins o u r conc lus ions . A p r e l i m i n a r y ac
c o u n t of the p résen t inves t iga t ion h a s a l ready been 
p resen ted e lsewhere , '^ w h e r e a s s o m e re la ted l iquid
crys ta l s tudies '^ s h o u l d also be m e n t i o n e d he re . 

II. T H E DFT IN T H E H E L M H O L T Z 
FREEENERGY LANGUAGE 

In t he t rad i t iona l a p p r o a c h to equ i l ib r ium s ta t i s t ica l 
m e c h a n i c s one s t a r t s f r o m a set of équa t i ons (usually t h e 
Born Green Yvon h ie ra rchy ' ' ^ ) fo r t h e s t r u c t u r a l f u n c 
t ions (the nbody densi t ies) w h i c h o n c e solved a re used to 
c o m p u t e the t h e r m o d y n a m i c d a t a f r o m w h i c h the p h a s e 
coexis tence can then eventua l ly be in fe r red . In t he m o r e 
m o d e m a p p r o a c h th i s r a t h e r l eng thy p r o c é d u r e is 
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sho r t cu t by cons ider ing directly the re levant t h e r m o -

d y n a m i c da ta (free energy, pressure , chemica l potent ia l ) 

as given funct ionals of the s t ruc tu ra l func t ions . T h i s now 

widely used so called "dens i ty - func t iona l t h e o r y " can be 

presen ted in var ious ways (see Réf . 6 for an extensive list 

of références). In t h e early p résen ta t ions of the D F T 

t h e s tar t ing point was taken to be the g rand-canon ica l 

t h e r m o d y n a m i c potent ia l or L a n d a u f ree energy, 

ft = n ( / i , K, D , for which the chemica l po ten t ia l fi, t he 

v o l u m e V, and the t e m p é r a t u r e T a re the n a t u r a l var i-

ables. This set of variables toge ther wi th the Gibbs -

D u h e m relation il=—pV, between il and the p r e s s u r e p , 

m a k e ft a very convenient potent ia l for the s tudy of 

phase coexistence. T h i s cer tainly is the case as fa r as the 

exact manipu la t ions a r e concerned but becomes m o r e 

ques t ionable once app rox ima t ions to il and hence t o p 

are in t roduced because then the two-phase equi l ibr ium 

cond i t ions of cons tancy of p and cons tancy of / i a re no 

longer t reated on the s ame level of a p p r o x i m a t i o n s ince p 

is a p p r o x i m a t e d while /x remains an independen t var iable . 

F o r th i s reason we have favored a p résen ta t ion of the 

D F T based on t h e canonica l t h e r m o d y n a m i c po ten t ia l o r 

H e l m h o l t z f ree energy, F = F(p,V,T), fo r which t h e 

n u m b e r of par t ic les N o r the (average number ) dens i ty 

p = N /V 'K t he na tu ra l variable besides K a n d T. It is th is 

a p p r o a c h , in which F is the quant i ty to be a p p r o x i m a t e d 

a n d b o t h p and fi a re deduced f r o m it, which will be used 

here . Détai ls can be f o u n d elsewhere* ''* bu t fo r conveni -

ence a s u m m a r y is inc luded here . 

In t h e D F T the H e l m h o l t z free energy F is v iewed, 

moreove r , as a func t iona l of the local (average n u m b e r ) 

dens i ty p (x) , F = F{p, V,T;[p\), o r omi t t ing as usual t h e 

t h e r m o d y n a m i c var iables (p, V, T) and focus ing o u r a t t en -

t ion on this func t iona l dependence , indica ted by s q u a r e 

b racke t s , we wri te briefly F=F[p]. T h e related L a n d a u 

f ree energy n = fl[p] and Gibbs f ree energy G = G[p] can 

then be obtained f r o m F[p] by a func t iona l Legend re 

t r ans fo rma t ion as 

which implies 

^[p] = F[p]-G[p] , 

(2.1) 

( 2 . 2 ) 

w h e r e x s tands fo r ail (one-body) degrees of f r e e d o m with 

dx normal ized over t h e volume, f dx=V,so tha t 

/ dxp{x) ( 2 . 3 ) 

represents the average densi ty. T h e reduced t h e r m o -

d y n a m i c potent ials will be denoted f [ p ] = F[p]/V for t he 

H e l m h o l t z f ree energy densi ty , p[p]= — f t [ p ] / K f o r t h e 

pressure , and ii[p] = G[p]/pV for t he chemica l po ten t ia l 

(the la t ter two in te rp ré ta t ions follow f rom the Gibbs -

D u h e m relat ions ') . T h e above express ions still co r re -

spond to arbi t rary (metastable) s t a t e s p ( x ) . T h e equil ibr i-

um State can be selected by using the e x t r e m u m pr inc ip ie 

of t h e given potent ia l . F o r the H e l m h o l t z f ree energy , 

used he re as basic potent ia l , this pr incip ie reads 

6 F p. y. r ^ J d : 
ô p ( x ) 

6p (x ) = 0 , ( 2 . 4 ) 

ôp (x ) 
= M [ p ] (2.5) 

P.KT 

since at cons tan t p we have 

/ ^ d p ( x ) = bp = 0 . 

Indeed, using (2.5) in (2.4) leads to 8F=p.Vbp = 0. F r o m 

the cha in rule 

dp 6 p ( x ) dp 
(2.6) 

and (2.5) we find tha t , at equilibrium, t he chemica l poten-

tial can be obta ined f r o m t h e f ree-energy densi ty as 

/x[p] = ^ / [ p ] , 
dp 

(2.7) 

whereas f r o m (2.1) fi is a lso seen to be the G ibbs free-

energy per par t ic le G/pV so t h a t , at equilibrium, (2.2) 

yields also the pressure p in t e r m s of / as 

P [ p ] = p ^ ^ - / [ p ] . 
dp 

(2.8) 

and bo th p (2.8) and n (2.7) can t h u s be expressed in 

t e rms of the same (approximate) f ree-energy densi ty / . 

Besides sat isfying the e x t r e m u m condi t ion (2.5), the 

t rue equi l ibr ium sta te p ( x ) shou ld also m a k e F[p] a 

m i n i m u m . In o the r words , a t equi l ibr ium, the fol lowing 

expression {p=l /kgT): 

ô ( x - x ' ) 
- c ( x , x ' ; [ p ] ) , (2.9) 

p.v,r 

6p (x )ôp (x ' ) p ( x ) 

defining the (two-body) d i rec t co r ré la t ion func t ion (DCF) 

c ( x , x ' ; [ p ] ) should be a posi t ive defini te func t iona l . Both 

sides of (2.9) can then be in tegra ted twice a long a l inear 

pa th in densi ty space '^ at a c o n s t a n t average densi ty and 

s ta r t ing f rom a k n o w n ré fé rence s ta te po to yield '* 

m p ] = m P o \ + \ îdxp{x)ln[p(x)/po] 

- ^ f d x f d x ' f ^ d M \ - k ) 

Xc (x ,x ' ; [po4-A-Ap] ) 

X A p ( x ) A p ( x ' ) , (2.10) 

where A p ( x ) = p ( x ) — p o , Po=p, and / [ p o ] is the free-

energy densi ty of the ré fé rence s ta te . T h e p roper ty (2.10), 

which is the cent ra l re la t ion of D F T , is exact [notice t ha t 

for simplici ty the c o n t r i b u t i o n s f r o m external s y m m e t r y 

b reak ing potent ia ls have not been wr i t t en down explicit ly 

since they are assumed to yield a negligible con t r ibu t ion 

to the bulk t h e r m o d y n a m i c s in t h e limit of a large System 

whereas , as usual , the r é fé rence s ta te has been cons idered 

to be a fully d i sordered s ta te , p o ( x ) = p o ] . T h e way in 

which (2.10) will be used by us is t hen as foUows: (1) F o r 

each phase an a p p r o x i m a t e express ion of the func t ion -

al c(x,x';[p]) is sought fo r in t e r m s of the d i sordered 

référence System D C F ( f o r wh ich the func t iona l depen-

dence on p dégénérâ tes in to an o rd ina ry func t ion 
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C{X,X';[PQ]) = C(X,X';PQ)); (2 ) f o r e a c h p h a s e , t h e l o c a l 

dens i ty p ( x ) is su i tab ly p a r a m e t r i z e d a n d thèse p a r a m e -

ters a re t h e n d e t e r m i n e d by m i n i m i z i n g f [ p ] as given by 

t h e p rev ious a p p r o x i m a t i o n t o t h e r h s of (2.10); (3) fo r 

each phase , t h e va lue of p ( x ) a n d of f [ p ] fo r t h e p a r a m e -

te r va lues c o r r e s p o n d i n g t o t h e m i n i m u m a r e used t o 

c o m p u t e t h e t h e r m o d y n a m i c s of t h e given p h a s e f r o m 

(2.7) a n d (2.8); (4) t h e t w o - p h a s e coex is tence is t h e n loca t -

ed by e q u a t i n g the c h e m i c a l po ten t i a l s a n d t h e p ressu res 

of a given pa i r of p h a s e s (the t e m p é r a t u r e T is cons ide red 

as a c o n s t a n t p a r a m e t e r t h r o u g h o u t ) . T h e unde r ly ing 

phys ics is t h u s c o m p l e t e l y con t a ined in t h e first t w o s teps 

w h e r e a s t h e last t w o s t eps a r e pure ly t echn ica l . W e n o w 

work ou t t h e above p r o g r a m fo r t h e I-N t r an s i t i on of a 

System of H E (a l te rna t ive a p p r o a c h e s t o t h e D F T a re dis-

cussed in Réf . 6). 

I I I . T H E I S O T R O P I C P H A S E 

F o r t h e / p h a s e severa l s impl i f ica t ions o c c u r because of 

i ts t r a n s l a t i o n a l a n d r o t a t i o n a l i nva r i ance . T h e local den-

sity p ( x ) of a u n i f o r m a n d i so t rop ic (fluid) p h a s e is a con-

s t an t , equa l t o t h e a v e r a g e dens i ty p, a n d ail t h e f u n c t i o n -

als of p ( x ) d e g e n e r a t e i n to o r d i n a r y f u n c t i o n s of p . 

H e n c e we have f o r t h e / p h a s e p ( x ) = p a n d 

c ( x , x ' ; [ p ] ) = c ( x , x ' ; p ) . If we loca te t h e el l ipsoid in space 

wi th t h e aid of t h e pos i t ion of i ts c e n t e r (r) a n d a un i t vec-

to r (u) a long t h e axes of r évo lu t ion x = ( r , u ) , we can 

Write, m o r e o v e r , c ( x , x ' , p ) = c ( r — r ' ; u , u ' ; p ) fo r the D G F 

of t h e / phase . T h e bas ic théor i e s of H E , o r of convex 

bod ies in gênerai ,^ " a r e no t at p résen t suff iciently ad-

vanced t o p rov ide us wi th t h e necessary ana ly t i c expres-

s ion of t h e D G F (see Réf . 15 fo r a review of th i s ques-

t ion). A s a poss ib le a l t e rna t ive , P y n n first sugges ted '^ to 

use a H S D G F wi th a n o r i e n t a t i o n - d e p e n d e n t H S d i ame-

ter . T h e c o n s é q u e n c e s of th i s m o d e l were w o r k e d out by 

L a d o a n d f o u n d " to yield good resu l t s f o r b o t h t h e the r -

m o d y n a m i c s a n d t h e s t r u c t u r e . T h e m a i n d r a w b a c k of 

P y n n ' s m o d e l a p p e a r s t o be t h a t it p r e d i c t s an i so t rop ic 

D G F a t t h e or ig in a n d a t c o n t a c t , w h i c h is u n p h y s i c a l . " 

T h e a l t e r n a t i v e we p r o p o s e he r e is based on the idea of 

f a c t o r i z i n g t h e t r a n s l a t i o n a l ( r , r ' ) a n d t h e a n g u l a r ( u , u ' ) 

var iab les : 

c ( r - r ' ; u , u ' ; p ) = 2 ( u - u ' ) c o ( | r - r ' | , p ) + � � � (3.1) 

o r , in o t h e r w o r d s , of express ing t h e D G F of the H E in 

t e r m s of t h o s e of a r é f é r e n c e H S System. F o r t h e l a t t e r 

w e t a k e H S of t h e s a m e v o l u m e as t h e H E a n d desc r ibe 

t h e D G F of thèse H S wi th in t h e P e r c u s - Y e v i c k (PY) ap-

p r o x i m a t i o n : ' 

t o ( \ r \ , p ) = c p y (3.2) 

w h e r e is t h e H S d i a m e t e r a n d 7j = (n/6)a^ t h e cor -

r e s p o n d i n g p a c k i n g f r a c t i o n of e i t h e r t h e H S o r t h e 

H E s ince b o t h h a v e the s a m e m o l e c u l a r v o l u m e 

v^i={-ir/6)al={n/6)a^^al fo r e l l ipsoids of révolu t ion 

wi th d i a m e t e r <T|| a long the axis of r évo lu t i on a n d d i ame-

te r p e r p e n d i c u l a r t o th i s axis. W h i l e (3.2) t akes c a r e 

of t h e t r a n s l a t i o n a l c o r r é l a t i o n s of t h e H E , w h i c h on t h e 

a v e r a g e c a n n o t be very d i f fé ren t f r o m those of H S of t h e 

s a m e volume wi th a g p lay ing t h e rô le of a r o t a t i o n a l l y 

ave raged H E d i a m e t e r , it still r e m a i n s t o d é t e r m i n e t h e 

a n g u l a r cor ré la t ions desc r ibed h e r e by 2 ( u - u ' ) of (3.1) 

a n d w h i c h resuit f r o m t h e in t r ins ica l ly a n i s o t r o p i c H E in-

t e rac t ions , as o p p o s e d t o t h e i so t rop i c H S i n t e r a c t i o n s . 

A s s u m i n g tha t t h e dens i ty ef fec ts a r e suff ic ient ly well t a k -

en ca re of by t h e t r a n s l a t i o n a l t e r m CQ[{ \ r — r ' | ) , p ] , w e 

n o w evaluate t h e a n g u l a r t e r m 2 ( u u ' ) t o lowest o r d e r in 

dens i ty . In th i s case 2 ( u u ' ) r e p r e s e n t s t h e v o l u m e ex-

c luded t o two H E of g iven o r i e n t a t i o n s u a n d u ' , ave r -

aged over the o r i e n t a t i o n s of t h e i r c e n t e r - t o - c e n t e r pos i -

t ion r —r ' , a n d d iv ided b y t h e H E v o l u m e : 

2 ( u u ' ) = / 
4lT 

- ^ a ^ ( w ; u , u ) y (3.3) 

w h e r e w = (r — r ' ) / | r — r ' | is a u n i t vec to r a l o n g t h e l ine 

j o in ing the cen te r s a n d a ( w ; u , u ' ) is t h e c o n t a c t d i s t a n c e 

of t w o H E of o r i e n t a t i o n s u a n d u ' . T h e p réc i se d é t e r -

m i n a t i o n of t h e c o n t a c t d i s t a n c e of t w o H E , a ( w ; u , u ' ) , is 

a compl i ca t ed g e o m e t r i c a l p r o b l e m . " A n in t e re s t ing , ap -

p r o x i m a t e bu t ana ly t i c , exp re s s ion f o r it c a n h o w e v e r b e 

ob t a ined f r o m t h e G a u s s i a n o v e r l a p m e t h o d ' * of B e r n e 

a n d P e c h u k a s . In th i s m e t h o d e a c h e l l ipsoid is r e p l a c e d 

by a Gauss i an d i s t r i bu t i on 

g ( r , A ) = e 
r - A " 

�'An^ I A i ) 1/2 ( 3 . 4 ) 

with t h e cen te r at r = 0 a n d a n i s o t r o p i c w i d t h m a t r i x 

given by 

A = <TJUU + (7J( 1 — u u ) ( 3 . 5 ) 

so t h a t t he d i s t r i bu t ion g ( r ; A ) is essent ia l ly c o n c e n t r a t e d 

inside an el l ipsoid of r é v o l u t i o n w i t h u a s un i t v e c t o r 

a long t h e s y m m e t r y axis a n d w i t h a d i a m e t e r a l o n g u 

a n d a d i ame te r in a n y d i r e c t i o n p e r p e n d i c u l a r t o u . 

Gonvolu t ing t w o s u c h e l l ipsoidal G a u s s i a n d i s t r i b u t i o n s 

a n d us ing the resu i t 

/ d r ' g i T ' , A ) g ( w + r ' , A ' ) = g ( w , A + A ' ) , (3.6) 

o n e c a n finally e s t i m a t e t h e c o n t a c t d i s t a n c e CT(W;U,U') 

f r o m t h e re la t ion 

W ( A + A ' ) - ' - w = w V 2 a ^ ( w ; u , u ' ) , 

y ie lding, a f te r s o m e a lgeb ra . 

( 3 . 7 ) 

a ( w ; u , u ) 

= \ - X 
[ ( w - n ) ^ - K w - u ' ) ^ - 2 ; t ' ( w - u ) ( w - u ' ) ( u - u ' ) ] 

[ l - ; i ' ^ ( u - u ' ) ^ ] 

m ) 

w h e r e X is t h e eccen t r i c i t y p a r a m e t e r def ined in t e r m s of 

the aspec t r a t io of t h e e l l ipsoids k =a,Ja^ by 

X = - k = 1+1 
l - X 

1/2 

— (3.9) 

so t h a t k> \ (or 0 < A f < 1) c o r r e s p o n d s t o p r o l a t e ( rod-

like) el l ipsoids, 0 < / c < 1 (or — 1 < J t < 0 ) to ob l a t e (disk-

like) el l ipsoids, a n d /c = 1 (or Af = 0) t o a s p h è r e . U s i n g , 



38 D E N S I T Y - F U N C T I O N A L , L A N D A U , A N D O N S A G E R T H E O R I E S 

finally, express ion (3.8) i n t o (3.3), o n e finds a f t e r s o m e 

a l g e b r a for t h e B e r n e a n d P e c h u k a s (BP) a p p r o x i m a t i o n 

t o (3.3), 

�> 1 11/2 
i - A r ^ ( u - u ' ) ^ 2 ( u - u ' ) = .l^p(ii-u') , (3.10) 

w h i c h is t h e des i r ed a n a l y t i c exp re s s ion of t h e e x c l u d e d 

v o l u m e to t w o iden t i ca l e l l ipso ids of a s p e c t r a t i o k a n d 

o r i e n t a t i o n s u a n d u ' . N o t i c e t h a t (3.10) is a n even f u n c -

t i o n of X, a n d h e n c e i n v a r i a n t f o r t h e i n t e r c h a n g e of a^^ 

a n d a^, so t h a t o b l a t e a n d p r o l a t e e l l ipso ids of t h e s a m e 

m o l e c u l a r v o l u m e will h a v e iden t i ca l e x c l u d e d v o l u m e s 

( th is p r o p e r t y will be r e f e r r e d to be low as t h e o b l a t e -

p r o l a t e s y m m e t r y of 1). C o m b i n i n g t h e r e su l t s (3.10) a n d 

(3.2) w e a r r ive a t t h e f o l l o w i n g a p p r o x i m a t e exp re s s ion : 

c ( r — r ; u , u ' ; p ) = 2Bp(u-u ' )CpY 
r — r 

(3.11) 

f o r t h e D C F of t h e / p h a s e of t h e H E System. T o tes t ex-

p r e s s i o n (3.11) w e c o m p u t e t h e t h e r m o d y n a m i c s of t h e 

/ p h a s e f r o m (2.10) o r d i r ec t ly f r o m t h e é q u i v a l e n t 

c o m p r e s s i b i l i t y é q u a t i o n f o r t h e p r e s s u r e p, 

/ 3 | ^ = l - p / di J d n J du'c{r,u,u';p) , 

w h i c h , wi th t h e use of a p p r o x i m a t i o n (3.11), y ie lds 

P ^ = l-H(X)vUv) . 
dp 

o r i n t e g r a t i n g (3.13) w i t h r e s p e c t t o t h e d e n s i t y , 

ÊE. 

P 

whereHiX) 

-.Z(-n,X)=\+H{X)lZo(r})-l] , 

(3.12) 

(3.13) 

(3.14) 

H ( X ) = f da J d a ' 2 B P ( U U ' )= 1 + 
a r c s i n ^ 

X{\-X') 2\t/2 

(3.15) 

is t h e o r i en t a t i ona l l y a v e r a g e d e x c l u d e d v o l u m e (see F ig . 

1) a n d Z(ri,X) t h e c o m p r e s s i b i l i t y f a c t o r of t h e H E , 

w h e r e a s / (T;) , 

7]I{ri)=p f dTCo 

a n d Z O ( T ; ) , 

Z o ( 7 , ) = l - - f ' W V / ( V ) . 
Tf " 0 

(3.16) 

(3.17) 

a r e r e l a t ed , r e spec t ive ly , t o t h e i nve r se i s o t h e r m a l 

compres s ib i l i t y a n d t h e c o m p r e s s i b i l i t y f a c t o r of t h e 

r é f é r e n c e HS System. A s a resui t of t h e f a c t o r i z a t i o n a p -

p r o x i m a t i o n (3.11) it is suff ic ient t o k n o w t h e H S 

compres s ib i l i t y f a c t o r Z^if]) in o r d e r to o b t a i n f r o m 

(3.14) a n d (3.15) t h e é q u a t i o n of s t a t e of t h e H E fluid fo r 

a r b i t r a r y eccen t r i c i t i e s X. F o r t h e H S é q u a t i o n of s t a t e 

w e c a n use 

/ ( T ; ) = - [ 8 - 2 7 / + 4 ( l - a ) 7 7 ^ - ( l - a ) T ; ^ ] / ( l - 7 7 ) ' * , 

(3.18a) 
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F IG . 1. Average excluded volume H(X) of (3.15) and the as-

pect ratio A: as a function of the eccentricity parameter X of 

(3.9). Notice the rapid increase of H for k> 3. 

Zo{r,) = {l+r} + r)^-ari^)/{\-ri)^ , (3.18b) 

w h i c h f o r a = 0 c o r r e s p o n d s to t h e P Y resu i t (3.2) a n d f o r 

a = \ t o t h e m o r e a c c u r a t e C a r n a h a n - S t a r l i n g (CS) ex-

p r e s s i o n . ' In F ig . 2 we c o m p a r e t h e p r é d i c t i o n s of (3.14) 

t o t h e ava i l ab l e c o m p u t e r s i m u l a t i o n r e su l t s of F r e n k e l 

a n d Mulder . '* T h e o b l a t e - p r o i a t e s y m m e t r y is no t p e r f e c t 

bu t t h e ove ra l l a g r e e m e n t is q u i t e r e m a r k a b l e espec ia l ly 

in v iew of t h e a n a l y t i c s impl i c i ty of (3.14). T h e o n l y al-

t e r n a t i v e a n a l y t i c é q u a t i o n s of s t a t e f o r H E fluids k n o w n 

t o us a r e t h o s e c o r r e s p o n d i n g t o t h e e x t e n s i o n s ' ^ of sca led 

p a r t i c l e t h e o r y t o c o n v e x b o d i e s b u t t h è s e é q u a t i o n s a r e 

m o r e c o m p l i c a t e d a n d less a c c u r a t e t h a n (3.14) (see F ig . 1 

of R é f . 12). 

IV. T H E N E M A T I C P H A S E 

In t h e u n i f o r m N p h a s e t h e loca l d e n s i t y of H E , 

p ( x ) = p ( r , u ) , is n o l onge r a c o n s t a n t bu t a f u n c t i o n of t h e 

o r i e n t a t i o n v a r i a b l e u w h i c h c a n be w r i t t e n p{x)=ph{u), 

w i t h p t h e a v e r a g e dens i t y a n d / i ( u ) t h e n o r m a l i z e d 

( f du h{u)= \ ) a n g u l a r d i s t r i b u t i o n . F o r H E of r évo lu -

t ion we e x p e c t t h e A' p h a s e t o be un i ax i a l w i t h a cy l i nd r i -

ca l s y m m e t r y a r o u n d s o m e d i r e c t o r n (n^ = 1) a n d a p l a n e 

of s y m m e t r y p e r p e n d i c u i a r to ± n . In t h i s c a s e hiu) c a n 

d é p e n d o n l y on the a n g l e 6 b e t w e e n n a n d u o r 

e q u i v a l e n t l y o n u - n = c o s ^ = « i . Le t u s w r i t e t h e r e f o r e 

h(u) = h(u-n) = h{m) = h{ -m) w i t h t h e n o r m a l i z a t i o n 
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F I G . 2. Reduced pressure p* =Ppv^] vs the packing fraction 

r)=pv^o\ for the isotropic phase of hard elHpsoids of various as-

pect ratios k as obtained from (3.14) with a = 0 (dashed hnes, 

PY) and a = 1 (soHd lines, CS) and compared to ail the available 

computer simulation results of Frenkel and Mulder (Réf. 4) for 

/c ( > 1) (circles, prolate HE) and k'=\/k (squares, oblate HE) 

with, f rom bottom to top, /c = 1.25, 2, 2.75, and 3. (To separate 

the curves the p* scales have been shifted by three units be-

tween each curve: The scale shown corresponds to the bottom 

curve k = 1.25.) The oblate-prolate symmetry of the simulation 

results is clearly apparent. 

c o n d i t i o n ^]^dmh(m)=\. A c o m p l e t e l y gêne ra i p a r a m -

e t r i z a t i o n of h(m) = h(—m) is p r o v i d e d by h (m) 

= 2 ; " 2 / ^ 2 / ( ' " ) w i th P2i(m) = Pi,(—m) t h e e v e n - o r d e r 

L e g e n d r e p o l y n o m i a l s . " T h i s exp re s s ion ha s , h o w e v e r , 

t h e d i s a d v a n t a g e t h a t t h e pos i t iveness of h {m) c a n n o t be 

g u a r a n t e e d a priori o n c e t h e sér ies h(m) = '^ia2iPii{rn) is 

t r u n c a t e d . O n e c a n a v o i d t h i s by wr i t i ng 

/i (/M) = e x p [ 2 / y 2 ; ^ 2 / ' ' " ' ] *n<^ a n g u l a r d i s t r i b u t i o n s of 

n e m a t i c s h a v e indeed been d e t e r m i n e d in t h i s f o r m in t h e 

l i t e ra tu re .^" T o d é t e r m i n e h (m) a c c u r a t e l y seve ra l t e r m s 

(up t o / = 7 in Réf . 20) h a v e t o be r e t a i n e d in t h e sér ies 

^lYii^zi^'"^- H e r e , o u r p u r p o s e h o w e v e r is n o t t o dé t e r -

m i n e h {m) a c c u r a t e l y b u t i n s t ead t o use h {m) in t h e ex-

p ress ion (2.10) of t h e f r ee e n e r g y w h e r e m a n y of t h e de-

ta i led f e a t u r e s of h (m) a r e i n t e g r a t e d o u t . F o r t h e 

p r é s e n t p u r p o s e it will t h e r e f o r e b e suff ic ient t o re ta in 

on ly o n e t e r m (/ = 1) bes ides t h e n o r m a l i z a t i o n c o n s t a n t 

( / = 0) a n d we will h e n c e p a r a m e t r i z e h (m) as fo l lows: 

h ( m ) = ^ — - , Z ( r ) = C d m e " ' ' " " \ (4.1) 
Z ( v ) � 'o 

wi th P2(m) = \('im''-—\) t h e s e c o n d L e g e n d r e p o l y n o m i -

al. N o t i c e tha t in R é f . \2,h(m) w a s wr i t t en a s 

h(m) = e^''"^/ Cdrrt e^'"^ , 
�'o 

w h i c h is équ iva len t t o (4.1) w i t h y' — j y . W e h a v e 

c h e c k e d tha t a d d i n g m o r e t e r m s ( / > 2) genera l ly c h a n g e s 

t h e f ree -energy m i n i m u m by less t h a n | % (see a l so Sec . 

V A ) . T h i s s h o w s o n c e m o r e * t h a t it is m u c h eas ie r t o 

d é t e r m i n e the f r e e - e n e r g y m i n i m u m va r i a t iona l ly t h a n t o 

solve t h e c o r r e s p o n d i n g E u l e r - L a g r a n g e é q u a t i o n f o r 

h {m) a n d s u b s t i t u t e t h i s resu i t i n t o t h e f r e e - e n e r g y ex-

press ion . T h e o n e o r d e r - p a r a m e t e r (y) t r ia l f u n c t i o n (4.1) 

is t h u s bo th m a t h e m a t i c a l l y c o n v e n i e n t a n d phys i ca l l y 

r easonab le . F o r 7 = 0 it c o r r e s p o n d s to a n i s o t r o p i c d i s -

t r i b u t i o n [h(m)=l], w h e r e a s f o r y > 0 t h e a n g u l a r d i s t r i -

b u t i o n h (m) is p e a k e d a r o u n d m=±l (or 6 = 0 a n d IT, 

see F ig . 3) and c o r r e s p o n d s t o an N phase . T h e f o r m (4.1) 

was a l so used in t h e c lass ic w o r k of M a i e r a n d S a u p e ^ ' a s 

a mean-f ie ld d i s t r i b u t i o n c o r r e s p o n d i n g to a q u a d r u p o l e 

a t t r a c t i o n , a n d s i nce t h e n it h a s b e c o m e c u s t o m a r y t o d i s -

cuss t h e n e m a t i c p h a s e in t e r m s of t h e q u a d r u p o l e o r d e r -

p a r a m e t e r q: 

q= f^dm P2(m)h{m) = q(y) , (4.2) 

w h i c h h a s the a d v a n t a g e o v e r y (0 < y < oo ) of (4.1 ) t o b e 

a b o u n d e d o r d e r p a r a m e t e r (0<q <\). T h e r e l a t i o n bc -

FIG. 3. Angular distributions h(cosO) of (4.1) as a funct ion 

of 0 for, from top to bottom, y = 4 (9=0.712) , 7 = 3 ( 9=0 .605) , 

y = 2 (9 = 0.439), and y = 1 (9 = 0.220). 
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F I G . 4. Relation between the two order parameters y of (4.1) 

and q of (4.2). 

t w e e n y and q=q{y) (see F ig . 4) is eas i ly o b t a i n e d f r o m 

(4.1) a s 

q{y)=^[]nZ{y)] , 

w h e r e Z ( 7 ) o f (4.1) is re la ted to D a w s o n ' s i n t ég ra l 

(4.3) 

19 

�'o 

a n d t h e p r o p e r t i e s of Ziy) c an easi ly b e d e d u c e d f r o m 

t h e k n o w n p r o p e r t i e s " of F(x). 

T o c o m p l è t e o u r p r o g r a m fo r t h e A' p h a s e we still 

h a v e t o find an a p p r o x i m a t i o n fo r t h e D C F 

c{x,x';[pQ+X^p]), a p p e a r i n g in t h e e x a c t f r e e - ene rg y ex-

p r e s s i o n s (2.10). In re la ted c o n t e x t s , severa l a u t h o r s ^ 

h a v e e x p a n d e d th i s D C F in a p e r t u r b a t i o n sér ies wi th 

r e s p e c t t o Ap (x ) . T h e c o n v e r g e n c e of t h i s e x p a n s i o n 

h o w e v e r is slow,* e.g., in lowest o r d e r n o H S f r e e z i n g can 

b e p r e d i c t e d in th i s way,' '* w h e r e a s t h e h i g h e r - o r d e r 

t e r m s involve t h e largely u n k n o w n t r ip le t a n d h i g h e r -

o r d e r d i r ec t c o r r é l a t i o n f u n c t i o n s . T h i s is a fortiori t h e 

c a s e f o r t h e H E sys tem for w h i c h even t h e p a i r c o r r é l a -

t i o n s a r e not k n o w n a c c u r a t e l y . " T h e a l t e r n a t i v e to s u c h 

a p e r t u r b a t i o n expans ion we p ropose* is t o r e p l a c e t h e 

D C F c ( x , x ' ; [ p ; ] ) by t h e D C F of s o m e r é f é r e n c e / p h a s e , 

c{x,x';p)^), wi th p ;^{x )=p„ + A.Ap(x) t h e local dens i t y of 

t h e N p h a s e and p;^ t h e c o r r e s p o n d i n g (average) dens i t y of 

t h e r é f é r e n c e / phase . T h e r a t i o n a l e b e h i n d t h i s a p p r o x i -

m a t i o n is s imi lar t o t h e one used f o r t h e t r i a l f u n c t i o n 

(4.1): In t h e f r ee -ene rgy express ion (2.10) t h e dé ta i l s of 

t h e D C F a r e i n t e g r a t e d o u t , w h i c h shou ld resui t in fair ly 

s imi la r a v e r a g e d p a i r c o r r é l a t i o n s fo r t h e p h a s e a n d t h e 

/ phase . M o r e o v e r , w h e n is e x p a n d e d a r o u n d p , t h e 

first t e r m r e p r o d u c e s exac t ly t h e first t e r m of t h e p e r t u r -

b a t i o n sér ies in Ap( x ) w h e r e a s t h e r e m a i n d e r c o r r e s p o n d s 

t o a pa r t i a l inf ini té r e s u m m a t i o n of t h e h i g h e r - o r d e r 

t e r m s of t h e p e r t u r b a t i o n expans ion . T h e only d r a w b a c k 

of th i s m e t h o d is t h a t t h e r e a p p e a r s t o be n o gêne ra i re-

c ipe fo r t h e d é t e r m i n a t i o n of t h e dens i ty px of t h e référ-

ence / p h a s e , excep t f o r t h e use of s o m e phys ica l ins igh t , 

t h e l a t t e r c u m u l a t i n g usual ly* in to s o m e g é o m é t r i e scal-

ing a r g u m e n t . Such an a r g u m e n t leads t hen t o a re la t ion 

b e t w e e n p^ a n d p^, t h e a v e r a g e dens i ty c o r r e s p o n d i n g to 

Px(x). [ N o t i c e t h a t w h e n w o r k i n g a t c o n s t a n t a v e r a g e 

dens i ty (P=PQ) b o t h p ^ ^ n d p^ b e c o m e i n d e p e n d e n t of k 

a n d t h e r e su l t ing a p p r o x i m a t i o n to t h e f r ee ene rgy (2.10) 

a c q u i r e s t h e f o r m of a r e n o r m a l i z e d s e c o n d - o r d e r , in 

Ap (x ) , t h e o r y . ] T o i m p l e m e n t t hè se ideas fo r t h e p h a s e 

we first a p p r o x i m a t e i t s D C F c ( x , x ' ; [ p ] ) by t h e a p p r o x i -

m a t e D C F of t h e / p h a s e p r o p o s e d in (3.11), e v a l u a t e d at 

a r é f é r ence dens i t y p , 

c ( A , x ' ; [ p ] ) ~ c ( r — r ' , u - u ' , p ) 

r - r ' _ 

' 
(4.4) 

wi th T) = ('rr/f>)alp t h e p a c k i n g f r a c t i o n of t h e équ iva len t 

H S System (see Sec. I I I ) . T o find t h e g é o m é t r i e c o n s t r a i n t 

l ead ing t o a s t r u c t u r a l sca l ing r e l a t ion we first obse rve 

t h a t , if t h e D C F of t h e / p h a s e a t t h e r é fé rence dens i ty p 

is t o desc r ibe , in s o m e a v e r a g e d sensé , t h e p a i r s t r u c t u r e 

of t h e p h a s e of a v e r a g e dens i ty p , t h e n p will h a v e to be 

lower t h a n p so as to t a k e in to a c c o u n t t h e lowering of t h e 

i n t e r a c t i o n s as a resui t of t h e increased o r d e r i n g of t h e 

H E in t h e A' p h a s e c o m p a r e d to t h e d i s o r d e r e d / phase . 

F r o m t h e g e o m e t r y of t h e m o l e c u l a r a r r a n g e m e n t s it is 

c l ea r t h a t in t h e / p h a s e a n y H E can be freely r o t a t e d 

a r o u n d a n y axes w h e r e a s in t h e A' p h a s e it can be f ree ly 

r o t a t e d only a r o u n d i ts s y m m e t r y axes . A s a consé-

q u e n c e t h e average c o n t a c t d i s t a n c e be tween t w o ne igh-

b o r i n g e l l ipso ids will be sma l l e r in t h e Â  p h a s e t h a n in 

t h e / phase . In t h e / p h a s e th i s a v e r a g e c o n t a c t d i s t ance 

is OQ, t h e d i a m e t e r of t h e équ iva l en t H S System in t ro -

d u c e d in Sec. I I I t o d e s c r i b e t h e t r a n s l a t i o n a l c o r r é l a t i o n s 

of t h e H E . In t h e Â  p h a s e t h e a v e r a g e c o n t a c t d i s t a n c e 

will t h u s be r e d u c e d t o x t i m e s wi th x < 1. E s t i m a t i n g 

X by c o m p a r i n g t h e v o l u m e s o c c u p i e d by t h e f ree ly r o t a t -

ing H E in e i t h e r p h a s e , o n e finds t h a t f o r e l l ipsoids of ré-

vo lu t ion X sca les l ike t h e a s p e c t r a t i o k w h e n k < \ or l ike 

1 /k w h e n /c > 1, o r in t e r m s of t h e eccen t r i c i t y p a r a m e t e r 

ATof (3.9), 

x ( X ) = 
I A: i f i t < l 

\\/k if A: > 1 
(4.5) 

T h i s g é o m é t r i e c o n s t r a i n t on t h e a v e r a g e c o n t a c t d i s t a n c e 

is finally t r a n s l a t e d i n t o a s t r u c t u r a l sca l ing re la t ion by 

s w i t c h i n g f r o m t h e H E to t h e é q u i v a l e n t H S System used 

in Sec. I I I t o d e s c r i b e t h e t r a n s l a t i o n a l c o r r é l a t i o n s of t h e 

H E System. Sca l ing a c c o r d i n g l y t h e équ iva l en t H S sys-
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t em at contact we o b t a i n 

I r i 
-PY = 1 , ^ -PY --X(X),Tj (4.6) 

wh ich fo r e a c h X de f ines t h e p a c k i n g f r a c t i o n f j of t h e / 

phase t o be used in (4.4) t o d e s c r i b e t h e c o r r é l a t i o n s of 

t h e ^ - p h a s e of p a c k i n g f r a c t i o n r]. T h e r e l a t ion 

f} = Tj{r],X) r e su l t ing f r o m (4.6) is s h o w n in F ig . 5. C o m -

bin ing n o w (2.10) w i t h (4.1) a n d (4.4) we a r r i v e finally a t 

t h e fo l lowing exp re s s ion f o r t h e r e d u c e d f r ee -ene rgy d e n -

sity of t h e N p h a s e r e l a t i ve t o t h a t of t h e / p h a s e of t h e 

s a m e dens i ty ( p = P o ) , o r 

^ A / = - ^ ( / [ p ] - / [ p o ] ) = - ( / ; v - / / ) : 

p p p 

^ A / = r dah{a)lnh(u) 
P �* 

/ drcpy 

x f d u j dii'I.Bp{u-}x')[h{u)~\] 

X [ h { u ' ) - l ] (4.7) 

A / = f^dmh{m)\nh{m)-^I{7j{r},X))[H{r,X)-H(X)] , 

H(Y,X)= f^dm f^dm'h{m)h{m')f^dxj^ 
l - ; t ^ [ m / n ' ± ( l - m ^ ) ' ^ ( l - m ' 2 ) ' ^ ^ c o s ( i t r x ) ] ^ 

4{\-X^) 

1/2 

(4.8) 

(4.9) 

a n d H{X) = H{Y=0,X) is g iven by (3.15), w h e r e a s [see w i t h ^ = ^ ( i j , A f ) d e t e r m i n e d f r o m (4.6). N o t i c e a l so t h a t 

(3 .16)- (3 .18)] f r o m (4.1) and (4.12) t h e idéa l t e r m c a n b e s i m p l y w r i t t e n 

in t e r m s of Z ( 7 ) a s 

�qI(T])=p JdTCpY 

= - V ( » - 2 f j + 4 j j ^ - f i ^ ) / { \ - r j ) * , (4.10) 

0 . 2 0 . 4 0 .6 

V 

FIG. 5. Relation between f j and 7/ as obtained from (4.6) for 

various aspect ratios, with f rom top to bottom, k = 1.3,2,3,5,10. 

Also shown (dashed curves) are the two extrême cases k = 1 and 

/c = 00. 

/ ' d m h(m)lnh{m) = yq —InZiy) 

I n Z ( y ) , (4.11) 

w h e r e a s (4.9) h a s t o b e c o m p u t e d n u m e r i c a l l y . P h y s i c a l -

ly, t h e first t e r m in t h e r h s o f (4.8) r e p r e s e n t s t h e 

d i f f é r ence in o r i e n t a t i o n a l e n t r o p y b e t w e e n t h e t w o 

p h a s e s and t h e s e c o n d t e r m , w h i c h is p r o p o r t i o n a l t o 

H{y,X)—H(X), t h e d i f f é r ence in a v e r a g e e x c l u d e d 

v o l u m e . It is on ly w h e n t h e a v e r a g e e x c l u d e d v o l u m e in 

t h e N phase , H(y,X), is l o w e r t h a n t h e a v e r a g e e x c l u d e d 

v o l u m e in t h e / p h a s e , H{X), t h a t t h i s e x c l u d e d v o l u m e 

t e r m c a n c o m p e t e w i t h t h e e n t r o p y t e r m a n d s tab i l i ze t h e 

n e m a t i c . 

M i n i m i z i n g n o w (4.8) w i t h r e s p e c t t o y we o b t a i n , f o r 

e a c h T] and X, t h e f r e e - e n e r g y d e n s i t y of t h e c o r r e s p o n d -

ing N phase . B e c a u s e of t h e p r o l a t e - o b l a t e s y m m e t r y of 

t h e présent t h e o r y (ail e x p r e s s i o n s a r e e v e n f u n c t i o n s of 

X) it is sufficient t o d o t h i s f o r > 1. A t low d e n s i t y 

(smal l ij) t h e o n l y f r e e - e n e r g y m i n i m u m c o r r e s p o n d s t o 

t h e / phase ( 7 = 0 ) . A b o v e a t h r e s h o l d d e n s i t y T/Q a 

s e c o n d m i n i m u m a p p e a r s a t a v a l u e of y w h i c h we d é n o t e 

y^iz^O). T h e c o r r e s p o n d i n g N p h a s e is t h u s m a r g i n a l l y 

s t ab le . Its phys i ca l c h a r a c t e r i s t i c s TJQ a n d go — I^Yo^ ha\c 

a v e r y di f férent k d e p e n d e n c e (see T a b l e I). W h e r e a s T/Q 

dec reases r ap id ly w i t h i n c r e a s i n g A: ( > 1), r o u g h l y a s l / k , 

t h e o r d e r p a r a m e t e r a t t h r e s h o l d , QQ, r e m a i n s p r a c t i c a l l y 

c o n s t a n t , ÇQ — J- T h i s c o r r e s p o n d s t o a L i n d e m a n n r u l e ' 

f o r o r i e n t a t i o n a l f r e ez ing : F o r q u a d r u p o l e m o m e n t s q 

b e l o w 9 = ï y t h e n e m a t i c p h a s e is a l w a y s u n s t a b l e . O n c e 

t h e TV-phase is s tab i l i zed (TJ > q > ÇQ) a ve ry sma l l in-

c r e a s e in dens i ty (i.e., a f ew p e r c e n t i n c r e a s e in 7;) l o w e r s 

r a p i d l y the f r e e e n e r g y of t h e n e m a t i c b e l o w t h a t of t h e / 

p h a s e of t h e s a m e dens i t y . S o m e v a l u e s (171,91 ) c o r r e -

s p o n d i n g to t h i s State of m a r g i n a l t h e r m o d y n a m i c s tabi l i -

ty ( A / = 0 ) a r e g iven in T a b l e I I . A f u r t h e r s l igh t in-
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TABLE I. The reduced free-energy différence ( ^ / p ) L f , the 

packing fraction T;O, and order parameter 90 for the marginally 

stable nematic phase of hard ellipsoids of various aspect ratios k 

as obtained from the density-functional theory. 

Vo 9o A / 

1 .3 0.7701 0.325 0.00426 

1 . 8 0.6499 0.331 0.00449 

2 0.6125 0.334 0.004 60 

2 . 7 5 0.5031 0.344 0.00503 

3 0.4746 0.347 0.005 16 

4 0.3867 0.357 0.005 64 

5 0.3263 0.366 0.00602 

7 0.2491 0.376 0.00655 

1 0 0.1846 0.385 0.00701 

15 0.1295 0.392 0.007 37 

20 0.1000 0.395 0.007 53 

c rease of t he dens i ty quickly t r a n s f o r m s the f ree -energy 

m i n i m u m c o r r e s p o n d i n g to t h e / phase in to a maximum, 

leaving the p h a s e as the only s table phase a t h ighe r 

densit ies. T h i s r ap id évolut ion is a man i f e s t a t i on of t he 

weak ly first-order c h a r a c t e r of the I-N t rans i t ion wh ic h is 

seen to involve only a very small région of me tas tab i l i ty 

of t h e low-density n e m a t i c phase a n d the h igh-dens i ty 

i so t rop ic phase . A n example of th is scénar io is s h o w n in 

F ig . 6. 

T h e I-N p h a s e t r ans i t ion poin t can be ob ta ined by soiv-

ing t h e cond i t ions of equal i ty of t he p ressure a n d the 

chemica l po ten t ia l of the t w o phases . Thèse c o n d i t i o n s 

a r e équivalent to solving numer ica l ly Maxwel l ' s d o u b l e 

t a n g e n t cons t ruc t ion for t he f ree énergies: 

3 / , _ 3 / / v _ / / v - / ; 

3 p / ^PN PN-PI 

(4.12) 

w h e r e we h a v e used (2.7) a n d (2.8). T h e r e a r e o t h e r 

w a y s ' * to express t h e two-phase coexis tence c o n d i t i o n s 

b u t in the p résen t con t ex t thèse would involve a d d i t i o n a l 

numer ica l ca lcu la t ions and h a v e t he re fo re been d i s c a r d e d 

he re . T h e a d v a n t a g e of t h e Maxwel l c o n s t r u c t i o n is t h a t 

(4.12) requires only t h e f ree énergies as i npu t . Need le s s 

t o say, thèse d i f fé ren t r ou t e s t o t he coexis tence c o n d i t i o n s 

a r e no t str ict ly équiva len t once t he a p p r o x i m a t i o n s h a v e 

been in t roduced . T h i s p rob lem of t he t h e r m o d y n a m i c in-

consis tency of thèse d i f férent r ou t e s is u n a v o i d a b l e h e r e 

TABLE II. The packing fraction T;, and the order parameter 

9i for various k values of the nematic phase at marginal ther-

modynamic stability ( A / = 0 ) as obtained from the density-

functional theory. 

9i 

2 

2 . 7 5 

3 

5 

1 0 

2 0 

0.6144 

0.5055 

0.4771 

0.3291 

0.1869 

0.1016 

0.45 

0.44 

0.45 

0.43 

0.44 

0.43 

- 0.005 

-0.005 

FIG. 6. Reduced free-energy différence ( j3 /p )A/of Eq. (4.8) 

vs the order parameter y for hard ellipsoids of aspect ratio 

fc=3 and packing fraction, from top to bottom, 7; = 0.4725, 

0.4746, 0.4771, 0.4800, and 0.4950. Notice the very rapid 

changes with respect to 7; in this région and also the small free-

energy scale. 

s ince t h e co r r e spond ing p r o b l e m h a s as yet no t even been 

solved fo r t he m u c h s imple r / - p h a s e desc r ip t ion . T h e re-

sul ts ob ta ined f r o m (4.12) a n d (4.8) fo r t h e I-N coex-

is tence a r e shown in T a b l e I I I . T h e I-N t r ans i t ion is seen 

t he re t o be a lways r a t h e r n a r r o w ( involving only a very 

smal l dens i ty change) bu t no t a lways very weak s ince t h e 

j u m p in t he o rde r p a r a m e t e r q increases rap id ly wi th A: 

even f o r t he i n t e rmed ia t e k va lues cons ide red here . I t 

shou ld finally be e m p h a s i z e d t h a t t h e p résen t ca lcu la t ion 

does no t t ake in to a c c o u n t t h e fac t t h a t in ce r t a in rég ions 

(e.g., t h e h igh-dens i ty smalI-A: région) t he I-N t r ans i t ion 

can be p r e e m p t e d by o t h e r p h a s e t r ans i t i ons no t con -

s idered he re . 

V. SOME RELATED RESULTS 

T h e above D F T is seen t o yield phys ica l ly very reason-

able resul t s fo r t he I-N t r ans i t i on . O n e shou ld no t fo rge t 

h o w e v e r t h a t it is based on t h e s imple bu t fa i r ly rough 

a p p r o x i m a t i o n (4.4) t o t h e D G F of t h e phase . Befo re 

tes t ing t h e resul t s of t h e D F T agains t t h e c o m p u t e r s imu-

lations,* w h i c h is o u r final goal , it m a y t h u s be of in teres t 

to c o m p a r e it also t o a n u m b e r of a l t e rna t i ve theore t i ca l 

a t t e m p t s t o descr ibe t h e I-N t r ans i t i on of a sys tem of H E . 
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T A B L E IIL The isotropic-nematic coexistence data for various k values as obtained f rom the 

density-functional theory (p* =Ppv^oi, fi* =PiJ.). 

m VN £_ 

" 2 0.6120 0.6175 24.3 50.2 0.50 

2.75 0.5012 0.5117 9ja 25.7 0.55 

3 0.4722 0.4843 7^ , 22.3 0.56 

5 0.3213 0.3423 I t l . 12.2 0.64 

10 0.1787 0.2037 1.03 7.77 0.72 

20 0.0957 0.1157 0.47 5.99 0.77 

� ' < A. The Onsager theory 

A s seen f r o m T a b l e I I I t h e a b o v e D F T p r e d i c t s t h a t 

t h e c o e x i s t i n g dens i t i e s d e c r e a s e r a p i d l y w i t h i n c r e a s i n g 

a s p e c t r a t i o k, r o u g h l y as l / k . T h i s is c o n s i s t e n t w i t h 

t h e f u n d a m e n t a l idea b e h i n d O n s a g e r ' s t heo ry ' "^ of t h e 

I-N t r a n s i t i o n w h i c h s t a t e s t h a t f o r v e r y l a r g e a spec t ra -

t ios t h i s t r a n s i t i o n s h o u l d o c c u r a l r e a d y in a d i l u t e Sys-

t e m . I t is r a t h e r e x c e p t i o n a l t h a t a p h a s e t r a n s i t i o n c a n 

b e s t u d i e d w i t h t h e a id of a v i r ia l e x p a n s i o n a n d it re-

q u i r e d O n s a g e r ' s i n s igh t t o o b s e r v e t h a t t h e vi r ia l e x p a n -

s ion (77—»-0) combined w i t h t h e l a r g e a s p e c t r a t i o l imi t 

(/: —» 00 ) w o u l d n o t d e s t r o y t h e I-N t r a n s i t i o n . I n t h i s 

so -ca l l ed O n s a g e r l imi t {r]—>-0, k^co, kr) = const) t h e 

O n s a g e r t h e o r y b e c o m e s , m o r e o v e r , e x a c t a n d it is t h u s 

i n t e r e s t i n g t o i n q u i r e w h e t h e r t h e a b o v e D F T is c o n -

s i s t en t w i t h t h i s e x a c t l imi t ing case . R e t u r n i n g t o (4.8) 

w e see t h a t t h e idéa l t e r m r e m a i n s u n c h a n g e d in t h i s l imi t 

w h e r e a s t h e O n s a g e r l imi t of t h e exces s t e r m c a n be t a k e n 

in t w o s t e p s . F i r s t w e e x p a n d T ] I { f j ) f o r s m a l l rj. F r o m 

(4.6) it f o l l o w s t h a t rj—yO a s 77—�O, w h e r e a s (4.10) impl i e s 

7 ( 0 ) = — 8 a n d h e n c e 17/(17)—�—877. N e x t w e c o m p u t e 

t h e large-A: l imi t , i .e. , X-*l, o f (4.9) b y r e t u r n i n g t o (3.10) 

a n d (3.9): 

l i m - | ; 2 B P { U - U ' ) 
_ , ^ [ l - y ^ ( u - u ' ) ^ ] 2 l l / 2 

l im 
A T - I 

= i [ l - ( u - u ' ) ^ ] ' ^ 2 (5.1) 

a n d u s i n g u - u ' = c o s < u , [1 — ( u - u ' ) ^ ] ' ^ ^ = | s inw | , w i t h co 

t h e a n g l e b e t w e e n u a n d u ' , w e o b t a i n f ina l ly t h e O n s a g e r 

h m i t of (4.1) in t h e f o r m ; , 

A / = / duh(u)\nh{u) 

Dits 

+ c ( < | s i n w | > j v - < | s i n < o | > / ) , (5.2) 

w h i c h is p rec i se ly O n s a g e r ' s r e s u l t . ' " ' I n E q . (5.2), 

^ � � � ^;v,/ d é n o t e s an a v e r a g e o v e r t h e a n g u l a r d i s t r i b u -

t i o n hff ,{vi). 

{ I s i nw I )N i = ~ f du f du' ,(u)h^ ,{u') 

X [ l - ( u - u ' ) ^ ] ' ^ 2 , (5.3) 

w i t h hj{u)=l a n d h e n c e { | sintu | ) / = l . W e h a v e a l so 

p u t c = y p u „ c i in (5.2) w i t h y^^ , , t h e a v e r a g e e x c l u d e d 

v o l u m e w h i c h w h e n m e a s u r e d in t e r m s of t h e m o l e c u l a r 

v o l u m e y mol y ie lds c = (77-/2)A:i7 f o r H E a n d h e n c e d i f fe rs 

by a f a c t o r 7r /2 f r o t n t h e h a r d c y l i n d e r e x p r e s s i o n o r i g i -

nal ly c o n s i d e r e d b y O n s a g e r ( th is is o n l y o n e of t h e s u b t l e 

d i f fé rences in g é o m é t r i e p a c k i n g p r o p e r t i e s w h i c h ex i s t 

b e t w e e n c y l i n d e r s a n d e l l ipso ids , see a l so R é f . 4 o n t h i s 

po in t ) . T h e O n s a g e r l imi t o f t h e a b o v e D F T r e p r o d u c e s 

t h u s exac t ly O n s a g e r ' s t h e o r y . T h i s f a c t c a n n o w b e u s e d 

h e r e t o test t h e a p p r o x i m a t i o n i n v o l v e d in u s i n g t h e t r i a l 

f u n c t i o n (4.1). A l t h o u g h in h i s o r i g i n a l p a p e r O n s a g e r 

d id use a o n e p a r a m e t e r t r i a l f u n c t i o n s i m i l a r t o (4.1), 

n a m e l y , h(m) = Y(coshym ) / ( 2 s i n h } ' ) , w h i c h is p h y s i c a l -

ly s imi l a r b u t m a t h e m a t i c a l l y less c o n v e n i e n t t h a n (4.1), 

h i s é q u a t i o n h a s s u b s e q u e n t l y b e e n so lved n u m e r i c a l -

jy2p,22,23 j-Qj. a r b i t r a r y a n g u l a r d i s t r i b u t i o n h {m). 

T h è s e h i g h - p r e c i s i o n c a l c u l a t i o n s , u s i n g e i t h e r s e v e n 

L e g e n d r e p o l y n o m i a l s ^ ° o r a g r i d of 250 p o i n t s in m 

space,^^ h a v e e s t a b l i s h e d t h a t O n s a g e r ' s t h e o r y p r e d i c t s 

a n I-N t r a n s i t i o n b e t w e e n a n / - p h a s e c o r r e s p o n d i n g t o 

C/ = 3 . 2 9 0 a n d a n A^-phase c o r r e s p o n d i n g t o Cj^=4.lS9. 

T h e t r a n s i t i o n is t h u s f a i r l y w i d e , /^LC /cn/ = ^i}/i]m 

= 0 . 2 1 5 , a n d a l s o q u i t e s t r o n g , q = 0 . 7 9 2 . U s i n g o u r s i m -

ple t r i a l f u n c t i o n (4.1) w e find, i n s t e a d , C/ = 3 . 3 1 5 , 

A c / c ^ = 0 . 2 1 6 , a n d 9 = 0 . 7 9 9 , w h e r e a s t h e o r i g i n a l O n -

sage r va lues a r e C/ = 3 . 3 4 0 , A c / c ^ = 0 . 2 5 6 , a n d 

9 = 0 . 8 4 8 . T h e a b o v e D F T b a s e d on (4.1) r e p r o d u c e s 

t h u s t h e exac t r e s u i t t o w i t h i n { % , w h i c h f o r t h e p r é s e n t 

p u r p o s e is l a rge ly e n o u g h . H a v i n g e s t a b l i s h e d t h a t in t h e 

O n s a g e r l imit t h e r e s u l t s o f t h e D F T d o r e p r o d u c e t h e re -

su l t s of O n s a g e r ' s t h e o r y w e c a n n o w in t u r n i n q u i r e h o w 

r a p i d l y t he O n s a g e r l imi t will in f a c t b e a p p r o a c h e d . I n 

o t h e r w o r d s w e c a n look f o r t h e k v a l u e b e l o w w h i c h 

b o t h t héo r i e s s t a r t t o d e v i a t e a p p r e c i a b l y . T o t h i s e n d w e 

use t h e low d e n s i t y o r v i r i a l e x p a n s i o n of t h e D F T , i .e. , 

E q . (4.8) w i t h H f f ) r e p l a c e d b y / ( 0 ) = — 8 , a n d c o m p a r e 

i ts resu l t s f o r l a r g e b u t finite k v a l u e s t o t h o s e of t h e f u l l 

D F T . T h i s is é q u i v a l e n t t o u s i n g O n s a g e r ' s t h e o r y f o r 

t h e s t u d y of d i l u t e Systems o f H E of finite e l o n g a t i o n . 

T h e resu l t s a r e c o m p a r e d in F i g . 7. I t is seen t h e r e t h a t 

t h e a p p r o a c h t o t h e O n s a g e r r é g i m e is in f a c t ve ry s low. 

T h e coex i s t ing d e n s i t i e s r e a c h t h e i r O n s a g e r l imi t f o r 

A: > 100 whi le t h e o r d e r p a r a m e t e r q r e a c h e s i ts l i m i t i n g 

v a l u e f o r k > 300 . T h e k v a l u e s f o u n d h e r e a r e l a r g e b u t 

neve r the l e s s c o n s i s t e n t w i t h t h o s e o f t e n q u o t e d in t h e ex -

périmental literature.^"* 

B. The Landau theory 

In t h e o p p o s i t e l imi t w h e r e k —* 1 t h e a b o v e D F T p r e -

d i c t s t h a t t h e I-N t r a n s i t i o n is p u s h e d t o w a r d s t h e high-

dens i ty rég ion w h e r e O n s a g e r ' s v i r ia l e x p a n s i o n a r g u -
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FIG. 7. Order parameter q and the Onsager variable itij at 

the I-N coexistence in the large-^ domain: D F T (solid lines) 

and the virial expansion of the DFT (dashed lines). Notice the 

very slow approach to the iimiting situation described by 

Onsager's theory and also the breakdown of the virial expansion 

for the smaller k values. 

m e n t is no longer applicable. Never theless , a s A: —» I, the 

t rans i t ion also becomes weakly first o rde r ( A i j - * 0 ) and 

one enters the realm of L a n d a u ' s phenomenologica l 

t h e o r y ' ' ^ ' of phase t ransi t ions. T h e basic idea behind 

L a n d a u ' s theory is to approx ima te t h e f ree energy by a 

t r unca t ed expansion of it with respect to some order pa-

r ame te r . Since our original o rder p a r a m e t e r y of (4.1) is 

unbounded ( 0 < y < oo ) there is little hope tha t expan-

sions with respect to y will lead to a convergent séries. 

T h e physical o rder pa r ame te r which imposes itself in the 

présent context is the Maier-Saupe q u a d r u p o l e o rder pa-

r a m e t e r q of (4.2). Th is o rder p a r a m e t e r is bounded 

(0 < 9 < 1 ) and belongs to an i r reducible représenta t ion of 

t h e rotat ional symmetry group.^ ' In t e rms of q the Lan-

dau approximat ion to (4.8) can then be wri t ten 

A / = lo„q" + 0{q') , 
L n =0 

(5.4) 

where the expansion has been t runca t ed at t he minimal 

o r d e r which guarantees the existence of a two-min ima (or 

three-extrema) free energy (one at ^ = 0 for the / phase 

and one at q-^=0 cor responding to the N phase). T h e 

physical conséquences of the Landau theory are easily 

worked out on the basis of (5.4) and are well known.^ '^ ' 

In the présent context we have the a d v a n t a g e over the 

phenomenological theory that the coefficients a„ of (5.4) 

can be computed explicitly as func t ions of rj and k 

whereas in the original Landau theory they have to be 

t rea ted as phenomenologica l parameters . In o ther words , 

compar ing the Landau approximat ion (5.4) with the orig-

inal D F T expression (4.8) we are able here to test explicit-

ly the a s sumpt ions behind Landau ' s theory . In o rde r to 

obtain the expressions of the coefficients a„ of (5.4) we 

proceed as follows. W e first expand (4.8) with respect to 

y. 

P 
^ f = ' l b „ y " + 0{y') , 

P n=0 

and next expand similarly 9 = 9 ( y ) of (4.3), 

, 4 

' 5 35 175 385 
+ 0 ( y ' ) . 

Inversion of the séries (5.6) yields y = y(g), 

r = 5g 
25 2 425 3 518 75 4 ^ , 5, 
—Q + Q 0 * 4 - 0 fl) 
7 ^ ^ 49 * 3773 ^ ' 

(5.5) 

(5.6) 

(5.7) 

and subs t i tu t ing (5.7) in (5.5) yields finally (5.4). T h e ex-

plicit éva lua t ion of (5.5) involves some lengthy but ele-

men ta ry a lgebra which will be skipped here but which is 

most easily pe r fo rmed with the aid of some c o m p u t e r 

algebra m e t h o d . T h e final resuit for the Landau free-

energy densi ty is expression (5.4) with 

ao = a , = 0 , 

flj = | - ( 7 7 / 2 ) / ( ^ ) [ 5 « , ( A f ) - 1 5 « 2 ( A r ) ] , 

25 
21 

425 
1% 

�~(T,/2)I{7i)[^H^{X)-^H2iX) 

where the H„(X) a re given by 

H^(X) = 
J _ 

IX 

x+ 
arcsinAf 

H ^ ( X ) = - ^ 
4Ar' 

Hy(X)--

(\-X^)''^ 

X\X ^ ' ^ ^ - i ' 
2 + 4 + ( i_ ; t^)>/2 

H(X) , 

arcsinAf 

(5.8a) 

(5.8b) 

(5.8c) 

(5.8d) 

(5.9a) 

(5.9b) 

\f>X^ 3 ^ 1 2 ^ 

HAX) = 
1 

^ 2 + 8 

(1 - ; ^^ ) ' ^^ 
arcsinAf (5.9c) 

X 

(5.9d) 

while / ( ^ ) is still given by (4.10). A l though one does not 

expect t he L a n d a u theory to be appl icable in the s t rongly 
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first-order O n s a g e r l imi t , f o r f u r t h e r r é f é r e n c e it will b e 

use fu l t o q u o t e h e r e a l s o t h e v a l u e of t h e e x p a n s i o n 

coeff ic ien t a„ of (5.8) in t h e O n s a g e r l imi t [17—�0, k—*ao, 

{7r/2)kr] = c], 

TABLE IV. The same as Table I but obtained from the Lan-
dau theory. Notice the good agreement for 7?o but not for ^Q. 

_ Ons _ 5 
"2 —g ( 4 - c ) 

^ O n s _ 425 _ H3 -

" d 1 9 6 1 1 1 / . ' -

(5.10a) 

(5.10b) 

w h e r e a s QQ, a , , a n d r e m a i n u n c h a n g e d . H a v i n g n o w 

a t o u r d i sposa i t h e exp l i c i t e x p r e s s i o n of a„ =a„(7],X), t h e 

L a n d a u f r e e ene rgy (5.4) c a n b e w o r k e d o u t ana ly t i ca l ly . 

T h e t h r e e e x t r e m a of (5.4) w i t h r e s p e c t t o q c o r r e s p o n d t o 

< 7 o = 0 . 

<}±-

- 3 a 3 ± ( 9 a | - 3 2 0 2 0 4 ) 

8 0 . 

1/2 

(5.11a) 

(5.11b) 

w h i c h a r e easily c o m p u t e d f r o m (5.8) f o r e a c h r] a n d X. It 

c a n a l so be ver i f ied f r o m (5.8) t h a t 03 < 0 , w h e r e a s a t low 

dens i ty o n e h a s Oj > 0 , 04 > 0 , a n d 903 < 320204, so t h a t 

a t low dens i ty t h e on ly rea l e x t r e m u m (5.11) c o r r e s p o n d s 

t o a n / p h a s e {qQ=0) a n d it is a m i n i m u m . A t h i g h e r 

dens i t i e s , w h e n 903 > 320204 , t h e r e will be t h r e e rea l ex-

t r e m a , qo<q_ <q + , w i t h ç _ c o r r e s p o n d i n g t o a m a x -

i m u m a n d 9 o ' 9 + m i n i m a d e s c r i b i n g , r espec-

t ively , t h e / p h a s e (çQ ' ^"<^ ' ^ ^ ^ p h a s e (q ^ ). T h e dens i ty 

of m a r g i n a l s t a b i h t y of t h e p h a s e a s a f u n c t i o n of t h e 

a s p e c t r a t i o k o r t h e e c c e n t r i c i t y X, say T / O = W ^ ) ' 

g iven by t h e so lu t i on of t h e é q u a t i o n 9 0 3 = 3 2 0 3 0 4 . In -

c r e a s i n g t h e dens i t y f u r t h e r o n e r e a c h e s a p o i n t , say, 

i j i = 77i(Af ), w h e r e t h e p h a s e r e a c h e s t h e r m o d y n a m i c a l 

e q u i l i b r i u m w i t h t h e / p h a s e , A / ( 9 o ) = 0 = A / ( g + ) or , 

exp l ic i t ly , 

0 3 ( 9 o 5 - 3 2 0 2 0 4 ) ' ^ ^ = 3 o | - 1 6 0 2 0 4 . 

A t still h i g h e r dens i t i e s , say , ̂ 72 = ^2^^)' r e a c h a po in t 

w h e r e 02 c h a n g e s s ign . A b o v e t h i s p o i n t t h e e x t r e m u m 

a t 9 = 9 o b e c o m e s a m a x i m u m a n d o n l y t h e N p h a s e c o r -

r e s p o n d i n g t o q=q^ s u r v i v e s as a s t a b l e p h a s e w h e r e a s 

t h e / p h a s e is u n s t a b l e . T h e L a n d a u a p p r o x i m a t i o n 

r e p r o d u c e s t h u s q u a l i t a t i v e l y q u i t e c lose ly t h e s c é n a r i o 

o b s e r v e d a b o v e f o r t h e D F T . F r o m T a b l e s I V - V I I a n d 

F i g . 8 w e see t h a t t h e q u a n t i t a t i v e t r e n d s a r e a l so fa i r ly 

wel l r e p r o d u c e d e x c e p t f o r t w o f e a t u r e s . F i r s t , t h e q 

v a l u e s p r e d i c t e d by t h e L a n d a u t h e o r y a r e t o o low 

( r o u g h l y by a f a c t o r of 2). T h e D F T p r e d i c t s h e n c e a 

t r a n s i t i o n w h i c h is m u c h s t r o n g e r t h a n t h e o n e p r e d i c t e d 

b y i ts L a n d a u a p p r o x i m a t i o n . T h e d e n s i t y c h a n g e a t 

c o e x i s t e n c e (Aî; ) a n d t h e ove ra l l d e n s i t y c h a n g e f r o m 

m a r g i n a l s tab i l i ty of t h e N p h a s e ( % ) t o m a r g i n a l s tabi l i -

ty of t h e / p h a s e (rii) is t o o sma l l . H e n c e t h e L a n d a u 

t h e o r y p r e d i c t s a t r a n s i t i o n w h i c h is a l so t o o n a r r o w 

c o m p a r e d t o t h e fu l l D F T . N o t i c e h o w e v e r t h a t s ince 

039-^0 t h e t r a n s i t i o n p r e d i c t e d by t h e L a n d a u t h e o r y 

r e m a i n s e v e r y w h e r e of f î rs t o r d e r . If w e a d d t h e O n s a g e r 

l imi t t o t h e L a n d a u a p p r o x i m a t i o n , i .e. , use (5.10) in (5.4), 

t h e n t hè se d e f e c t s b e c o m e d r a m a t i c . In t h i s c o m b i n e d 

a p p r o x i m a t i o n t h e w i d t h of t h e I-N t r a n s i t i o n is 

AT/ZT;^ = 0 . 0 4 2 a n d i ts s t r e n g t h 9 = 0 . 3 8 6 w h e r e a s t h e 

c o r r e s p o n d i n g D F T v a l u e s a r e ATJ/T//^, = 0 . 2 1 6 a n d 

k /U Qn 

P 

2 0.6177 0.210 0.0014 

2.75 0.5097 0 ^ 1 4 �> 0.0015 

3 0.4815 0 . 2 1 6 0.0015 

5 0.3338 0 . 2 2 3 0.0016 

10 0.1907 0 . 2 3 1 0.0018 

20 0.1040 0 . 2 3 4 0.0019 

100 0.0227 0 . 2 3 6 0.0019 

200 0.0115 0.238 0.0019 

q =0.199. N o t i c e , h o w e v e r , t h a t even in t h i s e x t r ê m e 

case t h e p r é d i c t i o n f o r t h e m i d p o i n t of t h e t r a n s i t i o n , 

(r]f^ + r],)/27}f/=0.919 f o r t h e L a n d a u t h e o r y a n d 0 . 8 9 2 

f o r t h e D F T , r e m a i n s r e a s o n a b l e . S ince t h e o n l y 

d i f f é r ence b e t w e e n t h e p r é s e n t D F T a n d i ts L a n d a u a p -

p r o x i m a t i o n (5.4) s t e m s f r o m t h e use of a truncated ex -

p a n s i o n wi th r e s p e c t t o t h e o r d e r p a r a m e t e r , it is f a i r t o 

c o n c l u d e on t h i s e x a m p l e t h a t t h e L a n d a u t h e o r y y i e ld s a 

f a i r d e s c r i p t i o n a n d a f a i r l o c a t i o n of t h e I-N t r a n s i t i o n 

b u t ve ry p o o r p r é d i c t i o n s f o r t h e w i d t h a n d t h e s t r e n g t h 

of t h e p h a s e t r a n s i t i o n , a n d t h i s r e m a i n s t r u e e v e n in r é -

g ions w h e r e t h e t r a n s i t i o n is w e a k a s o r ig ina l l y a s s u m e d 

in t h e d é r i v a t i o n ^ ' of t h e L a n d a u t h e o r y . . . , 

C. Related density-functional théories 

I t is c lear ly n o t pos s ib l e t o d i s c u s s h e r e t h e l a r g e n u m -

b e r of t h e o r e t i c a l a t t e m p t s c o n c e r n e d w i t h t h e I-N t r a n s i -

t ion ( some b a c k g r o u n d i n f o r m a t i o n c a n h o w e v e r b e o b -

t a i n e d f r o m R e f s . 9 - 1 1 , 1 3 , 2 1 - 2 5 ) . S o m e r é c e n t p u b l i c a -

t i o n s ' " " will n e v e r t h e l e s s b e c o n s i d e r e d h e r e s i nce t h e y 

a r e b o t h based o n t h e d e n s i t y - f u n c t i o n a l t h e o r y a n d ex -

pl ic i t ly c o n c e r n e d w i t h H E , a n d h e n c e c lose ly r e l a t e d t o 

t h e p r é s e n t w o r k . 

T h e t h e o r y of M u l d e r a n d F r e n k e l ' s t a r t s f r o m w h a t is 

essent ia l ly a d i a g r a m m a t i c a p p r o a c h t o t h e D F T d e -

sc r ibed in Sec. I I . T h e y p e r f o r m a v i r ia l e x p a n s i o n of t h e 

f r ee - ene rgy f u n c t i o n a l F[p\ a n d speed u p i ts c o n v e r g e n c e 

p r o p e r t i e s by g o i n g o v e r io a y e x p a n s i o n , i . e . , a n ex-

p a n s i o n with r e s p e c t t o ? / / ( 1 — T;), a n d t r u n c a t e t h e l a t t e r 

a t t h i r d o r d e r r e q u i r i n g as i n p u t t h e s e c o n d a n d t h i r d 

vi r ia l coef f ic ien ts of t h e N p h a s e . T h e s e c o n d v i r i a l � 

coeff ic ient is e x p r e s s e d in t e r m s of t h e e x c l u d e d v o l u m e of 

TABLE V. The same as Table II but obtained from the Lan-
dau theory. 

9i 

2 

2.75 

3 

5 

10 

20 

100 

200 

0.6191 

0.5114 

0.4832 

0.3356 

0.1921 

0.1049 

0.0229 

0.0116 

0.280 

0.285 

0.287 

0.296 

0.306 

0.311 

0.313 

0.313 
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TABLE VI. The point of marginal stability of the / phase 

(02 = 0 ) as obtained from the Landau theory. 

^[ V2 

2.75 0.5245 

3 0.4968 

5 0.3499 

* 10 0.2034 

~ � " 20 0.1121 

100 0.0247 

200 0.0125 

t w o H E of fixed o r i e n t a t i o n , i.e., 2 ( u - u ' ) of (3.3), f o r 

w h i c h they use I s i h a r a ' s exac t b u t c o m p l i c a t e d t h r e e f o l d 

in f in i t é séries r e p r é s e n t a t i o n ^ ' i n s t ead of t h e s i m p l e a p -

p r o x i m a t i o n (3.10). T h e é v a l u a t i o n of t h e t h i r d vi r ia l 

coeff ic ient p ré sen t s , h o w e v e r , a f o r m i d a b l e m a t h e m a t i c a l 

p r o b l e m w h i c h is p a r t l y bypas sed by p e r f o r m i n g n u m e r i -

ca l M C ( M o n t e Ca r lo ) e s t i m â t e s fo r it b u t even t h i s c a n 

b e d o n e wi th r e a s o n a b l e c o m p u t e r t i m e o n l y f o r s o m e 

o r i e n t a t i o n a l l y a v e r a g e d q u a n t i t y . ' T h e final r e su l t s ob -

t a i n e d fo r t h e é q u a t i o n of s t a t e of t h e / p h a s e a r e in g o o d 

a g r e e m e n t w i t h t h o s e o b t a i n e d in Sec. I I I f r o m t h e m u c h 

s i m p l e r express ion (3.14). T h e resu l t s o b t a i n e d f o r t h e I-

N t r an s i t i on a r e aga in in qua l i t a t ive a g r e e m e n t w i t h t h o s e 

o b t a i n e d h e r e excep t t h a t t h e t r a n s i t i o n is p r e d i c t e d t o 

o c c u r a t m u c h lower dens i t i e s a n d w i t h a l a r g e r w i d t h . I t 

is o u r impress ion t h a t t h e y e x p a n s i o n used by M u l d e r 

a n d F r e n k e l c a r r i e d wi th it s o m e of t h e d e f e c t s of t h e 

o r i g i n a l virial expans ion on w h i c h it is ba sed . 

I n t h e récen t t h e o r y of Singh a n d S i n g h ' " o n e s t a r t s 

f r o m t h e D F T express ion fo r t h e f r e e e n e r g y of t h e o r -

d e r e d (A^ p h a s e a n d e x p a n d s it a r o u n d t h e d i s o r d e r e d (/) 

p h a s e t o t h i rd o r d e r in t h e local dens i ty c h a n g e . T h e re-

s u l t i n g équa t i on involves t h e two- a n d t h r e e - p a r t i c l e 

D G F . T h e l a t t e r is neg lec ted excep t f o r t h o s e c o n t r i b u -

t i o n s wh ich c a n be expressed as a dens i t y d e r i v a t i v e of 

t h e t w o - p a r t i c l e D C F . F o r t h e l a t t e r P y n n ' s a p p r o x i m a -

t i o n ' * is used. A s obse rved by L a d o " th i s a p p r o x i m a t i o n 

h a s t h e d i s a d v a n t a g e to p red i c t an i s o t r o p i c D C F a t t h e 

o r i g i n a n d a lso at c o n t a c t . T h i s local de fec t d i s a p p e a r s in 

i n t e g r a t e d q u a n t i t i e s a n d indeed the é q u a t i o n of s t a t e ob -

t a i n e d fo r t h e / p h a s e by Singh a n d S i n g h ' " t u r n s o u t t o 

b e iden t i ca l^ ' t o t h e o n e p r e sen t ed in Sec. I I I . T h e équa -

t i o n s f o r the N p h a s e a r e finally solved by us ing a t w o -

o r d e r - p a r a m e t e r a p p r o x i m a t i o n f o r t h e o r i e n t a t i o n a l d is-

t r i b u t i o n him) of t h e f o r m h {ni)= \+a2P2^"^) 

+ a^P^(m). T h e qua l i t a t i ve p r é d i c t i o n s of t h i s t h e o r y a r e 

aga in in a g r e e m e n t w i t h t h o se f o u n d h e r e . T h e I-N t r a n -

si t ion h o w e v e r is f o u n d t o o c c u r a t m u c h lower dens i t ies 

t h a n p red i c t ed by t h e o t h e r a t t e m p t s . It is not u n r e a s o n -

ab le to th ink t h a t t h e very p o o r a p p r o x i m a t i o n used fo r 

him), w h i c h d o e s n o t g u a r a n t e e pos i t iv i ty , cou ld b e re-

spons ib le fo r th is . 

In a very récen t p u b l i c a t i o n " M a r k o p r o p o s e s a D F T 

based on a s e c o n d - o r d e r e x p a n s i o n in A p ( x ) of t h e f r ee 

e n e r g y of t h e n e m a t i c p h a s e a r o u n d t h a t of t h e coexis t ing 

i so t rop ic phase . T h e D C F of t h e / p h a s e is a p p r o x i m a t e d 

by a va r i a t i ona l m o d i f i c a t i o n of P y n n ' s m o d e l ' * a n d t h e 

a n g u l a r d i s t r i bu t i on him) is t a k e n to be of t h e f o r m 

<^e\p[y2P2im) + Y^P4im)]. T h e I-N t r ans i t ion dens i t ies 

a r e c o m p a r a b l e to t h e p r é s e n t r e su l t s b u t t h e w i d t h a n d 

t h e o r d e r p a r a m e t e r q of t h e t r a n s i t i o n a r e m o r e t h a n one 

o r d e r of m a g n i t u d e sma l l e r (see T a b l e VI I I ) . 

D. Computer simulation results 

H a v i n g c h e c k e d t h e p r é d i c t i o n s of o u r D F T aga ins t 

t h e ava i lab le t heo re t i c a l r e su l t s w e n o w t u r n to t h e ult i-

m a t e goal , n a m e l y , a d i r ec t c o m p a r i s o n wi th t h e c o m p u t -

e r s imu la t i ons of F r e n k e l a n d Mulder"* w h i c h p r o m p t e d 

t h e p résen t i nves t iga t ion . T h è s e a u t h o r s h a v e p e r f o r m e d 

c o n s t a n t - v o l u m e a n d c o n s t a n t - p r e s s u r e M o n t e C a r l o 

s i m u l a t i o n s of a System of ~ 10^ H E . T h e a spec t r a t ios 

cons ide red a r e /c = 1 .25, 2, 2 .75 , a n d 3 t o g e t h e r wi th t h e 

c o r r e s p o n d i n g ob l a t e Systems ik'=\/k). T h e y h a v e 

f o u n d a r e m a r k a b l e s y m m e t r y b e t w e e n t h e p r o l a t e ik) 

a n d ob la t e i ] / k ) Systems of H E of t h e s a m e m o l e c u l a r 

v o l u m e . T h i s s y m m e t r y is n o t p e r f e c t bu t c o u l d p r e s u m -

ably be r e i n f o r c e d by t a k i n g i n t o a c c o u n t t h e finite-size 

effects . T h e o c c u r r e n c e of t h i s s y m m e t r y is a c l ea r m a n i -

f e s t a t ion of t h e d o m i n a n c e o f g é o m é t r i e p a c k i n g effects 

w h i c h is a l so wi tnessed h e r e by t h e f ac t t h a t t h e exac t 

p a i r exc luded v o l u m e of (3.10) possesses th i s ob la te -

p r o l a t e i n v a r i a n c e p r o p e r t y . T h e D F T p r o p o s e d he re , 

a n d h e n c e a lso t h e L a n d a u t h e o r y of Sec. V B, h a s th i s 

s y m m e t r y bu i l t in exac t ly [cf. Sec. I I I a n d t h e Af —» —X in-

v a r i a n c e of (4.8)], a p r o p e r t y n o t s h a r e d by t h e t héo r i e s 

d i scussed in Sec. V C . In Sec. I I I w e h a v e a l r e a d y c o m -

p a r e d ail t h e ava i l ab le c o m p u t e r g e n e r a t e d é q u a t i o n s of 

s t a t e of t h e / p h a s e t o t h e p r é s e n t D F T . T h e a g r e e m e n t 

is not pe r f ec t b u t q u i t e r e a s o n a b l e in view of t h e very 

s imp le ana ly t i c exp res s ion (3.14) p r o p o s e d h e r e . T h e 

overa l l a g r e e m e n t o b t a i n e d h e r e is a l so b e t t e r t h a n t h e 

o n e o b t a i n e d f r o m o t h e r t h e o r e t i c a l a t t e m p t s , e.g. , t h e ex-

t ens ions of sca led pa r t i c l e t h e o r y t o t h e / p h a s e of c o n v e x 

bod i e s p r o p o s e d by G i b b o n s ^ ^ " a n d B o u b l i k ^ " ' " (see F ig . 

1 of R é f . 12). T h e A^-phase b r a n c h of t h e é q u a t i o n of 

s t a t e t o g e t h e r w i t h t h e /-Af c o e x i s t e n c e rég ion is s h o w n in 

TABLE VII. The same as Table III but obtained from the Landau theory. 

k Vi VN p' M* 

2 0.6182 0.6201 25.9 52.8 0.30 

2.75 0.5098 0.5132 10.4 27 .3 0.32 

3 0.4816 0.4853 8.45 2 3 . 7 0.32 

5 0.3332 0.3389 3.11 1 3 . 2 0.35 

10 0.1898 0.1955 1.19 8 . 6 2 0.37 

20 0.1034 0.1072 0.55 6.80 0.38 



2 0 3 4 CX)LOT, WU, X U , A N D BAUS 3 8 

k 

FIG. 8. Order parameter q and the coexisting densities (rj; I 

phase is the lower curve, A' phase is the upper curve) of the I-N 

coexistence in the smali-/c domain: D F T (soHd lines) and Lan-

dau approximation (dashed lines). 

F ig . 9 fo r = 2 . 7 5 = 1 A ' a n d in F ig . 10 fo r = 3 = 1 À'. 
T h e a g r e e m e n t is aga in fa i r a n d b e t t e r t h a n wi th t h e o t h -

er théor i e s . T h e I-N c o e x i s t e n c e d a t a a r e c o m p a r e d in 

T a b l e V I I I . F o r k=2=\/k' a n d A: = 1 . 2 5 = 1 A ' t h e 

s i m u l a t i o n s h a v e s h o w n t h a t t h e I-N t r an s i t i on is 

p r e e m p t e d by an i so t rop ic - so l id t r a n s i t i o n . T h i s possibil i-

ty h a s n o t been c o n s i d e r e d h e r e b u t t h e f ac t t h a t f o r t h è s e 

aspec t ra t ios t h e D F T p r e d i c t s t h e I-N t r a n s i t i o n t o 

o c c u r a t a dens i ty a b o v e t h e H S i so t rop ic - so l id t r a n s i t i o n 

is cons i s t en t w i t h thèse c o m p u t e r findings. 

VI. C O N C L U S I O N S 

T h e d e n s i t y - f u n c t i o n a l t h e o r y , in t h e H e l m h o l t z f r e e -

ene rgy l a n g u a g e (see Sec. II) , h a s b e e n u s e d t o f o r m u l a t e 

a n a p p r o x i m a t e t h e o r y of t h e o r i e n t a t i o n a l f r e e z i n g t r a n -

s i t ion of a System of h a r d e l l ipso ids a s a first a p p r o x i m a -

t ion to t h e i s o t r o p i c - n e m a t i c t r a n s i t i o n of m o r e reaHst ic 

l iquid c rys ta l s by f o c u s i n g o u r a t t e n t i o n sole ly o n t h e a n -

i so t rop i c s ter ic e f fec ts p r o d u c e d by t h e a n i s o t r o p y of t h e 

m o l e c u l a r shape . A b o v e a m i n i m a l q u a d r u p o l e m o m e n t , 

p r o v i d i n g an o r i e n t a t i o n a l L i n d e m a n n ru l e , t h e t h e o r y 

p r e d i c t s a s tab le n e m a t i c p h a s e , b o t h f o r r o d l i k e a n d 

d i sk l ike molécu les , as a r e su i t of a c o m p é t i t i o n b e t w e e n 

t h e o r i e n t a t i o n a l e n t r o p y a n d t h e a n i s o t r o p i c e x c l u d e d 

v o l u m e effects. T h e l a t t e r h a v e b e e n d e s c r i b e d w i t h i n a n 

a p p r o x i m a t i o n w h i c h f a c t o r i z e s t h e t r a n s l a t i o n a l a n d 

o r i e n t a t i o n a l d i r e c t c o r r é l a t i o n s . T h e o r i e n t a t i o n a l 

c o r r é l a t i o n s h a v e been d e s c r i b e d in a m a n n e r first sug-

ges ted by O n s a g e r f o r inf in i te ly e l o n g a t e d molécu les* 

whi le O n s a g e r ' s o r ig ina l v i r ia l e x p a n s i o n is c o r r e c t e d f o r 

finite dens i ty ef fects by a s s i m i l a t i n g t h e t r a n s l a t i o n a l 

c o r r é l a t i o n s of t h e h a r d e l l ipso ids t o t h o s e o f h a r d 

s p h è r e s of t h e s a m e v o l u m e . 

T h e m a t h e m a t i c a l i m p l e m e n t a t i o n of t h e t h e o r y h a s 

been k e p t as s i m p l e as poss ib le by r e s o r t i n g to a rea l i s t ic 

o n e - o r d e r - p a r a m e t e r a n g u l a r d i s t r i b u t i o n of t h e M a i e r -

S a u p e fo rm^ ' in o r d e r t o m i n i m i z e t h e f r e e e n e r g y f o r a 

w ide r a n g e of dens i t i e s a n d of l e n g t h t o b r e a d t h r a t ios . 

F u r t h e r s impl i f i ca t ions a r e p r o v i d e d by u s i n g a n a p p r o x i -

m a t e b u t c losed a n a l y t i c f o r m of t h e p a i r e x c l u d e d 

v o l u m e due t o B e r n e a n d P e c h u k a s " t o g e t h e r w i t h t h e 

P e r ç u s - Y e v i c k ' h a r d - s p h e r e d i r ec t c o r r é l a t i o n f u n c t i o n . 

T h e resul t s of t h e t h e o r y r e p r o d u c e ail t h e q u a l i t a t i v e 

f e a t u r e s p rov ided by t h e c o m p u t e r s i m u l a t i o n s of F r e n k e l 

a n d Mulder"* w i t h g o o d q u a n t i t a t i v e a g r e e m e n t b e t w e e n 

t h e o r y and s i m u l a t i o n f o r t h e i s o t r o p i c p h a s e a n d fa i r 

a g r e e m e n t f o r t h e n e m a t i c p h a s e a n d t h e i s o t r o p i c -

T A B L E V i n . The isotropic-nematic coexistence data. 

k Vi P* 9 

2 . 7 5 0.561' 0.009 15.7 35.7 

0.517" 0.001 0.010 

0 . 5 0 r 0.011 9.62 25.7 0.548 

0.449" : 0.015 6.55 0.553 

0.329' 0.018 0.532 

3 0.507' 0.010 9.79 25.1 

0.493" 0.001 0.017 

0.472' 0.012 7.76 22.3 0.561 

0.420" 0.018 5.31 0.568 

0.309' 0.021 0.547 

'Frenkel and Mulder (MC) (Réf. 4). 

"Marko(Ref . 11). 

'Présent calculation. 

"Mulder and Frenkel (Réf. 9). 

'Singh and Singh (Réf. 10). 
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FIG. 9. Pressure (p*=i3pUmoi) density ('j=pi'moi) phase dia-

gram in the isotropic-nematic two-phase coexistence région as 

obtained from the density-functional theory (solid line, stable 

branches; dashed line, metastable / branch; metastable N 

branch, net visible on this scale) and from the computer simula-

tions of Frenkel and Mulder (Ref 4) [/ phase: k=2.75 (trian-

gles), k = \/2.15 (squares); yV-phase: / c=2 .75 (inverted trian-

gles), fe = 1/2.75 (circles)]. The transition density and the range 

of metastability is underestimated while the width is slightly 

overestimated by the theory. 

n e m a t i c coexis tence. T h e theory also improves cons ide r -

ably on previous theore t ica l attempts.**" " 

Final ly, t h e s implici ty of the theore t ica l express ions 

h a s been f u r t h e r exploitée! to test some of the h i s to r ié 

mi les tone théor ies of phase t rans i t ions . It has been 

s h o w n explicit ly t h a t the t r unca t ed o r d e r - p a r a m e t e r ex-

pans ion of t h e f ree energy , which is at t h e basis of 

L a n d a u ' s phenomeno log ica l theory of p h a s e t ransi t ions ,^ 

largely underscores t he wid th and the s t r eng th of t he 

i so t ropic- f iemat ic t rans i t ion but yields resul ts wh ic h a re 

o the rwise qu i t e c o m p a r a b l e t o those ob ta ined f r o m the 

. 1 7 . 5 

. 1 5 . 0 

. 1 2 . 5 

. 1 0 . 0 

. 7 . 5 0 

5 . 0 0 

FIG. 10. Same as Fig. 9 but for ^ = 3 and = }. 

full f ree-energy express ion. T h e virial expans ion at t h e 

basis of Onsage r ' s a s y m p t o t i c theory* is, in t u r n , s h o w n 

to b e c o m e appl icable only fo r very an i so t rop ic molécules . 

T h è s e conc lus ions a r e i n d e p e n d e n t of t he val idi ty of t h e 

a p p r o x i m a t i o n s under ly ing t h e p résen t dens i ty - func t iona l 

t heo ry and rest only on the use of t r u n c a t e d o r d e r p a r a m -

e te r o r virial expans ions . 
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