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Under general coordinate conditions, the equation for density perturbation in an expanding
universe has fictitious solutions. In order to exclude the fictitious solutions automatically, we
adopt coordinate systems moving with the average distribution of matter; and we obtain some
coordinate conditions which provide for these systems. These contain not only the so-called
Lagrangian gauge but also new coordinate conditions. Under these conditions, the equation
for spatially periodic density perturbation becomes a second-order differential equation with

. respect to time and reduces to Bessel’s differential equation when the equation of state is of
the form p/e=const (p=pressure, e=energy density).

§ 1. Introduction

The gravitational instability of a homogeneous isotropic expanding universe
was first investigated by Lifshitz” in the general theory of relativity. He con-
sidered small perturbation of metric tensor %;=0¢;; and solved the gravitational
field equations under the coordinate condition A,=0 (:=0,1,2,3). DBut these
equations had a fictitious solution. So he had to eliminate the fictitious solution
by means of an infinitesimal transformation of coordinates. Recently, Field and
Shepley” emphasized this defect of Lifshitz’s formalism. In order to remedy
this defect, Nariai¥ adopted a Lagrangian gauge for spherically symmetric per-
turbation, that is, the perturbed radial velocity is chosen as zero; and he showed
that the differential equation for the density contrast de¢/e¢® (¢ =unperturbed
energy density, 0c=perturbation of energy density) is of the second order with
respect to time and has no fictitious solution both when p=0 and when p=¢/3
(p=pressure; e=energy density). In this paper, we obtain for spatially periodic
perturbation, coordinate conditions similar to Nariai’s Lagrangian gauge.

Bonnor?®

obtained the same result as Lifshitz’s by making use of non-
relativistic fluid mechanical equations when p=0. Irvine® derived general-
relativistic fluid mechanical equations imposing the generalized de Donder co-
ordinate condition. In this péper, we derive similar equations without imposing
any coordinate conditions. _

In §2, Friedmann’s solution for the homogeneous isotropic model of the
universe is briefly described. In §3, we derive fluid mechanical equations. In

§ 4, the properties of perturbational quantities for the transformation of coordinates
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are examined, and the coordinate conditions appropriate to describe the density
perturbation in an expanding universe are found. Under these coordinate con-
ditions, we solve in §5 the fluid mechanical equations for the density pertur-
~ bation, supposing an equation of state p/e=const. In §6, solutions for the
density contrast under various coordinate conditions are shown in the Table.
The reason for the appearance of fictitious solutions is discussed, and the rela-
tion of our coordinate conditions to Lifshitz’s is examined. In § 7, some con-
cluding remarks are given. '
We treat only the flat space model of the universe for the simplicity of
analysis.

Notation

We use the same notation as that in the book by Landau and Lifshitz.®
The square of the world interval ds is written in the form

ds’ = — gudx’dx” (1-1)

summed over 7, £=0, 1, 2, 3.
The gravitational field equation is written in the form

RF=k(TF—0T/2), (1-2)

where R, is the Ricci tensor, 0;° is the unit tensor, x is Einstein’s gravitational
constant, 7;° is the energy-momentum tensor, and T =T For the ideal fluid,
T/ is given by

Tf=(e+p)ua’+05p, (1-3)

where ¢ is the energy density, p is the pressure, and #* is the 4-velocity.
From the contracted Bianchi identities, we obtain ‘“fluid mechanical equa-
tions”’

bo= /v =90 —g TF) /02"~ (T%/2) (091/0z") =0, (1-4)
where a semicolon before an index denotes the covariant derivative and g=det

(92)-

§ 2. Homogeneous isotropic universe

Here we consider as the unperturbed state a universe uniformly filled with
matter. As is well known, this universe is classified into two models: closed
model and open model. In the following, we deal with only the critical model
with a flat space for the simplicity of analysis.

As our reference system, we choose a system moving with matter (i.e.
comoving reference system), then the interval ds for this model can be written
in the form

ds'= —gRdx'dz"=a(q)'[dy’ — (dz’+dy* +d=") ]. 2-1)
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The relation between 7 and the propef time t is : ;
cdr=a(n)dy . (2-2)

From the gravitational equations, we obtain the equations for the cosmic
scale factor a(7)

3d’/a* =re®, ‘ (2-3)
(a’—2aa) /a*=kp®, : (2-4)
where dots represent the derivative with respect to the time, ¢ is the energy

density and p® is the pressure in the unperturbed state.
In order to solve Egs. (3-2) and (2-4), we suppose the equation of state

3p/e=(1=v)/(1+vy). (v=const, 0=<p=<_1) (2-5)

Herev y=0 corresponds to p=¢/3 and v=1 to p=0. Then we obtain the solu-
tion of Eqgs. (2-3) and (2-4), '

a(y) =const9'**,  a/a=(1+v)/7, e =comnst 5~ *", (2-6)

and the relation of 7 to the proper time t,
7= const t/, 2-7

Hubble’s constant A is written in the form

H=(da/dr) /a :%L’% = (2-8)

T

§ 3. Fluid mechanical equations and the equation for
the gravitational potential

Now we consider a weak gravitational field due to perturbed distribution
of matter in an expanding universe. We write the metric tensor, the energy
density, the pressure and the 4-velocity in the form

Gis=9% + har »

e=e® 4+ 0¢, 3-1)
p:p(o) +6P s ’

u=u"O +0u’,

where Ay, 0¢, 0p and 0u® are perturbations. The world interval ds is written
with the perturbed metric in the form

dSZ = gikdxidxk
=a(’[ (1 + h)dyp’ — hdydx®*— (0.° + h*)dx*dx"], (3:2)

summed over «, 3=1, 2, 3. Here A =g¢"Oh,,.
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In order to examine the behavior of the density perturbation, it is sufficient
to calculate only the fluid mechanical equations and the Ry component of the
gravitational field equation instead of all components. Before we derive these
“equations, we define the velocity of fluid »* by the equation

v =dx"/dy . (=1, 2,3) : (3-3)
The »* is related to z*=0u® by the expression
u=(v*/a) [(1+ ') — hv® — (05" + he") vPo' 77, (3-4)

To the first order regarding the small quantities 4* and »% we get the

following expressions: '

g=-—a’(1+h), (h=h+hi'+ hy’ -+ hs®) ' (3, -5)
W=1—h'/2)/a,  w=—a(l+h'/2),

(3-6)
u*=v%/a, te=a(v*+ h"). .‘

Substituting Egs. (3-5) and (3-6) into the fluid mechanical equation (1-4)

and picking out the main terms and the terms of the next order, we obtain the

‘equation of continuity and equation of motion,

(1/a%)8(a’%) /94 0L (e -+ p) o] /0x+ [ (e p) /210 (h— A% /oy + 3p (d/a) =0 ,
| [CR)

(1/a)0[a* (e p) (0" he") 1 /0y + 0 (e+p) 0" (v + he®) ] /02
|  40p/02+ [+ p) /2]0RS 025 =0.  (3-8)
From the Ry componentycf the gravitationai field equation, we get the equation
(1/2) 0% (he’ —h) /07* + 0°hy / ((’Méxr) + (1/2)0°hy’/ (02")* -+ (a/a) Ohy /0x"

+(a/a)0(2h’—h/2) /0y 3h'd (a/a) /dy= (3/2) (0e/e®) (1 -+ 36[)/68) (a/a)’.
(3-9)

Making use of ¢ instead of 7, we rewrite Egs. (3-7) ~(3-9) in the form

1/a®)0(a’e) /o +V [ (e+p)v" ]+ [(e+p) /210 (h—h) /0t + p(da*/dt) /a* =0,
| (3-10)

(1/a")0[a' (e + p) @+ he®) 1 /0T +V,[ (e 4 p) v (v* + he®) |
+Vop+ [ (e+p) /‘2] Vihod =0, (3-11)
(1/2)0° (h’— h) /0T 4V (0he /0T) +V?h/2+ (a’ /a) Vi hy ’
1 (a’/a)0 (Bh'/2— k) /0T + 3h (a” /a) = (k/2) (e+3p—e® —3p®), (3-12)

where V,= (1/a) (0/0x%), a’=da/dv, and we put the velocity of light ¢=1.
Equations (3-10) and (3-11) are interpreted in terms of the classical fluid

mechanical concepts. In these equations ¢+p plays the role of the density of

inertial mass in the nonrelativistic mechanics. In Eq. (3-10), the first term
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Density Perturbation and Preferential Coordinate Systems 1465

represents the rate of increase of energy density, the second term the energy
flow, the third term the rate of the decrease of the energy density caused by the
increase of volume due to the gravitational field, and the last term the work
done by the pressure. Namely, Eq. (3-10) expresses the energy conservation
law. In Eq. (3:11), (e+2) X (v*+h®), h'/2 and (p+¢) XV h'/2 correspond
to the classical momentum, the gravitational potential and the gravitational
force, respectively. Equation (3-11), however, represents the conservation law
of the angular momentum a(e+p) X (v*+ he*) rather than of the momentum.

Moreover, if we choose the coordinate condition Ay*=0 and h—h=0, in
the limits p<e, Lr<l and Lty<1l where L and t, are a characteristic length
and a characteristic time of inhomogeneity, respectively, Egs. (3-10), (3-11) and
(3:12) reduce to the equations”

(1/a*)0(a’p) /0t + V- (pv) =O , (3-13)
(1/a" 0 (a*pv) /0t + V- (pvv) + Vp+0pVh'/2=0, (3-14)
Phe'/2=(£/2) (0—0), o (3-15)

where o is the density of matter, V= (F, V. V;), and v= (v', ¥’ v*).

§ 4. Preferential coordinate systems

In order to solve general relativistic equations, we must impose a coordinate
condition. The coordinate condition, in general, does not uniquely determine
the coordinate system. There are the transformations of coordinates which
conserve the imposed coordinate -condition. ) '

In the following, we show that fictitious density and velocity inhomogeneity
is produced on account of this arbitrariness of the coordinate system, and that
if we impose suitable coordinate conditions, we can limit the arbitrariness and
eliminate the fictitious inhomogeneity automatically.

"We perform the transformation of coordinates,

2 —> 2 =2V (x). “4-1)

The quantities after the transformation are represented by primes. Since e(x),

u'(z) and ¢y (x) are scalar, vector and tensor, respectively, they are transformed

as follows: '
¢/ (z7) =e(x), (4-2)
u’ (x) = (0" /0x") u' (x), 4-3)
Jur () = (02" /0x") (0™ /0x") " 1m (2) . (4-4)

In order to examine the properties of the small perturbations for the trans-
formation of coordinates, we consider the infinitesimal transformation

1> =+ D> =2t (4-5)
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where (7, x%) is the coordinate systems moving with the average distribution
of matter and is defined by means of Eq. (2:-1). From the transformation laws
(4-2) ~(4-4), we obtain the expressions '

0e’ (z) =0e(x) —&979", : (4-6)
u () =u(x) + (06°/09) u (x), (4-7)
he (x) = he’ () — 207" /0) — 2(@/a) 7', . (4-8)
e () =h* () + 07 /02 — 08%/07 , \ (4-9)
he' () =h’ (x) —08%/0x" — 068 /0x* — 2 (a/a) 1°0.°. (4-10)

Now we consider the infinitesimal transformation of coordinates in the
unperturbed isotropic universe, where the density and velocity inhomogeneity is
zero in the comoving reference system (7, z%). If the transformation (4-5) is
performed, then the inhomogeneity

de=—¢%%  w*=(1/a)0&" /0y

is produced. This inhomogeneity is, of course, a fictitious one. In §6, we il-
lustrate this fact in the case of Lifshitz’s coordinate condition.

If we impose the coordinate conditions which permit only the infinitesimal
transfoi*mation of coordinates with vanishing 7° and 0£%/07, we can eliminate
this fictitious inhomogeneity automatically. So, these conditions are preferential
in comparison with those which allow nonvanishing 7’ or 0§%/0%. They provide
for families of the coordinate systems moving with the average distribution of
matter.

It is very easy to see that the coordinate conditions

a)  h“=0 and 0u'/0x" =0, (4- 11)
b) u*=0 and Ohy /0x" =0 | (4-12)
and c) Ue=0 and  A—1h'=0 (4-13)

satisfy the above request to the preférential coordinate conditions. Here spatially
periodic perturbations are supposed. The condition a), for example, permits
only the infinitesimal transformations of coordinates which satisfy the equations

0y /0x*— 025 /0y =0, 0%/ (02"0y) =0 .

Therefore, 7° and 0£%/07 have to vanish.
The condition b) is a Lagrangian gauge, but a) and ¢) are not Lagrangian.
In the next section, we show that the conditions a), b) and c¢) give the
same linearized equation for the density contrast, which is a second-order dif-
ferential equation with respect to time. Therefore, so far as we treat the density
perturbation, a), b) and c) are preferential to the same extent. ‘
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§ 5. ‘The density perturbation under our preferential conditions

We consider spatially periodic perturbation such as ocexp(¢k.z"), supposing
the equation of state (2-5) and imposing the coordinate condition a), b) or c).
Moreover, we linearize Eqs. (3-7) ~(3:9) regarding the small perturbations.
Then we obtain the equation for the density contrast §¢/¢® =K exp (Zk.x"): for
0=y<{1 (v is defined by Eq. (2-5)),

d*K/dC+ (2v/2) (dK/dE) +[1—2(1+2) /1 K=0, - (5-1)
and for y=1,
d*K/dy+ (2/7) (@K /dy) —6K /=0, | (5-2)

where C=wy, o'=[({1—v)/(A+v)](a’*/3) and E*=Fkk.
At first, we solve the differential equation (5-1). Put K=¢Y"Z and Eq.
(6-1) becomes
AZ/dC + Z/E+ [1— (v +3/20 /€1 Z=0 . (5-3)

This equation is Bessel’s differential equation and has the solution Z=C\J_(, .3 ({)
+CyJryn (). Therefore, we have

K=07[Cl iy (€) + Codiam (O) 1. (5-4)
When w7<1, this becomes
KocCup~® ™ 4+ Cyff. . (0<p<1) -  (5-5)
Next, we solve Eq. (56-2). We obtain the solution for all the values of 7
KocCp~P 4+ Cyyp. (v=1) (5-6)

When p=0 (v=1), this solution agrees with Lifshitz’s but when p=¢/3 (v=0),
the first term 77 of the solution (5-5) does not agree with Lifshitz’s result.
The relation of our result to Lifshitz’s is shown in the next section.

§ 6. Density perturbation under various coordinate conditions

We can solve the linearized form of Egs. (3-7)~(3:9) for the density
perturbation, imposing various coordinate conditions. The results of the calcula-
tion are shown in the table in the cases p=0 and p=¢/3. In this table, the
figures with bracket imply the exponents # of the power series which are of
the form »2,C,7**", the figures without bracket represent solutions composed
only of one term, and the symbol stars ‘denote fictitious solutions.

Equations for the density contrast are in general fourth-order™® differential
equations with respect to the time, which have two physical solutions and two
fictitious ones. A fictitious solution is the solution that can be eliminated by

* Arons and Silk® have shown that under the harmonic condition, the equation is of the sixth-
order. ‘

Zz0oz 1snbny Lz uo1senb Aq L9691L61L/1L91L/9/ L p/elone/did/woo dno-olwepese//:sdiy wouy papeojumog



1468 | K. Sakai

means of an appropriate transformation of coordinates. Conversely, we can obtain
the fictitious solution by means of the inverse transformation from the unperturbed
state. For example, we consider Lifshitz’s coordinate condition /,*=0 and A’ =0
in the case p=¢/3. We suppose (3, ', 2% 2°) as the comoving coordinate system
in the unperturbed state. Then we transform it into a new coordinate system
G, xv, 2, ), where 7' =9+79", z*=x*+¢" Under the condition A,/=0, 7’
and &% satisfy the equations ‘

07°/09+7"/7=0, 89’ /0x%—0§%/07=0. IECEES)

These equations have the solution 7°=C/7, where C is a constant. Therefore,
the fictitious solution K= —7'¢"/¢®=4C/7" is obtained from Eq. (4-6).

Table. The solutions for the density contrast under various coordinate conditions.

coordinate conditions | $=0 ' p=¢/3 N
WA (=360 =D ©* @ | (=2+3D* ® ©F @
=0 - @ @, o O @

e S L S N R R e N R R
=0 T PR = W @
e B - o
ed =0 e 2 |2 o @
w=0 | 1=0 - " Ok : ks
 Ohew/0ze=0 -3 2 - (=D )
Oho/02% =0 -3 2 (-1 @)

Next, we examine the relation of our coordinate condition (4-11) to Lifshitss

when p=¢/3. Under the condition (4-11), we have the solution
K=Cy[sin €+ (cos £) /C] + O (sin ) /€~ cos L], (6-2)
h'=—K/2. (6-3)
We perform the infinitesimal transformation which satisfies the equations
K/2+ 209" /09+29°/7=0, 07°/0x*—0&%/07=0. (6-4)

As a result of this transformation, we obtain the Lifshitz formalism. Equation
(6-4) has the solution

4
1°=Cs/ (00) = (1/408) S ¢ K. (6-5)
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From Eq. (4-6), we get the transformed density contrast
K=C\[-2(sin &)/ +2(cos &) /E+sin (]
+Co[—2(1=cos {) /" +2(sin £) /L —cos {]
+Ca(4/0). | (6-6)
When <1, this becomes |
KocCyp+ Cop -+ Cy /9. 6-7)
The solutions Cy and Cyy* agree with Lifshitz’s. The solution Ci/7? is a fictitious
solution caused by the transformation (6-5).
§7 Concluding remarks

As we have shown, it is natural and suitable to adopt the coordinate’ systems
moving with the average distribution of matter in order to deal with the density
perturbation in an expanding universe. We have obtained some of the coordinate
conditions which provide for these systems; they contain not only the so-called
Lagrangian gauge but also new conditions. Under these coordinate conditions,

the equation for the density perturbation becomes a second-order differential

equation, and therefore, fictitious solutions are eliminated automatically. Moreover,
we have shown that our coordinate conditions are transformed into Lifshitz’s by
means of an appropriate infinitesimal transformation of coordinates.

Though we have solved the equation for the density perturbation, supposing
the equation of state p/e=const, it is desirable to solve it by making use of a

more realistic equation of state. We can use fluid mechanical equations to treat

rotational perturbation and to discuss non-linear growth rate of density in-
homogeneity.”
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