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Abstract
We propose a new parameter w for optimization of foci distribution of conventional fractal zone
plates (FZPs) with a greater depth of focus (DOF) in imaging. Numerical simulations of DOF
distribution on axis directions indicate that the values of DOF can be extended by a factor of 1.5 or
more by a modified quasi-FZP. In experiments, we employ a simple object–lens–image-plane
arrangement to pick up images at various positions within the DOF of a conventional FZP and a
quasi-FZP, respectively. Experimental results show that the parameter w improves foci
distribution of FZPs in good agreement with theoretical predictions.
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1. Introduction
In nature, there are distinctive features of fractal that interest researchers in many fields. In
optics, study of fractal has been focused on scattering or reflection from fractional
multilayers or super lattices [1-3]. Recent studies are focused on the diffraction of fractal
structures by optical elements. Fractal zone plate (FZP) as introduced in [4] is a kind of zone
plates with a fractal structure and the corresponding fractal distributions at foci, where
irradiance along the optical axis produced by the FZP gives a self-similar profile. An
imaging FZP was demonstrated in [5] with advantages of an extended depth of field and
reduced chromatic aberration under white-light illumination. The depth of focus (DOF) can
significantly be extended due to the fractal distributions at foci. However, DOF is an
important property in many optical systems, such as laser ablation, lithography, microscopy
and optical data storage, with a requirement of large DOF. Many methods have been
proposed for the purpose of increasing DOF, for example annular aperture [6,7], shade mask
[8-12], quasi-bifocus [13,14], and image-processing [15,16]. In this paper, we introduce a
new parameter in the design of conventional FZPs for DOF extension by a factor of 1.5 or
even greater.
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To further study the effects on axial response, Ref [17] introduced a variable of lacunarity
(opaque part) to enhance flexibility in the FZPs design. Based on the variable, a fractal
generalized zone plate (FraGZP) [18] was introduced to give another effective parameter ε, a
ratio between the period and the transparent portion in a period, for an optimal axial
response with a number of modified foci. The ratio ε, however, must be adopted as a
positive integer and this requirement more or less restricted design parameters for some
optimized intensity distribution (means extension in our paper) cases. In order to improve
intensity distributions among the foci, we introduce a new parameter w as a ratio between
the transparent and opaque part (lacunarity) in the design of FraGZP to realize the large
DOF. It is found that the intensity distribution is improved at foci as DOF is extended
simultaneously by controlling w effectively. Detailed parameter selection and analysis are
given below.

2. Theoretical analysis
First, we consider the irradiance at a given point on the optical axis with a rotationally
invariant pupil function described by p(r). The irradiance, as a function of the axial distance
z from the pupil plane, is given by

(1)

where a is the maximum extent of the pupil function. λ is the wavelength of incident light.
According to the above formula, we give two different ways to analysis the intensity
distribution on the axis. One way is to use a new variable ζ to replace the existing variable r0
in the pupil transmittance used in producing FZP. The new variable, defined as ζ = (r0/a)2,
so that we can get q(ζ) = q(r0). By employing the normalized axial coordinate u = a2/2λz, we
can express irradiance along the optical axis as:

(2)

If the pupil transmittance q(ζ) has a profile of fractal, the irradiance along the optical axis
expressed in terms of the Fourier transform of q(ζ) will get the self-similar profile. The other
way is that the variable is not substituted, which means the pupil transmittance is defined in
square radial coordinate. The irradiance along the axis is given in Eq. (1). We will discuss
the two cases of the variable with substitution and without in the following parts. The pupil
transmittances are both acquired by the cantor set, which is the same as FZPs’. The cantor
set has been used to form the fractal profile of FZP following the same procedure given in
[3]. In the first stage (S = 1) the initial segment is divided into an odd number of segments,
2N − 1, and the segments in the even positions are removed. For the remaining N segments
at the first stage this slicing-and-removing process is repeated in the second stage, and so on.
Conventional FraGZPs are modified by controlling the ratio ε. To overcome the stringent
requirement of a positive integer, we propose the new parameter w to replace ε in the design
of FZPs as described in the introduction. Since, w can be any positive numbers with
fractions, it is more flexible to optimize the irradiance of FZPs. According to the process of
cantor set; we calculate the period p and give the construction procedure in Fig. 1. In the
first stage with N = 2 for example, we can get:
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(3)

where the period in stage one is given by

(4)

In the second stage, the even segments are removed, so in the odd segments we have:

(5)

The period becomes

(6)

and so on.

Finally, we get the period of

(7)

If N is a random integer, the period is

(8)

Based on the analysis, we are able to draw some conclusions below,

a. In radial (r) coordinate, the pupil transmittance and the axial irradiance both have
self-similar features, which is in accordance with the FZPs shown in Fig. 2(a), (a′),
(b) and (b′). We name the modify FZP as MFraGZP, which has more generalized
cases than the FraGZP due to the parameter w.

If γ= ξ or ξ/γ = ε−1, the characters of these cases correspond to FZPs and FraGZPs
proposed in [3] and [18], respectively.

b. Except for the above special conditions, we have other choices of w to optimize the
axis irradiance of FZPs. This gives more conditions to be used in the design.

After taking into account the dependence of p on the parameter w, the axial irradiance of
MFraGZP can be acquired and written in the form

(9)

where

(10)
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The term u = a2/2λz is a normalized axial coordinate; and M is the number of transparent
rings.

2) In square (r2) radial coordinate, the features of this kind of zone plates can be
explained by the cantor ring diffractals given by Jaggard [19]. The DOF are
improved greatly as shown in Fig. 2(c) and (c’). Consequently, the proposed
structure is referred to as quasi-FZP. The different values of w can optimize the
axis irradiance of quasi-FZP.

The amplitude transmittances in the two coordinates of binary pupils are then obtained from
the rotation of the whole structure around one extreme.

As we know, the FZPs are able to extend DOF under white-light illumination by producing
a sequence of subsidiary foci around each major focus following the fractal nature. The
subsidiary foci provide an extended DOF for each wavelength that partially overlaps with
the other ones, creating an overall extended DOF that is less sensitive to chromatic
aberration. To investigate the DOF enhancement feature of the quasi-FZPs, irradiance
distributions along the propagating axis as given in Fig. 3 are calculated by the angular
spectrum formula [20].

(11)

where F[•] and F−1 [•] denote the forward and inverse Fourier transform operators,
respectively; Pupil (x,y) is the pupil transmittance; αx and αy is the direction cosines. We
give the axial irradiance provided by an FZP (N=2, S=2) and a quasi-FZP with the same
stage and segments (N=2, S=2, w=2) (Fig. 3(a) and (b)) for a=2.5 mm with three different
wavelengths in the visible spectrum superimposed, respectively. According to Ref. [5], the
focal length of zone plates is inversely proportional to the wavelength. So under different
wavelengths light illumination, the subsidiary foci partially overlap with the other ones and
create an overall extended depth of focus. The main focal distance in this case is about 20
cm shown in Fig. 3(a′). It can be seen from Fig. 3(a′) and (b′) that the depth of focus of the
quasi-FZP has greatly been extended due to superposition of the foci under polychromatic
light illumination. Undoubtedly, the FZP also extends DOF shown in Fig. 3(b′), but smaller
than the quasi-FZP. From the figures, we can see the focus of quasi-FZP was superposed by
different wavelengths and focal distance is up to ~28 cm. However, the focal distance of
FZP with different wavelengths only has ~18 cm. In other words; the quasi-FZPs make an
improvement of extending DOF by a factor of 1.5 or even greater as shown in Fig. 3(b).
Different from FZP, the quasi-FZP has a major focal spot dominating the DOF
enhancement, while as the subsidiary foci can work with polychromatic light illumination
too.

The aforementioned results indicate that the quasi-FZP can extend DOF effectively. As we
know, however, DOF and the resolution are usually traded-off in optical systems. In order to
elaborate imaging quality quantitatively, typical imaging evaluation parameters such as
super-resolution factor (G), Strehl ratio (S) and sidelobe strength (M) [21-23] of quasi-FZP
are studied in detail. The super-resolution factor (G) definition is the ratio between the
resolution of the imaging system with the zone plate and the one without any zone plate. The
Strehl ratio (S) defined here as the ratio between intensity values of the system with and
without the said element. The sidelobe strength (M) is determined by the peak power ratio of
the first sidelobe to the main lobe in the focal plane. The imaging device should have a lager
value of S and small values of G and M to achieve good quality. The values of S, G, and M
versus w are given in Fig. 4. As mentioned before, when γ = ξ in radial coordinate
corresponding to w=1 in MFraGZPs, the characters of this case are identical to FZPs. The
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imaging evaluation parameters of this case (w=1) are shown in Table 1. They are compared
with their counterparts of an FZP with N=2, S=2 as shown in the bottom line of the table. It
is noted that the factors S and M of quasi-FZPs have a significant improvement than FZPs.
Meanwhile; the spot size is remained unchanged in the two cases. In other words, the quais-
FZPs have a greater DOF and invariable spot size compared with the FZPs.

3. Experimental results
We experimentally verified imaging capabilities of the quasi-FZP under polychromatic light
illumination. We also compared imaging performance between the quasi-FZP and FZP with
the same stage and segments. According to the analysis, it is known that a quasi-FZP is
composed of an array of concentric rings based on the cantor set. The radii of quasi-FZP can
be determined by the periodic formula given in the previous section.

Using the parameters of N=2, S=2 as an example, radii of the rings are r1, r2, r3, r4, r5, r6,
and 1, respectively when normalized to the pupil radius. The phase φ of each ring gap is set
to be 0 or π with respect to the center wavelength λ. In experiments, we fabricated a quasi-
FZP with parameters of N=2, S=2 w=2 with the radius 4/25, 6/25, 10/25, 15/25, 19/25,
21/25, 1, respectively and an FZP with N=2, S=2 in a chemically amplified photoresist (AR-
N 4340) with a thickness of 833 nm by UV laser direct writing technique (DWL66,
HEIDELBERG INSTRUMENTS). The experimental setup is shown schematically in Fig. 5.
It is based on a simple object–lens–image plane arrangement and a binary amplitude
transmission mask is used as the testing sample. The polychromatic light source
(THORLABS, OSL 1-EC Fiber Illuminator) is used for the experiment and the images are
detected by a CCD camera (The Chameleon™ USB 2.0 digital video camera) with a pixel
size of 3.75 μm × 3.75 μm. The object was illuminated by the polychromatic light and
imaged by the plates, then detected by the CCD camera. Feasibilities and applications of
diffractive optical elements (DOEs) with incoherent illumination in optical systems have
widely been studied, for example Refs. [24,25]. The distance L between the object and the
diffractive lens is fixed to 120 mm, and to obtain the defocused images, the distance d from
the diffractive lens and the image plane can be adjusted.

To evaluate the size of focal spot of the quasi-FZP, we illuminate the parallel light to the
fabricated zone plates and detect the spot size in the focal plane. The measured results of the
two elements are shown in Fig. 6. As shown in Fig. 6, the spot size of the quasi-FZP in the
focal plane (d=12.0 cm) is about 10 pixels and the same as its counterpart of FZP, while in
the defocus planes the spot sizes of FZP become greater than the ones of quasi-FZP in the
same distance. Meanwhile, the zero point of FZP appears at 11.0 cm and 12.8 cm around
away from the focal plane, which is nearer than the quasi-FZP. It verifies the theoretical
prediction that the quasi-FZP has a greater focal depth than the FZP.

To give more intuitive results, we applied a set of letters (EF) in a binary amplitude
transmission mask as an object to be imaged at various defocus planes. The letters (EF) were
fabricated by mask aligner with the size of 2 mm × 2 mm. In the focal plane (d=8.5 cm), the
letters of these two plates are clear. However, the defocused images of FZP at 7.4 cm and
10.2 cm are obscure. As shown in Fig. 7 that the defocused images obtained by quasi-FZP
show clear improvements when compared with the counterparts of FZP. It can be seen that
the quasi-FZP has a greater DOF than FZP.

4. Conclusion
In conclusion, a new parameter w is considered as a modification to the conventional FZP
for optimal distribution of foci and their relative amplitude. Through analysis the pupil
transmittance in different coordinates, we compared the MFraGZP and quasi-FZP with the
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conventional FZP. It is found that because of the new parameter w, MFraGZP covers more
generalized cases, including the conventional FZP and FraGZP. Meanwhile, quasi-FZP
evolved from the fractal structure improved DOF greatly and verified the imaging
capabilities of quasi-FZP with its DOF enhancement experimentally. The optimized design
gives rise to a simple and low-cost micro-optical element solution for potential imaging
applications with ultra-large-DOF requirement.
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Fig. 1.
The construction procedure of MFraGZP.

Zhang et al. Page 8

Opt Laser Technol. Author manuscript; available in PMC 2013 November 25.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



Fig. 2.
The structures and the axial irradiances of the traditional FZP, the MFraGZP (in radial
coordinate) and the quasi-FZP (in square radial coordinate). (a), (b), (c) with the same
parameters of N=2, S=2, different value of w=1, w=2, w=2 of FZP, MFraGZP and quasi-
FZP, respectively. (a′), (b′), (c′) with the same parameters of N=2, S=3, different value of
w=1, w=2, w=2 of FZP, MFraGZP and quasi-FZP, respectively.
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Fig. 3.
The structure of quasi-FZP (N=2, S=2, w=2, Fig. 3(a)) and FZP (N=2, S=2, Fig. 3(b)) are
given. The two dimension axial distributions of quasi-FZP (N=2, S=2, w=2, Fig. 3(a′)) and
FZP (N=2, S=2, Fig. 3(b′)) for a=2.5 mm with three different wavelengths of 550 nm, 650
nm and 750 nm superimposed, respectively.
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Fig. 4.
Superresolution factor (G), Strehl ratio (S) and sidelobe strength (M) with different w of
quasi-FZPs and the FZP with N=2, S=2.
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Fig. 5.
The experiment setup of object–lens–image system.

Zhang et al. Page 12

Opt Laser Technol. Author manuscript; available in PMC 2013 November 25.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



Fig. 6.
The measured spot sizes with different distances in the focus depth of the quasi-FZP (a) and
the FZP (b) were obtained. In the front of focal plane (d=11.5 cm, d=11.0 cm), in the focal
plane (d=12.0 cm), and behind the focal plane (d=12.3 cm, d=12.8 cm, d=13.0 cm).
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Fig. 7.
Image obtained with the quasi-FZP and with the FZP. Different locations from the image
plane were considered: in the front of the image plane (d=8.0 cm, d=7.4 cm), at the image
plane (d=8.5 cm), and behind the image plane (d=9.0 cm, d=9.7 cm, d=10.2 cm).
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