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Dequantizing Compressed Sensing: When
Oversampling and Non-Gaussian
Constraints Combine

Laurent Jacques, David K. Hammond, and Jalal M. Fadili

Abstract—In this paper, we study the problem of recovering
sparse or compressible signals from uniformly quantized measure-
ments. We present a new class of convex optimization programs,
or decoders, coined Basis Pursuit DeQuantizer of moment p
(BPDQ), ), that model the quantization distortion more faithfully
than the commonly used Basis Pursuit DeNoise (BPDN) program.
QOur decoders proceed by minimizing the sparsity of the signal to
be reconstructed subject to a data-fidelity constraint expressed in
the (,,-norm of the residual error for 2 < p < oc.

We show theoretically that, (i) the reconstruction error of
these new decoders is bounded if the sensing matrix satisfies an
extended Restricted Isometry Property involving the ¢, norm,
and (ii), for Gaussian random matrices and uniformly quantized
measurements, BPDQ,, performance exceeds that of BPDN by
dividing the reconstruction error due to quantization by /p + 1.
This last effect happens with high probability when the number
of measurements exceeds a value growing with p, i.e.,, in an
oversampled situation compared to what is commonly required
by BPDN = BPDQ,. To demonstrate the theoretical power of
BPDQ,, we report numerical simulations on signal and image
reconstruction problems.

Index Terms—Compressed sensing, convex optimization, de-
noising, optimality, oversampling, quantization, sparsity.

I. INTRODUCTION

HE THEORY of Compressed Sensing (CS) [2], [3] aims
T at reconstructing sparse or compressible signals from a
small number of linear measurements compared to the dimen-
sionality of the signal space. In short, the signal reconstruc-
tion is possible if the underlying sensing matrix is well be-
haved, i.e., if it respects a Restricted Isometry Property (RIP)
saying roughly that any small subset of its columns is “close”
to an orthogonal basis. The signal recovery is then obtained
using nonlinear techniques based on convex optimization pro-
moting signal sparsity, such as the Basis Pursuit program [3].
What makes CS more than merely an interesting theoretical con-
cept is that some classes of randomly generated matrices (e.g.,
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Gaussian, Bernoulli, partial Fourier ensemble, etc.) satisfy the
RIP with overwhelming probability. This happens as soon as
their number of rows, i.e., the number of CS measurements, is
higher than a few multiples of the assumed signal sparsity.

In a realistic acquisition system, quantization of these mea-
surements is a natural process that Compressed Sensing theory
has to handle conveniently. One commonly used technique is
to simply treat the quantization distortion as Gaussian noise,
which leads to reconstruction based on solving the Basis Pur-
suit DeNoising (BPDN) program (either in its constrained or
augmented Lagrangian forms) [4]. While this approach can give
acceptable results, it is theoretically unsatisfactory as the mea-
surement error created by quantization is highly non-Gaussian,
being essentially uniform and bounded by the quantization bin
width.

An appealing requirement for the design of better reconstruc-
tion methods is the Quantization Consistency (QC) constraint,
i.e., that the requantized measurements of the reconstructed
signal equal the original quantized measurements. This idea,
in some form, has appeared previously in the literature. Near
the beginning of the development of CS theory, Candes et al.
mentioned that the />-norm of BPDN should be replaced by the
{oo-norm to handle more naturally the quantization distortion
of the measurements [4]. More recently, in [5], the extreme
case of 1-bit CS is studied, i.e., when only the signs of the
measurements are sent to the decoder. Authors tackle the re-
construction problem by adding a sign consistency constraint in
a modified BPDN program working on the sphere of unit-norm
signals. In [6], an adaptation of both BPDN and the Subspace
Pursuit integrates an explicit QC constraint. In [7], a model
integrating additional Gaussian noise on the measurements
before their quantization is analyzed and solved with a /1 -reg-
ularized maximum likelihood program. However, in spite of
interesting experimental results, no theoretical guarantees are
given about the approximation error reached by these solutions.
The QC constraint has also been used previously for image and
signal processing outside of the CS field. Examples include
oversampled Analog to Digital Converters (ADC) [8], and in
image restoration problems [9], [10].

In this paper, we propose a new class of convex optimization
programs, or decoders, coined the Basis Pursuit DeQuantizer
of moment p (BPDQ,,) that model the quantization distortion
more faithfully. These proceed by minimizing the sparsity of
the reconstructed signal (expressed in the /;-norm) subject to a
particular data-fidelity constraint. This constraint imposes that
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the difference between the original and the reproduced measure-
ments have bounded Zp-norm, for 2 < p < oco. As p approaches
infinity, this fidelity term reproduces the QC constraint as pro-
moted initially in [4]. However, our idea is to study, given a cer-
tain sparsity level and in function of the number of measure-
ments available, which moment 2 < p < oo provides the best
reconstruction result.

Our overall result, which surprisingly does not favor p = oo,
may be expressed by the principle: Given a certain sparsity
level, if the number of measurements is higher than a minimal
value growing with p, i.e., in oversampled situations, by using
BPDQ,, instead of BPDN = BPDQ, the reconstruction error
due to quantization can be reduced by a factor of /p + 1.

At first glance, it could seem counterintuitive to oversample
the “compressive sensing” of a signal. After all, many results
in Compressed Sensing seek to limit the number of measure-
ments required to encode a signal, while guaranteeing exact re-
construction with high probability. However, as analyzed for in-
stance in [11], this way of thinking avoids to considering the ac-
tual amount of information needed to describe the measurement
vector. In the case of noiseless observations of a sparse signal,
Compressed Sensing guarantees perfect reconstruction only for
real-valued measurements, i.e., for an infinite number of bits per
measurements.

From a rate-distortion perspective, the analysis shown in
[12], [13] demonstrates also that CS is suboptimal compared
to transform coding. Under that point of view, the best CS
encoding strategy is to use all the available bit-rate to obtain as
few CS measurements as possible and quantize them as finely
as possible.

However, in many practical situations the quantization bit-
depth per measurement is predetermined by the hardware, e.g.,
for real sensors embedding CS and a fixed A/D conversion of
the measurements. In that case, the only way to improve the
reconstruction quality is to gather more measurements, i.e., to
oversample the signall. This does not degrade one of the main
interests of Compressed Sensing, i.e., providing highly informa-
tive linear signal measurements at a very low computation cost.

The paper is structured as follows. In Section II, we review
the principles of Compressed Sensing and previous approaches
for accommodating the problem of measurement quantization.
Section III introduces the BPDQP decoders. Their stability,
i.e., the £ — /7 instance optimality, is deduced using an ex-
tended version of the Restricted Isometry Property involving
the £,-norm. In Section IV, Standard Gaussian Random ma-
trices, i.e., whose entries are independent and identically
distributed (iid) standard Gaussian, are shown to satisfy this
property with high probability for a sufficiently large number
of measurements. Section V explains the key result of this
paper; that the approximation error of BPDQ,, scales inversely
with /p + 1. Section VI describes the convex optimization
framework adopted to solve the BPDQ,, programs. Finally,
Section VII provides experimental validation of the theoretical
power of BPDQ,, on 1-D signals and on an image reconstruc-
tion example.

Generally, it is also less expensive in hardware to oversample a signal than
to quantize measurements more finely.
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II. COMPRESSED SENSING AND QUANTIZATION
OF MEASUREMENTS

In Compressed Sensing (CS) theory [2], [3], the signal z €
R” to be acquired and subsequently reconstructed is typically
assumed to be sparse or compressible in an orthogonal? basis
U € RVxN (e.g., wavelet basis, Fourier, etc.). In other words,
the best K-term approximation zx of z in U gives an exact
(for the sparse case) or accurate (for the compressible case) rep-
resentation of z even for small K < N. For simplicity, only the
canonical basis ¥ = Id will be considered here.

At the acquisition stage, x is encoded by m linear measure-
ments (with K < m < N) provided by a sensing matrix
® € R™*N e, all known information about  is contained
in the mm measurements (¢;,z) = 3, @l.2x, where {p;}7 !
are the rows of ®.

In this paper, we are interested in a particular nonideal sensing
model. Indeed, as measurement of continuous signals by digital
devices always involves some form of quantization, in practice
devices based on CS encoding must be able to accommodate
the distortions in the linear measurements created by quantiza-
tion. Therefore, we adopt the noiseless and uniformly quantized
sensing (or coding) model:

Yqg = Qul®Pz] = Pz +n )
where y, € (aZ + 5)™ is the quantized measurement vector,
(Qal])i = a[(-)i/a] + 5 is the uniform quantization operator
in R™ of bin width «, and n £ Q,,[®x] — Bz is the quantization
distortion.

The model (1) is a realistic description of systems where the
quantization distortion dominates other secondary noise sources
(e.g., thermal noise), an assumption valid for many electronic
measurement devices including ADC. In this paper we restrict
our study to using this extremely simple uniform quantization
model, in order to concentrate on the interaction with the CS
theory. For instance, this quantization scenario does not take
into account the possible saturation of the quantizer happening
when the value to be digitized is outside the operating range of
the quantizer, this range being determined by the number of bits
available. For Compressed Sensing, this effect has been studied
recently in [16]. Authors obtained better reconstruction methods
by either imposing to reproduce saturated measurements (Satu-
ration Consistency) or by discarding these thanks to the “demo-
cratic” property of most of the random sensing matrices. Their
work however does not integrate the Quantization Consistency
for all the unsaturated measurements. The study of more real-
istic nonuniform quantization is also deferred as a question for
future research.

In much previous work in CS, the reconstruction of z from g,
is obtained by treating the quantization distortion n as a noise of
bounded power (i.e., £-norm) ||n||3 = >, |nk|?. In this case,
a robust reconstruction of the signal x from corrupted measure-
ments y = ®x + n is provided by the Basis Pursuit DeNoise
(BPDN) program (or decoder) [17]:

A(y, €) = argmin [[ul|; s.t. |ly — Pullz <e.  (BPDN)

uweRN

2A generalization for redundant basis, or dictionary, exists [14], [15].
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This convex optimization program can be solved numerically by
methods like Second Order Cone Programming or by monotone
operator splitting methods [18], [19] described in Section VI.
Notice that the noiseless situation € = 0 leads to the Basis Pur-
suit (BP) program, which may also be solved by Linear Pro-
gramming [20].

An important condition for BPDN to provide a good recon-
struction is the feasibility of the initial signal x, i.e., we must
chose ¢ in the (fidelity) constraint of BPDN such that ||n||s =
lly — ®z||2 < e In [17], an estimator of € for y = y, is ob-
tained by considering n as a random vector ¢ € R™ distributed
uniformly over the quantization bins, i.e., § ~ja U([-5, 5])-

An easy computation shows then that ||€[|3 < €3(a) with
probability higher than 1 — e~ for a certain constant co >0
(by the Chernoff-Hoeffding bound [21]), where

e3(ar) = E[IE]13 + # ) Var||€]I3

a? o?

" es
Therefore, CS usually handles quantization distortion by set-
ting € = e2(), typically for K = 2.
When the feasibility is satisfied, the stability of BPDN is guar-
anteed if the sensing matrix ® € R™*® satisfies one instance
of the following property:

(1>

1
m?2.

Definition 1: A matrix ® € R™*¥ satisfies the (extended)
Restricted Isometry Property (RIP, ,) (with p,q > 0) of order
K and radius 65 € (0, 1), if there exists a constant i, ¢ > 0
such that

o (1= 05) 4 lully < [@ully < ppg (14 65" Jlull

(2)

for all K -sparse signals u € RV,
In other words, ®, as a mapping from £;* = (R™, || - |[,,) to
Eflv = (R™, ]| - |l4), acts as a (scaled) isometry on K -sparse sig-

nals of RY. This definition is more general than the common
RIP [22]. This latter, which ensures the stability of BPDN (see
Theorem 1), corresponds to p = ¢ = 2 in (2). The original def-
inition considers also normalized matrices ® = ® /5 » having
unit-norm columns (in expectation) so that fi2 > is absorbed in
the normalizing constant.

We prefer to use this extended RIP,, ; since, as it will become
clear in Section V, the case p > 2 and ¢ = 2 provides us the in-
teresting embedding (2) for measurement vectors corrupted by
generalized Gaussian and uniform noises. As explained below,
this definition includes also other RIP generalizations [26], [28].

We note that there are several examples already described in
the literature of classes of matrices which satisfy the RIP,, , for
specific values of p and ¢. For instance, for p = ¢ = 2, a matrix
® € R™*N with each of its entries drawn independently from
a (sub) Gaussian random variable satisfies this property with
an overwhelming probability if m > ¢K log N/K for some
value ¢ > 0 independent of the involved dimensions [23]-[25].
This is the case of Standard Gaussian Random (SGR) matrices
whose entries are i.i.d. ®;; ~ N(0,1), and of the Bernoulli
matrices with ®;; = 1 with equal probability, both cases
having i » = v/m [23]. Other random constructions satisfying

the RIP; o are known (e.g., partial Fourier ensemble) [2], [17].
For the case p = ¢ = 1 4+ O(1)/log N, it is proved in [26],
[27] that sparse matrices obtained from an adjacency matrix
of a high-quality unbalanced expander graph are RIP, , (with
p2, =1/(1 — éx)). In the context of nonconvex signal recon-
struction, the authors in [28] show also that Gaussian random
matrices satisfy the Restricted p-Isometry, i.e., RIP,, , for ¢ =
2,0 < p <1, pp2 = 1 and appropriate redefinition of dx.

The following theorem expresses the announced stability re-
sult, i.e., the £5 — {7 instance optimality3 of BPDN, as a conse-
quence of the RIP 5.

Theorem 1 ([22]): Let x € RY be a signal whose compress-
ibility is measured by the decreasing of the K -term /1 -approx-
imation error eg(K) = K% ||z — 2|1, for 0 < K < N, and
z i the best K -term ¢5-approximation of . Let ® be a RIP; »
matrix of order 2K and radius 0 < 825 < V2 — 1. Given a
measurement vector y = ®x + n corrupted by a noise n with
power ||n||2 < e, the solution z* = A(y, €) obeys

" €
2" — all < Aeo(K) + B — (€)
2,2

for A(®, K) = 2 % and B(®, K) = .
For instance, for o = 0.2, A < 4.2 and B < 8.5.

Let us precise that the theorem condition do < V2 —1on
the RIP radius can be refined (like in [31]). We know neverthe-
less from Davies and Gribonval [32] that /1 -minimization will
fail for at least one vector for 6o > 1/ v/2. The room for im-
provement is then very small.

Using the BPDN decoder to account for quantization distor-
tion is theoretically unsatisfying for several reasons. First, there
is no guarantee that the BPDN solution z* respects the Quanti-
zation Consistency, i.e.,

Qa[q)x*] =Yq & ||yq - (I)'T*”oo < (QC)

N2

which is not necessarily implied by the BPDN /5 fidelity con-
straint. The failure of BPDN to respect QC suggests that it may
not be taking advantage of all of the available information about
the noise structure in the measurements.

Second, from a Bayesian Maximum a Posteriori (MAP)
standpoint, BPDN can be viewed as solving an ill-posed in-
verse problem where the /5-norm used in the fidelity term
corresponds to the conditional log-likelihood associated to
an additive white Gaussian noise. However, the quantization
distortion is not Gaussian, but rather uniformly distributed.
This motivates the need for a new kind of CS decoder that more
faithfully models the quantization distortion.

III. BAsIS PURSUIT DEQUANTIZER (BPDQ,,)

The considerations of the previous section encourage the def-
inition of a new class of optimization programs (or decoders)
generalizing the fidelity term of the BPDN program.

Our approach is based on reconstructing a sparse approxima-
tion of x from its measurements y = Pz + n under the as-
sumption that £,,-norm (p > 1) of the noise n is bounded, i.e.,

3Adopting the definition of mixed-norm instance optimality [29].
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In|l5 = > [nk]? < € for some € > 0. We introduce the novel
programs

A,(y,€) = argmin ||ul| s.t. ||y — Pul|, <e.

ueERN

(BPDQ,)

The fidelity constraint expressed in the £,,-norm is now tuned to
noises that follow a zero-mean Generalized Gaussian Distribu-
tion* (GGD) of shape parameter p [30], with the uniform noise
case corresponding to p — oo.

We dub this class of decoders Basis Pursuit DeQuantizer of
moment p (or BPDQ,,) since, for reasons that will become clear
in Section V, their approximation error when ®x is uniformly
quantized has an interesting decreasing behavior when both the
moment p and the oversampling factor m /K increase. Notice
that the decoder corresponding to p = 1 has been previously
analyzed in [33] for Laplacian noise.

One of the main results of this paper concerns the {5 — /1
instance optimality of the BPDQ,, decoders, i.e., their stability
when the signal to be recovered is compressible, and when the
measurements are contaminated by noise of bounded £,-norm.
In the following theorem, we show that such an optimality hap-
pens when the sensing matrix respects the (extended) Restricted
Isometry Property RIP,, » for 2 < p < o0.

Theorem 2: Let x € RN be a signal with a K-term £;-ap-
proximation error eg(K) = K2 ||z — zx||1, for 0 < K < N
and zf the best K-term {s-approximation of x. Let ® be a
RIP, » matrix on s sparse signals with constants d,, for s €
{K,2K,3K} and 2 < p < oo. Given a measurement vector
y = ®x + n corrupted by a noise n with bounded /,,-norm, i.e.,
llnll, < e, the solution zj, = Ap(y, €) of BPDQ, obeys

[y = ll2 < Apeo(K) + By e/ 1y,

for values A,(®, K) = %, B,(®,K) = f_—vé:é_za’
and C, = C,(®,2K,K) given in the proof of Lemma 2
(Appendix D).

As shown in Appendix E, this theorem follows from a gener-
alization of the fundamental result proved by Candes [22] to the

particular geometry of Banach spaces £,,.

IV. EXAMPLE OF RIP,, » MATRICES

Interestingly, it turns out that SGR matrices ® € R™*¥ also
satisfy the RIP,, » with high probability provided that m is suf-
ficiently large compared to the sparsity K of the signals to mea-
sure. This is made formal in the following Proposition, for which
the proof> is given in Appendix A.

Proposition 1: Let ® € R™*YN be a Standard Gaussian
Random (SGR) matrix, i.e., its entries are iid N'(0, 1). Then, if
m = (p—1)2P*! for 2 < p < oo and m > 0 for p = oo, there
exists a constant ¢ > 0 such that, for

O,(m) = cod? (Klog [e%(l—f— 1251)} + log %) (4)

4The probability density function f of such a distribution is f(x) o<
exp(—|z/b|?) for a standard deviation o o b.

Snterestingly, this proof shows also that SGR matrices are RIP, » with high
probability for 1 < p < 2 when m exceeds a similar bound to (4).
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with ©,(m) = m?/? for 1 < p < oo and O, (m) = logm for
p = 00, ® is RIP, 5 of order K and radius ¢ with probability
higher than 1 — 7. Moreover, the value p,» = E||£]|, is the
expectation value of the /,,-norm of a SGR vector { € R™.

Roughly speaking, this proposition tells us that to generate a
matrix that is RIP), » with high probability, we need a number of
measurements mn that grows polynomially in K log N/K with
an “order” p/2 for 2 < p < oo, while the limit case p = oo
grows exponentially in K log N/K.

Notice that an asymptotic estimation of (i, o, i.e., for m —
00, can be found in [34] for 1 < p < oco. However, as presented
in the following Lemma (proved in Appendix C), nonasymptotic
bounds for y, o = EJ|{]|, can be expressed in terms of

1
(ENEIR) " = (mElgl) Y/ = v, m*/»

3 _ _ ok _1 +1
with g ~ N(0,1) and v} = E[g|P = 2% 772 ['(557).
Lemma 1: If £ € R™ is a SGR vector, then, for 1 < p < oo,

op+1
(1 "
m

In particular, as soon as m > $712P+! for 8 > 0, E||¢]|, >
(EElB)7 (14 87" > (El|E]lz)» (1 — E=13). Forp = o,
there exists a p > 0 such that p='/logm < E||¢]lec <
p+/logm.

An interesting aspect of matrices respecting the RIP,, » is that
they approximately preserve the decorrelation of sparse vectors
of disjoint supports.

1
P

11
) (EllEl)* < Elell, < (EllelR) -

Lemma 2: Let u,v € RY with [jullo = s and |[v]jp = &'

and supp(u) Nsupp(v) = 0, and 2 < p < oco. If  is RIP,, 5
of order s + s’ with constant 8, ./, and of orders s and s’ with
constants 8, and 64, then

[(T(Du), Dv)| < 57 5 Cp [lull2]lv]]2 ®)

with (J(u)); = |[ul|27? |u; [P~ signu; and C,, = Cp(®, s, 5)
is given explicitly in Appendix D.

It is worth mentioning that the value C, behaves
as /(05 +6s1s) (14 65)(p—2) for large p, and as
Osvs + %(1 + 545 )(p — 2) for p ~ 2. Therefore, this
result may be seen as a generalization of the one proved in
[22] (see Lemma 2.1) for p = 2 with Cy = 6544 . As shown
in Appendix D, this Lemma uses explicitly the 2-smoothness
of the Banach spaces £, when p > 2 [35], [36], in connection
with the normalized duality mapping J that plays a central role
in the geometrical description of /.

Lemma 2 is at the heart of the Proof of Theorem 2, which
prevents the later from being valid for p = oco. This is related to
the fact that the /., Banach space is not 2-smooth and no duality
mapping exists. Therefore, any result for p = oo would require
different tools than those developed here.

V. BPDQ,, AND QUANTIZATION ERROR REDUCTION

Let us now observe the particular behavior of the BPDQ,, de-
coders on quantized measurements of a sparse or compressible
signal assuming that o is known at the decoding step. In this
Section, we consider that p > 2 everywhere.
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First, if we assume in the model (1) that the quantization dis-
tortion n = Q,[®x] — Pz is uniformly distributed in each
quantization bin, the simple Lemma below provides precise es-
timator e for any £,-norm of n.

Lemma 3: If £ € R™ is a uniform random vector with &; ~i;q

U([-%.%5]), then, for 1 < p < oo,

oP

G =E|ElIp = P+ m. ©)

In addition, for any x > 0, P[[[{]|F > ¢, + & o ym] < e 2"

while, limy, (¢, + m‘z’—j\/ﬁ)% = 3.

The proof is given in Appendix F.

According to this result, we may set the £,-norm bound e of
the program BPDQ,, to

s |

c=¢y(a) = #1/;; (m + k(p + 1)v/m) )

T 2(p+1)

so that, for k = 2, we know that x is a feasible solution of
the BPDQ, fidelity constraint with a probability exceeding 1 —
e ®>1-34x107%

Second, Theorem 2 points out that, when ® is RIP, » with
2 < p < oo, the approximation error of the BPDQP decoders
is the sum of two terms: one that expresses the compressibility
error as measured by eo(K'), and one, the noise error, propor-
tional to the ratio €/ Itp,2. In particular, by Lemma 1, for m re-
specting (4), a SGR sensing matrix of m rows induces with a
controlled probability

X €,
lz —z;lla < Apeo(K) + By, p ) (8)
/Lp,2

Combining (7) and the result of Lemma 1, we may bound the
noise error for uniform quantization more precisely. Indeed, for
2<p<ooifm> (p— 10207, pyp > 22 vym? with
vy = \/iﬂ_ﬁ F(%)%

In addition, using a variant of the Stirling formula found in
[371, we know that [T'(z) — (25)3(2)*| < & (2%)3 (L) for
x 2 1. Therefore, we compute easily that, forz = (p+1)/2 >

®

Loy > /P (E > (B2 with e = §2 < L.
Finally, by (7), we see that
61,((1) D 9¢ < 1 N 1 >1/1;
< K —— .
Hp,2 p—116v2 \p+1 vm Vp+1

(0%
< Cﬁ ©)]

with C' = 9¢/(8v/2) < 2.17, where we used the bound LT <2
and the fact that (=~ + & \/%)1/? < lifm > (”pilf-a)2 =
O(1).

In summary, we can formulate the following principle.

Oversampling Principle: The noise error term in the £5 — /4
instance optimality relation (8) in the case of uniform quanti-
zation of the measurements of a sparse or compressible signal
is divided by /p + 1 in oversampled SGR sensing, i.e., when
the oversampling factor m/K is higher than a minimal value
increasing with p.

_1
p+1

563

Interestingly, this follows the improvement achieved by
adding a QC constraint in the decoding of oversampled ADC
signal conversion [8].

The oversampling principle requires some additional expla-
nations. Taking a SGR matrix, by Proposition 1, if m,, is the
smallest number of measurements for which such a randomly
generated matrix ® is RIP, 5 of radius ¢, < 1 with a certain
nonzero probability, taking m > m,, allows one to generate a
new random matrix with a smaller radius 6 < 0, with the same
probability of success.

Therefore, increasing the oversampling factor m/K pro-
vides two effects. First, it enables one to hope for a matrix
® that is RIP, 5 for high p, providing the desired error di-
vision by /p + 1. Second, as shown in Appendix B, since
6 = O(m~'/?\/logm), oversampling gives a smaller § hence
counteracting the increase of p in the factor C), of the values
A, > 2 and B, > 4. This decrease of ¢ also favors BPDN,
but since the values A = A > 2and B = By > 4in (3) are
also bounded from below this effect is limited. Consequently,
as the number of measurements increases the improvement in
reconstruction error for BPDN will saturate, while for BPDQP
the error will be divided by /p + 1.

From this result, it is very tempting to choose an extremely
large value for p in order to decrease the noise error term (8).
There are however two obstacles with this. First, the instance
optimality result of Theorem 2 is not directly valid for p = oo.
Second, and more significantly, the necessity of satisfying
RIP, » implies that we cannot take p arbitrarily large in Propo-
sition 1. Indeed, for a given oversampling factor m /K, a SGR
matrix ¢ can be RIP,, , only over a finite interval p € [2, pmax]-
This implies that for each particular reconstruction problem,
there should be an optimal maximum value for p. We will
demonstrate this effect experimentally in Section VII.

We remark that the compressibility error is not significantly
reduced by increasing p when the number of measurements is
large. This makes sense as the £,-norm appears only in the fi-
delity term of the decoders, and we know that in the case where
€ = 0 the compressibility error remains in the BP decoder [22].
Finally, note that due to the embedding of the /,-norms, i.e.,
II-1l, < |- |l if p = p’ > 1, increasing p until p,,. makes the
fidelity term closer to the QC.

VI. NUMERICAL IMPLEMENTATION

This section is devoted to the description of the convex op-
timization tools needed to numerically solve the Basis Pursuit
DeQuantizer program. While we generally utilize p > 2, the
BPDQ,, program is convex for p > 1. In fact, the efficient iter-
ative procedure we describe will converge to to the global min-
imum of the BPDQ,, program for all p > 1.

A. Proximal Optimization

The BPDQ),, (and BPDN) decoders are special case of a gen-
eral class of convex problems [18], [38]

arg min fy (z) 4 fa(x) (P)

where H = R is seen as an Hilbert space equipped with
the inner product (z,z) = ), z;z;. We denote by domf =
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{r € H : f(z) < 400} the domain of any f : H —
R U {400}. In (P), the functions f1, fo : H — RU {400} are
assumed (i) convex functions which are not infinite everywhere,
i.e., domfi,domfs # 0, (ii) domf; N domfs # @, and (iii)
these functions are lower semi-continuous (Isc) meaning that
liminf, .., f(z) = f(zo) for all zy € domf. The class of
functions satisfying these three properties is denoted T'o(R™).
For BPDQ,,, these two nondifferentiable functions are f1(z) =
llz]l1 and fo() = 270 (c)(z) = 0if 2 € TP (¢) and co otherwise,
i.e., the indicator function of the closed convex set T?(e) =
{z € RY ¢ |lyq — @z, < €}

It can be shown that the solutions of problem (P) are char-
acterized by the following fixed point equation: x solves (P) if
and only if

z= (14 pO(fr + f2))H(x), forf>0. (10
The operator Jgar = (1+ B0f) ™" is called the {resolvent op-
erator} associated to the subdifferential operator O f, (3 is a pos-
itive scalar known as the proximal step size, and 1 is the iden-
tity map on H. We recall that the subdifferential of a function
f €Ty(H) atz € H is the set-valued map 0f (x) = {u € H :
Vz € H, f(z) =2 f(z) + (u, z — z)}, where each element u of
df is called a subgradient.

The resolvent operator is actually identified with the prox-
imity operator of B f, i.e., Jgof = proxgy, introduced in [39]
as a generalization of convex projection operator. It is defined
as the unique solution prox(z) = argmin.ey 3|z — z||3 +
f(z) for f € To(H). If f = 1 for some closed convex set
C C'H,, prox; (z) is equivalent to orthogonal projection onto
C. For f(x) = ||z||1, prox.;(x) is given by component-wise
soft-thresholding of = by threshold ~ [18]. In addition, prox-
imity operators of Isc convex functions exhibit nice properties
with respect to translation, composition with frame operators,
dilation, etc. [40], [38].

In problem (P) with f = f; + fo, the resolvent operator
Jsop = (14 BOf) ! typically cannot be calculated in closed-
form. Monotone operator splitting methods do not attempt to
evaluate this resolvent mapping directly, but instead perform
a sequence of calculations involving separately the individual
resolvent operators J3af, and Jgay,. The latter are hopefully
easier to evaluate, and this holds true for our functionals in
BPDQ,,.

Since for BPDQ,,, both f; and f> are nondifferentiable, we
use a particular monotone operator splitting method known as
the Douglas—Rachford (DR) splitting. It can be written as the
following compact recursion formula [18]

t41 Q¢ : e : "
2+ = (1 - 7) 20+ ST PR ) (x“)) (11)

where A® £ 24 — 1 for any operator A, a; € (0,2) for all
t € N, S, = prox, 4, is the component-wise soft-thresholding
operator with threshold v > 0 and Pr, () = proxy, is the
orthogonal projection onto the tube T?(¢). From [19], one can
show that the sequence (:c(t))teN converges to some point z*
and Pr, (¢)(z*) is a solution of BPDQ,,. In the next Section, we
provide a way to compute Pr, () (2*) efficiently.
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B. Proximity Operator of the £, Fidelity Constraint

Each step of the DR iteration (11) requires computation of
proxs, = Pru(e) for T?(e) = {z € RV : |lyq — ®z||, < €}
We present an iterative method to compute this projection for
2<p< oo

Notice first that, defining the unit £, ball B? = {y € R™ :
llyll, < 1} € R™, we have

fa(w) = 1o (o) () = (13» © Ac)(2)

with the affine operator A, (z) = L@z —y,).

The proximity operator of a precomposition of a function
f € I'o(H) with an affine operator can be computed from the
proximity operator of f. Indeed, let ® € R™*" and the affine
operator A(z) £ &'z — y with y € R™. If &' is a tight frame
of H,i.e., ®®™* = ¢l for some ¢ > 0, we have

proXs,4(7) =z + c o™ (prox.; — 1) (A(x))

[40], [18]. Moreover, for a general bounded matrix ®’, we can
use the following lemma.

Lemma 4 ([18]): Let ® € R™*Y be a matrix with bounds
0 < c¢1 < ¢a < oosuch that ¢11 < ®'P™* < o1 and let
{B:}ten be a sequence with 0 < inf; B < sup, B < 2/co.
Define

ut+) — g, (]1 _ proxﬂ;lf) (ﬁt—lu(t) + A (p(t))) 7
P = g @l (D) (12)
If the matrix @’ is a general frame of H, i.e.,0 < ¢; < ¢ < 00,
then f o A € To(H). In addition, u) — u € R™ and p® —
prox;, 4(r) = x — ®*u in (12). More precisely, both u(®) and
p*) converge linearly and the best convergence rate is attained
for B = 2/(c1 + ¢2) with [[ul —al| < (252)"|u® — .
Otherwise, if ®’ is just bounded (i.e., c; = 0 < co < ©0),
and if f o A € Ty(H), apply (12), and then v — @ and
P — prox;, 4(x) = & — ®™*u at the rate O(1/1).

In conclusion, computing prox ;, may be reduced to applying
the orthogonal projection prox, ., = Ppg» by setting f = 1,
®’ = ®/c and y = y, /¢ inside the iterative method (12) with a
number of iterations depending on the selected application (see
Section VII).

For p = 2 and p = oo, the projector Ppr has an explicit
form. Indeed, if y is outside the closed unit £,-ball in R™, then
Pp2(y) = 17> and (P (y))i = sign(y;) x min{1, |y;|} for
1<i<m.

Unfortunately, for 2 < p < oo no known closed-form for the
projection exists. Instead, we describe an iterative method. Set
fy(u) = llu—yl3 and g(u) = [[ull?.

If ||lyll, < 1, Pgr(y) = y. For |ly|l, > 1, the projection
Ppsr is the solution of the constrained minimization problem
u* = argmin,, f,(u)s.t. g(u) = 1.Let L(u, A) be its Lagrange
function (for A € R)

L(u, A) = fy(u) + A (g(u) = 1). (13)



JACQUES et al.: DEQUANTIZING COMPRESSED SENSING

1.6}

565

‘_—‘/’/0/‘/’/‘ =t

p=4

0.96

p=10 p=3

\3 = / BPDN
= 28 g
[92]
p=
p=3
1.2 Brox
2 ‘ . . . . . . - . . . 0.84 - . . . .
10 15 20 25 30 35 40 10 15 20 25 30 35 10 10 15 20 25 30 35 40
m/K m/K m/K
(a) (b) (©
Fig. 1. Quality of BPDQ, for different m /K and p. (a) Mean and (b) standard deviation of SNR. (c) Fraction of coefficients satisfying QC.

Without loss of generality, by symmetry, we may work in the
positive¢ orthant u; > 0 and y; > 0, since the point y and its
projection u* belong to the same orthant of R™, i.e., y;u; > 0
forall1 <7< m.

As f, and ¢ are continuously differentiable, the
Karush—Kuhn-Tucker system corresponding to (13) is
VuL(u*, X*) = Vo f,(u*) + X*V,g(u*) =0

ViaL(uw ,A*)=g(u*)—1=0 (14)

where the solution u* is nondegenerate by strict convexity in u
[41], and A* the corresponding Lagrange multiplier.
Let us write z = (u, zpp1 = A) € Rl and F = V. L :

Rm+1 N Rm+1 as
Fi(2) Zi D ompr 28—y, ifi <m,
i\2) = m o
! (ijlzﬁ»’)—l, ifi=m+ 1.

The KKT system (14) is equivalent to F'(2*) = 0, where the de-
sired projection u* is then given by the first /m coordinates of z*.
This defines a system of m + 1 equations with m + 1 unknowns
(u*, A*) that we can solved efficiently with the Newton method.
This is the main strategy underlying sequential quadratic pro-
gramming used to solve general-type constrained optimization
problems [41].
Given an initialization point 20, the successive iterates are
defined by
Zn+1 — " _ V(Zn

) LR (") (15)

where V;; gF < is the Jacobian associated to F'. If the iterates
sequence (z )n>0 is close enough to (u*, A*), we known that

the Jacobian is nonsingular as * is nondegenerate. Moreover,
since that Jacobian has a simple block-invertible form, we may

compute ([42, p.125])
N
)b u)b) (16)

U = o (

where D € R™*"™ is a diagonal matrix with D;;(2)
1

1)zm+1zf_2, b € R™ with b;(z) = pzf~ L for

uD ™+ (2t
(bTu — 21

(r—

= 1+p(p
<'<

6The general solution can be obtained by appropriate axis mirroring.

b= Db, p = bT Db = bT D b. This last expression can be
computed efficiently as D is diagonal.

We initialize the first m components of z° by the direct radial
projection of y on the unit £,-ball, u® = y/||y||,, and initialize
2z, 41 = argminy [|[F(u®,\)||2.

In summary, to compute Ppgr, we run (15) using (16) to calcu-
late each update step. We terminate the iteration when the norm
of ||F(2™)||2 falls below a specified tolerance. Since the Newton
method converges superlinearly, we obtain error comparable to
machine precision with typically fewer than ten iterations.

VII. EXPERIMENTS

As an experimental validation of the BPDQP method, we
ran two sets of numerical simulations for reconstructing sig-
nals from quantized measurements. For the first experiment
we studied recovery of exactly sparse random 1-D signals,
following very closely our theoretical developments. Setting
the dimension N = 1024 and the sparsity level K = 16, we
generated 500 K -sparse signals where the nonzero elements
were drawn from the standard Gaussian distribution A/(0, 1),
and located at supports drawn uniformly in {1,..., N}. For
each sparse signal z, m quantized measurements were recorded
as in model (1) with a SGR matrix & € R™*¥ . The bin width
was set to o = || Pz~ /40.

The decoding was accomplished with BPDQ,, for various
moments p > 2 using the optimization algorithm described
in Section VI. In particular, the overall Douglas—Rachford pro-
cedure (11) was run for 500 iterations. At each DR step, the

. . . . (1) _pt=1),
method in (12) was iterated until the relative error llp I t) B B

fell below 10~; the required number of iterations was depen-
dent on m but was fewer than 700 in all cases examined.

In Fig. 1, we plot the average quality of the reconstructions of
BPDQ,, for various values of p > 2 and m/K € [10,40]. We

use the quality measure SNR(Z; z) = 201log;, Hll LL” , where
x is the true original signal and Z the reconstruction. As can be
noticed, at higher oversampling factors m /K the decoders with
higher p give better reconstruction performance. Equivalently,
it can also be observed that at lower oversampling factors, in-
creasing p beyond a certain point degrades the reconstruction
performance. These two effects are consistent with the remarks

noted at the end of Section V, as the sensing matrices may fail



566

Fig. 2. Histograms of o ='(®& — y);. Left, p = 2. Right, p = 10.

to satisfy the RIP), » if p is too large for a given oversampling
factor.

One of the original motivations for the BPDQ,, decoders is
that they are closer to enforcing quantization consistency than
the BPDN decoder. To check this, we have examined the “quan-
tization consistency fraction”, i.e., the average fraction of re-
measured coefficients (®); that satisfy |(®z); — yi| < §.
These are shown in Fig. 1(c) for various p and m/K. As ex-
pected, it can be clearly seen that increasing p increases the QC
fraction.

An even more explicit illustration of this effect is afforded by
examining histograms of the normalized residual o~ (92 —y);
for different p. For reconstruction exactly satisfying QC, these
normalized residuals should be supported on [—1/2,1/2]. In
Fig. 2 we show histograms of normalized residuals for p = 2
and p = 10, for the case m/K = 40. The histogram for p = 10
is indeed closer to uniform on [—1/2,1/2].

For the second experiment, we apply a modified version of
the BPDQ,, to an undersampled MRI reconstruction problem.
Using an example similar to [43], the original image is a
256 x 256 pixel “synthetic angiogram,” i.e., N 2562,
comprised of ten randomly placed nonoverlapping ellipses.
The linear measurements are the real and imaginary parts of
a fraction p of the Fourier coefficients at randomly selected
locations in Fourier space, giving m pN independent
measurements. These random locations form the index set
Q C {1,...,N} with || = m. Experiments were carried
out with p € {1/6,1/8,1/12}, but we show results only for
p = 1/8. These were quantized with a bin width « = 50,
giving at most 12 quantization levels for each measurement.

For this example, we modify the BPDQ),, program III by re-
placing the /; term by the total variation (TV) semi-norm [44].
This yields the problem

argmin ||uflrv s.t. [ly — Pull, <€
u

where ® = F{, is the restriction of Discrete Fourier Transform
matrix F' to the rows indexed in 2.

This may be solved with the Douglas—Rachford iteration (11),
with the modification that S, be replaced by the proximity oper-
ator associated to -y times the TV norm, i.e., by prox. .| ., (y) =
argmin, 3|ly — u||> + v|lul|rv. The latter is known as the
Rudin-Osher-Fatemi model, and numerous methods exist for
solving it exactly, including [45]-[48]. In this work, we use
an efficient projected gradient descent algorithm on the dual
problem, see, e.g., [18]. Note that the sensing matrix Fy, is actu-
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Fig. 3. (Solid) Average SNR and (dashed) SNR improvement over BPDN as
a function of p, for the synthetic angiogram reconstruction simulations. Error
bars indicate one standard deviation.

ally a tight frame, i.e., Fo I, = 1, so we do not need the nested
inner iteration (12).

We show the SNR of the BPDQ,, reconstructions as a func-
tion of p in Fig. 3, averaged over 50 trials where both the syn-
thetic angiogram image and the Fourier measurement locations
are randomized. This figure also depicts the SNR improvement
of BPDQ,,-based reconstruction over BPDN. For these simula-
tions we used 500 iterations of the Douglas—Rachford recursion
(11). This quantitative results are confirmed by visual inspec-
tion of Fig. 4, where we compare 100 x 100 pixel details of the
reconstruction results with BPDN and with BPDQ),, for p = 10,
for one particular instance of the synthetic angiogram signal.

Note that this experiment lies far outside of the justification
provided by our theoretical developments, as we do not have
any proof that the sensing matrix Fq satisfies the RIP), », and
our theory was developed only for /; synthesis-type regulariza-
tion, while the TV regularization is of analysis type. Nonethe-
less, we obtain results analogous to the previous 1-D example;
the BPDQ,, reconstruction shows improvements both in SNR
and visual quality compared to BPDN. These empirical results
suggest that the BPDQ,, method may be useful for a wider range
of quantized reconstruction problems, and also provoke interest
for further theoretical study.

VIII. CONCLUSION AND FURTHER WORK

The objective of this paper was to show that the BPDN recon-
struction program commonly used in Compressed Sensing with
noisy measurements is not always adapted to quantization dis-
tortion. We introduced a new class of decoders, the Basis Pur-
suit DeQuantizers, and we have shown both theoretically and
experimentally that BPDQ,, exhibit a substantial reduction of
the reconstruction error in oversampled situations.

A first interesting question for further study would be to char-
acterize the evolution of the optimal moment p with the over-
sampling ratio. This would allow for instance the selection of the
best BPDQ,, decoder in function of the precise CS coding/de-
coding scenario. Second, it is also worth investigating the exis-
tence of other RIP,, » random matrix constructions, e.g., using
the Random Fourier Ensemble. Third, a more realistic coding/
decoding scenario should set « theoretically in function of the
bit budget (rate) available to quantize the measurements, of the
sensing matrix and of some a priori on the signal energy. This
should be linked also to the way our approach can integrate
the saturation of the quantized measurements [16]. Finally, we
would like to extend our approach to nonuniform scalar quanti-
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(a) (b)

Fig. 4. Reconstruction of synthetic angiograms from undersampled Fourier measurements, using TV regularization. (a) Original, showing zoom area. (b) BPDN
(zoom). (c) BPDQ),, (zoom). (a) Original image, (b) SNR = 8.96 dB, and (c) SNR = 12.03 dB.

zation of random measurements, generalizing the quantization
consistency and the optimization fidelity term to this more gen-
eral setting.

APPENDIX A
PROOF OF PROPOSITION 1

Before proving Proposition 1, let us recall some facts of mea-
sure concentrations [49], [50].

In particular, we are going to use the concentration property
of any Lipschitz function over R™, i.e., F such that ||F||r;, =
E@=FO| o o0 If |F||1ip < 1, F is said

Supu,'u € R™ u#v Ju—v]2

1-Lipschitz.
Lemma 5 [Ledoux, Talagrand [49] (1.6)]: If F is Lipschitz

with A = ||F||Lip, then, for the random vector { € R™ with
& ~ia N(0,1):

Pe|F(&) —prpl > 7] < 26_%2)‘72, forr > 0,
with up = EF (&) = [gn F(z)y™(z)d™z and 4" (z) =

(2m) =™/ 2e=lI=15/2,

A useful tool that we will use is the concept of a net. An e-net
(e > 0) of A C R is asubset S of A such that forevery ¢ € A,
one can find s € S with ||t — s||2 < e. In certain cases, the size
of a e-net can be bounded.

Lemma 6 ([50]): There exists a e-net S of the unit sphere of
RE of size |S| < (1 + 2)K
We will use also this fundamental result.

Lemma 7 ([50]): Let S be a e-net of the unit sphere in R¥ .
Then, if for some vectors v1,...,vx in the Banach space B
normed by || - || 5, we have 1 — e < || Zfil $ivi||p < 1+ € for
all s = (s1,...,5x) € S C RE, then

(1 =P ltll2 < (1+5) [Il2

B

for all t € RX, with 8 = T
In our case, the Banach space B is £} = (R™,|| - [|,) for
1< p < oo, ie., R™ equipped with the norm llul[h =25 fuilP-

With all these concepts, we can now demonstrate the main
proposition.

Proof of Proposition 1: Letp > 1. We must prove that for
a SGR matrix ® € R™*¥ i.e., with ®;; ~;;q N(0,1), with the
right number of measurements m, there exist aradius 0 < § < 1
and a constant y, » > 0 such that

pp 2Vl =bllzlla < [|®zll, < pp2VI+o|zlla (A7)

for all » € RN with [|z]jo < K.
We begin with a unit sphere Sp = {u € RY : suppu =
T,||u|lz = 1} for a fixed support T C {1,...,N} of size

|T| = K. Let Sy be an e-net of S7. We consider the SGR
random process that generates ¢ and, by an abuse of notation,
we identify it for a while with @ itself. In other words, we define
the random matrix ® = (®y,...,®y) € R™*Y where, for all
1 <7< N, ®; € R™ is arandom vector of probability density
quCtIOH (orpdf) " (w) = T, v(u;) for u € R™ and y(u;) =
\/2— —u}/2 (the standard Gaussian pdf). Therefore, @ is related

tOthepdf7¢(¢) ((:b]))()b_ (¢17"'7¢N) € RmXN'
Since the Frobenlus norm [|¢]| 7 = (32 jx|*)*/? of ¢ and

the pdf v (¢) o e~ 1417/ are invariant under a global rotation
in RY of all the rows of ¢, it is easy to show that for unit vector
s € BY, Py[|F(®s) — pup| > 1] = Po[|F(®1) — pur] > 1] <
2e~ %TZA_Q, using Lemma 5 on the SGR vector ®;.

The above holds for a single s. To obtain a result valid for all
s € St we may use the union bound. As |Sy| < (1+2/6)K
Lemma 6, setting » = e for € > 0, we obtain

Pol| it F(®s) — 1] > ¢ < 2K 08042 )=huia?

for all s € St.
Taking now F'(-) = || - ||, for 1 < p < oo, we have pup =
tp2 = EJ||€]|p for a SGR vector & € Rm The Lipschitz value

isA=X, =1forp > and/\—)\p:m% forl <p<2.
Consequently,
1
(l—e)é‘—@s < (1+€) (18)
,U;p’2 p
for all s € Sp, with a probability higher than 1 —

2 exp(K log(1 + 2e71) — 3€%u2 ,A,2).
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We apply Lemma 7 by noting that, as s has support of size
K, (18) may be written as

K

E S;U;

i=1

1—-€e< <1l+e

p

where v; € R™ are the columns of <I> corresponding to the
support of s (we abuse notation to let s; range only over the
support of s). Then according to Lemma 7 we have, with the
same probability bound and for (\/5 —-1)6 = 12_56,

VI=6alla < (1= (V2= 1)) ||z]l2 < [|@z]],
<1+ (V2= 18) [lzlla < VI+ 5]z

19)

for all z € RN withsuppz = T.
The result can be made independent of the choice of T' C
{1,..., N} by considering that there are (g) < (eN/K)X

such possible supports. Therefore, applying again an union
bound, (19) holds for all K-sparse z in R with a probability
higher than 1 — 2 em 2 Hpady K logleqr (142671

Let us bound this probability first for 1 < p < oo. For
m > f712ptl and g7 = p — 1, Lemma 1 tells us that
Pp2 = pply m?> with vy = \/_7r % F(p+1) . A probability
of success 1 — n with < 1 is then guaranteed if we select, for

1<p<2:
2
P Nt 4ot 2
<p—1) <K10g[eK(1+2e )}—f—logn)

and for 2 <

2

2
€ l/p

2
since/\p:m% p < oo,

2y 2 p \’
m? —
vz \p—1

X <Klog [e%(l + 26_1):| + log %) (20)

since A, =

From now, A > ¢B or A < ¢ B means that there exists a
constant ¢ > 0 such that these inequalities hold. According to
the lower bound found in Section V, v, > ¢+/p + 1 implying
that v < ¢. Since (p/(p —1))* < 4foranyp > 2and e~ <

%5‘1 < 6671, we find the new sufficient conditions:

m>c6 2 L : Klo 65(1—1—125_1) +1o 2
p—1 Sk &

forl < p < 2,and

N 2
m2/P > 672 <K10g [e?(l + 126_1)] + log —)
n

for 2 < p < o0.

Second, in the specific case where p = oo, since there exists
a p > 0such that fioe 2 = p~'v/logm, with Ao, = 1, logm >
c672 (K logle (1 +12671)] +log 7). ]

Let us make some remarks about the results and the require-
ments of the last proposition. Notice first that for p = 2, we find
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the classical result proved in [23]. Second, as for the compar-
ison between the common RIP5 5 proof [23] and the tight bound
found in [24], the requirements on the measurements above are
possibly pessimistic, i.e., the exponent 2/p occurring in (20) is
perhaps too small. Proposition 1 has however the merit to prove
that random Gaussian matrices satisfy the RIP, » in a certain
range of dimensionality.

APPENDIX B
LINK BETWEEN 6 AND m FOR SGR RIP), » MATRICES

For 2 < p < o0, Proposition 1 shows that, if 52 >
em™/? (K log[eX (1 + 12671)] + log 2) for a certain con-
stant ¢ > 0, a SGR matrix & € R™** is RIP, o of order
K and radius 0 < 6 < 1 with a probability higher than
1 — 7. Let us assume that § > dm~/? for some d > 0.
We have, logé~! < %logm — logd, and therefore, the
same event occurs with the same probability bound when
62 > em™YP (K log[13eX] + % logm — K logd + log %)
For high m and for fixed K, N and 7, this provides
6 = O(m~'/?\/logm), which meets the previous assumption.

APPENDIX C

Proof of Lemma 1: The result for p = oo is due to [49]
(see (3.14)). Let £ € R™ be a SGR vector, i.e., & ~;qa N (0,1)
forl < ¢+ < m,and 1 < p < oo. First, the inequality
Ell€]l, < ([E||£||g)1/1’ follows from the application of the Jensen
inequality p(E||£|l,) < Ee(]|¢]l,) with the convex function
@(-) = (-)P. Second, the lower bound on E||{||, arises from
the observation that for f : Rt — R with f(¢) = ¢, and for
a given tgp > 0,

f() = f(to) + f'(to)(t — to) + pf" (to)(t — to)?

forall t > 0.

Indeed, observe first that since f(™)(at’) = a%_"f(")(t')
for a > 0 and n € N, it is sufficient to prove the result for
to = 1. Proving (21) amounts then to prove f(t) = tr >
27’ =1y p=142 o equivalently, £ + pplf > 22=1 The
LHS of this last inequality takes its minimum in ¢ = 1 with
value 2pp 1 , which provides the result.

since 1.2 = EJ¢ll, = EF(IEIIZ) and E(€]l2 — fzy.2) = O,
using (21) we find

fp2 = (to)7~ <<2 - %) Iip2to + <11—7 - 1) (p2 + 52))

writing /i, 2 = E||¢[|} and 5 = E(|[¢[1} — fip.2)* = Var][¢][p.
The RHS of the last inequality is maximum for ¢y = fip 2 (1 +
i, 3G 2). For that value, we get finally

1)

iz > (ENEIE) " (1+ (EIIEIE) > Varlilp) ™

Because of the decorrelation of the components of &, the last
inequality simplifies into
1 _ 11
pp2 > m# (ElglP)s (1+m™(E|gl")~> Varlg?)?

with g ~ N(0,1).
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Moreover, since E|g|? = 25 7~ 2 I'(2EL) and using the fol-
lowing appr0x1mat10n of the Gamma function [37] |I'(z) —

(2?”)( I < & (2”) 2(%2)”, valid for = > 1, we observe that
2.1, x 2t 1T
0.9 ()< (z) <11 (—)2(—)”
oy <@ <11 (B

p+1

that holds also if + = 3 with p > 1. Therefore,
_ 1 evt 2p+1
(ElgP)=2 Varlgl < (F:(5)7 ()P — 1) < (5727
and finally
N N op \ 51
> m Elgl)? (1462 )

for a constant ¢ = - (%)% < 1.584 < 2 independent of p

and m. [ |

APPENDIX D

Proof of Lemma 2: Notice first that since J (Aw) = X J(w)
for any w € R™ and A € R, it is sufficient to prove the result
for [[ull2 = flv]l2 = 1.

The Lemma relies mainly on the geometrical properties of
the Banach space £ = (R™,|| - [,,) for p > 2. In [35], [36],
it is explained that this space is p-convex and 2-smooth. The
smoothness involves in particular

I3 +2¢J (x), ) +

(p-Dlylz 22

[l + gl <
where J = J, and J, is the duality mapping of gauge function
t — t"~! for r > 1. For the Hilbert space /5, the relation (22)
reduces of course to the polarization identity. For £, .J,. is the
differential of (| - ||, i.e., (Jn(u)); = |Jul|" P |u; [P~ signu;.

The smoothness mequahty (22) involves

2(J(z),y) < +(p-1)lyll2 -

where we used the change of variable y — —y.

Let us take 2 = ®u and y = tPv with ||ullo = s, ||v|lo = ¢,
llu|l2 = ||v]l2 = 1, suppu N suppv = @ and for a certain ¢ > 0
that we will set later. Because @ is assumed RIP,, » for s, s’ and
s + s’ sparse signals, we deduce

[l lz —9ll; @3

2 11 5t|(J (u), Pv)| < (14 6,)

H(p = D1+ 808 = (1= 8 (1 + 1)
where the absolute value on the inner product arises from the
invariance of the RIP bound on (23) under the change y — —y.
The value /i, 2|(J(®w), ®v)| is thus bounded by an expression
of type f(t) = %ﬂ# with o, 3 > 0 for p > 2 given by
a =108+ bsys and f = (p—2) 4+ (p — 1)bs + 6545 . Since
the minimum of f is 2\/af, we get
1o [{(@u), D0)| < [(6s 855 ) (PP s +85 +85157)]7 (24)
withp=p—2 > 0.
In parallel, a change y — z + y in (23) provides
2(J(2),y) < —lllly +

(p=Dllz +yl; = vl

569

where we used the fact that (J (), z) = ||z||. By summing this
inequality with (23), we have

4(T(2),y) < (p = 2)llyll; + (0 = 1) o+ wllp — llz = yll}.

Using the RIP, 2 on x = ®u and y = t®v as above leads to

pat [(J(Pu), Dv)]
SA+8)pt2 + (p— 1)(1 + 85y )(1 +12)
- (1 - 5S+S’)(1 + tz)
=P+ Poats + (20 + Pbsr + POats )t
with the same argument as before to explain the absolute value.
Minimizing over ¢ as above gives
20, 5 |(J(Pu), Dv)|
< [(ﬁ +p 6S+S’) ( 2p + pos +p 55—‘,—5’)]

W=

(25)

Together, (24) and (25) imply

Cp = min {[(55 + Ostsr)(0sr + bsqsr + (1 + 55’))]%7

,1+6s s’ ,2+6s’+6s s’ %
|:<6s+s’ +pT+> <5s+s’ +pf+>:| }

It is easy to check that C, = C,(®,s,s’) behaves as

— _ 65/ +6S o
\/(55+5S+SI)(1+65/)p for P > ﬁ, and as
65-1-5’ + %(1 + 55-1—5’)? + 0(52) fOI‘p ~ 2.

APPENDIX E

Proof of Theorem 2: Let us write z© = x + h. We have

to characterize the behavior of ||h||2. In the following, for any
vector u € R? with d € {m, N}, we define u 4 as the vector in
R? equal to u on the index set A C {1,...,d} and 0 elsewhere.

We define Ty = suppzx and a partition {7}, : 1 < k <
[(N — K)/K |} of the support of hre. This partition is deter-
mined by ordering elements of h off of the support of xx in
decreasing absolute value. We have |T;| = K forall k > 1,
T N Ty = 0 for k # k', and crucially that |h;| < |h;| for all
Jj € Tkyrand i € Ty.

We start from

1712 <

Ao ll2 + ([, [I2 (26)

with Tyh; = Ty U T, and we are going to bound separately the
two terms of the RHS. In [22], it is proved that

Ihze N2 <D Nhmllz < oy, 12 + 2e0(K)  (27)
k>2
with e,(K) = #HxT; 1. Therefore,
lAll2 < 2|k, [|2 + 2e0(K).
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Let us bound now ||kt ||2 by using the RIP,, 5. From the defi-
nition of the mapping .J, we have

||(I)hT01 ”;27 = (J(q)hTm )7 (I)hT01>

= (J((I)hTm)? <I)h> - Z <J((I)hT01)7 (Pth>'
k>2

By the Holder inequality with r = p’T’l and s = p,
(J(®@hm,, ), @h) < [T (Rhy, )|, [|RA]ls
= [[®hay, I, [|PAll, < 2€ (| Phry, ||,
< 2epp2 (14 621)7 [hy, I,

since || ®h||, < ||®z —y||, + [|P2; — yl|, < 2¢. Using Lemma
2, as hr,, is 2K sparse and hp, is K sparse, we know that, for
k>2,

[(J(@h1,, ), @h )| < 2 Cp Iy, Nl el

with C, = Cp(®, 2K, K), so that, using again the RIP,  of ®
and (27):
2 2
(1 - 62K>M12),2 ||hT01 “2 < ||(I)hT01 ||p
< 26 2(1 4 621)? ||y,
+ :“12;,20]7 ”hTm ||2 Z ||th ”2

k>2
1
< 26[,(,1),2(1 + 52K) 2 ||hT01 ||2

+ Ni,QCP ”hTm ||2 (”hTmH? + 260(K)) .

After some simplifications, we get finally

2(C, +1 — o5 44/1+ 6
hlle < 2t L= 02m) ey AVIH O €
1—box — C) 1= b — Cp pip2
=
APPENDIX F

Proof of Lemma 3: For a random variable u ~

U([-%,5]), we compute easily that EfulP = WZ—I)
_ a?p?
and Var|ulP = TG aprn) - Lherefore, for a random

vector ¢ € R™ with components ¢&; 1ndependent and
identically dlstrlbuted as u, E[E]P m and

Var[l¢]l} = 22P(p+1€) (2p+1
To prove the probabilistic 1nequa11ty below (6), we define,

for 1 < i < m, the positive random variables Z; = 3—Z|£,|p
bounded on the interval [0, 1] with EZ; = (p 4+ 1)~ 1. Denoting
S = i > Zi, the Chernoff-Hoeffding bound [21] tells us that,

2P(p+1)

fort>0,P [S >(p+1)t+ t] < e~2t"™ Therefore:
(65 aP 2
P p > ¢ < —2t m
I > gy i <

which gives, fort = km™2,
PlIEE > ¢+ & hmd| < e 2
€l > G+ G5 m? | <o

The limit value of ({, + 35 ” km?2)YP when p — oo is left to
the reader. |
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