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We study the theory of fermions coupled to external gauge and gravitational fields. In three .
dimensions, the existence of massive fermions is known to lead to the induced Chern-Simons term.
We derive the induced Chern-Simons term by a path integral method.

§1. Introduction

In the investigation of quantum theory anomalies play an important role, since in
modern theory the symmetries are fully utilized. Anomalies give restrictions on the
symmetries from the quantum side. Especially, anomalies in even dimensions are
well known, for example, chiral U(1), gauge and gravitational anomalies, etc.

In odd dimensions, there are some different aspects”™"® from even dimensional

theory. One is the existence of the parity violating effective action. As is well
known, the odd dimensional theory coupled to external gauge and gravitational fields
has the invariance under infinitesimal gauge and infinitesimal general coordinate
transformations and, when the fermion mass vanishes, under the parity transfor-
mation also. But the theory in which the number of fermions is odd is not invariant
under the global transformation with a winding number. That is to say, if the
winding number of the global transformation is #, the effective action changes by |#|
under this transformation,”

det(— D)~ (—1)"det(— D) . - @y

To cancel the global anomaly, one needs to add a term which changes in the same

manner as above under the global transformation. This term is called a topological
2)

mass term.” In gauge theory, it is given by
La=re e Fule— A LAL), (1-2)

where tr stands for a trace over the internal indices and e for the gauge coupling
constant, and we use the following notations:

Au=eT°A*, Fu=eTFg, [T% T*1=f%T¢. | - (1-3)
Under the global gauge transformation;
A U AU+ UTS.U (1-4)

(1-2) changes as
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2 .
fds.l'-fcs_’fdsx-fcs"*'ﬂseizw([]) ’

1

w(U)=54

f e (3,00 8,UU 3. UU) . | (1-5)

On the other hand, in gravity theory, the topological term is given by

Ics: 4"}2# eﬂua[R#uaba)aéb+%(l)#bca)ucawadb] ,

Rivas = 0uWvas + @’ Wueo — (/J A V) s
@ pab =— @ pba h ' (1 . 6)

with wgas being the spin connection. The above topological mass term is added by
hand. Meanwhile, this term is also introduced by the existence of a massive fermion.
This is called the induced Chern-Simons term. This term is also generated by the
regulator mass term in the case that the massless fermion theory is regularized by the
Pauli-Villars regulator. But it has an opposite sign to the one induced by the fermion
mass term. In this paper, we only consider the Chern-Simons term generated by the
fermion mass and investigate a way how to compute it.

The induced Chern-Simons term due to the fermion mass term (not by the
regulator mass term) is calculated by several methods. As one of simple methods,
there is the perturbation method.®* One can obtain the term by computing one-loop
amplitudes with two and three gauge fields. In addition, there is a topological
method. The answer in this method is given as follows: :

Im Ies=7]e, A]=2A;2’MQ(A, w)+constant ,

dQ(A, w)=A(R)ch(F)|zns2, ‘ 1-7
where I is the effective action; A(R) is the Dirac genus defined as
a . m/‘lﬂ '_ 1 2 e .
and ch(F) is the Chern character defined as
iwpn_q_TTF? ' .
Tr eifitn=1 ey T - (1-9)

In these expressions, we use the differential form and the symbol |zx+2 denotes that we
only extract a 2n+2 form. Im Ik is given in arbitrary odd dimensions. In the path
integral formalism,”'® one may use the proper time method to evaluate the induced
Chern-Simons term. In this case, the gauge field has been restricted to Ayx=constant
to make the computation easy. In the topological method® the induced Chern-
Simons terms were obtained in the theory of gauge fields and gravity. But in
perturbation theory, the gravitational term was merely calculated to the second order
within the weak field approximation.” In the path integral method, the gravitational
term has not been calculated before. In this paper, we would like to compute the
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514 ’ S. Ojima

induced Chern-Simons terms in both gauge and gravitational theories by the path
integral method with no restrictions on field configurations and no approximations.

The organization of this paper is as follows. In the next section, we derive the
induced Chern-Simons term from the one-loop effective action in the case of the theory
of fermions coupled to gauge fields. In § 3, we derive the Chern-Simons term in
gravity theory. In § 4, we present our conclusion. '

§2. Chern-Simons term in gauge theory

Let us consider the induced Chern-Simons term in gauge theory. For conve-
nience, we will work in the Euclidean space throughout this paper. Notations are as
follows. The metric is taken as g*’=diag(—1, —1, —1). The antihermitian Dirac
matrices satisfy '

{r", r"}=—26", (2-1)
and we choose Dirac matrices to be
Y1=i01 , Y= Zb'z, 73=i63, . (2'2)

where o; are the Pauli matrices. We will consider the theory of massive fermions
coupled to external gauge fields. The Lagrangian is given by

L=—¢(D+m)p=— ¢[r*(idu+eAn)+m]¢ . ' 2-3)

Here A, stands for A.°T?, where the T s are the antihermitian generators of a gauge
group G. Since the induced Ch_ern-Simons term is generated from the one-loop
effective action e, we need to define it. We define Ies as

o s, wo

This can be also written as
Te=—Indet(—P—m)=—TrIn(—D—m) . ’ (2-5)

This Tr stands for the traces over Dirac matrices and internal indices as well as for
the integration in coordinate space. We would like to compute the Chern-Simons
term by starting from the above Lagrangian in the path integral formalism. We
expect that the proper time method is not quite suitable and rather complicated,
in this method one computes det(—P—m) essentially as det(—P—m)
= Jdet(—D—m)det(— P—m)" =Jdet(—P—m)(—P—m)", so the information on the
phase factor may be missed. In order to obtain the Chern-Simons term easily, we use
the method which is analogous to the one used to obtain the consistent anomalies.from
the path integral measure.” According to it, we may take the operator in the
Lagrangian as '
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_ ( )
Tow=—Tr ln(T?;)
_ (= )id —m)
=Tl |
=—TrIn[(—DP—m)(id - m)|+TrIn[(—id —m)(id —m)]. (2-6)

In this expression, in the first line, (—:d — ) is added to be I'es=0 for A.=0. In the
second line we add (¢d —m)/(i# —m) to obtain the Chern-Simons term easily and to
convert the above effective action to an integration over the momentum. We can
rewrite (2+6) as

Fese=—Tr In[(—=D—m)(id—m)]+TrIn[(— i —m)(GF —m)]
=—Trin(dJd—edm—ieAd Jd+m?)+TrIn(d J+m?

=/d3xf(éd—::§3<x|k>tr£m%

© X[exp{—i(8.0" — eAm— ieA § + m?)s) —expl— i(3,0"+ m?)s} <kl
3 ds
:fd (271')3 tr/
X exp{—((9u+ ku)(8" + ik*) — eAm— ieA(F + i )+ m?)s)
= / dix tr / - / Wexp{ m?*stexp{k.k"}

X exp{— 0ud"s —2ik,0" Vs + eAms+ieA(Fs+ ik /5)}, @7

where in the fourth line of the above expression we have deformed the path of
integration: s—is, and in the fifth line we have rescaled the momentum: Vsku— k.
The symbol tr stands for the trace over the internal indices and Dirac matrices. We
omit exp{—#(3.0"+ m?)s} in the third line of (2-7), since it is easily shown that this
term gives no contribution. In (2:7), we used the plane wave'®'?

(elby=e | (2-8)

The next problem is how to extract the induced Chern-Simons term from this
action in (2:7). One of the properties of the induced Chern-Simons term is to have the
contraction with the Levi-Civita tensor and a proportionality factor of m/|ml. That
is, it is enough to consider the contribution from the terms which have the above

properties and are finite as m—~0. To do this computation, the following formula is
very useful.

2

* —m2s_z-1 _F( ) : ‘ |
./0‘ e ™S ds—-lm—flz—. , (2-9)

By this formula, we notice that if we would like to obtain the contribution of finite
terms as m—0, it is sufficient to extract the terms which are proportional to s* with
a factor m or proportional to s® with a factor #® in the expansion of exp{— d.d"s
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516 . S. Ojima

—20ku8" s+ eAms+ ieA( Js+ ik /s)} in the last line of (2:7). From the above expres-
sion, we thus obtain the terms in e which contain the induced Chern-Simons term:
in the second order of the expansion of exp{— d.0"s —2:k.0"/s+eAms+ieA(ds

+ikJs)),
Lloemsdsh, - (2-10)
and in the third order, ‘
3}—![(6)3AMm382+3(e3)m2MkA4é 1. (2-11)

In these expressions, we omit the terms which do not satisfy the expected properties
of the Chern-Simons term. In three dimensions, the integration over the momentum
and Dirac matrices are given by

1 k2 v k2 73 i_g#u
oy k=g gy [R R A k=g

0

Y 7"——8“”~6“"”7 y Y=,
tr y*y¥=2g", try*y*y*=-—2e"". (2-12)

The integration over s gives rise to

N T T
3
r(3)
1/2 ,—m2s 2 — \/; . .
£ S§7e lml3 2|m3 . (2 13)

Using these formulas, we obtain

[ rggric (2 tr AuduA)
3
[WF( Ze”V”trA#AuAp)+EéeT|:nﬂ]-(—26””trAm4yAp)], (2-14)

where tr stands for the trace over the internal indices. As a final result, we get
fa""‘acL m e”"”tr(—z'ezA oA —EA,LA A ) (2-15)
87 Tl Dol =g Aululls ).

At a glance, it may appear that (1-2) is different from (2-15). This difference is due
to that of notational -convention, and if we change A.— A, in (2:15), (2-15) agrees
with (1:2). In (2-15), the overall factor 7/ comes from the imaginary part of Ier. The
result obtained by the above method agrees with the one obtained by the topological
method with a topological mass term corresponding to u=2e*m/8x|m|.
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§3. Chern-Simons term in gravitational theory

Now we would like to compute the induced Chern-Simons term in gravity theory..

The method of computation in this section is similar to that in gauge theory. We
extract the terms which contain the Levi-Civita tensor and are proportional to m/|m.
We take the starting effective action as

e o= fla(Re P d (= plerss-mens (3:1)

where
B 7’#(3# w#mndmn) Umn:%[me Yn] »

r(x)=ht(x)r*, Wzx)=det(h.). - (3-2)

The connection @ does not contain the torsion and %.° is the vielbein. When we
compute the above e, we have to take the change into more careful account from x
space to k& space since there exists the geodesic bi-scalar in gravity theory.!~?? This
is a major difference from the case of gauge theory. We thus compute I« by taking

into account the possible contribution of the geodesic bi-scalar. We first rewrite
Eq. (3-1).

~ (= iD—~m)(iD — w—m)
Feff——lndet(_mz+wf¢mz)(mgwinm)

=—Tr In[(—iD—m)(iD— w—m)]+Tr n[(—iD+w—m)GDP—w— m)]
=—Tr In[PD+ iPw+mo+m?]+ Tr In[(D+ iw)( D+ iw) + m?]

=_/‘a’3x11m<x|/m dg tr[e—i(D,uI_)l‘+R/4+iw(;J+mw+m2)s_e—i(Dy+iw;x)(Dﬂ+imﬂ)+m2)s]Ix/>
T-x' 0o S ’
3-3)

where =+ 7*0umn0™ and ©,= % ©umn0™. The symbol tr stands for the trace over
Dirac matrices. It can be confirmed that the last term in (3-3) gives no contribution
to the induced Chern-Simons term. We thus omit the last term. Similar to the
calculation in the previous section, we calculate the above expression in the
momentum space. In the present case, {x|z"> is given by

(xlx>=8zx—2"). (3-4)

In gravity theory, ¢ function is given by a formula including the geodesic bi- scalar
Here we introduce the geodesm bi-scalar o(x, x) as follows:'®

O | | (3-5)

The scalar o(z, x’) is equal to one half of the square of the distance along the geodesic
between x and z’. The geodesic interval o(x, x’), which is a bi-scalar, satisfies
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518 S. Ojima

%D#d(x, 2)D*o(x, 2)=0(x, z'),

%D,/a(x, 2)D"*o(x, z)=olz, x') (3-6)

where D, represents the covariant derivative with respect to x”. The coincidence
limit is given by*”"*"

limo(x, z)=0, limDuo(z, z)=0,
limDuDvo(x, )= 9w , LimDuDuDeo(x, z)=0,

+Rosa . (3-7)

By using Eqgs. (3-4) and (3+5), the formula (3-3) can be written as -

(39— [d*zlim [(ZEr [ 11 exp(—il(Du+ i D+ i)

XX S

1imD,D,DaDs0(z, ') =5 Roven+

+—§+(ilb—4ﬂ)a)+ mw+ m?]s}
= f d 3le11_’1£1 / % f %tr exp{— m?s}lexp{d.4"}exp{— 4.4"}
x éXp{A#Aﬂ-(D#Dﬂ+§+ iJz)a))s

— (A D*+ Dol + i dw)5— mws} (3-8)

with 4*=k.D*D%(x, x’). In (3-8), we have deformed the path of integration: s—is,
and we have rescaled the momentum: vsk.— k.. In these evaluations, there is one
important technical point.  If we define

A=d.7,
B= —(D,;D”+§+ z'lDw)s— i(4,.D*+ D, A"+ idw) s — mws , 3-9
then,
o~ AgAtB— gB+(UD)~A,A+B]- (3-10) |

2

where we must consider commutators except for the first term B in the above
expansion. This is a difficult point in the calculation in gravity theory. Moreover,
being- different from the chiral anomaly, the trace over Dirac matrices does not
contain the chirality operator 7s. A priori, we cannot drop these commutator terms
in (3-10). In the following, however, we explain that these commutator terms give no
contribution to the induced Chern-Simons term. '

We expect that very higher commutator terms give no contribution, since they
give the terms higher order in w and R. In fact, we can easily confirm that it is
sufficient to analyse the terms up to the fourth order,
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[4.B], [ABlLA], [A BB,
[[[4, B, A} B], I[I[A, B}, 4], Al,
[[[B, AL B Bl, B, AlB]Al (311

Since the terms which contain » are primarily important, we first consider them. In
the expression B in (3-9), there is a term with ms which does not include the
derivative. The induced Chern-Simons term is given by the terms with ms? or ms®,
as was explained in § 2. Since the order of the terms with a factor », which survive
after the commutator, is inevitably not less than O(s¥2), the #°s® term is generated
only by the expansion of B. _

Hence we have to carefully analyse the commutator terms which contribute to the
ms® terms.  For this purpose, we first note that the terms with #s*? are not generated
from the commutators: In [A, B] the O(s'?) term is 2i4,D*(4.4*) and it commutes
with mws, so in [[A, B], B] the O(ms*?) terms are not generated. Moreover, the
O(ms*?) term which is generated in the product of B and [A, B] also vanishes in the
coincidence limit.

In the commutator terms, there can exist a term with ms? but this has the form,

([4, B], B]~ [2.Du(AyA”)D“+2(DuD”Z]ﬂ)A”
+2(DY4:)X(Dud*) + iy,wD*(4.4"), mw]s? (3-12)

and it can be easily shown that these terms vanish in the coincidence limit or by taking
the y matrix trace. There exists no term with a factor » which we must take into
account except for (3-12); this will be shown in the Appendix. Moreover, in the
Appendix, we will show that the cross terms between B and the commutator terms of
order of O(s) or O(s"?) give no contribution to the Chern-Simons term.

It has thus been established that the commutator terms [A, B]+-- in (3-10) give
no contribution to the induced Chern-Simons term.

From now on, let us try to compute the induced Chern-Simons term commg back
to Eq. (3-8). To compute the Chern-Simons term, it is enough to expand e® to the

_ third order. We write them down explicitly as

Jaoatin [ [yl e
X —Zl.r{w<DﬂD”+§+ z'lDa)>+ (D,LD" +§+ z'Dw)a)] ms*
—?}—!{[(izwﬂ +iD*du—40) (iduD" + iD* 4o — d)
+(id D"+ iD* du— A0) (iduD* +iD* Ju—A )
+w(id D"+ iD*du— A0) (idu D"+ iD" 4, —Aa))]msz-f-(mw)s}] . (3-13)

We discard the terms which do not possess the expected properties of the Chern-
Simons term, such as the Levi-Civita tensor structure; the expansion in o to the third
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520 ' S. Ojima

order gives

3..13 —-m2s ApAl‘ 1
Jaatim [ [yte] e

—-31!—(3 waA a)rmsz+-m3a)333):| } (3-14)

(lea)ca + wildw)ms®

By using Eq. (3-7) and after integrating over £ and s variables, we take the trace over
y matrices and obtain the final result,

— fdsxG—i}F'l%le#W[iaﬂwumnwpnm _%'Cl),ulma)um”a)pnl] . (3 '15)

As in the case of gauge theory, because of notational difference, if we change w— ~iw
then (3:15) is in agreement with (1-6). The reason for the appearance of the overall

factor 7 in (3-15) is the same as that in gauge theory. . This result, which has:been

obtained with no approximations, agrees with the one in Ref. 5) and corresponds to
the Chern-Simons term with #=32x|m|/«*m in the notation of (1-6).

§4. Conclusion

In this paper, we calculated the induced Chern-Simons term in the theory with
fermions coupled to external gauge and gravitational fields by the path-integral
method. The induced Chern-Simons term which we obtained in this paper’ ds;in
agreement with the standard results.”?

In the present method, we can get the answer including the precise numerical
coefficients and with no restrictions on the background field configurations. More-
over, we could also treat the gravity theory as well as gauge theory. In the past; at
least in the gravity case, except for the topological method, we have not been able to
obtain the exact formula without the weak field approximation.

In this paper we took the basic operator associated with the Lagrangiam asthe
form like (— P — m)(i@ — m), but we do not understand how this choice is related to:the
three dimensional topology. We would like to understand this point still better.

As the future research of this method, there are applications to supersymmtric
theory and also higher dimensional extensions. These are under consideration.
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Appendix
From the considerations in the text, the commutator terms in (3-11) which we

must examine are of the order of O(s¥?) or O(s). We investigate these terms in
sequence:
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[A, B]. - (A-1)

The term of O(s'?) exists only in[A, B]. This term vanishes in the coincidence
limit and does not contribute to the Chern-Simons term. The term of O(s) gives no
contribution because the commutator with D.D* has different characteristics from
that of the Chern-Simons term and the commutator with Jw vanishes in the coinci-
dence limit. The terms of O(ms?), which are generated by the products of some
powers B and some powers of [A, B], vanish in the coincidence limit or have the
different tensor structure from the Chern-Simons term.

[[A4, B], A]. : " (A-2)

There are only O(s) terms, which give no contribution by the same reason as the
terms of O(s) in [A, B].

[[4, B], B]. (A-3)

There are O(s)+ O(s*?)++-- terms which do not contribute te the Chern-Simons
term because of the vanishing or different tensorial structures of these terms in the
coincidence limit similar to the cross terms in (A-1).

In the next order, we encounter

[[[A4, B], Al, A]~0, ' (A-4)

. and these is no series which contains this commutator. A series of [[[ A, B], Al, Al

here means the terms which contain the repeated commutator between [[[A, B], Al,
A] and A or B.

[[[A, B], A], B]. : (A-5)

Since [[4, B], A]~0(s), the leading order is O(s*?). Moreover, [[4, B], A]
commutes with mws in the last factor B so the term with a factor m is of order higher
than O(s®). This term and its series have no effect on the Chern-Simons term.

[[[B, A], B], A]. (A-6)
Using the Jacobi identity, we can show that this is equal to (A-5).
B, A], B], B]. (A-7)

The order of the term with a factor m is higher than O(s?) because the terms of
O(s) generated in [[A, B], B] commute with mo in the last factor B. Other terms
without 7 are the order of O(s*®), at least. Therefore this series gives no contribu-
tion. : ' ‘
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