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A derivation of the random phase approximation is given, which is based on the gener-
alized Schwinger representation of the {ermion-pairs. The method is made of two stages:
First, the truncation of the boson space is done, and secondly comes the separation of boson
operators into static and fluctuating parts. The pairing vibration in the super phase and the
so-called quadrupole oscillation are treated by the method, which leads to the same results
as those of RPA. Then the relations of these bosons to onzs appearing in RPA are clarified.

§1. Inwroduction

One of the standard wpproaches to the theory of nuclear collective motion
is the time dependent Hartree-Bogoliubov (TDHB) theory. Recently this theory
seems to have been revived with the purpose of describing large amplitude col-
lective motion.” According to the TDHB theory, motion of the . system under
consideration can be described in terms of the time-dependence of the generalized
density matrix. Therefore, if we parametrize the density matrix with the help
of A, and B, the coefficients of the generalized Bogoliubov transformation, the
investigation of the time-dependence of A4,; and B,; becomes important. If A,
and B,; can be regarded as boson operators, we can take into account the quantum
fluctuations. Then we can obtain the quantized TDHB theory.

Along this line, the present authors (S. N. and M. Y.) have recently proposed
a quantized TDHB theory (hereafter, referred to as (I)).” According to (I),
the idea mentioned above can be completely established. An interesting point is
that theory (I) is a natural generalization of the Schwinger representation of
the quasi-spin® to the fermion-pair algebra. In the Schwinger representation, the
quasi-spin operators are expressed in terms of the bilinear forms with respect to
two kinds of bosons. In our case, the quantized A, and B, are regarded as
natural extensions of the Schwinger bosons, and the fermion-pair operators can
be completely expressed in terms of the bilinear forms of the bosons.

One of the simplest applications of the TDHB theory is the well-known
random phase approximation (RPA). We know that, in RPA, boson operators

appear as the result of the quantization. In many cases of analysing the an-

# Present address: Department of Physics, Kochi University, Kochi 780.

220z 1snbny /| uo Jasn sonsnr Jo uswuedsq 'S’ N Aq 659€581/96/1/.S/o1on4e/d1d/woo dno oiwapeose//:sdiy Woll papeojumod]



Derivation of Random Phase Approximation 97

harmonic effects, the conventional boson expansion theory based on the RPA bosons
has been adopted. For the sake of the convergence problem, the results are
reliable only for the case of small amplitudes.” On the other hand, theory (1)
does not contain the convergence problem, because the fermion-pairs can be expres-
sed, as was already mentioned, in terms of the bilinear forms of the bosons.
Therefore, we can expect that theory (I) is powerful even in the case of the
large amplitudes. However, if in our framework we could not reproduce the re-
sults based on the conventional boson expansion theory for the case of the small
amplitudes, theory (I) would be powerless for the practical applications in spite
of the above-mentioned expectation. Therefore, it becomes an important problem
to derive RPA in the framework of (I), that is, to connect our bosons with the
ones appearing in RPA. i

The main aim of the present paper is to show how the derivation of the
conventional RPA is possible. For the practical purpose, we treat the case of
sufficiently weak quadrupole force compared with pairing interaction. In the con-
ventional approach, the system fluctuates around certain static values of the density
matrix which can be determined by the Bogoliubov transformation and the fluctua-
tions can be expressed in terms of the quasi-particle pairs. We adopt a similar
picture. Our system fluctuates around certain static values with respect to the
bosons introduced in (I). Then, the fluctuations can be taken into account in
terms of the differences between the bosons and the static values. We can obtain
the bosons used in RPA by making certain linear combinations of the fluctuations.
This is our basic idea.

In the next section, we recapitulate the main results of (I) under the spherical
tensor representation. Section 3 is devoted to giving the truncated forms of the
generalized Schwinger representation which are suitable for our system already
mentioned. In § 4, the separation of the boson operators into the static and the
fluctuating parts is done. We derive RPA in §§5 and 6 for the cases of the
pairing vibration in the superconducting phase and the so-called quadrupole oscil-
lation, respectively. Finally some future problems are mentioned briefly as the
concluding remarks. In the Appendix, we give a detailed interpretation of the

kinematical constraints which govern our bosons.

§ 2. Spherical tensor representation

As mentioned in § 1, the main purpose of the present paper is to demonstrate
how the conventional RPA can be constructed in the framework of the generalized
Schwinger representation of the fermion-pair algebra. In this paper, we treat the
cases of the pairing vibration in the superconducting phase and the so-called quad-
rupole oscillation in spherical nuclei. The first task for this purpose is to recap-
itulate the main results of (I) under the spherical tensor representation.

The essential idea of (I) is to construct the same algebra as that of the
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98 Y. Mizobuchi, S. Nishiyvama and M. Yamamura

fermion-pairs (so0(21)) with the help of two kinds of bosons A4Z; and B, which
satisfy the following commutation relations:

[Aaia AEJ‘ -= I:Baia Bgi] -= 5a56ij >

2.1
[the other combinations].=0. @D

Here the Greek subscript « denotes the set of the quantum numbers specifying
the single-particle state (72,0,7.72,). The Latin subscript 7 is the set of quantum
numbers which can be obtained by an arbitrary unitary transformation from the
original one. We assume that, among all levels under consideration, a given com-
bination of a(==(74l,j,))-value occurs only once. It was mentioned in (I) that
these bosons appear as the result of quantization of the TDHB theory. According
to (I), the following set of the boson-pairs E(E%;, E*, E,;) obeys the same algebra
as that of the fermion-pairs E(E%,, E* E.»):

Eaﬁ = Z (B;—iBﬁi - SEAEiSaAm) »
E“=3 1 (Blsz Az — Baisedas), (2-2)®
. Eaﬂ = Z (Sc‘quj;iBﬁ’i — Sz giBaJ ,

Efy=3leca”, col- s

EaB:%[Ca+, (",84‘]— > (23)

Eaﬁ’:%[ca’ Cﬂ] — .
For discussing the pairing and the quadrupole vibrations in spherical nuclei,
it is convenient to adopt the spherical tensor representation of E. TFor this aim,
let {i} be {«}. Then, the following boson operators can be introduced:

A1+EA.}!-1)11(4161): Z (jal?nuljblmbllJIMl)A;I,@l7

Mg My, (2-4)
B1+EB}2MI(CZ1Z71): Z (jainlaljblmbllJlM1>B;Bl-

My Mp,y

The commutation relations are given by

[A1, A2+] -= [31, Bz+] _=0n (Eaa1a2661b26J1J26M1M2> ) } (2 5)
[the other combinations] =0.
The spherical tensor representation of FE is the following:
<@1+E Q'ZMI (d1b1> = Z (ja1771a1jb1777'b1[JIZM[I) SﬁlEalﬁl »
Mg My,
SI@IE ~> Tt @Jlﬂ'l (alb1> = Z (jalﬁzaijblnzbll‘]lﬂjl) SmEﬁlal )
My,
N . e : (2-6)
At= Az, (a:by) = 20 (ata,do, s | JiM) E%F
Mg My,

* The quantum number @ is obtained from « by changing the sign of m,. The phase factor
sz(=(—)7a+ma) is necessary for the time reversal property, which was omitted in (I).
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Derivation of Random Phase Approximation 99

SIJIE <_)J1+M1JJ1F11 (flle = Z (jalnlaljblﬂzbll‘]l]"{l) 5515,§1E,§1a1 )

Mg, My,

Through Eqs. (2-2), B,*, si1PB5, A" and s;d; are expressed in terms of B,
B,, 4,7 and A, as follows:

= %‘, (Pp2Y (123) B, " s;B; — 5, Y (123) A,* 5, 4,),

SI‘@T = ; (252Y(123> B2+53B3 — 2)\1:52),(123) Ag+S§Ag> 5

At =31+ 5) B:Y (123) B, 545, (2 7)™
St = ; (1+5) p:Y (123) 4,7 5:B; .
We use also the following forms on several occasions:
‘@1<i>zé<@1+i51@1>, J;ﬂz%wﬁisda,
B =13 I izigl BY(123) (By*s,ByF Ay s, Ay) (2-7h)
=3 1 4;?1 5,V (123) (B, s, 45 - A;75,Bs).

As was stressed in (I), it is necessary to form a connection between the
fermion- and boson-space. In (I), for this aim we introduced certain relations
which correspond to R=R® in the Hartree-Bogoliubov theory (R: the generalized
density matrix). However, those relations are unsuitable for the practical purpose.

As an alternative, we introduce the following set of the operators:

Foo=3 (B5Bgi+ spA5i5:45) —50as,

FeB — Z (B;iSSAEi+ BEZ.S‘“A&J R (2 8)

Foo= Z (52A;Bg, + sgALB) .
We require that all the matrix elements of F should be vanished in the sub-space
which corresponds to the fermion space. We call this sub-space the physical space
(Iphy)). The detailed interpretation is given in the Appendix. The spherical
tensor representation of I is the following:

£ 5 /
00 == 2 TP iy (128) (BosBs Atsdi 2 s0)

23 4

(2-9)

7= 3 1:21)1 5.Y (123) (B, 5345+ A,%5,By),
23

® Y (123) is given by

Y (123) =0p,5,0 0100ty V (25 1) Qe+ 1) W (o, vy Joda; Tt jag) (JoMady Ml Jo M.
The symbol 1 denotes the permutation operator, the action of which on arbitrary function f(1) is
defined by

B = py flarbid s M) = — (=) FertFotds fbian, M),
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100 Y. Mizobuchi, S. Nishivama and M. Yamamura

where £ denotes total number of the single-particle states (2=3,(2/,+1)). The

definitions of @,® and ¥,*® are the following:

05 (@ E50),  VO=T =T,
@1+E @JlMl (albl) = Z (j‘117na1jb 17n'b1’J1M1> SBlFalgl ’
Mg My,
5i0r= (“) J‘Jer@leV1 (albl) = Z (jzzlnlaljbl?nbll‘]lMl) SaxFﬂlal »
Mg My, (2-10)
Y= ¥ ., (@) = 3 (Gaya,Jo, Mo, | M) FO8
Mgy My,
si¥r=(—) J1+le.71]‘71 (@by) = 2° (Gasa, Gy, |1 M) 55,55, F5,a, -
nlalmbl
Hereafter, we call the following relations kinematical constraints:
(phy|®@,“|phy) = (phy|#:“’|phy) =0. (2-11)

These play an important role for the selection of the physical states.

§ 3. Truncation of the hoson space

It is clear from Egs. (2-7) that the operators 3,” and A, consist of many
kinds of multipole bosons. Therefore, for actual application it may be necessary
to approximate Egs. (2-7) in relation with the dynamical property of the system
under consideration. We are interested in the system of sufficiently weak quad-
rupole interaction compared with pairing force. First, let us consider how Egs.
(2-7) can be truncated for the above-mentioned system. For this end, we investi-
gate the structure of the operators Bi(aa) and Af(aa) which characterize the
pairing interaction. If we pick up only the terms related to momnopole bosons
Af(aa) and Bg(aa), the relations (2-7a) for J,=0 are reduced to the

following:

7
A (aa) = —\%B& (aa) Aplaa),

B (aa) — 7% (B3 (aa) Bu(aa@) — A (aa) An(aa),
’ (3-1)

where 2, denotes (2j,+1). We can see that these are nothing else but the
extension of the original Schwinger representation of the quasi-spin to the many-
j-level model, if we make the above expressions (3-1) correspond to the quasi-spin

operators %, (a) and %, (a):

F(@) = %m;% (aa),
1 (3-2)
Fo(a) = (S (&)= 5 V. A (aa) .
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Derivation of Random Phase Approximation 101

A kinematical constraint is reduced to the following:
@Sd'>(aa)=7!2[ (Bo (aa) By (aa) + Ai (aa) Ay (aa)) — ] (=0). (3-3)

The others are reduced to trivial relations. Equation (3-3) tells us that the
magnitude of the quasi-spin S(a) is equal to £,/4, i.e., the seniority «,=0.%

From the above argument, we can conclude that the states with «,=0 can
be exactly described within the framework of Egs. (3-1) and (3-3) in the case
of the pairing interaction. This fact gives us the following important suggestion:
The monopole bosons Af(aa) and B (aa) should lead the other multipole ones
in the description of the low-lying states induced mainly by the strong pairing
interaction.

Next, keeping in mind the above suggestion, we consider the case where the
quadrupole force is weakly added. In this case, we pay attention to B (ab)
which characterizes the quadrupole force. Following the above suggestion, we

pick up only the terms connected with the monopole bosons from B (ab) given

in Eq. (2-7b). Then, we have

Pl (ab) ==

1 - DY (—YEB. - (a
5 \/QD(BUU(%)BM(@)+Boo(bb)( ) "By (ab)

— Ay (00) A (ab) — Ay (60) (—) " Azn (ad))

% ( —jg, (Bu(aa) Biy (ba) + Bi(aa) (—) "By (ba)

— Ay (aa) Afy (ba) — A (aa) (=) " A,5(ba)). (3-9

This relation shows that in the case of the system we are interested in, it is
enough to take into account only the quadrupole bosons Ay (ad) and Bjy(ad) in
addition to the monopole ones. On the other hand, the appearance of the quadru-
pole bosons disturbes the pairing correlations. Then, in order to take into account
this disturbance, we pick up the terms related with the quadrupole bosons from
(2-7a) and include them to Egs. (3-1):

*aa:l w(aa o(aa) — A (aa) Ay (aa
o (aa) \/‘Qa[(Boo( ) By (aa) — Ag (aa) Ay (aa))

+ 23 (Biir (ab) B (ab) — A (ab) A (ab)) 1, (3-5)

[S Y]

A (aa) = (B (aa) Ay (aa) + BW (abd) Aoy (ab)).

«/Qa
We can express the Hamiltonian with the pairing-plus-quadrupole interactions in
terms of the monopole and the quadrupole bosons with the help of Eqs. (3-4)

* Square of quasi-spin F(a)® can be expressed as

Fa)’=S(a) (F(a)+1), Fa)=%BfH(aa)Bwlaa) + As (aa) Ao (aa)).
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102
and (3-5).

Following
the kinematical

(+) ((ZCZ)

05 (ab) =

7 (ab)

The other types are reduced to trivial relations.

Y. Mizobuchi, S. Nishivama and M. Yamamura

1

the above-mentioned truncation, we have the following relations as

constraints:

ma
2
[) [— (B (aa) By (aa) + Af (aa) Aw(aa))

+

%Z(Bm(ab)Bm(ab)¢A2M(ab)A9M(ab))— ] (=0,

% 71 (Buy (bb) Bix (ab) = Bii (bb) (—) *Bay (ab)
+ Ao (bD) Ay (ab) + Ady (bD) (—) " Ay (ad))
1 ( )]n, s

—— (B (aa) By (ba) + By (aa) (=) " Bow (ba)

ﬂ:Aoo (aa) Am(ba) + A (aa) (—) " 4.2 (ba)) (=0),
1

g ? (Au (b5) By (ab) -+ Ag (56) (—) "By (ad)

F By (0b) Ay (ab) — By (bb) (—) " A5 (ad))
1 ( ) Jatie
2 Je,

T Bu(aa) Ajy (ba) — Bi(aa) (=) "4.z(ba)) (=0).

(A (aa) By (ba) + Af(aa) (=) "Bz (ba)

(3-6)

It should be noted that the

appearence of the quadrupole bosons forces us to set up kinematical constraints

with J, =2

§ 4. Separation of the boson operators into static and fluctuating parts

Under the truncation of the boson space mentioned in the previous section,

we consider an approximate diagonalization of the Hamiltonian trunscribed from the

original one in the fermion space.

particle energies and the pairing and the quadrupole interactions:

H=Ho+H,+H,,
ﬂo:ZeEf)fﬁa,

H,= @*EZ’

4
o= —L

ﬁ[ﬂ

Qo O -

Of course, our Hamiltonian consists of the single-

(4-1)
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Derivation of Random Phase Approximation 103

The quantities ¢,”, G and y denote the single-particle energy of the state a and
the strengths of the pairing and the quadrupole forces, respectively. We assume
that G is much larger than ». Jl,, & and Oy are given by

\

N = V20 Bii (aa) + %sz ,
PN, i (aa), l» (4-2)
0" =31 00 B (@), (1= (=)"""5)

Here the explicit forms of B (aa), Af(aa) and B’ (ab) are given in Egs. (3-4)
and (3-5).

As for an approximate diagonalization of the Hamiltonian (4-1), we adopt the
following picture: Our system fluctuates around certain static values c, and S,
for (A5 (aa), Ayn(aa)) and (B(aa), By(aa)), respectively, and 0 for (A (ad),
Asy(ab)) and (Biy(ab), Buy(ab)). Then, our bosons can be transformed into the

following forms:

) Es) (el {alen): o

(4-3b)

B < Aoy (ab)

Here the operators with the symbol ~ denote the fluctuating parts and they are
also bosons. The vacuum |¢g,) with respect to the bosons with the symbol ™ is
the coherent state for Ayw(aa) and By(aa) with the eigenvalues &, and S,:

|40) =exp{—} 2i(aa"+ 8.} ~exp {2 (dedi (aa) +B.Bi(aa))}10), (4-4)

<B’;M <ab>>.

( Ay (ab) > By (ab)

A A3y (ab) > < Biy (ab) >

By (ab)

where |0) denotes the vacuum for the original bosons.

Our basic idea is to determine «, and (8, by minimizing the expectation value
of J with respect to |¢y). Our Hamiltonian (4-1) commutes with S, and
F,. However, |¢) is not the eigenstate for these operators. Therefore, we adopt
the method of the Lagrange multiplier with the auxiliary conditions:

(¢012@ mald)o) :;(Baz—cxaz-*_%gu) :N,

<¢0|ga|¢0) - (/S)a?’karaz——% Ha) =0 »

(4-5)

where N denotes total number of nucleons. The Hamiltonian with the Lagrange

miltiplier terms can be written as
H = =2 20T+ 2 1T as (4-6)
a @

where A and s, are the Lagrange multipliers. Performing the transformation

(4-3), K’ is decomposed as follows:
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104 Y. Mizobuchi, S. Nishivama and M. Yamamura

= GO GO L GO GOy IO ), 4.7

Here each component is given as
IO = ; €a<5a2—aaz+ %) + ; la <Ba2 + czﬁ—%“) —4 ; CofSa s (4-8)
IO =30 [t €a) o~ 4B.] (A (a@) + Ay (aa))
[ (o €) B Aes] (B (a@) + Bu(aa)), 4-9)
== 5,04 I, (4-102)
IO =3 (ttat €0) B (a@) B (aa) + X1 (ta— ) i (a0) A (a)
—43] (B (aq) Ay (aa) + Af (aa) By (aa)), (4-10b)
I =G T(auBii(aa) + Budw(aa)) (a,Bu(00) + 8,45 (0b)), (4-100)
I O=IL 4+ I ,D, (4-11a)
I O=T (ot €0) T B () Bur (@b) + 3 (11— ) 3] A (ab) Ao (ab)

— 4333 (Bl (ab) A (ab) + Ay (ab) Box (b)), (4-11b)

M

. 1
I, =L wvded -
’ 5 e dutd V0,2,

25 [8s (Biu(ab) + (=) "Boxr (ab)) — cty (A (ad) + (=)Ao (ab)) ]

[BaBusr (ed) -+ (=) "By (cd)) — cta A (cd) + (=) Ay (cd)) ], (4-110)
I® =third order terms for the fluctuations, (4-12)
H® =fourth order terms for the fluctuations, (4-13)

where ¢, and 4 are defined as

=" =2, 4=G @uB.. (4-14)

Assuming the fluctuations as small, hereafter we neglect H® and 9.
Concerning the kinematical constraints, it is sufficient in our approximation

to take into account the terms up to first order with respect to the fluctuations in

relation with the approximation of the Hamiltonian. Relations (3-6) are reduced

to the following, after performing the transformation (4-3):

05’ (aa) = ,},,< aera'aZ—‘%f)

+ \/%07 [B. (Biy (aa) + Bu (aa) + a,(Af (aa) + Ay(aa))] (=0), (4-15a)
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Derivation of Random Phase Approximation 105

Dy (ab)—— J [8 (Bix (ab) + (—)"Bug(ab)) % ct, (Ai(ab) +(—) " Asn(ab))]

F % ( 7!2 [Ba (Bin(ba) + (=Y Bog (ba) £ at (Afy(ba) £ (—) A (ba))]
(=0), (4-15b)

VG (ab) = = 2 [ Biad) = (=) Bog(@b)) T By (Asu(ab) = (—Y Ay (ab))]

2 Vo,
* ; { jp* [ty (Biy (ba) + (=) Bus(ba)) T B (A (b2) £+ (— ) Ayz(ba))]
(=0). (4-15¢)

The others are reduced to trivial relations.
In order to determine a, and B, let us minimize H® given in Eq. (4-8):

1 47 @

2 a;i (/,[u-—f{L)Cla—A.ga > ]
a (4-16)
0

% 0;6{“:—Aa,L+(/za+6a)Ba—0-Jr

The solutions of Eq. (4-16) are given with the help of Egqs. (4-5) as follows:
ﬂa2:€a2+ AZZECLZ’

aa2:!—2‘3-i<1+ﬁ>zﬂ-uaz,
2 2 I, 2 4-17)
R YA
2 2 E, 2
4 and 1 can be determined by Egs. (4-14) and (4-5), the equations of which are
given as
1 1 2.
(4-18)
N1 ST 0 <14£~ﬁ:ﬂ> {
27" E, /|

These equations are completely the same as those given in the conventicnal BCS
theory. We can see that J'® is vanished, if we substitute IEq. (4-16) into Eq.
(4-9).

§ 5. Pairing vibration in the superconducting phase

We are now in a stage to diagonalize our Hamiltonian (4-7) with the use of
the results of the previous section. This diagonalization leads us to RPA. 4,%®

and J,® are independent of each other and, therefore, we can treat them separate-
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106 Y. Mizobuchi, S. Nishiyama and M. Yamamura
ly. In this section, we consider mainly the case of 4 ,%.
First, let us diagonalize #, given in Eq. (4-10b). This can be done by

introducing the following linear combinations of E&)(aa) and /I[)Z(aa):

Ci (aa) =u,Bj; (aa) — v, A (aa) ,} 51
Dy (aa) =v B (aa) +u, A5 (aa).
The result becomes as follows:
H, =2 ; E.Cd (aa) Cy(aa). (6-2)

Ci (aa) and D (aa) are, of course, boson operators which are commutable. A
characteristic of the result is the appearance of D{;(aa) boson with zero energy
in contrast to €y (aa) with energy 2FE,.

Next, in addition to J,“, we treat H,” given in Eq. (4-10c). With the
use of € (aa) and Dg(aa), H,® can be rewritten in the following form:

(ﬂ[,,(z):j[p(m‘l‘ ﬂp(c) , (53&)
H, =231 E,Cy (aa) Cy(aa)

—~ % 33V 2,8, (1, Ci () — 0,2Coo (@) (15 Cn (BB) —0,°Ci (B0)),, (5-3b)
0=~ % 33 V2.0 uva (" — 2% (Dii (aa) + Du(aa)) (Cis (80) + Cu(68))

- % [3. weo. (Dia(aa) + Da(aa)) 1 (5-30)

The diagonalization of [, leads us to the conventional RPA applied to the
pairing vibration in the superconducting phase. It may be unnecessary to show
the explicit diagonalization of J,”, since this is already well known. Itis interest-
ing to see that G (aa) plays the same role as that of the quasi-particle pair
coupled to J=0 under the boson approximation.

The final problem is how to understand J,“ given in Eq. (5-3¢). For this
aim, we pay attention to the kinematical constraint (4-15a). In terms of Cy (aa)
and Dy (aa), Eq. (4-15a) can be rewritten as

1
=

05 (aa) = 75

(D (aa) + Dy (ac)) (=0). (5-4)
Under the requirement of @’ (aa) being vanished, our physical state should be
of the following form with respect to Dj{aa):

phy) ~exp{—% 25 062 (D3 (22) )} |4)- (5-5)

Here 8% is an arbitrary constant which obevs the condition, [8%|<(1. We can

prove that the expectation value of @’ (aa) with respect to |phy) is vanished.
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Derivation of Random Phase Approximation 107

The condition |0$s]< 1 means that |phy) can be normalized to unity. Since J,%
contains D (aa) and Dy (aa) in the form given in Eq. (5-4), J,* has no con-
tribution to the excitations of the system. Therefore, for the practical application,

@ that is, we can leave Dg(aa) bosons out of

it may be possible to omit J(,
consideration. Thus, we have been able to get completely the same result as

that of the conventional RPA in the pairing vibration.

§ 6. Quadrupole vibration

As a final problem, we consider the diagonalization of % ,® given in Eq.
(4-11). This case also leads to the conventional RPA. The procedure is almost
the same as that in the case of H,®. Let us start with the diagonalization of
0,9, 1In this case, also by introducing the following independent bosons, the

diagonalization can be proceed:

Ciy (ab) =u,Biy (ab) — v, Ajy (ab),

, = ~ 6-1)
D3y (ad) =v, By (ab) + u, Ay (ab).
H,@ can be rewritten as
I, 9=23VE, > Coy(ab) Coy(ab). (6-2)
ab M

We can see that Dy (ab) bosons have also zero energy. With the help of G5 (ad)
and D3y (ab), H,® can be rewritten down as

I, B =90, + I, | (6-3a)
H =3 (Eat B X1 Cii (ab) C.x (ab)

LS G qeaE S ED (€ (ab) + (=) MCan(ab))

4 avea ]
X (Co (cd) + (=) 2Ciu(cd)), (6-3b)
KO =3 (= Ep) 3 (Cy (ab) Doy (ab) + Dy (ab) Con (ad))

+ Zb (E,+E) ; Dy (ab) Doy (ab)

A G qeaE 2 (o (ab) + (=) "Cox (ad))

2 abed

X Dew (ed) = (=) 74 (=) "Dy (de))

=

— = Z (]ub(]cd'//é;)"/Yc(Qi) 121 (D <Qb> - (") jaﬂ.b(*) MDN?(Z%Z))

4 abcd
X Doy (ed) — (=) (" Dix(de)), (6-3¢)

where

~

() — P =2 QU () () -
£ = + 8P =uv, T vty 1 =0 =g, T U,y . (6-4)
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Civ(ab) and Diy(ab) are the antisymmetric and the symmetric bosons, respectively,

defined by
Clir(ab) = — (=) 7" 1Cly (ba) =% (Ciy (ab) — (=) 7= Ciy (ba)),
Diy (ab) = (=) =Dy (ba) =% (Ciy (ab) + (=) 7**"*Ciy (ba)),
[Cx(ab), Ci(cd) ] =% (acOsa— (—)7* 0 0ale) O,
[Dox (ab), D (cd) ] - =3 Oacbuat (—) 7% 90,44002) O,

CES

} (6-5b)

[the other combinations] =0.

The Hamiltonian 4 ,* (6-3b) is just of the same form as that given in the boson
approximation of the quasi-particle pairs. In this case, éﬁ{(ab) corresponds to the
quasi-particle pair. The diagonalization may be unnecessary to show.

Finally, we mention how H,* given in Eq. (6-3¢) can be undersood. We
use the kinematical constraints (4-15b) and (4-15¢). @5 (ab) and ¥$§ (ad)Tcan

be rewritten in the following forms:

05 (ab) =——£3 (Diy (ab) + (—) "Dy (ad))
1 + (Nt (NYD _(ba
+ 2;/’*2 [ (D (ab) — (—) (=) "Dy (ba))

+ ((=) "Dy (ab) — (—) "Dy (ba))] (=0),
T (ab) —72%,3 (D (ab) £ (=) "Dy (ad))

(6-6)

R [ (D (ad) — (=) 7% (=) ¥ Do (ba))

& (=) "Dy (ab) — (=Y Diy (ba))] (=0).

From the condition of @5 (ab) and ¥ (ad) being vanished in our physical space,

2«/2

we can see that the following important relations hold:
(phy|Diy (ab) [phy) = (phy| Dy (ab) phy) =0, (6-7a)
(phy | Dy (ab) — (=)' (=) "D,y (ba) [phy) = (6-7b)

Relation (6-7a) tells us that our physical state should not contain Di, (ab) bosons.
Further, relation (6-7b) means that our physical state is of the following form
with respect to D3y (ad):

phy) ~exp{y Z1(—) 7 05 - 21 Dy (ab) - (— VD (b)) o). (6-8)

Here 6% is an arbitrary constant with the condition [05]|< 1. Therefore, in the
same meaning as that given in the case of the pairing vibration, it may be possible
to omit J(,®, that is, we can leave bz’j{(ab} and Dy (ab) out of consideration.
In this way, we have been able to reformulate the conventional RPA in the

framework of our generalized Schwinger representation.
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§7. Concluding remarks

We have been able to derive the conventional RPA on the basis of the
generalized Schwinger representation of the fermion-pairs proposed by the present
authors (S. N. and M. Y.). Our basic idea on the approximations has been
devided into two stages: First is the truncation of the boson space. Under the
sufficiently weak quadrupole interaction compared with the pairing force, the system
can be treated in terms of the monopole and the quadrupole bosons. Second is
the separation of the bosons into the static and the fluctuating parts. The formers
are determined by minimizing the expectation value of the Hamiltonian with respect
to the coherent state for our bosons. Of course, the kinematical constraints are
essential for the selection of the physical state.

In relation to these two stages of the approximations, we obtain some problems
to be solved in the near future. Recently, Iwasaki et al. reported interesting
results on the analysis of the anharmonicity in the framework of the quasi-particle
Tamm-Dancoff approximation.” According to their results for the transition prob-
abilities, the quasi-particle pairs show boson-like behaviour with certain attenuation
factors even in rather highly excited states. Empirically, they showed that the
factor has a simple dependence on the number of the quasi-particles of the state
under consideration. This is the first problem.

Concerning the first stage of approximations, the first problem is the coupling
between the monopole and the quadrupole bosons. The role of our monopole bosons
is essentially different from the one appearing in the SU(6) model by Janssen
et al.? Theirs is a kinematical boson which is associated with the quadrupole
degrees of freedom. Ours are dynamical bosons which create the pairing vibration.
Therefore, it can be expected to describe the coupling between the pairing and
the quadrupole vibrations. It is also interesting to investigate the s-d boson model
by Arima and Tachello” in our framework.

The second is the validity of the truncation of the boson space. If the quad-
rupole force is stronger, the truncated forms of B (ad), Bij(aa) and A (aa)
shown in Egs. (3-4) and (3-5) are no longer reliable. Therefore, it becomes
important to consider which types of the multipole bosons are necessary in addition
to the momnopole and the quadrupole ones. It may be an interesting problem in
relation to the rotational motion.

Finally, we stress that in our theory the fermion-pair operators can be com-
pletely expressed in terms of the microscopic quantities which exist in the original
fermion system. Therefore, the Hamiltonian expressed with our bosons does not
include any additional parameters in contrast to the SU(6) model by Janssen
et al.,” in which there are many parameters to be determined with the experimental

data.

220z 1SNBNY /| UO J8sn sopsn[ Jo Juslipedad 'S’ N AQ 659£G81/96/1/2S/a10mMe/did/woo dno-ojwepese//:sdiy Woly pepeojumod



110 Y. Mizobuchi, S. Nishivama and M. Yamamura

Acknowledgements

This work is performed as part of the “Annual Research Project for Anhar-
monic and Non Adiabatic Effects in Nuclear Collective Motion and Algebraic Ap-
proach” organized by the Research Institute for Fundamental Physics, Kyoto. The
authors express their thanks to Professor K. Takada, Dr. F. Sakata, Dr. A. Hayashi
and the other members of this project for their interest and discussions. Their
thanks are also due to Professor H. Fukutome, Dr. K. Matsuyanagi and Dr. T.
Suzuki for their useful discussions. They would like to thank Professor R. Tama-
gaki and the members of the theoretical nuclear study group of Kyoto University.
One of the authors (S. N.) wishes to express his gratitude to Professor Z. Maki
for his kind hospitality at Kyoto University.

Appendix

In the Appendix, we give a delaited interpretation of the kinematical con-
straints used in this paper. We define the following set of the operators F (F?%,
F* F_) in our fermion space:

Ca+, C/S’:l—(»#%é‘aﬂ ’ (20)
ca+> Cﬁ—{-]+ > (:O> (A1>
[Cm CB:|+ . (:O)

B!
8]
o
e
D= ol poe
/A

They satisfy the relations
(Fepy*=F*,,  (F**=F,,  F*=F~ (A-2)

Clearly, F are nothing else than the anti-commutators. Therefore, they are iden-

tically vanished. Commutation relations of F with £ are given formally as

[Fey By =05, F% —0.,F7,, [Fo8, B7y] .= — 00 F78 — 0 g Fo7
[Fug 7] = OarFop+ 05 F as,y [Fu/?: Er]_= 5ﬁrﬁa8 — 0T,
[Fe8 Er]_=0, [Fopy EP] =00 B4 05, F = 0 s o= 0 F 7
[Foy Bl o= — 0 F g5+ 0sF sy

[Faﬁ, ETE]‘:adT ﬂ8+6ﬂrﬁaa_6wﬁﬁr*6ﬂ5ﬁara [Fa,e, Ers]—:O .
(A-3)

Next, we introduce the following set of the operators F(F%, F* F,) in

our boson space:
Fey=x [Z (BaiBpi+ A5 Aei) —2046],
FP=y 3 (Bl Ag;+ BfAu), (A-4)

Fa,s =y Z (AL'BM + A:{iBai) s
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where x, ¥ and 2 are certain constants to be determined later. The set F satis-
fies the same relations as those given in Eqs. (A-2). Further, we can see that
the commutation relations of F with E are of the same forms as those in Egs.
(A-3). Then, we require that the set F plays the same role as that of F in the

fermion space. This requirement permits us to set up the following relations:
(phy | F?|phy) = (phy| F**[phy) = (phy|F.s|phy) =0. (A-5)

Now, let us determine the constants x, y and z. For the sake of Eqs. (A-5),

the constants x and y may be possible to set up, without loss of generality, as
follows:

x=y=1. (A-6)
The problem is the determination of the constant z. For this aim, we introduce

the operator N which corresponds to the total number of Fermions N:
N=Xcate,ON =3 (BiiBo— Al Ay) + 532— . (A7)

Since the zero fermion state |0), satisfies E.5/05-=0, the boson state {0} cor-
responding to |0>r has the property FE.;/0)z=0. This means that |0); does not
contain any B* bosons. Then, we have

N[O>B:(HZA;iAai+%AQ)IO)B:O- (A-8)

This relation shows that |[0)p consists of (£/2)-4" bosons. Operation of > . F%,
to |0)p leads us to

51 F0), =515 i [0
From Eqs. (A-8) and (A-9), we get

Z

Do

(A-10)

In this way, we can get Eqs. (2-8) under the consideration of the time reversal
property. The condition that F should be vanished in the physical space has
the following correpondence with the Hartree-Bogoliubov theory: If we replace
Ay, and B}, with c-number the condition is reduced to the orthonormality of the

coefficients of the generalized Bogoliubov transformation.
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