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on the Basis of the Generalized Schwinger Representation 
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A derivation of the random phase approximation is given, which is hased on the gener­

alized Schwinger representation of the fermion-pairs. The method is made of two stages: 

First, the truncation of the boson space is clone, and secondly comes the separation o£ boson 

operators into static and fluctuating parts. The pairing vibration in the super phase and the 

so-called quadrupole oscillation are treated by the method, which leads to the same results 

as those of RPA. Then the relations of these bosons to on"'s appearing in RPA are clarified. 

§ I. Introduction 

One of the standard upproaches to the theory of nuclear collective motion 

IS the time dependent Hartree-Bogoliubov (TDHB) theory. Recently this theory 

seems to have been revived with the purpose of describing large amplitude col­

lective motion.!) According to the TDHB theory, motion of the system under 

consideration can be described in terms of the time-dependence of the generalized 

density matrix. Therefore, if we parametrize the density matrix with the help 

of Aai and Ba;, the coefficients of the generalized Bogoliubov transformation, the 

investigation of the time-dependence of ~4.ai and Bai becomes important. If Aai 

and Bai can be regarded as boson operators, we can take into account the quantum 

fluctuations. Then we can obtain the quanti;ced TDHB theory. 

Along this line, the present authors (S. N. and M. Y.) have recently proposed 

a quantized TDHB theory (hereafter, referred to as (I)) .2
) According to (I), 

the idea mentioned above can be completely established. An interesting point is 

that theory (I) is a natural generalization of the Schwinger representation of 

the quasi-spin3J to the fermion-pair algebra. In tl1e Schwinger representation, the 

quasi-spin operators are expressed in terms of the bilinear forms with respect to 

two kinds of bosons. In our case, the quantized rlai and Bai are regarded as 

natural extensions of the Schwinger busons, and the fermion-pair operators can 

be completely expressed in terms of the bilinear forms of the bosons. 

One of the simplest applications of the TDHB theory is the well-known 

random phase approximation (RPA). \Ve know that, in RP1\, boson operators 

appear as the result of the quantization. In many cases of analysing the an-

*J Present address: Department of Physics, Kochi University, Kochi 780. 
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Derivation of Random Phase Approximation 97 

harmonic effects, the conventional boson expansion theory based on the RP A bosons 

has been adopted. For the sake of the convergence problem, the results are 

reliable only for the case of small amp1itudes.'l On the other hand, theory (I) 

does not contain the convergence problem, because the fermion-pairs can be expres­

sed, as was already mentioned, in terms of the bilinear forms of the bosons. 

Therefore, we can expect that theory (I) is powerful even in the case of the 

large amplitudes. However, if in our framework we could not reproduce the re­

sults based on the conventional boson expansion theory for the case of the small 

amplitudes, theory (I) would be powerless for the practical applications in spite 

of the above-mentioned expectation. Therefore, it becomes an important problem 

to derive RPA in the framework of (I), that is, to connect our bosons with the 

ones appearing in RP A. 

The main aim of the present paper is to show how the derivation of the 

conventional RPA is possible. For the practical purpose, we treat the case of 

sufficiently weak quadrupole force compared with pairing interaction. In the con­

ventional approach, the system fluctuates around certain static values of the density 

matrix which can be determined by the Bogoliubov transformation and the fluctua­

tions can be expressed in terms of the quasi-particle pairs. \V e adopt a similar 

picture. Our system fluctuates around certain static values with respect to the 

bosons introduced in (I). Then, the fluctuations can be taken into account in 

terms of the differences between the bosons and the static values. We can obtain 

the bosons used in RPA by making certain linear combinations of the fluctuations. 

This is our basic idea. 

In the next section, we recapitulate the main results of (I) under the spherical 

tensor representation. Section 3 is devoted to giving the truncated forms of the 

generalized Schwinger representation which are suitable for our system already 

mentioned. In § 4, the separation of the boson operators into the static and the 

fluctuating parts is done. We derive RP A in §§ 5 and 6 for the cases of the 

pairing vibration in the superconducting phase and the so-called quadrupole oscil­

lation, respectively. Finally some future problems are mentioned briefly as the 

concluding remarks. In the Appendix, we give a detailed interpretation of the 

kinematical constraints which govern our bosons. 

§ 2. Spherical tensor representation 

As mentioned in § 1, the main purpose of the present paper is to demonstrate 

how the conventional RPA can be constructed in the framework of the generalized 

Sdnvinger representation of the fermion-pair algebra. In this paper, we treat the 

cases of the pairing vibration in the superconducting phase and the so-called quad­

rupole oscillation in spherical nuclei. The first task for this purpose is to recap­

itulate the main results of (I) under the spherical tensor representation. 

The essential idea of (I) is to construct the same algebra as that of the 
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98 Y. Mizobuchi, S. Nishiyama and M. Yamamura 

fermion-pairs (so (2n)) with the help of two kinds of bosons A~i and B~i, which 

satisfy the following commutation relations: 

[Aai, At1J-= [Bai, Bti]-=O'a.eb'ii,} 

[the other combinations J_ = 0 . 
(2·1) 

Here the Greek subscript a denotes the set of the quantum numbers specifying 

the single-particle state (nalajama). The Latin subscript i is the set of quantum 

numbers which can be obtained by an arbitrary unitary transformation from the 

original one. We assume that, among all levels under consideration, a given com­

bination of a ( = (nalaja)) -value occurs only once. It was mentioned in (I) that 

these bosons appear as the result of quantization of the TDHB theory. According 

to (I), the following set of the boson-pairs E(Eap, Eafl, Eap) obeys the same algebra 

as that of the fermion-pairs E (fta p, Jtafl, Eap): 

Ea.e= :E (B~iB.Bi- spApisaAai), } 
i 

Ea.B = :E (B~ispApi- BtisaAai), 
i 

Ea.e= :E (saA~iBfli-spApiBai), 
i 

) 
Ea_l[+] .e-2Ca,C.B-> 

fta.e =.!.[c + c +] 
2 a , {3 -, 

(2· 2) *l 

(2·3) 

For discussing the pairing and the quadrupole vibrations in spherical nuclei, 

it is convenient to adopt the spherical tensor representation of E. For this aim, 

let {i} be {a}. Then, the following boson operators can be introduced: 

:E Ua,ma)b,mb,JJ!MJ)A~,p,, l 
matmbt 

B1+=B:f,M,(a1b1) = :E Ua,ma)b,mb,JJ1Ml)B~,p 1 • 

ma1mb1 

The commutation relations are given by 

[Al, A2+]_= [BJ, B2+]_=0'12(=0'a,a,O'b 1 b,O'J,J,O'M,M,),} 

[the other combinations J_ = 0 . 

The spherical tensor representation of E is the following: 

71+= 
Jtj-

:E Ua,ma)b,mb,JJ!Ml)sp,Ea'p,, 
ma1mb1 

mal mol 

:E Ua,ma,jb,mb,JJlMl)Ea,f),, 
matmbt 

(2·4) 

(2·5) 

(2·6) 

*l The quantum number ii is obtained from a by changing the sign of m.. The phase factor 

SaC= (-) i • +ma) is necessary for the time reversal property, which was omitted in (I). 
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Derivation of Random Phase ApjJroximation 

srcllr= (-) J,+MrcJlJ,Jl, (a1b1) = ~ (ja,lna,Jb,mb,IJ1l'vf1) So:,s,3,El3 1 zc 1 ·) 

1rlalmbl 

99 

Through Eqs. (2 · 2), 93/, sr93r, cll 1 + and srcllr are expressed in terms of B 1 +, 
B 1 , A 1 + and A 1 as follows: 

9J 1 + = ~ (J5d5, Y (123) B2 + s3B,- p, Y (123) A2 + ssA,), 
23 

cll1 + = ~ (1 + P1) p2Y (123) B2 +ssA, , 
(2·7a)*l 

23 

srcllr = ~ (1 + P1) p2Y(123)A,+s3Bs. 
23 

We use also the following forms on several occasions: 

f7) (±)- 1 em+± _r'D_) ..::v1 =- ::v1 s1~1 , 

2 
ell (±)=l_ (ell +±s-ell-) I 2 I I I , 

(2. 7b) 

77 (±)- "--, 1 +PI ~ Y(123) (B + A _J_ A + B ) c.Ji1 - L..J- P2 2 s3 3 _L 2 S3 3 • 
23 2 

As was stressed in (I), it is necessary to form a connection between the 

fermion- and boson-space. In (I), for this aim we introduced certain relations 

which correspond to R = R 2 in the Hartree-Bogoliubov theory (R: the generalized 

density matrix). However, those relations are unsuitable for the practical purpose. 

As an alternative, we introduce the following set of the operators: 

F a -"'(B+B _J_ -A:t A ) _.:L~ l ~- ~ ai fji 1 Sp f3iSa cd 20a(3' 

Faf3 = ~ (B:;is,JA/Ji + B·JisaAo:i), 
i 

F a(3 = ~ (so:AtiB(3i + S!JAEiBai) • 
i 

(2·8) 

We require that all the matrix elements of F should be vanished in the sub-space 

which corresponds to the fermion space. We call this sub-space the physical space 

(lphy)). The detailed interpretation is g1yen in the Appendix. The spherical 

tensor representation of F is the following: 

m (±)- ±"' 1 ±]51 ~ Y(123) (n + -B ' A + A 2 ~ ) ) Wr - ~ --- jJ2 2 S3 3I 2 S3 3--S3023 
23 2 Q ' 

(2·9) 
7Tf (=)- ,..-. 1 - ]5 1 -~ "\T(123) (B + 0 A- A + B-) r 1 -- L....J 2 p,L 2 ~3 a± 2 S3 a , 

23 

*l Y(123) is given by 

Y(123) =iJb,b2iJa 1a,oa,ba v(2J;f.l)(2J2+1) vV(ja,jb, JaJ2; J,ja2) (J2IVI2J,NI,[J,Af,). 
The symbol p, denotes the permutation operator, the action of which on arbitrary function f(l) is 
defined by 
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100 Y. Mizobuchi, S. Nishiyama and M. Yarnarnura 

where Q denotes total number of the single-particle states (!2= :Ea(2j" + 1)). The 

definitions of (J)r <±l and ?Jf1 <±l are the following: 

(J)r<±l=i ((J)r + ± sr(J)r), ?JfrC±)=i (?Jfr + ± sr?Jfr), 

(J)l += (J)J,M1 (arbr) = :E Ua,rna,jb,rnb,IJrMr) Sp,Fa1p1 , 

sr?Jfr= (-) J,+M,?Jf J,M, (arbr) = :E Ua,rna,jb,rnb,IJrMr) Sa,sp,Fp,;x,. 

ma1mb1 

Hereafter, we call the following relations kinematical constraints: 

These play an important role for the selection of the physical states. 

§ 3. Truncation of the boson space 

(2 ·10) 

(2·11) 

It is clear from Eqs. (2 · 7) that the operators 931 + and J'l1 + consist of many 

kinds of multipole bosons. Therefore, for actual application it may be necessary 

to approximate Eqs. (2 · 7) in relation with the dynamical property of the system 

under consideration. We are interested in the system of sufficiently weak quad­

rupole interaction compared with pairing force. First, let us consider how Eqs. 

(2·7) can be truncated for the above-mentioned system. For this end, we investi­

gate the structure of the operators 93iio(aa) and J'liio(aa) which characterize the 

pairing interaction. If we pick up only the terms related to monopole bosons 

Aiio(aa) and Biio(aa), the relations (2·7a) for J 1 =0 are reduced to the 

following: 

93iio(aa) = )Q-,.(Biio (aa) Boo(aa)- Aiio(aa) Ao0 (aa), l 
J'l;;o (aa) = 1 ~-Biio(aa) Aoo (aa), 

vQ" 

(3 ·1) 

where Q" denotes (2j" + 1). We can see that these are nothing else but the 

extension of the original Schwinger representation of the quasi-spin to the many­

j-level model, if we make the above expressions (3 ·1) correspond to the quasi-spin 

Dperators .9"z(a) and .9"± (a): 

1 ;-
Yz(a) =-v!2a93iio(aa), 

2 
(3·2) 
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Derivation of Random Phase Approximation 101 

A kinematical constraint is reduced to the following: 

!P£tl (aa) = -J:.~[l._ (Biio(aa) Boo (aa) + Ai!o (aa) A 00 (aa)) - !2a] ( = 0). 
v!Ja 2 4 

(3 -3) 

The others are reduced to trivial relations. Equation (3 · 3) tells us that the 

magnitude of the quasi-spin S(a) is equal to !2a/4, i.e., the seniority tta=OY 

From the above argument, we can conclude that the states with tta=O can 

be exactly described within the framework of Eqs. (3 ·1) and (3 · 3) in the case 

of the pairing interaction. This fact gives us the following important suggestion: 

The monopole bosons Ai!o(aa) and Bi!o(aa) should lead the other multipole ones 

in the description of the low-lying states induced mainly by the strong pairing 

interaction. 

Next, keeping in mind the above suggestion, we consider the case where the 

quadrupole force is weakly added. In this case, we pay attention to .93~i.fl (ab) 

which characterizes the quadrupole force. Following the above suggestion, we 

pick up only the terms connected with the monopole bosons from l13£j,[l ( ab) given 

m Eq. (2·7b). Then, we have 

.93~j,[l(ab) =l_ }~(Boo(bb)BtM(ab) +Bi!o(bb) (-)MB2ift(ab) 
2 v!Jb · 

- A 00 (bb) A:JM(ab) - Ai!o (bb) (-) M A 2ift(ab)) 

1 (-)ia+ib 
--- p~---- (Boo (aa) B:fM (ba) + Bi!o (aa) (-) MB2iff(ba) 

2 V !Ja 

- Aoo (aa) A:JM(ba) - Ai!o (aa) (-) M A 2iff(ba)). (3-4) 

This relation shows that in the case of the system we are interested in, it is 

enough to take into account only the quadrupole bosons A;JM(ab) and B;JM(ab) in 

addition to the monopole ones. On the other hand, the appearance of the quadru­

pole bosons disturbes the pairing correlations. Then, in order to take into account 

this disturbance, we pick up the terms related with the quadrupole bosons from 

(2 · 7a) and include them to Eqs. (3 ·1): 

.93iio (aa) = 1 ~. [(Bot (aa) Boo (aa) - Ai!o (aa) Aoo (aa)) 
V !2a 

+ ~ (B:fM (ab) B 21<£ (ab) - A:JM (ab) A 2M (ab))], 
b,M 

Jliio(aa) = 1
2 . (Bi!o(aa)Aoo(aa) + ~ B:JM(ab)A2M(ab)). 

V!Ja ~M 

(3·5) 

We can express the Hamiltonian with the pairing-plus-quadrupole interactions in 

terms of the monopole and the quadrupole bosons with the help of Eqs. (3 · 4) 

*l Square of quasi-spin .9'(a) 2 can be expressed as 

.9'(a)"=.9'(a) (.9'(a) + 1), .9'(a) =HBto(aa)Boo (aa) +At,(aa)Aoo (aa)). 
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102 Y. l'vfizobuchi, S. Nishiyama and lv!. Yamamura 

and (3·5). 

Following the above-mentioned truncation, we have the following relations as 

the kinematical constraints: 

1 
([J&ril (aa) = '.:Fa 

V f2a 

=-; .[2. (B;o (aa) Boo (aa) + A,i; (aa) A 00 (aa)) 
V f2a 2 

+ _!._ ~ (BiM (ab) B21,r (ab) + A2'M (ab) A 2M (ab)) - !2a] ( = 0), 
2 ~M 4 

([J~ffl (ab) =_!._ -l (Boo(bb)BiM(ab) ±B(m(bb) (-) ;.rB2zfl(ab) 
2 v Qb 

± A 00 ( bb) AiM ( ab) + A;)o ( bb) (- ) M A 257 ( ab) ) 

1 ( _) ja+ib 

=t=- V (Boo(aa) B:}:,-!f(ba) ± B:o(aa) (-) MBziff(ba) 
2 f2a 

±Aoo(aa)A:}:M(ba) +Ado(aa) (-)MAziff(ba)) (=0), 

1J!~ffl (ab) =_!._ 1 ~~(A 00 (bb)B2'M(ab) ±A:O(bb) (-) '!fB2iff(ab) 
2 v Qb 

=t=B 00 (bb)A2'M(ab) -B;)o(bb) (-) ·'fAzJJ'(ab)) 

1 ( _) ja+ib 

+ 2 Vf2a (Aoo(aa)B2'M(ba) ±Ao\i(aa) (-) JIBz,w(ba) 

=t=B 00 (aa)A2'M(ba) -Bo\i(aa) (-)MA2iff(ba)) (=0). 

(3·6) 

The other types are reduced to trivial relations. It should be noted that the 

appearence of the quadrupole bosons forces us to set up kinematical constraints 

with JI=2. 

§ 4. Separation of the boson operators into static and fluctuating parts 

Under the truncation of the boson space mentioned in the previous section, 

we consider an approximate diagonalization of the Hamiltonian trunscribed from the 

original one in the fermion space. Of course, our Hamiltonian consists of the single­

particle energies and the pairing and the quadrupole interactions: 

!f(=!J{o+!J{P+!J{q' l 
&o= ~ f~ 0 lJla, 

a 

!J{ =-G p+p 
p 4 , 

ar _ X "'0 +Q 
c.J1-q-~~L.o<:__•lf M· 

2 M 

( 4 ·1) 
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Derivation of Random Phase A.pproximation 103 

The quanbtres faw\ G and X denote the single-particle energy of the state a and 

the strengths of the pairing and the quadrupole forces, respectively. We assume 

that G is much larger than X· Jla, fP' and Q",1 + are given by 

I 
(q,. ~- (-) ,,,f·q •• ) r 

(4·2) 
p+ = ~ -/2: c.Ao1o (a a) , 

a 

Here the explicit forms of 93010(aa), c.A;io(aa) and 93~J,[l(ab) are given in Eqs. (3·4) 

and (3·5). 

As for an approximate diagonalization of the Hamiltonian ( 4 ·1), \Ve adopt the 

following picture: Our system fluctuates around certain static values eta and fla 

for (A;io(aa), A 00 (aa)) and (Bd0(aa), B 00 (aa)), respectively, and 0 for (A~w(ab), 

A 2,1 (ab)) and (BiM(ab),B2J1 (ab)). Then, our bosons can be transformed into the 

following forms: 

( A;io(aa)) = _1 (A;io(aa)) 
aa I ,..._, , 

Aoo (aa) A 00 (aa) 
( B~o(aa))· _ 1 ( B;io(aa)) 

-/3a T \ - , 

Boo (aa) \Boo (aa) 
(4 · 3a) 

( AiM(ab)) = ( ~2~(ab)), 
A2JI (ab) A2N: (ab) 

(4· 3b) 

Here the operators with the symbol ~ denote the fluctuating parts and they are 

also bosons. The vacuum I ¢0) with respect to the bosons with the symbol rs 

the coherent state for A 00 (aa) and B 00 (aa) with the eigenvalues eta and /3a: 

l¢o) =exp{- ~ ~ (eta2 + fla 2
)} • exp{~ (etaAiio(aa) + flaBdo(aa))} I 0), ( 4· 4) 

a a 

where IO) denotes the vacuum for the original bosons. 

Our basic idea is to determine eta and fla by minimizing the expectation value 

of !}{ with respect to I ¢0). Our Hamiltonian ( 4 ·1) commutes with ~aJl"' and 

'3a. However, l¢o) is not the eigenstate for these operators. Therefore, \ve adopt 

the method of the Lagrange multiplier with the auxiliary conditions: 

(¢ol~ :Jtl¢o) = ~ (/3a 2
- Lta,

2 + l.Qa) =N,) 
a, a 

(¢olqal¢o) = (/Ja 2 +cta 2 -~.Qa) =0, 
(4·5) 

where 1V denotes total number of nucleons. The Hamiltonian \Yith the Lagrange 

miltiplier terms can be written as 

11n _ (It_ , "' c17 --'--"' 
Lft-c ... Jt A~Jai.L..J 

a a 
a' (4·6) 

where A and f..l"' are the Lagrange multipliers. Performing the transformation 

( 4 · 3), !f{' is decomposed as follows: 
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104 Y. A1izobuchi, S. 1Vishiyama and A1. Yamamura 

!}{' = !}{<0) + Jj((l) + !]{ p (2) + !}( q (2) + !}((3) + !](<4). (4·7) 

Here each component is given as 

,1((1) = L; [ Ctta- fa) aa- LIJ9a] (Ato(aa) +Aoo(aa)) 
a 

+ L; [ (/la -1- fa)Pa- Llaa] (Bot(aa) +Boo(aa)), (4·9) 
a 

(4·10a) 

!}(p (C)= L; Ctta +fa) Brio (aa) Boo (aa) + L; (!Ja- fa) A~o (aa) Aoo (aa) 
a a 

- Ll L; (Biio (aa) Aoo (aa) + A 0 ~ (aa) Boo(aa)), (4-10b) 
a 

!J[P<iJ= -G _L;(aaBo1o(aa) +J9aAoo(aa)) (aJioo(bb) +J9uAo'o(bb)), (4·10c) 
ab 

(4·11a) 

!}{ q (c)= L; (!1a +fa) ~ B~r (ab) B2}f (ab) -1- L; (Ita-fa) L; A~r (ab) A221I (ab) 
ab :11 alJ fll 

!]{ cil _ _ X "' . . . 1 
q- -2L.Jqabqcdlnn 

abed VJJJbJJJa 

!J(C3l =third order terms for the fluctuations, 

!J(w =fourth order terms for the fluctuations, 

where fa and L1 are defined as 

fa -ca co>- J., LI--G L; aaPa. 
a 

(4·11b) 

( 4·12) 

(4-13) 

( 4 ·14) 

Assuming the fluctuations as small, hereafter we neglect !f{'3l and !](< 0 • 

Concerning the kinematical constraints, it is sufficient in our approximation 

to take into account the terms up to first order vvith respect to the fluctuations in 

relation with the approximation of the Hamiltonian. Relations (3 · 6) are reduced 

to the following, after performing the trano>formation ( 4 · 3): 

m(+l( ) 1 (o 2-l- 2 S2a) Woo aa = T-- fJu aa --
\ S2a 2 

1 - - c - -
+ 1 -[tS'a(BQ'o(aa) -I-B00 (aa))+aa(Aiio(aa) +A 00(aa))] (=0), (4·15a) 

y .Qa 
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Derivation of Random Phase ApjJroximation 105 

(/)~frl (ab) =l_ 1
1 [(3b (B;JM(ab) ± ( -)Mjj2M(ab))±ab (AiM(ab) ±(- )MA2M(ab))] 

2 v SJb 

1 ( _ )ia+ib ~ M ~ ~ ~ 

=t=2- VS2a- [i1a(BiM(ba)±(-) B2M(ba))±aa(A;j,I(ba)±(-)MA2M(ba))] 

(=0), (4·15b) 

'lff£frl (ab) = l_ -- 1 ~~ [ab(B2j£(ab) ± (- )MB2M(ab)) =t= (3b (AiM(ab) ± (- )MA 2 J~(ab))] 
2 v SJb 

1 ( _ )ia+ib ~ ~ ~ ~ 

+ 2 VS2a [aa (B;}M (ba) ± (- )MB2M(ba)) =t= f3a (AiM (ba) ± (- )M A 2M(ba))] 

(=0). (4·15c) 

The others are reduced to trivial relations. 

In order to determine aa and f3a, let us minimize !f{WJ grven m Eq. ( 4 · 8): 

(4 -16) 

The solutions of Eq. ( 4 ·16) are given with the help of Eqs. ( 4 · 5) as follows: 

aa2=~a. ~ (1+ ~a )=~a·Ua2, (4 _17) 

P.'~~·· ~ (1- ~;) ~~· ·v.' .f 
L1 and A can be determined by Eqs. ( 4 ·14) and ( 4 · 5), the equations of which are 

given as 

(4·18) 

These equations are completely the same as those given in the conventional BCS 

theory. We can see that !/( 0 l is vanished, if we substitute Eq. ( 4 ·16) into Eq. 

(4·9). 

§ 5. Pairing vibration in the superconductiug phase 

We are now in a stage to diagonalize our Hamiltonian ( 4 · 7) with the use of 

the results of the previous section. This diagonalization leads us to RPA. !}{ P <2J 

and !}{q <2J are independent of each other and, therefore, we can treat them separate-
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106 Y. Aiizobuchi, S. iVishiyama and lrf. Yamamura 

ly. In this section, we consider mainly the case of !f(P 12). 

First, let us diagonalize !/{Peel given in Eq. (4·10b). This can be done by 

introducing the following linear combinations of Biio(aa) and A;io(aa): 

Clio (aa) =uaBiio (aa) - vaAiio (aa),} 
(5 ·1) 

mo (aa) =vaBo1o (aa) + UaAto (aa). 

The result becomes as follows: 

!}{ P ccJ = 2 L; Ea Cot (a a) Coo (a a) . (5·2) 
a 

Cot (aa) and D;io(aa) are, of course, boson operators which are commutable. A 

characteristic of the result is the appearance of Ddo (aa) boson with zero energy 

in contrast to Cot (aa) with energy 2Ea. 

Next, in addition to !}{PccJ, we treat !}{P 10 given in Eq. (4·10c). With the 

use of Cri6(aa) and D;io(aa), !f{/2) can be rev'\"ritten in the following form: 

(5 · 3a) 

!f.( P (V) = 2 L; EaCot (aa) Coo (aa) 
a 

(5 · 3c) 

The diagonalization of !}{ P cvJ leads us to the conventional RP A applied to the 

pairing vibration in the superconducting phase. It may be unnecessary to show 

the explicit diagonalization of !}{ P cvJ, since this is already well known. It is interest­

ing to see that Cot (aa) plays the same role as that of the quasi-particle pair 

coupled to J = 0 under the boson approximation. 

The final problem is how to understand !f.{/'J given in Eq. (5·3c). For this 

aim, we pay attention to the kinematical constraint (4·15a). In terms of C 0 ~-(aa) 

and D 0 ~(aa), Eq. (4·15a) can be rewritten as 

{])&0'l(aa) = 1 (Drio(aa) +Doo(aa)) (=0). 
vl2 

(5 ·4) 

Under the requirement of {])~t) (aa) being vanished, our physical state should be 

of the following form with respect to D;io(aa): 

I phy) ~exp { -l L; e~ol (Dot (aa) Y} l¢o). (5 ·5) 
a 

Here e~ol is an arbitrary constant vvhich obeys the condition, [8~ 0 lf<I. We can 

prove that the expectation value of {])&fil(aa) with respect to fphy) is vanished. 
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Derivation of Random Phase ApjJroximation 107 

The condition /8~ 0 ~/<1 means that /phy) can be normalized to unity. Since /}{Pw 

contains Diio(aa) and D 00 (aa) in the form given in Eq. (5·4), !J(P<tl has no con­

tribution to the excitations of the system. Therefore, for the practical application, 

it may be possible to omit !][P<n, that is, we can leave Diio(aa) bosons out of 

consideration. Thus, we have been able to get completely the same result as 

that of the conventional RPA in the pairing vibration. 

§ 6. Quadrupole vibration 

As a final problem, we consider the diagonalization of !]{q <2) given In Eq. 

( 4 ·11). This case also leads to the conventional RPA. The procedure is almost 

the same as that in the case of !]{ P <2). Let us start with the diagonalization of 

!J( q <cl. In this case, also by introducing the follo-vving independent bosons, the 

diagonaliza tion can be proceed: 

C;M:(ab)=ualJ2~(ab) -vaAiM(ab),} 

D2"M (ab) =valJiJ.r(ab) -1- UaAil.I(ab). 

!]{ q <cl can be rewritten as 

(6·1) 

!J(q<cl=2L:: Ea:L: Cti(ab)CHI(ab). (6·2) 
ab Jf 

We can see that DiM(ab) bosons have also zero energy. With the help of C 2 :~ 1 (ab) 

and Di;,1 ( ab), !J( q <2) can be rewritten down as 

!]{ /2) = !}{ q (V)-[- !}{ q (tl, (6 · 3a) 

!}{ q (V) = 2.::: (Ea -1- Eb) 2.::: c~ (ab) (;2M (ab) 
ab M 

X " cC+)r-(+) "(Co+ ( b) ( )NCO ( b)) --4 L..J qabqcd>ab >cd L..J 2!([ a -1- - 2ifl a 
abed M 

X (C2"'11(cd) -1- (- )MCiw(cd)), 

!]{ q C'l = 2.::: (Ea- Eb) 2.::: (Ctw (ab) D2}I (ab) -1- Di;,I (ab) C2.,1 (ab)) 
ab N~ 

I X " r- ( +) ( +) " cc· + ( b) I ( ) Me" - ( b)) --- L..J qabqcd>ab 1/cd L..J 2Jf a -- --- VI a 
2 abed ,11 

X (D2M(cd)- (-)j,+ja(-)fiiDiN(dc)) 

X "" • ( ~ L (+) " (D '- ( b) ( ) j a+ h ( ) fliD (b ) ) -- 2-J qabqeal/ab '7ea L..J 2Jf a - -- - 2N . a 
4 abed N 

where 

(6-3b) 

(6 · 3c) 

(6·4) 
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108 Y. 1\1izobuchi, S. Nishiyama and 1\1. Yamamura 

CiM (ab) and Dt11 (ab) are the anti symmetric and the symmetric bosons, respectively, 

defined by 

CiM(ab) =- (- )ia+hc:;_;,r(ba) ---HC2~£(ab)- (- )ja+i'C,~I(ba)), } 

D~r(ab) = (-)ia+hjJiM(ba) t(C,~r(ab) + (-)ja+j'C 2 ~I(ba)), 

} 
[co ( b) co + ( d) J - 1 ( ~ ~ ( ) j a+ ib ~ ~ ) ~ 2K a , 2A c --2 OacObd- - OadObc OKA, 

[D2K (ab), DiA (cd)] _ = HoacO bd + (-) ja+hoadO be) o KA, 

[the other combinations]_=O. 

(6 · 5a) 

(6. 5b) 

The Hamiltonian !J(q cvl (6 · 3b) is just of the same form as that given in the boson 

approximation of the quasi-particle pairs. In this case, C2"i.t (ab) corresponds to the 

quasi-particle pair. The diagonalization may be unnecessary to show. 

Finally, we mention how !f{q co given in Eq. (6 · 3c) can be undersood. We 

use the kinematical constraints ( 4 ·15b) and ( '1·15c). I]J~,frl (ab) and ?J!ifrl (ab) £can 

be rewritten in the following forms: 

@5frl (ab) = / 2 t;~i;l (i)i,I(ab) ± (-) }[D2!J(ab)) 

± 1 C+l[(D·'· ( b) ( )ia+j'( )MD -(l )) 2--:l-:z_-'fJ ab ,,,[ a - - - 2Jf Ja 

± ( (-) MD2,fl(ab)- (- )ja+hDi~r (ba))] ( = 0), 

?J;ilfrl(ab) = / 2 r;~i;l(Dtw(ab) ± (-)'IiJ2JJ(ab)) 

=f ~ /;~i;l[(DiM(ab)- (-)ja+h(-)MD211I(ba)) 
2v 2 

± ( (-) MD2i;r(ab)- (- )ja+hD;-M(ba))] ( = 0). 

(6·6) 

From the condition of (/)~J:P (ab) and ?J;ffil (ab) being vanished in our physical space, 

we can see that the following important relations hold: 

(phyiD;"M(ab) lphy) = (phyiD2l[(ab) lphy) =0, 

(phyiD 2 ~>I(ab)- (- )ia j'(-) MD211I(ba) lphy) =0. 

(6·7a) 

(6·7b) 

Relation (6·7a) tells us that our physical state should not contain /Jf,1 (ab) bosons. 

Further, relation (6·7b) means that our physical state is o£ the following form 

·with respect to Di_M(ab): 

(6· 8) 

Here 0~ 2 ;; is an arbitrary constant with the condition I 0~ 2 2 I <1. Therefore, in the 

same meaning as that given in the case of the pairing vibration, it may be possible 

to omit !J(q co, that is, we can lea\-e D 2 ~>r(ab) and Di;,r(ab) out of consideration. 

In this way, we have been able to reformulate the conventional RPA in the 

framework of our generalized Sclnvinger representation. 
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§ 7. Concluding remarks 

We have been able to derive the conventional RP A on the basis of the 

generalized Schwinger representation of the fermion-pairs proposed by the present 

authors (S. N. and M. Y.). Our basic idea on the approximations has been 

devided into two stages: First is the truncation of the boson space. Under the 

sufficiently weak quadrupole interaction compared with the pairing force, the system 

can be treated in terms of the monopole and the quadrupole bosons. Second is 

the separation of the bosons into the static and the fluctuating parts. The formers 

are determined by minimizing the expectation value of the Hamiltonian with respect 

to the coherent state for our bosons. Of course, the kinematical constraints are 

essential for the selection of the physical state. 

In relation to these two stages of the approximations, we obtain some problems 

to be solved in the near future. Recently, Iwasaki et al. reported interesting 

results on the analysis of the anharmonicity in the framework of the quasi-particle 

Tamm-Dancoff approximation. 5l According to their results for the transition prob­

abilities, the quasi-particle pairs show boson-like behaviour with certain attenuation 

factors even in rather highly excited states. Empirically, they showed that the 

factor has a simple dependence on the number of the quasi-particles of the state 

under consideration. This is the first problem. 

Concerning the first stage of approximations, the first problem is the coupling 

between the monopole and the quadrupole bosons. The role of our monopole bosons 

is essentially different from the one appearing in the SU(6) model by Janssen 

et al. 6l Theirs is a kinematical boson which is associated with the quadrupole 

degrees of freedom. Ours are dynamical bosons which create the pairing vibration. 

Therefore, it can be expected to describe the coupling between the pairing and 

the quadrupole vibrations. It is also interesting to investigate the s-d boson model 

by Arima and Iachello7l in our framework. 

The second is the validity of the truncation of the boson space. If the quad­

rupole force is stronger, the truncated forms of 93~j[l(ab), 93iio(aa) and Jliio(aa) 

shown in Eqs. (3 · 4) and (3 · 5) are no longer reliable. Therefore, it becomes 

important to consider which types of the multipole bosons are necessary in addition 

to the monopole and the quadrupole ones. It may be an interesting problem in 

relation to the rotational motion. 

Finally, we stress that in our theory the fermion-pair operators can be com­

pletely expressed in terms of the microscopic quantities which exist in the original 

fermion system. Therefore, the Hamiltonian expressed with our bosons does not 

include any additional parameters in contrast to the SU(6) model by Janssen 

et al., 6l in which there are many parameters to be determined with the experimental 

data. 
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Appendix 

In the Appendix, we give a delaited interpretation of the kinematical con­

straints used in this paper. We define the following set of the operators F (F"p, 
F"li, F ali) in our fermion space: 

~",s=Hca +, c,s] + -taap, ( = 0) l 
F"P=l-[c + c +] (=0) 

-2 a ' fl +' 

Fa,s=Hca, C,s]+. (=0) 

(A·l) 

They satisfy the relations 

(A·2) 

Clearly, F are nothing else than the anti-commutators. Therefore, they are iden­

tically vanished. Commutation relations of F with E are given formally as 

(A·3) 

Next, we introduce the following set of the operators F(Fap, F"li, Fap) in 

our boson space: 

F" p =X[~ (B:;;B pi+ At;Aa;) - za ap], ) 

F"P = y I:; (B:;;Ap; + Bt;Aa;), 
i 

Fa,s=Y L;(A:;;B,s;+At;Ba;), 
i 

(A-4) 
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·where x, y and z are certain constants to be determined later. The set F satis­

fies the same relations as those given in Eqs. (A· 2). Further, we can see that 

the commutation relations of F with E are o£ the same forms as those in Eqs. 

(A· 3). Then, we require that the set F plays the same role as that of F in the 

fermion space. This requirement permits us to set up the following relations: 

(A·5) 

Now, let us determine the constants x, y and z. For the sake of Eqs. (A·5), 

the constants x and y may be possible to set up, ·without loss of generality, as 

follows: 

x=y=1. (A·6) 

The problem is the determination of the constant z. For this mm, we introduce 

the operator N which corresponds to the total number of Fermions N: 

N ~-" + 1--'\N-" (B+B A+ A ) ' Q - L Ca Ca\--1 - ..L..J ui a'i- ai ai I- • 
a ai 2 

(A-7) 

Since the zero fermion state IO)r satisfies Ea,3IO)r=O, the boson state IO)s cor­

responding to I O)r has the property Ea,31 O)s = 0. This means that I 0) n does not 

contain any B" bosons. Then, we have 

(A-8) 
ai 

This relation shows that IO)s consists of (SJ/2)-A+ bosons. Operation of L:aF"a 

to I 0) B leads us to 

:I; F"aiO)s= :I;(~ A;;iAai -z) I 0) B 
a a i 

=(:I; A;;iAai-zQ) I O)n = 0. (A·9) 
ai 

From Eqs. (A· 8) and (A· 9), we get 

z=t. (A-10) 

In this vvay, we can get Eqs. (2 · 8) under the consideration of the time reversal 

property. The condition that F should be vanished in the physical space has 

the following correpondence with the Hartree-Bogoliubov theory: If \ve replace 

A;;i and B~i with c-num.ber the condition is reduced to the orthonormality o£ the 

coefficients of the generalized Bogoliubov transformation. 
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