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Derivation of the Cubic NLS

and Gross—Pitaevskii Hierarchy

from Manybody Dynamics in d = 3 Based
on Spacetime Norms

Thomas Chen and Natasa Pavlovié

Abstract. We derive the defocusing cubic Gross—Pitaevskii (GP) hierar-
chy in dimension d = 3, from an N-body Schrédinger equation describing
a gas of interacting bosons in the GP scaling, in the limit N — oco. The
main result of this paper is the proof of convergence of the correspond-
ing BBGKY hierarchy to a GP hierarchy in the spaces introduced in our
previous work on the well-posedness of the Cauchy problem for GP hierar-
chies (Chen and Pavlovié¢ in Discr Contin Dyn Syst 27(2):715-739, 2010;
http://arxiv.org/abs/0906.2984; Proc Am Math Soc 141:279-293, 2013),
which are inspired by the solution spaces based on space-time norms intro-
duced by Klainerman and Machedon (Comm Math Phys 279(1):169-185,
2008). We note that in d = 3, this has been a well-known open problem in
the field. While our results do not assume factorization of the solutions,
consideration of factorized solutions yields a new derivation of the cubic,
defocusing nonlinear Schrodinger equation (NLS) in d = 3.

1. Introduction

We derive the defocusing cubic Gross—Pitaevskii (GP) hierarchy from an
N-body Schrodinger equation in dimension d = 3 describing a gas of inter-
acting bosons in the GP scaling, as N — oco. The main result of this paper
is the proof of convergence in the spaces introduced in our previous work on
the well-posedness of the Cauchy problem for GP hierarchies [7-9], which are
inspired by the solution spaces based on space-time norms introduced by Klain-
erman and Machedon [25]. In dimension 3, this problem has so far remained a
key open problem, while in dimensions 1 and 2, it was solved in [6,26] for the
cubic and quintic case.
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The derivation of nonlinear dispersive PDEs, such as the nonlinear
Schrédinger (NLS) or nonlinear Hartree (NLH) equations, from manybody
quantum dynamics is a central topic in mathematical physics, and has been
approached by many authors in a variety of ways; see [16-18,25,26,31] and
the references therein, and also [1,3,11,12,15,19-24,30,33]. This problem is
closely related to the phenomenon of Bose-Einstein condensation (BEC) in
systems of interacting bosons, which was first experimentally verified in 1995
[4,14]. For the mathematical study of BEC, we refer to the fundamental works
[2,27-29] and the references therein.

1.1. The Gross—Pitaevskii Limit for Bose Gases

As a preparation for our analysis in the present paper, we will outline some
main ingredients of the approach due to L. Erdés, B. Schlein, and H.-T. Yau.
In an important series of works [16-18], these authors developed a powerful
method to derive the cubic nonlinear Schrédinger equation (NLS) from the
dynamics of an interacting Bose gas in the Gross—Pitaevskii limit. We remark
that the defocusing quintic NLS can be derived from a system of bosons with
repelling three body interactions, see [6].

1.1.1. From N-Body Schrodinger to BBGKY Hierarchy. We consider a quan-
tum mechanical system consisting of N bosons in R? with wave function
dy € L*(R3N). According to Bose-Einstein statistics, ®y is invariant un-
der the permutation of particle variables,

‘I)N(xﬂ(l),l‘ﬂ(z), . 77;7r(N)) =&y (z1,22,...,TN) Vre Sy, (1.1)
where Sy is the Nth symmetric group. We denote by L2, (R3*") the sub-

sym

space of L2(R3Y) of elements obeying (1.1). The dynamics of the system is
determined by the N-body Schrodinger equation

i0,®y = Hy®y. (1.2)

The Hamiltonian Hy is given by a self-adjoint operator acting on the Hilbert
space L2 (R3*N), of the form

sym

1

N
Hy =Y (-8s)+~ Y Vnlai—aj), (1.3)

1<i<j<N
where Vy(z) = N3PV (NPz) with V' > 0 spherically symmetric, sufficiently
regular, and for 0 < 3 < i.

Since the Schrédinger equation (1.2) is linear and Hy self-adjoint, the
global well-posedness of solutions is evident. To perform the infinite particle
number limit N — oo, we outline the strategy developed in [16,17] as follows.

One introduces the density matrix

Yoy (t 2y, zy) = [On (6 zy) (P (t 2 )] == O (t zy) PN (E z)y)
where z = (21,29, ...,2n) and 2y = (2], 25, ..., 2/y). Furthermore, one con-
siders the associated sequence of k-particle marginal density matrices 7<(1>k]3 (1),



Vol. 15 (2014) Derivation of the Cubic GP Hierarchy 545

for kK = 1,..., N, as the partial traces of vg, over the degrees of freedom
associated to the last (IV — k) particle variables,

k
’Yé]\), = Trpq1 42, N PN) (PN

Here, Trp41,k42,..,n denotes the partial trace with respect to the particles
indexed by k+ 1,k + 2,..., N. Accordingly, ’Y<(I>k13 is explicitly given by

k
%(pli@kaﬁc) = /dgN—k’V‘I)N(glmngk;g;ngfk:)

) NI e N )

It follows immediately from the definitions that the property of admissibility
holds,

W =T (), k=1, N1, (1.5)

for 1 <k < N —1, and that Try{) = [|®x2,psv, = 1 for all N, and all
k=1,2,...,N. ’

Moreover, 7((;13 > 0 is positive semidefinite as an operator S(R?*) x
S(R*) — C,(f,9) = [ dzda’ f(z)y(z;2")g(2").

The time evolution of the density matrix vs, is determined by the Heisen-
berg equation

)

)

iat’Y@N (t) = [HNv Yo N (t)]a (16)
which has the explicit form
iat/y(bN (tv ngggV)

= 7(A§N - Aﬁg\,)’y@N (t7lN7£3\[)

1
+ > Wnlws — x5) = V(@) — o))y (bzy, zy).  (1.7)
1<i<j<N

Accordingly, the k-particle marginals satisfy the BBGKY hierarchy
iaﬂc(pk]z (t, 2p,; 27,

k
= *(Agk - Agg,)'ﬂ(p,\), (t, lmlk)

1 k
2 e — ) = Vel — o)y (bzah)  (18)
1<i<j<k
N—kg
t—N /d$k+1[VN($i — Tpp1) — V(@] — Tpr1)]
i=1
VoDt 2 Tr 1 T, Tarn) (1.9)

where Ay, = E?Zl Az, and similarly for Ay, . We note that the number of

terms in (1.8) is ~ % — 0, and the number of terms in (1.9) is W —k
as N — o0. Accordingly, for fixed k, (1.8) disappears in the limit N — oo
described below, while (1.9) survives.



546 T. Chen and N. Pavlovié Ann. Henri Poincaré

1.1.2. From BBGKY Hierarchy to GP Hierarchy. It is proven in [16-18] that,
for asymptotically factorized initial data, and in the weak topology on the
space of marginal density matrices, one can extract convergent subsequences

%(bkzi — ) as N — oo, for k € N, which satisfy the infinite limiting hierarchy

0y W (t, 2y 2h) = —(Ag, — A )Y P (E 245 20)
k

+ro > (Bjwr1y™ ) (8 2)), (1.10)
j=1

which is referred to as the Gross—Pitaevskii (GP) hierarchy. Here,
(Bj 1Y) (t, 2 2h,)
= /dzk+1d:17;c+1 [5(I] — xk+1)5(;1:j — $;€+1)

—6(x; - $k+1)5(939 - x;c+1)] 7(k+1)(ta£kvxk+1§£;w$;c+1)-
The coefficient ¢ is the scattering lengthif 3 = 1 (see [16,28] for the definition),
and ko = [ V(x)dz if 8 < 1 (corresponding to the Born approximation of the
scattering length). For § < 1, the interaction term is obtained from the weak
limit Viy(x) — kod(z) in (1.9) as N — oo. The proof for the case § = 1 is
much more difficult, and the derivation of the scattering length in this context
is a breakthrough result obtained in [16,17]. For notational convenience, we
will mostly set kg = 1 in the sequel.
Some key properties satisfied by the solutions of the GP hierarchy are:
e The solution of the GP hierarchy obtained in [16,17] exists globally in t.
e [t satisfies the property of admissibility,

A®) = Trp (%)) VEeN, (1.11)

which is inherited from the system at finite V.
e There exists a constant b} depending on the initial data only, such that
the a priori energy bound

Te([STDA " (#)]) < () (1.12)
is satisfied for all k£ € N, and for all ¢ € R, where

k
S | A (1.13)
j=1

This is obtained from energy conservation in the original N-body
Schrédinger system.

e Solutions of the GP hierarchy are studied in spaces of k-particle
marginals {y* | [|[y®]|y1 < oo} with norms

||'7(k)||h" — Tr(|S(k’a)’Y(k)|)- (1.14)

This is in agreement with the a priori bounds (1.12).
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1.1.3. Factorized Solutions of GP and NLS. The NLS emerges as the mean
field dynamics of the Bose gas for the very special subclass of solutions of the
GP hierarchy that are factorized. Factorized k-particle marginals at time t = 0
have the form

’Yo xkal"k H¢0 Z ¢0

where we assume that ¢ € H'(R?). One can easily verify that

A Bt 2y 2h) = Hd)ta:] )

is a solution (usually referred to as a factorlzed solution) of the GP hierarchy
(1.10) with ko = 1, if ¢(t) € H'(R?) solves the defocusing cubic NLS,

i0p = —Datp + |40, (1.15)
for t € I CR, and ¢(0) = ¢g € H*(R?).

1.1.4. Uniqueness of Solutions of GP Hierarchies. While the existence of fac-
torized solutions can be easily verified in the manner outlined above, the proof
of the uniqueness of solutions of the GP hierarchy (which encompass non-
factorized solutions) is the most difficult part in this analysis. The proof of
uniqueness of solutions to the GP hierarchy was originally achieved by Erdds
et al. [16-18] in the space {y*) |||y ||y1 < oo}, for which the authors devel-
oped highly sophisticated Feynman graph expansion methods.

Klainerman and Machedon [25] introduced an alternative method for
proving uniqueness in a space of density matrices defined by the Hilbert—
Schmidt type Sobolev norms

YN = 1S® Y ® | 2 gk cgsry < oo (1.16)

While this is a different (strictly larger) space of marginal density matrices
than the one considered by Erdds et al. [16,17], the authors of [25] impose an
additional a priori condition on space-time norms of the form

I1Bji+17 Pl iy < CF, (1.17)

for some arbitrary but finite C' independent of k. The strategy in [25] developed
to prove the uniqueness of solutions of the GP hierarchy (1.10) in d = 3 in-
volves the use of certain space-time bounds on density matrices (of generalized
Strichartz type), and crucially employs the reformulation of a combinatorial
result in [16,17] into a “board game” argument. The latter is used to orga-
nize the Duhamel expansion of solutions of the GP hierarchy into equivalence
classes of terms which leads to a significant reduction of the complexity of the
problem.

Subsequently, Kirkpatrick et al. [26] proved that the a priori spacetime
bound (1.17) is satisfied for the cubic GP hierarchy in d = 2, locally in
time. Their argument is based on the conservation of energy in the original
N-body Schrédinger system, and a related a priori H'-bounds for the BBGKY
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hierarchy in the limit N — oo derived in [16,17], combined with a generalized
Sobolev inequality for density matrices.

1.2. Cauchy Problem for GP Hierarchies

In [7], we began investigating the well-posedness of the Cauchy problem for GP
hierarchies, with both focusing and defocusing interactions. We do so indepen-
dently of the fact that it is currently not known how to rigorously derive a GP
hierarchy from the N — oo limit of a BBGKY hierarchy with L2-supercritical,
attractive interactions. In [7], we introduced the notions of cubic, quintic,
focusing, or defocusing GP hierarchies, according to the type of NLS obtained
from factorized solutions.

In [7], we introduced the following topology on the Banach space of se-
quences of k-particle marginal density matrices

&={T=(y®(x,..,zp;20,. .., 20) heen | Try®) < o0} (1.18)
Given £ > 0, we defined the space

HE = {T||IT [l < o0} (1.19)
with the norm
1Tz =D €5 17 e, (1.20)
keN
where
Iy ® g = 5%y P 2 (1.21)

is the norm (1.16) considered in [25]. If I' € H, then ¢~ an upper bound
on the typical H%-energy per particle; this notion is made precise in [7]. We
note that small energy results are characterized by large £ > 1, while results
valid without any upper bound on the size of the energy can be proven for
arbitrarily small values of £ > 0; in the latter case, one can assume 0 < ¢ < 1
without any loss of generality. The GP hierarchy can then be written in the
form

0, + AT = BT, (1.22)

with T'(0) = Ty, where the components of AT and BT can be read off from
(1.10). Here we have set ko = 1.

In [7], we prove the local well-posedness of solutions for energy subcritical
focusing and defocusing cubic and quintic GP hierarchies in a subspace of H
defined by a condition related to (1.17). The parameter a determines the
regularity of the solution,

(3,00) ifd=1
a € Ad,p) = (g _ Q(Tgl),oo) if d>2and (d,p) # (3,2) (1.23)
[1,00) if (d.p) = (3.2),

where p = 2 for the cubic, and p = 4 for the quintic GP hierarchy. Our
result is obtained from a Picard fixed point argument, and holds for various
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dimensions d, without any requirement on factorization. The parameter £ > 0
is determined by the initial condition, and it sets the energy scale of the given
Cauchy problem. In addition, we prove lower bounds on the blowup rate for
blowup solutions of focusing GP hierarchies in [7]. The Cauchy problem for GP
hierarchies was also analyzed by the authors of [13], and the cubic GP hierarchy
was derived in [12] with the presence of an external trapping potential in 2D.

In the joint work [10] with N. Tzirakis, we identify a conserved energy
functional E1(T'(t)) = E1(I'o) describing the average energy per particle, and
we prove virial identities for solutions of GP hierarchies. In particular, we use
these ingredients to prove that for L?-critical and supercritical focusing GP
hierarchies, blowup occurs whenever F1(T'g) < 0 and the variance is finite. We
note that prior to [10], no exact conserved energy functional on the level of
the GP hierarchy was identified in any of the previous works, including [26]
and [16,17].

In [8], we discovered an infinite family of multiplicative energy functionals
and prove that they are conserved under time evolution; their existence is a
consequence of the mean field character of GP hierarchies. Those conserved
energy functionals allow us to prove global well-posedness for H' subcritical
defocusing GP hierarchies, and for L? subcritical focusing GP hierarchies.

In the paper [9], we prove the ezistence of solutions to the GP hierar-
chy, without the assumption of the Klainerman—Machedon condition. This is
achieved via considering a truncated version of the GP hierarchy (for which
existence of solutions can be easily obtained) and showing that the limit of
solutions to the truncated GP hierarchy exists as the truncation parameter
goes to infinity, and that this limit is a solution to the GP hierarchy. Such a
“truncation-based” proof of existence of solutions to the GP hierarchy moti-
vated us to try to implement a similar approach at the level of the BBGKY
hierarchy, which is what we do in this paper.

1.3. Main Results of this Paper

As noted above, our results in [7] prove the local well-posedness of solutions
for spaces

We (1) :={T € Lyg,/HE | BT € Li./HE}, o€ Ud,p), (1.24)

where the condition on the boundedness of the Lfe H¢ spacetime norm cor-
responds to the condition (1.17) used by Klainerman and Machedon [25].

This is a different solution space than that considered by Erdds et al.
[16,17]. As a matter of fact, it has so far not been known if the limiting
solution to the GP hierarchy constructed by Erdds et al. is an element of
(1.24) or not in dimension d > 3 (for d < 2, it is known to be the case [6,26]).
This is a central open question surrounding the well-posedness theory for GP
hierarchies in the context of our approach developed in [7-9,25].

In this paper, we answer this question in the affirmative. We give a deriva-
tion of the cubic GP hierarchy from the BBGKY hierarchy in dimensions d = 3
based on the spacetime norms used in [7,25]. The main result can be formu-
lated as follows:
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Let d = 3, and 6 > 0 be an arbitrary, small, fixed number. Moreover, let
1
_— 1.2

0<0<iT% (1.25)
Suppose that the pair potential Vy(z) = N3*°V(NPz), for V € LY(R?), is
spherically symmetric, positive, and V' € C°(R3) N L>(R?) decays rapidly

outside the unit ball.
Let (Py)ny denote a sequence of solutions to the N-body Schrodinger
equation (1.2) for which we have that for some 0 < £’ < 1, and every N € N,

I (0) = (75)(0),...,7$7(0),0,0,...) € M

holds at initial time ¢ = 0, and moreover, that the strong limit
Do = lim T*¥(0) € HG™ (1.26)
N—oo
exists. We emphasize that 'y does not need to be of factorized form. The
additional § amount of regularity is introduced to control the convergence of

certain terms, see Sect. 5.
We denote by

TEN (1) = (79 (£), - 7)) (£),0,0,...,0,...) (1.27)
the solution to the associated BBGKY hierarchy (1.8) — (1.9), trivially ex-
tended by 'ygg =0 forn> N.

We define the truncation operator P<y by
PogD = (W, 45 0,0,...), (1.28)
and let
K(N) :=by log N (1.29)
for a suitable constant by > 0.
Then, the following hold for sufficiently small 0 < £ < 1:
1. There exists I' € L§2[07T]Hé such that the limit

s — ]\}lm PgK(N)F':PN =T (130)

holds strongly in L?Z[o 7] H%.
2. Moreover, the limit

holds strongly in L7 1, ,H;.
3. The limit point I' € Lz[o,T]H% is a mild solution to the cubic GP hier-
archy with initial data I'g, satisfying
t
T(t) = U(t) Ty + i /U(t ) BI(s)ds, (1.32)
0
with T(0) = T, and U(t) := eitA=
An outline of our proof is given in Sect. 3 below.
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Remark 1.1. We emphasize the following:

e The results stated above imply that the N-BBGKY hierarchy (truncated
by P<k(n) with a suitable choice of K(N)) has a limit in the space
introduced in [7], which is based on the space considered by Klainerman
and Machedon [25]. For factorized solutions, this provides the derivation
of the cubic defocusing NLS in those spaces.

e In [16,17,26], the limit ’yékl\)] — ~(®) of solutions to the BBGKY hierarchy
to solutions to the GP hierarchy holds in the weak, subsequential sense,
for an arbitrary but fixed k. In our approach, we prove strong convergence
for a sequence of suitably truncated solutions to the BBGKY hierarchy,
in an entirely different space of solutions. An important ingredient for
our construction is that this convergence is in part controlled by use of
the parameter £ > 0, which is not available in [16,17,26]. Moreover, we

assume initial data that are slightly more regular than of class 'H%,.

e We assume that the initial data has a limit, T~ (0) — [ € Héfré as

N — oo, which does not need to be factorized. We note that in [16,17],
the initial data is assumed to be asymptotically factorized.

e The method based on spacetime norms developed in this paper works
for the cubic case in d = 2,3, and is expected to have a straightforward
generalization for the quintic case in d = 2. Our result is completely new
for the cubic case in d = 3; the other cases (of cubic and quintic GP in
d < 2) were covered in [6,26]; however the mode of convergence proven
here is different and the initial data in this paper do not need to be of
factorized form. A main obstacle in treating the quintic GP hierarchy in
d = 3 is the fact that the currently available Strichartz estimates are not
good enough for the quintic GP hierarchy [6].

2. Definition of the Model

In this section, we introduce the mathematical model that will be studied in
this paper. Most notations and definitions are adopted from [7], and we refer
to [7] for additional motivations and details.

2.1. The N-Body Schrodinger System

We consider the N-boson Schrédinger equation

N
. 1
10,Py = —ZA% + N Z Vn(z; —x0) | On (2.1)
Jj=1 1<j<tSN
on L3, (R?N), with initial data ®x(0) = ®on € LE,,, (R*Y). Here, Vi (x) =

N38V(NPz) for V € L*(R3) spherically symmetric, and positive. Moreover, we
assume that V' € C1(R3) with rapid decay outside the unit ball. The parameter
0 < B < 11is assumed to satisfy the smallness condition (3.1).

Let

Yo = Trkt1,. N(PN)(PN]). (2.2)
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It is proved in [16,17,26] that for V satisfying the above assumptions,
K
(@, (N + Hy)X @y ) > CF NF Tr(S0F09{0) (2.3)

for some positive constant C' < oo independent of N, K. This a priori bound
makes use of energy conservation in the N-body Schrédinger equation satisfied
by @, and will be used in the proof of our main results.

2.2. The Solution Spaces

We recall the space introduced in [7]

L2 (RBk % R?)k:)

P

G =

b
Il

1

of sequences of marginal density matrices
I = (V(k) )keN

where v(*) > 0, Try(®) = 1, and where every v*)(z,,z}) is symmetric in all
components of 2, and in all components of z, respectively, i.e.

v(k)(x,,(l), . ,x,,(k);x;,(l), e x;,(k)) =y®N @y, . xh)  (24)

holds for all 7,7’ € S.
For brevity, we will write 2, := (z1,--- ,2), and similarly, 2} = (2}, -,
The k-particle marginals are assumed to be hermitian,

Y8 (zgs 25) = 7R (2 2p.). (2.5)

We call T' = (7)) ,en admissible if v*) = Try, ;y*+1) | that is,

’Y(k)@k@;c) = /dxkﬂ ’Y(k+1)(£k79€k+1;£27$k+1)

for all £ € N.
Let 0 < £ < 1. We define

HE = {r € ‘ Pl < oo} (2.6)

where
Tl = > €™ larg mor xrony,
k=1
with
Iy g = (157 ®| 2 (2.7)

where S(F@) .= H?:l <vaj>a<v1§>a'
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2.3. The GP Hierarchy

The main objective of the paper at hand will be to prove that, in the limit
N — o0, solutions of the BBGKY hierarchy converge to solutions of an infinite
hierarchy, referred to as the Gross—Pitaevskii (GP) hierarchy. In this section,
we introduce the necessary notations and definitions, adopting them from [7].
The cubic GP (Gross—Pitaevskii) hierarchy is given by
k
iy ™ = Z[—ijﬁ(k)] + KoBrpry* T (2.8)
j=1

in d dimensions, for k € N. Here,

Bk+17(k+1) = Bk++17(k+1) - Bl;+17(k+1)a (2.9)
where
+ ,y(k+1) — Z ,y(k?Jrl (210)
and
k
B Y™ =3B, Y, (2.11)
with
<B;k+1’y(k+1)> (t,z1,. .., Th; 2, .o, )
= /dxk+1dx;€+15(x]- — Zpt1)0(xj — mfcﬂ)y(kﬂ)(t, Ty ey D13 Ty e ey Thg1 )
and

— k+1
(Bj;k+1’y( * )> (t,:El,...,.'Ek;.’E;’...,ZC;C)

/ / ’ / k+1 / /
= /dmk+1dxk+16(m]- — Tpg1)0(x; — xk+1)'y( )(t, Tlyewey ThA15 Ty ey Thp1)-

We remark that for factorized initial data,

(052 27,) Hd)o ;) do(2}) (2.12)

the corresponding solutions of the GP hierarchy remain factorized,
AEVN(txy,aa, x) = H o(t, xj) q@(t,x;) (2.13)

if the corresponding 1-particle wave function satisfies the defocusing cubic NLS
1016 = —A¢ + ro|p|*¢.
The GP hierarchy can be rewritten in the following compact manner:
i0,T + ALT = ko BT

r'(0) = Ty, (2.14)
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where
k
Al = (AP )cy,  with AP = Z (A:L’j - Am_;.) ;
j=1
and
BT .= (Bk+1’}/(k+1) )kGN‘ (215)

We will also use the notation
BT = (B 7™ e,
BT := (Bk_H’Y(kH))keN
2.4. The BBGKY Hierarchy

In analogy to the compact notation for the GP hierarchy described above, we
introduce a similar notation for the cubic defocusing BBGKY hierarchy.

We consider the cubic defocusing BBGKY hierarchy for the marginal
density matrices, given by

015y () = zkj[Ax,, W]+ X [wles - o080

j=1 1<]<k

RO S I R R [0)] IR

1<j<k

for k =1,...,n. We extend this finite hierarchy trivially to an infinite hierarchy

by adding the terms *y](\’;) = 0 for k£ > N. This will allow us to treat solutions of

the BBGKY hierarchy on the same footing as solutions to the GP hierarchy.
We next introduce the following compact notation for the BBGKY hier-

archy.

k
107 =3 [~80, 29 + u(BaT)® (2.17)
j=1

for k € N. Here, we have 7( ) =0 for k > N, and we define
Bmain (k+1) + B}a\l;;r;c)r,y](\];) if k<N

X N;k+1TN
(ByT ) = (2.18)
0 if k>N
The interaction terms on the right hand side are defined by
main k+1 main_ (k+1 ,main_ (k+1
BY: k+1’>’z(v+ ) = BJJ\rf k1 ’Y( ) — By, el ’Y( * )v (2.19)
and
Berr()r (k) BJ—C,zrror,y](\lfc) _ B;{,zrrorfy](\l[c) (220)
where

+,main_ (k+1) +,main k+1
By ki1 'Y( = ZBN] k17 ( ) (2.21)
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and
1k
By = 5 O BRRN (2:22)
i<j
with
+,main__ (k+1 :
(BN;;’;TN](V )>(t,x17...7mk,x’1,...,x§€)
k+1
:/dkaVN(xj—ka)'yl(v )(t7x1,...,xk,xk+1;x/17...,x;c,karl) (2.23)
and
B—herror (k) ¢ o /
Nk TN (t, X1y T @y, ., X))
= Vn(zi — )y P (20, .. a2y, ). (2.24)
Moreover,
— main _(k+1 )
(BN;;'I;IZTfYJ(V )> (t, 1, ok 2, .., 2h)
k+1
:/dmk_HVN(z; —mk+1)'y](v+ )(t,zl,...,xk,xk+1;x'1,...,x%,zk_,_l).
and
B oserror (k) ¢ o /
N;Lj;kPYN ( vxlwnvl'k’xla"'vxk)
= V(@) — )yt 2, .. a2l ag).

The advantage of this notation will be that we can treat the BBGKY
hierarchy and the GP hierarchy on the same footing. We remark that in all
of the above definitions, we have that B]j\[,’;z’ain, Bi?;rmr, etc. are defined to be
given by multiplication with zero for k > N.

As a consequence, we can write the BBGKY hierarchy compactly in the

form
10,y + ﬁiFN = ByI'y (2 25)
I'n(0) € Mg, '
where
R k
Ryl = (AP ), with AP = 37 (A, - A,),
j=1
and
BnT'N = (BN;k+1%(\IrH1) )ken- (2.26)

In addition, we introduce the notation

k
BXTw = ( Blt/;k-&-lp)/](\f—i_l) Jren

1

B _ ket
BTN = ( N;k+1'YJ(V ke

which will be convenient.
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3. Statement of Main Results and Outline of Proof Strategy
The main result proven in this paper is the following theorem.

Theorem 3.1. Let § > 0 be an arbitrary small, fired number, and assume that

0<pB<

4426 (8-1)

Assume that @ solves the N-body Schridinger equation (2.1) with initial
condition ®n(t = 0) = &g n € L2(R3N), where the pair potential Vy(x) =
N3PV (NBz), for V€ LYR®), is spherically symmetric, positive, and Ve
C%(R3) N L>®(R3) with rapid decay outside the unit ball.

Let

N
oy — (ﬁ}}i, i 0,0, ) (3.2)

denote the associated sequence of marginal density matrices (trivially extended
by zeros), which solves the N-BBGKY hierarchy,

DY (1) = U@) TN (0) + i /U(t — 8) BNT'®V (s) ds, (3.3)
0

where U(t) = citds - Fyrthermore, we assume that T2~ € 'Hé?HS for all N,
and that

To= lim PPN € Hy (3.4)
exists for some 0 < & < 1.

Define the truncation operator P<y by

Pl = (7“), ) 00, ) , (3.5)

and observe that

PRI (1) = U(t) PeT® (0) + / Ut — ) Px BxT® (s)ds.  (3.6)
0

Writing B =: 1_75/, let

/

and assume that
- 1 ’
£ < min { n3€l7 aefg(lfm ) log Co } (3.8)

where the constant by is as in Lemma 7.2, Cy is as in Lemma B.2, and n is
as in Lemma B.3, below.

Then, there exists I' € Lgg IH% with BT € L}, I'H% such that the limits

. > _
[ Pegen) I =Tl g 72 = 0 (3.9)
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and

Jim ByP<gwI'®™ — BT Lz, 72 =0 (3.10)

hold, for I =10,T) with 0 < T < Tp(§).
In particular, T’ solves the cubic GP hierarchy,

I(t) = F0+Z/Ut—s ) BT'(s)ds, (3.11)
0

with initial data T'y.

We note that the limits K — co and N — oo are taken simultaneously,
and that the smallness of the parameter £ > 0 is used (since small & > 0
corresponds to large energy per particle, this does not lead to any loss of
generality).

In our proof, we will significantly make use of our work [9] which proves
the unconditional existence of solutions I' € L2 ,/Hg of GP hierarchies, without
assuming BT € L,:E[Hg < 0.

3.1. Outline of the Proof Strategy
The proof contains the following main steps:

e Step 1: In a first step, we construct a solution to the N-BBGKY hierarchy
with truncated initial data.
First, we recall that the N-BBGKY hierarchy is given by

k
. k k k
iy = Y [0 N+ By (3.12)
j=1
for all £k < N.
Given K, we let P<j denote the projection operator

P§K B -8
Ty =A%, 70,00,..)-W0,....v& 00,..), (313

and Pog =1— P<k, as well as Pg := P<g — P<g_1.

Instead of considering the solution obtained from @y, we consider (3.12)
with truncated initial data FgN = P<gTg n, for some fixed K. We will refer
to solutions of this system as the K-truncated N-BBGKY hierarchy, or (K, N)-
BBGKY hierarchy in short. We note that in contrast, I®~ solves (3.12) with
un-truncated initial data I'g x.

Next, we prove via a fixed point argument that there exists a unique
solution of the (K, N)-BBGKY hierarchy for every initial condition F(If N €

Héfré in the space

{T} € tEIKHélJ’_(S | BNTY € LteIKHé-HS} (3.14)
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To this end, we re-interpret I‘éf N as an infinite sequence, extended by zeros for
elements (FéfN)(k) =0 with! k£ > K.
To obtain this result, we need to require that given K, IV is large enough

that the condition
4

log Cy

is satisfied. Clearly, the choice (3.7) complies with this condition. The con-
dition (3.16) is needed by the Lemma B.3 proven in the Appendix, which is
crucial for the fixed point argument used in this part of the proof. It uses the
Klainerman-Machedon boardgame argument to account for the part BRI in
the interaction operator By; to also accommodate the part B{™", the condi-
tion (3.16) is used.

Hence, we have obtained solutions I'§ (¢) of the BBGKY hierarchy,

K <

log N (3.16)

0,0 = ALTE 4+ ByTK, (3.17)
for the truncated initial data
PR(0) = P<xTn(0) = (45(0).. .., 7§ (0).0,0,..) (3.18)

for an arbitrary, large, fixed K < N, and where component (I'§)(™) () = 0 for
the mth component, for all m > K. By the Duhamel formula, the solution of
(3.17) is given by

IRt =UnTS0) +i /U(t —5) BNT'K (s)ds (3.19)
0

for initial data T (0) = P<xT'n(0).

e Step 2: In this step, we take the limit NV — oo of the solution F]I\(,(N) to (3.17)
which was obtained in Step 1, for some sequence K(N) — oo as N — oo that
could be quite arbitrary. However, to comply with other parts of the proof,

the choice (3.7) is made for K(N).

To this end, we invoke the solution I' of the GP hierarchy with truncated
initial data, T (t = 0) = P<xTo € H. In [9], we proved the existence of a
solution I'® that satisfies the K-truncated GP hierarchy in integral form,

T (1) = U(H)TX (0) + i / U(t — 5) BT (s) ds (3.20)
0

where (I'%)*)(t) = 0 for all k > K. Moreover, it is shown in [9] that this
solution satisfies BT'K ¢ LfeIH%.

L We observe that then, (3.12) determines a closed, infinite sub-hierarchy, for initial data
75\1;)(0) =0, for k > K, which has the trivial solution

W @)y=0, tel=[0,T], k>K. (3.15)
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We then prove the following convergence:

(a) In the limit N — oo, Fgw) satisfies

. K(N
T e S (3.21)
(b) 1In the limit N — oo, ByT'h ™) satisfies
Jlim IBNTN ) = BOEM|| o0 = 0. (3.22)

The proof of these limits makes use of the 6 amount of extra regularity of the
initial data I'g,I'g v € H%f"é beyond ’Hé,.

e Step 3: We compare the solution Fﬁ of the K-truncated N-BBGKY hierarchy
to the truncated solution PSK(N)I@N of the N-BBGKY hierarchy. Notably,
both have the same value at ¢ = 0, given by P<g(nyl'o,n. We prove that

Jim [P = Py T 2z 2 = 0. (3.23)

and

Jim (BT = By Pegcn) T [z, = 0. (3.24)
The proof of this limit involves the a priori energy bounds for the N-body
Schrédinger system (2.3) established in [16,17,26].

The norm differences considered here can be bounded by O(K® K Na2)
at finite N, for some positive constants aj, az. We may choose K (N) = blog N,
with the constant b small enough to satisfy (3.16); this is accomplished by (3.7).
We then make use of the freedom to choose the parameter £ > 0 to be suffi-
ciently small; the condition (3.8) suffices to obtain O((K (N))@¢KNINaz) — 0
as N — oo.

e Step 4: Finally, we determine the limit N — oo of TX(N) from Step 2,
obtaining that:

(i) The strong limit limy_, o T®Y) exists in LtOO'Hé, and satisfies

lim TAM) =T € L*H;, (3.25)

N—oo

where T' is a solution to the full GP hierarchy (2.8) with initial data T'y.
(ii) In addition, the strong limit limy _, o, BTK®) exists in LfHé, and satisfies

lim BIEW) = Br e L?H}. (3.26)
N —oo ¢ §

The results of Step 4 were proven in our earlier work [9].

4. Local Well-Posedness for the (K, N)-BBGKY Hierarchy

In this section, we prove the local well-posedness of the Cauchy problem for the
K-truncated N-BBGKY hierarchy, which we refer to as the (K, N)-BBGKY
hierarchy for brevity. In the sequel, we will have d = 2, 3.
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Lemma 4. 1 Assume that N is sufficiently large, and in particular, given K € N
and 3 =: =°-, that

/

10 CO

holds. Assume that TE on =P<xlonN € Hf, o for some 0 < & <1 and § > 0.

Then, there exists a unique solution I'§ € LtGIHéH of (3.19) for I =
[0,T] with T > 0 sufficiently small, and independent of K, N. In particular,
BNF eL GIHH’5 Moreover,

TN e s < Ga(TLE, £)||Fé<,NHH§,+5 (4.2)

K < log N (4.1)

and
HBNP ||L2 7—(”5 < 02(T g, f ) HFO N”HH‘; (4~3)

hold for 0 < &€ < & sufficiently small (it is sufficient that 0 < & < n&" with n
specified in Lemma B.3 below). The constant Cy = Co(T, &, &) is independent
of K,N.

Furthermore, (TX.(t))*) =0 for all K <k < N, and all t € I.

Proof. To obtain local well-posedness of the Cauchy problem for the (K, N)-
BBGKY hierarchy, we consider the map
t

ME@©F 1) .= ByU(t )F§,0+i/BNU(tfs)(:)K’1(s), (4.4)
0
where Pc<p_ 10K-1 — ©K-1 on the subspace Ran(P<k) N Lfel'Hl"”S

L. IH1+6 Using the K-truncated Strichartz estimate in Proposition A.2,
we find that

IMR(OF 1) = M (OF Il 2 a5
t

< /ds HBNU(t — 5)(OKT 0K 1) (s) H

HL+S
0 © ol
T
OK—1 OK—1
< /ds HBNU(t —5)(0; — 65 )(S)’ L3 HI*S
0

T
(K)&e! /ds H(éffl _ égﬁl)(s)HHéM
0

< Cy(K) e T |81 — o | (4.5)

Lie Mt
Thus, for (T(K))? < G, (K) we find that ME is a contraction on LfeIHH‘s

By the fixed point principle, we obtain a unique solution G)K Le Lfe 1H1+5
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with @ﬁ_l = PSK_l@ﬁ_l satisfying
t
OK1(1) = ByU(TE o + i / BaU(t — )05 (s) ds. (4.6)
0
In particular,
105 5., pes < IBNUTS ol 000

+Co(K) €T3O8 a_ paes (4.7)

and use of Proposition A.2 implies that

Cy(K) ¢! K
T e 4.8
1-Cy(K)¢1T= | O’N”H5+ (48)

||®IJ\(7_1||L3€IH§+5 <

holds.
Next, we let

IRt =Ut)IR o+ / Ut — 5)0% 1 (s) ds. (4.9)
0

Clearly,
1 K—
”FﬁHL;’gIH?‘; < HF(I)fN”LgZIHéH +1= H@N 1||L361H§+6

1
< rkx 4.10
T 1 Cy(K)EIT | O’N””?é (4.10)

from (4.8). Comparing the right hand sides of ByT'K and ©% !, we conclude
that

ByTR =087 (4.11)
holds, and that

¢
TE(t) = UK o + i / U(t — 5)BxT% () ds (4.12)

0
is satisfied, with ByTE € LfeIH§+5. So far, we have established well-
posedness of solutions of the (K, N)-BBGKY hierarchy for ¢t € [0,7] with
T < To(K, &). We can piece those solutions together, in order to extend them

to longer time intervals.

In particular, we can prove that (4.10) can be enhanced to an estimate
with both Cy and Tp independent of K, provided N is large enough for (4.1)
to hold. In this case, we observe that applying By to (4.12), we find

t
BNTR(t) = BNU ()R o + / ByU(t — s)BNTK (5) ds. (4.13)
0
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It is easy to verify that the assumptions of Lemma B.3 in the Appendix are
satisfied for
ok :=ByTE, =K :=ByU)IEy. (4.14)
We assume that
£<ng <n’¢ (4.15)
where 0 < 1 < 1is as in Lemma B.3. Then, Lemma B.3 implies that
IBNT s pes < O(TEm) [BNUDE s

g

< Co(T.¢,m) ||F5(,NHH§,+6 (4.16)

holds for a constant Cy = Co(T,&,n) independent of K, N, and for T <
To(&,m), if N is sufficiently large.

It remains to prove that (TX(¢))*®) =0 for all K < k < N, and all ¢ € I.
To this end, we first note that

(ByP<y — P<g_1BN)TX =0, (4.17)

as one easily verifies based on the componentwise definition of By in (2.23)
and (2.24). Hence, in particular,

(Pox By — ByPog1) TR =0,

thanks to which we observe that P.yxI'% by itself satisfies a closed sub-
hierarchy of the N-BBGKY hierarchy,

0y (PoxTK) = A (P kTE) + By (Po g1 TX), (4.18)
where clearly,
Pog Ty = Pog 1 (PskTY), (4.19)
with initial data
(P>xTR)(0) = Po k(IR (0)) = 0. (4.20)

Here we recall that the initial data is truncated for & > K.

Accordingly, by the same argument as above, there exists a unique solu-
tion (PsxT'X) € L2 /H T with By (Psg1TK) € L /HET such that

1B (P> i1 DR 5 paes < Co(T5€,m) ||(P>KF§)(O)||H2,+5 =0, (4.21)
for ¢ < n2¢’. Moreover,
1P kTN [ 5o pats < CL(T€m) H(P>KFN)(O)”H?'5 =0.  (422)

This implies that (PsI'K)(t) = 0 for t € I, as claimed. O
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5. From (K, N)-BBGKY to K-Truncated GP Hierarchy

In this section, we control the limit N — oo of the truncated BBGKY hierar-
chy, at fixed K.

Proposition 5.1. Assume that Viy(z) = N3PV (NPz) with V € C5 N L>® for
some arbitrary but fived, small § > 0. Moreover, assume that T'K € Qﬁé"“s(I)
(see (1.24)) is the solution of the GP hierarchy with truncated initial data
Il = P<klo € 'H%""s constructed in [9].

Let TR solve the (K,N)-BBGKY hierarchy with initial data Tfy :=
Peglgn € Héj“s. Let, for B = %y,

5/
K(N):= log N 5.1
(V) = 1o LB (5.1)
so that (4.1) is satisfied. Then, as N — oo, the strong limits
K(N) K(N) _
hm 1Ty =T ”L?Z[U,T HE = 0 (5.2)

and

lim | ByTK®) — prE®) ), =0 (5.3)

telo, T]HE
hold, for 0 <T < Ty().

Proof. In [9], we constructed a solution T' of the full GP hierarchy with
truncated initial data, ['(0) = T¥ € Hé"";, satisfying the following: For an
arbitrary fixed K, I' satisfies the GP hierarchy in integral representation,

@) =unrf +i /U(t — 5) BT (s) ds, (5.4)

and in particular, (I'%)*)(¢) = 0 for all k > K.
Accordingly, we have

BNTN — BI' = ByUWT§ y — BU ()L
+i/ (ByU(t — s)BNT'N — BU(t — s)BT'X ) (s)ds
0
= (By = BU)Ty + BU(H)(Tgy — )

/BN B)U(t — s)BI'™(s)ds
0

BNU(t — 5)(BNTR — BT'X ) (s) ds. (5.5)

o\

Here, we observe that for N sufficiently large, we can apply Lemma B.3 with
Ok := ByTK — BrX (5.6)
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and
= (By — BU(O)Igy + BU)(Tgy — T
t
+i / (By — B)U(t — s)BT¥(s) ds. (5.7)
0
Given &', we introduce parameters &, &", & satisfying

E<ne" <" <n’¢ (5.8)
where 0 < 7 < 1 is as in Lemma B.3. Accordingly, Lemma B.3 implies that

IBNTX = BTz < Co(T,6,6") (I1BU Ty = T8Iz s, + RS (V)

tel

< Co(T,6,€, &) (ITEy = T iz s, + RE (V) (5.9)

tel

where we used Lemma A.1 to pass to the last line. Here,

RX(N) = Rf(N) + RE(N), (5.10)

with
R{f(N):= [(Bn = B)U(t)Tg, e m, (5.11)

and
RX(N) := / (By — B)U(t — s)BI'¥(s) ds . (5.12)

0 feIHg”

Next, we consider the limit N — oo with K(N) as given in (5.1). We choose
K(N) in this manner for it to be compatible with (4.1), which is necessary for
results in other sections.

To begin with, we note that

Jim_[[To.x = Tollygizs = 0. (5.13)
Including the truncation at K(N), it is easy to see that
A ||FK(N) FK(N)HHHé = Jlim [ P<xv) (Fov —To) ”Hé,”
< I Ton—
< Jim [ Tonv = To [lyg15s
=0 (5.14)

follows.
To control RE(N)(N), we invoke Lemma 5.2 below, which implies that
for an arbitrary but fixed § > 0,

Jim REM(N) < Jim Oyt N7 [IRE Iz pzs =0, (5.15)
for a constant Cy s that depends only on V and J, since
hm HFK(N) FO”HH"S = O, (516)
5/

and ||F0HH;/+5 < 00.



Vol. 15 (2014) Derivation of the Cubic GP Hierarchy 565

Moreover, invoking Lemma 5.3 below, we find
. K(N) . —1 pr—6 K(N _
]\}51100 R, (N) < J\}gnoo CV75§ N6 ||Br ( )”Lfeﬂ";ﬁ/é =0, (517)
because
”BFK(N)HLfE['Hé,J?,S < C(T, 5///’5/) HFOHH;F& (518)
is uniformly bounded in N, as shown in [9]. O

Lemma 5.2. Let § > 0 be an arbitrary, but fived, small number. Assume that
Vn(z) = N3PV(NPz) with V € C° N L>. Then, with £ <n&" as in (5.8),

By ~ BTz e < Cra € N Ty lss (5:19)
for a constant Cy s depending only on V' and §, but not on K or N.

Proof. In a first step, we prove that

k+1 - k+1
1(BFgsr = Bite) U DOV e < CRENTI 8D 2 pras

(5.20)
holds, for V € C® N L™ with § > 0.
To this end, we note that
V(€)= V(N-8), Tw(0) = /VN(x)dx _ /V(m)dx —70) =1,
and we define
N —k —~ ~
X (6) = ST () — T(0), (521)
We have
xn(a—d) =xnla—d)+xk(a—d) (5.22)
where

Xh(a—¢) = Twla— )~ Tw(0), Ala—d) = Vxla—d).  (5:23)
Clearly, we have that for 6 > 0 small, 4-Holder continuity of 1% implies
Xn(@ =) < Vles N*Pla - ¢
< Vlies N7 (1g° + 1¢'1°), (5.24)
and
Xo(a— ) < [V[pekN™ (5.25)

is clear.

Next, we let (7,uy,u},), ¢ and ¢’ denote the Fourier conjugate variables
corresponding to (t,zy,z}.), Tx41, and 952-5-17 respectively. Without any loss of
generality, we may assume that j = 1 in By j.4+1 and Bj,;+1. Then, abbrevi-
ating

k
() =81+ (u1 +q—¢ )+ Zu? + ¢ — [u]* - (¢)?*)  (5.26)
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we find
2
H SED (B ks — Bre) U (05 ‘

L2(RxR3k xR3F)
k
= / dr / duydur TT ()" (uj)”
j=1

R

2
(/deql 6( : )XN(q - q/) /’?(k+1)(77 uy + q— ql7u2a oo 7ukaq;u;@7ql)) ;

(5.27)
similarly as in [25,26]. Using the Schwarz inequality, this is bounded by

< /dT/d@kdg;C J(T,yk,ggc)/dqdq'é(n-)
R

(0= 0@ ) [0 TL05) ovta =)

j=2
2
"/y\(k—‘rl)(T’ul +q_q/au27"'7uk7q;g;caq/) (528)
where
2
5(-+) (u
J(7, g, w) = / dgdg’ /<2 ) et (5.29)
wsas (umr+q-4)(a)(7)
The boundedness of
2
Cy= ( sup. J(T,uk,u;)> < 00 (5.30)
T U U,

is proven in [25] for dimension 3, and in [7,26] for dimension 2.
Using (5.24) and (5.25), we obtain, from the Schwarz inequality, that

(5.28) < CV,J/dT/dgkdg; /dqdq’ (N"2P(|g[* +|¢'|*) + k*N~2)
R

k k
<u1+q—q H uj) H<“l >2

j=2 §'=1
’A(k+1> ‘2

Tour+q—q ug, ., g, ) (5.31)

where Cy,; := CyCy, and Cy is a finite constant depending on V. Hence,

2
H S(k’l)(BN;LkH - B1;k+1)U(k+1)(t)%§f€;1) ’

L2 (RxR3k xR3k)
k - k
< Cy,y N7 ||’7( T 2ss + Oy k2 N2 ||%() ™
- k
< Ovig k2 N7 g0 s (5.32)
follows, given that 3 < 1 for § > 0 sufficiently small.
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Therefore, we conclude that

I (Bx = B)U) TG |z ,me

teR

K
=" By — Bl USO8 Ve a
k=1

K
<SONTP ST B2 M |y | s

k+1

k=1
5B 2( E\FY =1 ik
<CN- (supk (f) ) €7 T iz
< CONP D8 s, (5.33)
5//
for £ < £”. This proves the Lemma. O

Lemma 5.3. Assume that Vy(z) = N*?V (NPz) with V € CON L. Then,
¢

/ (By — B)U(t — s)BI'*(s) ds

0 EIHg”

< Cys& Tz N~ ||BFK||L2€IH1+5 (5.34)

&///
where the constant Cys > 0 depends only on V and 6, and £ < n&" as in
(5.8).
Proof. Using Lemma 5.2,
t

/ (By — B)U(t — s)BI'* (s)ds
0 tezH "

g/ H(BN—B)U(t—s)BFK(s)ds
0

2 145
LierMhr

< Cys€INT ‘w/HBFK $)ds ||, cs

g

<Cys& ' T2 N 55|\BFK||L2 it (5.35)
El”

for Cy5 as in the previous lemma. This proves the claim. O

6. Comparing the (K, N)-BBGKY with the Full N-BBGKY
Hierarchy
In this section, we compare solutions I'§ of the (K, N)-BBGKY hierarchy to

solutions I'®~ to the full N-BBGKY hierarchy obtained from &, which solves
the N-body Schrodinger equation (2.1).
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Lemma 6.1. Assume that N is sufficiently large, and that in particular, (4.1)
holds. Then, there is a finite constant C(T,&) independent of K, N such that
the estimate

IBNTN = BNP<xT® || 12_ a0 < C(T,€) (€)% K||(BNT™) 5 12
(6.1)

holds, where (BT ®~)5) s the Kth component of BNT'®N (and the only non-
vanishing component of Px BNT'®N ), and ¢ = &/n with n < 1 as specified in
Lemma B.3 in the Appendiz.

Proof. We have already shown that ByT'K € L7 I'H%. Moreover, it is easy to
see that

| BNTE Iz 7y < C(N,K,T). (6.2)
The easiest way to see this is to use the trivial bound ||[Vy|/r~ < ¢(N), and

the fact that I = [0,7] is finite.
Thus,

BNTN — By P<T®N € L. H¢ (6.3)

follows.
Next, we observe that

(BNTN — BN P<xTV)(t)
= (BNT'N = P<g—1BNT™V)(2) (6.4)
= BNU( HIN(0) — P<x 1BNU(t)I'n(0)

t
+Z/BNU(t—S BNFN ds—z/P<K 1BNUt—s)BNF N(s)ds
0

= (BNPSK — P<xg 1BN)U(t)'n(0)
t

+i(ByP<x — PSK,lBN)/U(t — 8)BNT®V (s)ds
0

+i /BNU(t— s)BNTR (s)ds

t
fiBNPSK/U(t—s)BNFq’N(s) ds
0

= (BNP<x — P<x1Byn)T*¥ (1)
t

+i /BNU(t — 8)(BNTN — P<gx—1BNT®V)(s)ds
0

+i(BNP§K_1 — BNpgK) /U(t — S) Bn rew (S) ds, (6.5)
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where to obtain (6.4) we used the fact that
(BnP<k — P<x_1Bn)T® =0, (6.6)

which follows, as (4.17), based on the componentwise definition of By in (2.23)
and (2.24). Now we notice that ByP<x — BnP<x—-1 = By Pk. Hence (6.5)
implies that
(BNTRN — P<x-1ByT*Y)(1)
= (BnP<g — P<g—1Bn) (1)

t
—i /BN U(t — s) Pk By TV (s) ds
0

t
+i /BNU(t — 5)(BNTN — P<x_1BNT®Y)(s) ds, (6.7)
0

which thanks to (6.6) simplifies to
(BNTN — P<x-1BNT*Y)(t)

t
= —j /BN U(t — s) Pk By TV (s)ds

0
t

+i / ByU(t — s)(BNTN — P<x_1BNT®Y)(s)ds. (6.8)
0

We observe that the term in parenthesis on the last line corresponds to (6.4),
which is the same as (6.3). Given K, the condition that N is large enough that
(4.1) holds, allows us to apply Lemma B.3 with

O (t) := BNIX(t) — Peg 1 BN (1) (6.9)

and

B(t) := —i /BNU(t — 8)Pg BNT'®V (s) ds. (6.10)
0

We note that for the integral on the rhs of (6.10),

(1]

t
/BNU(t — 8)Pg BNT'®V (s5) ds
0 Lic Mg
< CT K ||P BNT® |15t (6.11)

for a constant C' uniformly in N and K, based on similar arguments as in the
proof of Lemma 5.3, and using the Strichartz estimates (A.19) and (A.31).
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Accordingly, Lemma B.3 implies that for N > K sufficiently large, and
in particular satisfying (4.1),

IBNTN = BNP<kD® |2 3 = IBNTN — Pex—1BNT™| 220

< O'(T.8) I iz, e,

t

< C(T, ) K ||Pk By T*¥||12_ ez, (612)

where Px = P<g — P<i_1, and & = {/n with 7 specified in Lemma B.3. This
immediately implies the asserted estimate, for T sufficiently small (depending
on K). Clearly,

1P BND®N (2 701, = (€)° [(BNT®¥) ) g (6.13)
Therefore,

IBNTN = By P<rT®¥ || 2,

2 SC(T,€) (€)F K |(BNT™) ||z, (6.14)

as claimed. Here, we have used the result of Lemma B.3, and used the fact
that P BNT'®N has a single nonzero component. O

7. Control of I'*N and 'Y as N — oo

In this section, we control the comparison between I'®N and I'§Y in a limit
where simultaneously, N — oo and K = K(N) — oo at a suitable rate.

Proposition 7.1. Writing 3 = 1_75/, let

6/
(N) = 510z Co log N, (7.1)
and & > 0 small enough that
1 /
€ < Fle—%(l—4§ )IOgCO’ (72)

with constants by as in Lemma 7.2, and Cy as in Lemma B.2. Then,

Jim BTN = Pereiny 1 BTV Iz = 0 (7.3)

holds.

Proof. From Lemma 7.2 below, we have the estimate
IBNDE = Peso1BAI™ 120 < CLO NP K2 (0i6)S (7.4)

tel
where by, Cy are independent of K, N.

One can easily check that the stated assumptions on K(N) and £ imply
that

NP K2 (b 6)KN) < N—¢, (7.5)

for some € > 0.

We note that the given choice of K(N) complies with (5.1) and the hy-
potheses of Lemma B.3, which are needed for results in previous sections. This
immediately implies the claim. O
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Lemma 7.2. The estimate
IBNTN = Pei—1BNT™ |12 a0 < O(T,6) NY K2 (0:6)" (7.6)

holds for finite constants by, C(T,§) independent of K and N. The constant
by only depends on the initial state @ (0) of the N-body Schridinger problem,
and on the constant n as defined in Lemma B.3.

Proof. From Lemma 6.1, we have that
IBNTR = P<i—1 BNT®¥ 122 < O(T26) (7' N K |(BNT®¥) P 12 i
(7.7)

holds for a finite constant C(7),€) independent of K, N.
The fact that in dimension d = 3,

Vi ller < CN* (7.8)
follows immediately from the definition of V. Thus, we have
+ 1N (K) (12
IBFD™) N2,

<C I/dt/dedx’K‘i/ [ﬁ(V%XV%ﬂVN(W$K+1)<I’N(t,$N)

XON(t, 2y, 2x 41, o) doge g - 'de‘

< C|[Vy|2 /dt/de’Z/ fj[ <1>N (t,zy)

I

’ 2

K 2
xsup [ dary|[[](V.p)| SnE i (7.9)
tel i1
SCT]\785K25up(Tr(S(K’l)%(VK)))2 (7.10)

tel
using Cauchy—Schwarz to pass to (7.9), and admissibility to obtain (7.10). We

also recall that 'y( ) is positive and self-adjoint.
It remains to bound the term

Tr( S AT (7.11)

in (7.10). To this end, we recall energy conservation in the N-body
Schrodinger equation satisfied by ® . Indeed, it is proved in [16,17,26] that

K
<<I>N, (N + Hy)S @y > > OK NE Tr(515)5 1) (7.12)
for some positive constant C' > 0 where
v = T (@) (@), (7.13)

This implies that
Tr(SED AT ) < ()" (7.14)
for some finite constant b > 0. We then define by := bjn~1. O
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8. Proof of the Main Theorem 3.1

We may now collect all estimates proven so far, and prove the main result of
this paper, Theorem 3.1.

To this end, we recall again the solution I' of the GP hierarchy with
truncated initial data, I (t = 0) = P<gxly € Hé. In [9], we proved the
existence of a solution I' that satisfies the K-truncated GP hierarchy in
integral form,

¢
&) =) +i /U(t —5) BT™(s)ds (8.1)
0
where (I%)*)(t) = 0 for all k > K. Moreover, it is shown in [9] that this

solution satisfies BT'K € LfeIHé.
Moreover, we proved in [9] the following convergence:

(a) The strong limit

e 1; K coqs1
I :=s Klgnool" € LM, (8.2)
exists.
(b) The strong limit
0 =5 lim Br'™ e LiH;. (8.3)

exists, and in particular,

Clearly, we have that

| BT — BNPSK(N)F(PN ”L?ezH%

< ||BT — BTXM [P (85)
HIBOEN = BT 1 (8.6)
HIBNTN™ = By Pere(ny T || 2_ 30 (8.7)

In the limit N — oo, we have that (8.5) — 0 from (8.3) and (8.4).
Moreover, (8.6) — 0 follows from Proposition 5.1.
Finally, (8.7) — 0 follows from Proposition 7.1.
Therefore,

Jim BT = By Pegn) P (1232 = 0 (8.8)

follows.
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Moreover, we have that

K(N
| P< g (n TN — [llpoe 2y < | P< e (nyD*N — Ty )||Lg,gIHg (8.9)
H|TEOD — Ul poe 2 (8.10)
K(N
HIDRE = DEM | g (8.11)

In the limit N — oo, we have (8.9) — 0, as a consequence of Proposition 7.1.
Indeed,
K(N)

K(N 1
I1P<en D™ = TR e < TFIBNIRDY) = By Pege(ny T |12, 202
(8.12)
where the rhs tends to zero as N — oo, as discussed for (8.7).
Moreover, (8.10) — 0, as a consequence of (8.2).

Finally, (8.11) — 0 follows from Proposition 5.1.
This completes the proof of Theorem 3.1.
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Appendix A. Strichartz Estimates for GP and BBGKY
Hierarchies
In Appendices A and B, we will prove certain technical results, which we
formulate for dimensions d > 1, respectively d > 2.
In Appendix A, motivated by the Strichartz estimate for the GP hierar-
chy, we establish a Strichartz estimate for the BBGKY hierarchy.
A.1. Strichartz Estimates for the GP Hierarchy
Following [9], we first recall a version of the GP Strichartz estimate for the
free evolution U(t) = e+ = (U (t)),en. The estimate is obtained via
reformulating the Strichartz estimate proven by Klainerman and Machedon
[25].
Lemma A.1. Let
(3,00) ifd=1
acUd) =< (45t 00) ifd>2andd#3 (A.1)
1, 00) ifd = 3.
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Then, the following hold:

1. Bound for K-truncated case: Assume that I'g € He for some 0 < £<1.
Then, for any K € N, there exists a constant C(K) such that the
Strichartz estimate for the free evolution

IBUTG N2 e < € CUE) TG llreg (A.2)

teR

holds. Notably, the value of £ is the same on both the lhs and rhs.

2. Bound for K' — co: Assume that I'o € HE, for some 0 < & < 1. Then, for
any 0 < & < &, there exists a constant C(&,€') such that the Strichartz
estimate for the free evolution

|BUMTollzz_,pee < C(E ) Dol (A3)
holds.

Proof. From Theorem 1.3 in [25] we have, for o € 2(d, p), that

k
: k+1 : k41
1B U D @ Ve <237 1By USO8 12, ap
j=1
k+1
<Ok g, (A.4)
Then for any 0 < £ < £, we have:
k+1
IBU®Tollzz_70e < 3 &M IBRnUS D@0 1 mrp
E>1
k+1
<O R Iy g,
k>1
e\* (k+1)

- +

— @) Tk (5) (€YD D
k>1
£\" k1
<c@ k() SO Rl
= k>1
< C(6,€) [Tollnes,» (A.5)
where we used (A.4) to obtain (A.5).
On the other hand, we have
K—-1
k+1
IBUMTE 2 me < D EMIBRn U D @0 | 2 mp
k=1

K—1
k
<O SR Iy g,
k=1
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K—1
_ k+1
= K€Y € |y e
k=1

< C(E) €T g (A.6)
This proves the Lemma. O
A.2. Strichartz Estimates for the BBGKY Hierarchy

In this subsection, we prove a new Strichartz estimate for the free evolution
At L . .
U(t) = e*A” in L2 rHE, for the BBGKY hierarchy, at the level of finite N.

This result parallels the one for the GP hierarchy, which was stated in Lemma
Al

Proposition A.2. Let o € A(d) for d > 2, and
1
p< d+2a—1
Assume that V€ L*(RY), and that 1% decays rapidly outside the unit ball.
Letting co :== 1 — B(d + 2a — 1), the following hold:
1. Bound for K-truncated case: Assume that I'o € Hg for some 0 < § <

1. Then, for any K € N, there exists a constant C(K) such that the
Strichartz estimate for the free evolution

IBR™"U(t)P<kToll Lz me < €' CK |Tollng (A.8)

teR

(A7)

and
IBR™ U (t)P<kToll gz pe < &1 CK? N™|[Lollpgg. (A.9)
Notably, the value of § is the same on both the lhs and rhs.
2. Bound for K — oo: Assume that T'y(0) € Hg, for some 0 < & < 1.

Then, for any 0 < & < &, there exists a constant C(&,&') such that we
have the Strichartz estimates for the free evolution

IBR™"0 (0T 5 (0)l| 22,2 < C&:€) ITn (0) 13es, (A.10)
and
IBS TN ()| 12, e < CEE) N [Tn(0)llne, (A1)

Proof. We recall that By contains a main, and an error term. We will see that
the error term is small only if the condition (A.7) on the values of § holds. This
is an artifact of the L?-type norms used in this paper; squaring the potential
Vi in the error term makes it more singular to a degree that it can only be
controlled for sufficiently small 3.

(1) The main term. We first consider the main term in Bﬁ;k;kﬂwl(\lfﬂ). We
have

,main k+1 +,main k+1
IBE e UM DG O)132 e = [ BEis, U D @G 013 e

- /dt/d@kdgz‘S(k’a)/dgkﬂdgﬁcﬂ /dxk+1/dq Vi (g) e a(en—r41)
R
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ot Xy (wjug —aful) iz (upgpr—uj )
SR (2 (0 )2) o~ 2
ot Ly (] —()) >7N<k+1)(0;@k+1;%+1)‘ (A.12)
= /dt/dgkdg;c /dgk+1dg;€+1dﬁk+1dﬁ;€+1 /dxk_H dZg 11 /dqdi]v
R

k—1
[T e ™ 53] - G+ @) () (i)
=1

= . I
VN(Q) VN((’D ezq(l’k*fl’k-u) - M](Ik,*mk+1)
ot Yf o (wjuy —ahul —w i+l Giwign (1 —ujgy) = @1 (@1 G )

it ShH (w2 = (u))? =2 +(@))?)

<.

—~ (k —~(k ~ ~
AN 05 gy ) T TV (0 13T L) (A.13)

k—1
— [ gl 0 Qs T | T ) )2 i
j=1

/ dgdq Vi (q) Vv (@) (s + @) (@ + 9)°
6(q — q+ up — Uk) 6(—q 4 wp1 — Upy1)0(—q + Upy1 — Upyy)

8 (uj — Ui + ui—&-l - ﬂi-&-l - (u;c-&-l)Q + (ﬂ;c+1)2)
(k)+1)(

ﬁ(kﬂ)(o;ykﬂ;%ﬂ)’ﬁv 03 Ujo 15 Uk Uporp 15 U, Uy ) (A.14)
To pass from (A.13) to (A.14), we have first integrated out the variables
41,2, thus obtaining delta distributions Hf;ll d(uj — ) H?:l S(uy — uy)
enforcing momentum constraints, which we subsequently eliminate by inte-
grating over the variables u;, uy, for j = 1,...,k —1, £ = 1,... k. The
first delta distribution in (A.14) stems from integration in xy, the second and
third from integrating in xj11 and Tp41, and the fourth from integrating in

t (where terms of the form u? — @3 and (uy)® — (wy)* for j = 1,...,k — 1,
¢ = 1,...,k have canceled, due to the momentum constraints). We note

that the expression (A.14) differs from the corresponding ones in [6,7,25]
where the Fourier transform in ¢ was first taken before squaring (in particular,
the delta implementing energy conservation in (A.14) is simpler). Then we
have:

k—1

_ / duty y i ity | ] ()2 ()2 | ()2 (A.15)
j=1

/ dqdg Vv (q) Var (@ (us + 0)°* 6(q — G+ us — )

O(ug — g + uf gy — (upsr — @)* = Uppy + (U1 — 9)?)
(k+1)(

— (k+

g ! S . TSN A
YN (07Qk+17yka Uk+1 — q) YN Ov@k—laukyuk+1agkuuk+l - (7)
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k—1
— [ du s it | T (s a2 | i (A16)

j=1
/ dq Viar(q) Vv (q + 1wk — ie) G, + 0)%°
§(up — Up + Uppq — (Upgr — @)% — Uiy + (Urg1 — (¢ + up — Uy))?)

—~ (k+1
' )(O;Qk“;@?@, Uk+1 — q)

—_(k — - — —
’YN( +1)(O;Qk71auk7uk+1;u;€7uk+l - (q + Uk — Uk))
k—1
— [ dup g i s | T )| (wie
j=1

/ dq Var(q + k) Var(q + ) (ur + i + )2

O(u — Uy + iy = (unr — ¢ = Uk)* = Uiy + (Urar — ¢ —w))?)

— (k+1) (. i =
YN (07Qk+17yka uk‘+1 —q— 'U/k)

%\V(k-&-l)(

03 Up 1, Uy Uhoog 13 Wy, Up1 — G — Uk) (A.17)

where to obtain (A.15) we integrated out the variables u)_,, U}, to obtain
(A.16) we integrated out the variable ¢ and to obtain (A.17) we performed the
shift ¢ — ¢ + ug. The last expression is manifestly real and non-negative. One
immediately finds the upper bound

< ||VN||LOO /duk_HdUk duy, dugy1 dg (u + Uk, + ¢ H
j=

(up)?*8(up — Uy + up g — (upsr — g — U)? — Upyq + (kg1 — g — ug))?)

—~(k+1) (. ! ~
YN )(Oaukﬂ»h@kv Uk+1 — 4 — uk)

—(kt1 — —
’YN( )(O'Uk 1 Uk, Uk 15 Uy, U1 — ¢ — Ug)

k+1
- ”VN”LOo ” Bk k+1U(k+1 ( )’Y( ) ||L2 LHE

te

(k+1)
< O g, (A.18)
Here, we have used |[Vy|r= < [Vi|rs = [[Villz2 uniformly in N, and the
Strichartz estimate for the free evolution in the (infinite) GP hierarchy.
Therefore, we conclude that
+,main . k+1
IBRES U O )z
k(N ) +,main k+1
< =5 sw BRI O Oz e
k2 k41
<Ck-%) M (). (A.19)
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Hence we have that

+,main k+1
S BRI UE YA 0) 2 e

k>1
<C Y (k- 6’“ (RO (A.20)
k>1
k> g
—c@) " - (5) O T Ol

2 k
<C(E) " s ((k -9 () ) 5 € S )l

E>1
C6.) (1+ 1) ITx Ol (A21)

where to obtain (A.20) we used (A.19).

(2) The error term. Next, we consider the error terms Bf,;zrrorv](\]f). By sym-

metry, we have

error k
B TS 0 (0) 132 e
rror k
=[BRS D 02 0) 135 e

= /dt/dgkdgﬁC /dgkdg?C /dq Vn (q) e'1(@1=2)
R

el' Z;?zl(xjuj_gc;u’j)eit Z;"zl(uf—(u;)Z),—m(k)(O,Hk’Hgg) 2
= /dt/dgkdgﬁc‘ /dukduk /quJ\V(Q) ela(zi=r2)
k
(ur + q)* (us — q)* (uy)* () T T ()™ (u)®
=3
2

o Sy ity =) it 324 (0 = )) £2 () (04y ))

k
)2 )2
/dukdukdulduQ uly*( H uj )= ] 2a

/ dqdq T (@) V(@) us + @) (uz — @) (s + @) iz — 3)°

5(q—G+ur — ) 6(q—§—ug + o) 6(u? +ul — U3 —u2)

AN (05w ) AN (05T, g s - g 1))
k
— [ dwdu w2 > T s (A22)

=3
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/ dqdg T (q) Vw (@) (ur + @)% (us — )2
S(uf+u3 — (w1 +q—9)7°— (ua —q+9)?*)

A3 ® (0w ) TP

0;“1 +q7’qv,u2fq+§,u;g,...,uk;g;€)

k
— [ dwang | [Tt | [ aadd Vata) V(@) (A.23)
j=1
§((ur —q)* + (w2 +q)* — (w1 — 9)* — (u2 + 9)%)
W/J\V(k)(o;ul — gy Uug + U3, - Uk UL
050y — Goug + G us, . ug; )
_ /dukdu;/dqdaVIV(q)vTv@a(z(—ul fur g+ D) (a—)
k
T sy | 8™ 050 — qyuz + g, us, - ups )
j=1
—~ (k) 1. o~ ~ ,
YN (07u1 q7u2+Qau37"'7ukagk)u

where to obtain (A.22) we integrated out the variables uy, us and to obtain
(A.23) we performed the shifts uy — w3 — ¢ and ug — ug + ¢. Clearly, the last
expression is bounded by

rror . k k
IBRSTRU B 078 0) 3210 < Cv(N) 19 (O) I (A.24)
where

Cy(N) := sup /dqd?jd(?(ful +us+q+q) -(¢g—7q))

Uy,u2

Vv (@) Vv (@) (u)?* (ug)
(u1 — q)*(ug + @) (u1 — q)*(uz + )’

(A.25)

and ||‘7]\V||L°° < Vnllzr < C, uniformly in N. We may assume that
supp{Vn} C Bcpns(0), for some constant C. The modifications for Vy non-
vanishing, but decaying rapidly outside Bg s (0) are straightforward.

Then,
<u1>2a <u2>2(x
Cy(N) < sup [
V( ) ui,uz€RY;q,gEB, 5 (0) <U'1 - q>a<u2 + q>a<u1 - ®a<u2 + @a
swp [ dedgs(2-w bue+ D) (g~ D)
U ,U
' 2BCN[3 (O)XBCNﬁ(O)
< C(NP)* sup / dvy dv_6(2(u+vy)-v_) (A.26)

BCNﬁ (O)XBCN/B (0)
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1
S C(Nﬁ)‘l(l sup / dU+ d'UJ__ m (A27)
BCNB (O)XDNg
d
= C(NP)ytordt / ﬁ (A.28)
BCNﬂ (0)
< C(NP)tet2d=2 (A.29)

To pass to (A.27), we used

- <ul>2a<u2>2a

<C (NP)*® (A.30)
w1 uz€R:q,GE By 5 (0) [(Ul = q)*(uz + q)*(u1 — ) (uz+q)~

where we note that the maximum is attained for configurations similar to
ui = q=q=—ulgl = O(N").

Moreover, we introduced vy := ¢ £ ¢ as new variables. Passing to (A.27),
we integrated out the delta distribution with the component of v_ parallel to
u + vy, for fixed vy and u := u; — uy. Accordingly, we denoted by vt the
(d — 1)-dimensional variable in the hyperplane

P:={veR|v L (ut+vy)}

perpendicular to u + vy, for u, vy fixed.

The integral in v_ is supported on the set Dy, given by the intersection
of a ball of radius O(N?) with the hyperplane P. The measure of Dy is at
most O((N?)?=1). This is accounted for in passing to (A.28).

The integral in v, in (A.27) over a ball or radius O(N?) in R? yields
another factor O((N”)4~1) in dimensions d > 2. To make this evident, we
have shifted vy — vy + u in (A.28).

Similarly, we can bound the term HB;,;ZMOTU(’“) (t)vl(\’;)(())HL%ERHg.

Thus, we conclude that

error k
1B U W (0) 2, e
_ k=1
- N
< Ch(k — 1) NE22=0 =1 150 (0)] e (A.31)

=+,error k
sup [ BR5 U (O (022, e
J

We may now complete the proof.
e Bound for K — oo: We have
+,error k
S IBRNEU R 08 Ol g
k>1

< O NPE@20=D-1 N k(e 1) €8 480 (0) g, (A.32)
k>1

k
= O NPT k(e — 1) (5) €)Y i (0) g,

A
k>1 §
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k
< ¢ NA@H2e-D-1 gy (k(k 1) (5> ) S EOED O,

k=1 ¢ k>1

C(&,€) NP2 D7 DN (0) e, (A.33)

where we used (A.31) to obtain (A.32).
Summarizing, we combine (A.21) and (A.33) to obtain:

||BNﬁ(t)FN(0)HLf€RH§‘
=3 IBNUBOTNO0) P 12 s

tElR

k>1
+,main k+1

<> IBRNRT TS OG0 22, me

k>1

TT r k
+ > BN TP O ()12, e
k>1

< C6E) (14 N1 N2 Dy ()l (A.34)

e Bound for finite K : Replacing the infinite sum over indices k in (A.33) by a
finite sum with 1 < k < K, it is easy to see that one gets

I1BNU () P<x TN (0)ll 12 74e
K A~
= > IBNUG)P<xTn(0) P, e

teR
1

b
Il

M) >

+,main k+1
BRI TSV O (0) 2 e

ol
Il

1

+ng 1B TU® 098 (02, e
k=1

SCKE (14 N+ KNP P (0)4e - (A35)

(by setting & = ¢’, and taking sup; <<, in the second last line of (A.33))).
This concludes the proof. O

Remark A.3. We note that the restriction on (3 is due to the error term in
By . It stems from the fact that since we are using the L?-type H%-norms, the
quantity Vi, which is essentially a Dirac function, is squared. We can only
expect to get 3 = 1 if we use L'-type trace norms similarly as Erdds et al.
[16,17).

The main term in By, on the other hand, does allow for the entire range
0 < 8 < 1. This is because in this term, averaging (integration over the
variable x41, which is part of the argument of Vy(x; — xx11)) is performed
before squaring, in order to obtain the H®-norm.
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Appendix B. Iterated Duhamel Formula and Boardgame
Argument

The goal of Appendix B is to prove the main Lemma B.3 below, following our
earlier work [7,9], where we used analogous estimates to prove well-posedness
results for the infinite GP hierarchy. The proof is based on the boardgame
strategy introduced in [25] (which is a reformulation of a method introduced
n [16,17]).

[11

Definition B.1. Let = = (E(%)),.cn denote a sequence of arbitrary Schwartz
class functions =%) € S(R x R* x R*?). Then, we define the associated se-
quence Duh;(Z) of jth level iterated Duhamel terms based on BRain - yith
components given by

= ( )
Dub; (3) ) (8) = (—ip) / dty - / dt; Bman eilt—t)Ad!
( ) (k+3) , =~ :

B o= AL prain i t)AET (2 (D (1), (B.1)

for = %1, with the conventions ty :=t, and
Duhy(2)M(¢) := (2)W(1) (B.2)
for j =0.

Here, the definition is given for Schwartz class functions, and can be
extended to other spaces by density arguments. The fact that Duhj(é)(k) €
S(R x R¥ x R¥?) holds in this situation, for all k, can be easily verified. Using
the boardgame strategy of [25] (which is a reformulation of a combinatorial
argument developed in [16,17]), one obtains:

Lemma B.2. Let a € A(d). Then, for Z = (29) ey as above,

||D11h‘(“)( () [z Heo (Rkd xRkd)

tel

< kCy (COT)QHH(ICJ”)HL2 Ho (R4 RO+5)dY 5 (B.3)

tel

where the constants co, Cy depend only on d, p.

In [7,25], Lemma B.2 is proven for the operator B instead of B%", based
on the use of Lemma A.1. For the case of B we invoke Proposition A.2
instead; the argument then proceeds exactly in the same way. We remark,
however, that we do not know if the boardgame argument can be adapted to
the case of B™r.2

2 We thank Xuwen Chen for pointing out to us an issue in this regard in an earlier version
of this paper.
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We then consider solutions ©X of the integral equation

t

0K (1) = =K (1) + z’/BN Ut — 5) O% (5)ds

0
t

==R(t) + i/B;IV‘ain U(t — s) O%(s)ds (B.4)
0

where (ZX)#)(t) = 0 and (OK)*)(t) = 0 for all k > K, and all t € I = [0,T).
Moreover,

t

S (1) = T () + i / BSO (¢ — 5) 0K (5)ds. (B.5)
0

By iteration of the Duhamel formula,

(OK)F)( ZDuh (ZK) B (1) + Duhy,(OK)®) (1), (B.6)

obtained from iterating the Duhamel formula ¢ times for the kth component
of ©%. Since (O5)™(t) = 0 for all m > K, the remainder term on the rhs is
zero whenever n + ¢ > K. Thus,

(O%)®) (¢ Z Duh; (EX)®) (1), (B.7)

where each term on the right explicitly depends only on ZX(¢) (there is no
implicit dependence on the solution ©X(¢)).

Lemma B.3. Assume that N is sufficiently large, and that in particular, defin-
ing &' >0 by

1-9
= B.
s d+2a—1’ (B.8)
the condition
!
K log N B.9
< fogCy o8N (B.9)

holds, where the constant Cy is as in Lemma B.2.

Let ©K and =K satisfy (B.4).

Assume that 25 € LfeI'H?, for some 0 < & < 1, and that & is small
enough that 0 < & < n&', with n specified in (B.16). Then, the estimate

||@11\(r||L;f‘€IHg < Ci(T,¢,€) | EN”LfeIH‘g, (B.10)

holds for a finite constant C1(T,&,&") > 0 independent of K, N.
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Proof. We have
(IR0 Z Duh; (ZK)®)(¢), (B.11)

using the fact that (©%)*+7) =0 for j > N — k, see (B.1).
Using Lemma B.2, we therefore find that

N—k
K\ (k) (k+1) (4
1O 2z, e < Z (Duby (5)ED (1)1 23 10
N—k ‘
< 3 kK (D)* |ERD* | L2, e
7=0
< (Dx + D)y, (B.12)
where
N—k _ _
(D == € RCE €/ Y (coT(€) )2 (EV ™ ER) D] 2, gre
7=0
N-k .
(ID)y = E75KCE Y (coTE )M
§=0
XH / (BrU (t — 5)0K)k+i)ds : (B.13)
Ll H®
recalling (B.5).
We have
(De < (&) kC5 (€/6)" C(T,€) 1R ez, 2, (B.14)
for T > 0 sufficiently small so that ¢T(¢')~2 < 1. Hence,
St < o) (Do RCE (/) ) IER 2,
keN keN
< (16N IEN 2 meg, (B.15)
for £ < n&¢’ where
n < (max{1,Co})~" (B.16)

noting that Cy = Cy(d, p).
To bound (II), we note that

Lic H~

| [@serve -9 ekt
0

2
tel

t
< | [ 1 v - ) @)D 6) s
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T

< [ 1B U = 5) O8)* ) (5) g s
0

< O(k + j)?NP@+2a-D-1 / (O5)F+9)|| e ds

1 . a—1)— i
< Tz Ok +j)° NP2 @) )| 2 o (BAT)

using (A.31) to pass from the third to the fourth line. This implies that for
T > 0 small enough that coT¢72 < 1,

K
> grIn), < T3 KCCK NB(d+20-1)-1

N—k
x> (coTE2) 354 (ke + )21 (O8) | 2 o
7=0
K—k
1
< T# KPCCH NAHa-D-L N7 dti) (@) (M) Lo
J=1

<T 2KSOCKNﬁ(d+2a 1)— 1”@ ”L

(B.18)

tEI

Here, we used that (%) +7) =0 for k +j > K to pass to the third line.

Summarizing,
105 122,70 = 3" € 1(O) P 12 e
keN
< Y& (e + )
keN
< Cn(T,6€) Enllzz e (B.19)
using (B.15) and (B.18), where
C'(T.¢,¢)
C T, B.20
Nk (T,6¢) = |~ 71 K3CCK NA2a—1)- (B.20)
Letting
1-4¢ ,
=it 070
!
K log N B.21
< logCo 08 1 ( )

we find that, writing K = log N for € > 0,

lgC

1
T2 K3CCK NP@H2e=D=1  o"(T £) (1og N)* N~¢ < 5 (B2

for sufficiently large N, where the constant C" (T, ) is independent of N.



586 T. Chen and N. Pavlovié Ann. Henri Poincaré

We conclude that given (B.21), and all N sufficiently large, we have that
CN,K(Tvgvg/) < 2CI(T7£a£I)' (B23)
This proves the claim. O
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