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Derivation of the equation for an ultrashort pulse in a fibre
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Groningen, the Netherlands

Received 10 November 1994

Abstract. Pulses propagating in a non-linear dispersive (glass) fibre can be described by the
non-linear Schrddinger equation if the pulse is longer than a picosecond; for shorter pulses,
this equation must be extended. In this paper we systematically derive this extended equation
using the method of multiple scales. By using an inherent freedom in the method of multiple
scales, a techrnique is developed such that perturbation terms are greatly simplified. The
limits of validity of the derived equation are discussed. It is shown to be valid for pulses
longer than 30 fs,

1. Introduction

When one wants to propagate short pulses over long distances along fibres, pulse
spreading because of group velocity dispersion becomes significant. However, this can
be counteracted by non-linear dispersion. When both are present, the envelope of the
pulse is governed by the non-linear Schrddinger equation (NLS). This equation has
soliton solutions, that is, it has stable solutions that will propagate undeformed.

The soliton ‘industry’ started in 1967 when Gardner et ol [11] discovered the inverse
scattering method for solving the Korteweg-de Vries equation. Subsequently Zakharov
and Shabat [30] extended the method and solved the non-linear Schrédinger equation
(NLS) with it. Nowadays there are plenty of introductory texts on solitons, e.g. [7, 9, 107].

In 1973, Hasegawa and Tappert found that pulses in non-linear dispersive fibres
could be described by the NLs, both in the case of anomalous dispersion [16] and in the
case of normal dispersion [17], which meant that the fibres should be able to support
soliton pulses. This was experimentally verified {in the case of anomalous dispersion)
by Mollenauer, Stolen and Gordon in 1980 [25].

The Nis describes a pulse excellently for a pulse longer than a picosecond. For
shorter pulses, atomic and molecular processes can no longer be considered to be
instantaneous, and higher order terms become important. Most important of these is
the stimulated Raman scattering (Sks) term, which leads to a down shift in the
pulse frequency, as discovered by Mitschke and Mollenauer [22] and explained by
Gordon [12].

Usually, the extended NLs, including these higher order terms, is derived making
ad hoc assumptions (often, the second order derivative of the amplitude with respect to
the propagation coordinate, 4_,;, is neglected, like in [2, 217; however, careful analysis
shows that the first order contribution to 4,, is not negligible, but cancels with another
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neglected term). But it is possible to derive the extended NLS in a consistent manner,
by using the method of multiple scales, in optics literature also known as the slowly
varying envelope (or amplitude) approximation or as the rotating wave approximation.
Kodama and Hasegawa [18, 19] were the first to give a proper derivation with the
higher order terms included.

In this paper, the derivation of the propagation equation for the envelope of the
pulse is presented, following (and extending) an approach of Newell and Moloney [27].
In this approach, functions of the frequency are not used at the centre frequency, but
they are expanded like f(w)— f{w,) + ief’(w,) &7 + . This expansion will be
applied both to terms linear in the pulse amplitude, and to terms non-linear in
the amplitude. It will be shown that this wiil lead to an automatic cancellation of some
of the arising perturbation terms.

This technique should make it possible to apply the method of muitiple scales
rigorousiy and still leave paris of the propagation, notably the Raman part (see below)
in an integrodifferential form.

A secondary advantage of the method presented in this paper is that one gets
expressions for the perturbation to the transverse profile of the field almost for free. So
in the case of a pulse in a slab or fibre, one can also see how the shape of the profile
will differ from the shape of the linear mode.

Still, it turns out that for pulses of the order of ten femtoseconds, the term
corresponding to the stimulated Raman scattering cannot be properly incorporated in
4 single partial differential equation for the envelope of the pulse. For such short pulses,
the $RS term has to be taken into account either as a convolution product, leaving
an integrodifferential equation [6, 217, or as a separate differential equation, leaving
a system of differential equations, e.g. [1, 14]. These equations can be derived in a
similar way, A

General books on solitons in fibres are [2, 3, 15]. A general book on shorter pulses
(femtosecond) is [4].

1.1, Assumptions

In general, a rigorous analysis of the propagation of 2 pulse through a slab or fibre is
too difficult, so one has to make some assumptions.

First of all, the polarization is supposed to be local. That is, the polarization is
allowed to depend on the past of the electric field, but it may only depend on the electric
field at the same position.

Secondly, the material is supposed to be isotropic. Alse, the fibre or waveguide
should be single-mode and polarization-preserving. Without this assumption, mixing of
modes could occur and one would have to consider coupled equations.

Today, pulse lengths shorter than 1 ps are of interest. However, a lower limit on the
pulse length is necessary, or the asymptotic expansion will break down. In section 6 it
is shown that for the derived equation to be valid, the pulse length must be greater
than 30 fs.

The non-linear polarization will be treated in the Born—-Oppenheimer approximation,
ie. the motion of the nuclei and the motion of the electrons will be treated separately.
This simplifies the expression for the non-linear susceptibility.

Gordon—Haus jitter [13] or bandwidth limited amplification [5, 23] have not been
included in the derivation.



Ultrashort pulse in a fibre 201
1.2. Notational conventions

To keep in line with the most common convention, Fourier transform with respect
to ¢ is defined by F [ f)(w) = [%,, f(?) exp(iwr) dt and Fourier transform with respect
to z is defined by Z [ f1(k) = [*,, f(z) exp(—ikz) dt. Therefore the inverse Fourier

transforms are
[=4]

F gl =(2m)™? J g(w) exp(—iwt) dw

— o0
and
o

F'Melx) = @m)~! J g(k) exp(ikz) dk
respectively. Fourier fransform with respect to ¢ is also denoted with a hat accent,
flw) = #, [ fHw), and its inverse also with the check accent, §(z).

Convolution products over time, written as f=g. are defined by (f*g)(t) =
].?oc f(t —t)g(ey) dey.

A prime will always denote a derivative with respect to the frequency w, never any
other derivative or a real or imaginary part; so f' = df/dw etc. A dot over a symbol
denotes a derivative with respect to time.

The complex conjugate of a function-is per definition given by fF*(2) = [ f(2)]*.

St units are used throughout.

2. Physical backgrouand
2.1. The Maxwell equations

The starting point is the Maxwell equations in a medium without free charges or
currents,

V-D=0 VxE=—&8B
V-B=0 VxH=2D.

)]

In paramagnetic and diamagnetic materials, the magnetic induction is proportional to
the magnetic field. In good approximation B = pu,H. The electric displacement D
depends on the electric field as D = ¢, F 4 P. The dependence of the polarization P
on the electric field E will be discussed in section 2.2. This is where the pon-linearity

COmMES in.
Tweo of the four Maxwell equations can be combined to yield

—V x Vx E=V?E—V(V'E) = u,0?D. (2)

V- D = 0 does not imply ¥+ E = 0, since the susceptibility does not have to be a constant.

2.2, The polarization

In general, the polarization at a certain time not only depends on the electric field at
the same time, but also on the past of the electric field. However, the polarization is



202 J H B Nijhof et al

supposed only to depend on the elecric field at the same position, and the material is
supposed to be isotropic.
The polarization can be expanded in powers of the electric field,

P=P gy pi2yp pBly pdr 4. 3

with P homogeneous of degree » in E. If two fields E, and E, satisfy Ey(t) = AE,(?)
for all ¢, then the corresponding polarizations P and P{ will satisfy P{"(t) = A"P"(¢).
In isotropic materials, so in amorphous materials in particular, all even orders in
the polarization are missing, Namely, when the electric field reverses sign (for ali ¢), the
polarization has to do the same.
Since each higher order of polarization is orders of magnitude smaller than the
previous one, P> and higher orders can usually be neglected. What remains is

P =p) 4 p3), 4)

P s the linear polarization, and (only) P will be called the non-linear polarization.

2.2.1. Linear polarization. Classically the linear polarization can be modelled by a set
of damped harmonic oscillators [20). In w-domain, it is given by

P = g, o) E
with
2
) = Xy J; ®)

megV 7 —w? = 2o + of

where f;N/V is the number of oscillators with frequency w; per volume, m is the electron
mass, and I; is a damping constant. This expression includes both purely electronic
contributions, with time scales of the order of 0.1 fs (w; = 2 x 10'¢ Hz), and contribu-
tions involving nuclear oscillations, with time scales of the order of 10fs (w; = 2 x
10 Hz) [2].

In the time domain, the polarization is given by a convolution product

P, x) = g7t x)+ E(t.x) = & ji‘*’(tl, X)E(t — t;, x) dt,. ©)
In the following, the x-dependence of the fields and the susceptibility will be left implicit.

2.2.2. Non-linear polarization. Of the non-linear polarization, part is purely electronic
in nature and part is hybrid nuclear—electronic. The time scale associated with the
electronic part is of the order of 0.1 to 0.3 fs {2]. For pulses longer than 10 fs, this part
of the non-linear polarization can be assumed to be instantaneous. As the medium is
isotropic, this part must be of the form

P;(ezlie)x:tronic = Boﬁx(B)(E(f)'E(f))E(f)- (M

¢ is the fraction of the non-linear polarization that is instantaneous.

Processes like stimunlated Raman scattering, where the nuclear vibrations are
involved, can be treated in the Born-Oppenheimer approximation, ie. the motion of
the nuclei and the motion of the electrons can be treated separately [8].

In the classical mode]l of Placzek, this approximation is translated into the
assumption that the motion of the nuclei enters into the polarization only through the
polarizability [8, 29]. This, and the assumed isotropy, implies that the nuclear
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contribution to the non-linear polarization has to be of the form

Pllear(t) = eo(1 — o) Y E(t) fgn(f JEQE — ) B — 1)) de,. 8
Equations (7) and (8) can be added to give the total non-linear polarization,

POt} = g0 (1) fz“’(t;)(E(t — ;) E(t ~ ;) dt, )

where #* is the sum of an electronic part and a Raman part as given by Blow and
Wood [6],

Iy = 1P (@8() + (1 — @)ga(®)). (10)

If only one vibrational mode is important, with linewidth 1/z, and eigenfrequency /1y,
the Raman response function gg is given by

2 2
a0 = Reingingn) (> 0). (11)
B
Blow and Wood [6] by fitting experimental results estimate @ =0.7, 1, = 12.2fs and
7, = 321s.

In the w-domain, in principle the non-linear susceptibility is a function of three
frequencies $* —w,; ®,, @,, ®3); here the notational convention of Butcher and Cotter
[8] has been followed, according to which w, is the resulting [requency, w, = @, +
W5y + Ws.

However, by Fourier transforming (9), and comparing the result with the general
expression for P,

PRty = ths]( — Wy Wy, D, W3) e_iwﬁi‘(ﬂ’ﬂﬁ(wz)ﬁ(ws) dw; dw, dw,

one finds that #** is a function of the sum of the frequencies only:

I —0g; @1, 0, w3) = F0; + @3). (12)
It is conventional to write the susceptibility tensor in a symmetric form, thus instead of
(12) one would have
= wy; @y, 05, 03) = 38@) + 03) + 351N @, + @3) + $1P(@; + ©3). (13)

However, this leads to the same expression for P once the integrations over w,, @,
and w; have been carried out. Therefore it is more convenient to use the simpler
expression (12).
If #* is given by (10) and (11), then £ (w) is given by
/22 + 173 )
—w? — 2w/t + (/2 + 1/13))

(14)

Fw) = ¥ (¢ + (1 — 0)ga(w)) = xm'(fx +(1— )

Now the total polarization is given by the sum of (6) and (10},
P =V« E + (¥ s (E-E))E. (15)
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Insert this in (2) and the equation to be solved is

PE=VIE—VV-E— L (E+ W E) = 3@+ (E-E)E).  (16)
c (g

3. The method of multiple scales

We want to solve (16) using perturbation theory, treating the right-hand side as the
perturbation. However, the simple iterative method, taking the first order solution plus
perturbation terms, fails: secular terms appear which cause the perturbative corrections
to grow linearly in time, which violates the (implicit) assumption that the perturbation
terms give small corrections.

In the method of multiple scales, the first-order solution is allowed to vary slowly,
which makes it possible to eliminate the secular terms that cause unbounded perturba-
tions. The variant described below, called the derivative expansion method by Sturrock
and Nayfeh, has been developed by, among others, Sturrock [28] and Nayfeh around
1960. According to Nayfeh [26], ‘the method of multiple scales is so popular that it is
being rediscovered just about every 6 months’. In optics the method is also known as
the rotative wave approximation or the slowly varying amplitude (or envelope)
approximation. The method will be explained using the pendulum as an example.

3.1. Example: the pendulum

Consider the ‘real’ pendulum, given by ¢ + w? sin ¢ = 0. When the amplitude is small
enough, ¢ can be approximated by ¢ = lae™ " + {g* gier,

For finite amplitudes, simply trying ¢ = s(fae ™" + 1a% @) + 2™ + 3¢ + - ..
does not yield a better approximation. Namely, if one Taylor expands sin ¢, and
demands that all orders of ¢ are zero separately, at order &* one finds £%(¢™* + w?¢®) =0,
the same equation as for ¢'*). So one can take ¢'* to be zero (by replacing ¢'’ by
¢(1) L Eqb(z)).

But at order ¢*
(¥ + wip® — Kol(a® e ¥ + 3ata* e TV 4 ce)) = 0.

So ¢ = ~zhza® e 4 Hhilallaw,t " + c.c. But the second term, the secular term,
is linear in t. So it will become infinite as ¢ — co, whereas one would want the
perturbation to remain small, or at least bounded.

A way out is to allow a to vary slowly in time, da/dz must be expanded in ¢ as well

d
d_? = sf‘”(a, a¥) + 321‘(2)(‘1, a¥Y+ ...

Symbolically this is written as
da da da , da
—=8—=8—'+3_+"'
de dT aT aT,

The variables T = T, = &t, T, = &*t are the slow times. One must be aware that the T,s
are not independent variables. In particular, the derivatives with respect to them do
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not necessarily commute, 5, dr,a = 87, [ = f@g, f@ + £9°9,, f@ may differ from
Brydp, = Br, SV = f0,fD) 4 £, 70)

The perturbation terms ¢™ can contain terms with frequencies Q, w,, 2wy, up to
nw;. To separate these, ¢ is expanded again with respect to ¢~'*%. Thus

¢(n] - Z Re ﬁb,‘::] @~ miout =1 Z (qbi(;;)e-mim;r + ¢g:]* emimlt).

mz=0 2m30

At order &% one finds

g2 e“’(—a—a) +cc =0
T,

so here the compatibility condition, Le. the demand that the secular term is zero, is simply
8a/aT, = 0.
Next, at order &° the equation reads

(—dw?p( —~ Foiad)e ¥ 4 <-—-ﬁw§|a|”a — iw, 56-;) e 4 co = Ofg). (17
2

Note that though ¢ and ¢’ may depend slowly on t, their derivatives have been left
out, because they are of a higher order in & One should solve one order of & at a time.
The secular term in (17) will be zero if

da 1
@, 5-]:2 + T wllai*a = 0. (18)

Since this equation implies 8|a|*/8T, = 0, its solution is a(f) = a, exp(ie?|ag|*w L),
whence ¢ = —1¥za® and ¢ = 0. So

qb = ga, e—im;[l—(lflﬁ]a’laoiz)r _ '3%133533 @~ 3iwull = (1/16)e?|ao| ) + e+ 0(85). (19)

In figure 1 the linear approximation is given together with the ‘real’ solution as given
by (19) for an amplitude of 0.5 rad. One can clearly see that though the frequency
difference between the real solution and the linear approximation is only small, by just

AN
RV

aq/1004
1

|
L/
l
)
)
€|
-—————
-~

Figore 1. (a) The linear approximation &g, cos m,t (dashed) and the exact solution @(z)
(solid), for an amplitude of 0.5 rad. {b) The difference G{t) — ea, cos e (¢} (s0lid), and the
perturbation ¢*¢™ magnified 100 times (dashed).
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adding 2 perturbation term one cannot compensate for it; a siall difference in phase
Jeads to a large difference between the function values ¢(t) — ea, cos w,t.

3.2. Asymprotic expansions of convolutions involving slowly varying functions

If a funciion A depends slowly on t, then a convolution product (A e~y can be
written as e " f(ew, + iedr)A(T). This can be shown by taking the Fourier transform
of the convolution:

F[f#(4e )] = fl) Ao — v,)
= (flwy) + f(@)Q + 1 (w)QF + - )AQ)  (20)

with Q = @ — w,. The inverse Fourier transform of QA4(Q) is i6,4, and 8,4 = 88,4, so
the inverse Fourier transform of the above expression is

SrideTom) = e ™ fw) + ief (@,)8r — 32/ (08} + -+ 4. (21)
Symbolically, this can be written as
fr(de i) = g7 (g, + igd,)A. (22)

This is exact as long as the series (20) converges. However, notice that while the given
function f{w), often determined by the material, is expanded in a series, 4 is the quantity
of interest. This means that A has to meet some requirements. In particular, where f(w) -
is singular, A(w) must be zero. Hence 4 must have a limited bandwidth, and therefore 4
cannot have a fast time dependence.

Besides, at some stage in the caiculations, the series will be cut off, so then from a
certain n onwards, £"9% 4 must be negligible.

Similarly, if 4 depends slowly on z, the inverse Fourier transform of some function
of k times #.(A4) can be written as & [ [ f(K)F. [A](k — k)] = e™=f (k, — 1e85) A.

3.3. Asymptotic expansion for a pulse in a waveguide

Suppose E is roughly centred at frequency w,. The wavenumber of the guided mode of
the linear waveguide corresponding to this frequency is denoted by k,, sce section 4.

We separate the rapidly varying part of the electric field from the slowly varying
part by writing E = 4eE{l expi(k;z — w,2) + c.c. + O(e?). Abbreviate

b=z oy 3)

In higher order approximation, higher powers of the phase factor ¥ will occur as
well, so E is expanded in powers of ¢ and of e':

. 1 -

E=Y E"=Re T CED e =2 T s/(ED et 4 EW* e i),
n>0 n>0 2 u=qQ
nmzx0 mz0

24

The upper index (n) denotes the order of ¢, the lower index m denotes the frequency, £,
is the component of f at frequency mw,.
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The EWs are supposed to depend slowly on t and z, they are functions of the slow
variables T = ¢t and Z = ez.

Notice that the epsilons used for scaling z, ¢ and E are identical. One could have
started with three different epsilons, ¢, ¢, and e;. But then to relate the time behaviour
to the z-behaviour, the epsilons must be related to one another. It turns out that choosing
all epsilons the same is the simplest solution. This is not the only selution; for instance,
choosing g, = g = ¢2 works as well. In the end this would lead to the same results, ie.
in the end the same perturbation terms would show up, but they would appear at
different orders of the perturbation parameter.

As in section 3.1, it is necessary to asymptotically expand the derivatives of E™.
However, only expanding one of é, and 1 further wiil do, for this will give a pew term
at every order of &, and at each order of ¢ there will be only one compatibility condition
to be satisfied. Expanding both 6,E£™ and 8,E" would lead to an underdetermined set
of equations. It is more convenient to expand only J, any further, since the time
dependence of the polarization is more involved than its spatial dependence. Namely,
we do assume locality, while the polarization may depend on the past of the electric field.

So define Z, = &"z and for a function F = F(T, Z) let

8F =c¢F; and O F =¢F, =¢Fp, +&2Fp, + -+, (25)

4, The Linear waveguide

In a linear slab or fibre, the electric field satisfies

PE= -V xVx E—izaf(E+ G4 E) = V2E — V(V+E) — 2 GHE + 7P+ E) = 0.
c o
(26)

The response function 7% is assumed to be a function of the transverse coordinates x;
and of time, not of z, i.e. the refractive index profile is assumed not to change along the
propagation direction.

The Fourier transform of (26) with respect to ¢ is

2
V2E - V(V-B) + 2 (E + 70w, x,)E) = 0. @7)
C

The index of refraction n»(w, x, ) is defined by
n*(w, x,) =1+ 7w, x1). (28)

Fourder transforming with respect to z as well, we find
2

@ .
2 —k +n? = 2,8, —ikd,
.. w? .
Plw, ) FE = —3.8, 02—k nt 2 —iks, FE (29)
>
—ikad, —ikd, 8t + 22 4 n? —
¢

{obtained by simply replacing 8, by ik).
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The fibre or slab is assumed to be single-mode and polarization-preserving, so at
each frequency there is only one mode. At frequency w this mode is denoted by L{w, x ),
where U{w, x, ) and the corresponding wavenumber k(w) are both determined by

L(w, k(@)Uw,x, ) =0. (30

In other words, U{w, x; ) e*(®= 14" ig a solution of (26).

Assume for now, that n{w) is real, i.e. neglect the damping, This is allowed far from
resonance. Later on the damping will be taken into account as a perturbation. If the
damping is too large to be treated perturbatively, the pulse will not propagate anyway.
Then it will simply die.

With this assumption, £{w, k(w)) is a Hermitian operator for real w and k. Namely,
define the inper product

(F,Gy=| (FG)dx, 31)
¥i

on the space functions for which {F, F» < co. Then the operator #(w, k) satisfies
(F, L0, k)G = {L(w, k)F, G). In particular, every F satisfies

CU(), Z(w, oDF) = {L(w, k(@) Ulw), F5 = <0, F) =0. (32)

This property will be used extensively in the following sections.
Also, k(w) is real, and k(—w) = —k(w), and V(—w, x ) = U*(w, x ). This can be
shown as follows. When I/ and k satisfy & (w, k{w))U(w) = 0,

PU(w, x, ) eiF@E-e0 — 0

Now since the operator . is real {in the space-time domain), this means that both
the real part and the imaginary part of E(x,, z, £} = Ulw, x, ) exp i(k(w)z — wt) must
satisfy & Re E(x |, z,¢) =0 and & Im E(x,, z, t) = 0 separately. So also the complex
conjugate

E*x,,z,1) = U w)exp i(—k(w)z + wi)

satisfies ZE*(x Ly % £) = 0. Fourder transforming this in time and z-domain then shows
that

F(—w, —k(o)U*w,x, ) =0.

This concludes the proof.

A related solution of (30) is {— e, k(w), U{w)}. This describes a wave propagating
in the opposite direction.

The wavenumber k& is determined by the material dispersion and by the geometry
of the waveguide. The inverse of &' = dk/dw is the group velecity, and k" is called the
group velocity dispersion parameter. In fibre optics literature, the dispersion parameter
D is used instead of k. It is defined by D = dk'/dA ~ —(2me/A%) k"

For bulk silica, D is zero at iy = 1.312 pm. In digpersion shifted fibres, this vaiue is
shifted, commonly to A ~ 1.55 pm, in order to be able to use the erbium-doped fibre
amplifiers that operate at that wavelength [2, 24]. For wavelengths greater than 4,
D is positive and k" is negative. This is referred to as anomalous dispersion.
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4.1. The first guess

Consider a pulse with a “carrigr frequency’ w, (the exact value of w, does not matter).

In first order E should satisfy £ E=0, sp E{" has to be something like L{w,, x  YA(Z. T).

But the only demand for E{ is that #L(eEX €' + cc.) = O(e?), so to E{Y we can add

anything we like, as long as it is of order ¢ or smaller. We can use this freedom to choose

E‘* such that some perturbation terms that will occur are accounted for automatically.
It turns out that a convenient choice is [27]

EN = Ulw, + 1e8p)4A(Z, T) (33)
E', = EV* = Ux(w, + isdp) A*(Z, T). (34)

The advantage of this choice can be seen by Fourier transforming (33) as described in
section 3.2. One then finds that ¢E™ = eE{" e + c.c. satisfies the linear equation
exactly, so additional terms in E are necessary only because of the non-linear right-hand
side of (16).

N.B. Since per definition

U*(z) = [ U¥(w, + iedp) = U¥(w,) — ieU¥6p — 22 U5 + - -.
We wish to solve (16) up to order ¢* inclusive. This means we want to solve
LU, +isdr)Ae? + L PEP ¢ + SLPEP it + SPED 3¢  FFPEW ¢
+ P FEW ¥ 4 g,
1 . .
=5 JH(zEM e + sEP e + cc)

x 7P+ (EL € 4 - - )(eEP & + - ) + O(®). 35)

The expansion of #zEY = Re ee'®(¥ U)w, + iedr, ky —iedz)A will be used up to

order &* inclusive. The k-argument in ZLeEM is k, — ied,, independent of w, + iedy,

and the expansion of £ will consist of all terms of the form 87,8 L U)(ied Y —ied;)'A.
Now consider

HMw) = FL(w, k(e l(w, x,) (36)
which is a function of «w only. It is identically equal to zero, so in particular
(@, + isd;) A = 0. Therefore one can freely subtract &' .4 (w, + iedp)d + c.c. from
ZE. This will eliminate all terms with factors 84,(#U), what is left of the expansions
of e FEV is:

(L UNw, + teby, ky — 1e02)A = e( L UNw, + 1ebp, k; — 1e67)A4 — 4 (wwy + isfr)A
= g(LUVIA + 163 L), 074 — i (LU 8A — 383(LU) 054

+ e F )oilr0z4 — 3 LU OGA ~ HeHLU) poo 034

+ 3L V005024 — 5 (L U)o 07034 + He"(F V) 834

— (LA — [(LV), + K(LUR]oA + 3L V0o

+ 2k (F U)oy, + KL Uy + KI(LU)J0FA + G (£ Vo

+ 3k UL D)o + KL U) g + K (L Uy + 3K(L U)o

+ 3k k(L U + k7 (F U] A + O(°)

= — 1A (KUY + K ép)4
+ 2L U] 03A + Lie*k (L U)OEA
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+ dig*k! % (ZU)&A

+ E[(LU) 10 — HLU)ulBz — K801z + k1 27)A

+ 1* L U)ok 0 — HL V)ore 0143z — k' 07)

+ H LUl 8% — k10707 + 03)](8z + k18r)A4 + O(e5). (37)

In the expanded form, ¥, %£,, U, U,, ¢etc are evaluated at w = w; and k=k,.
To save on brackets later on, (£ U), has been replaced by the equivalent expression
LU (U does not depend explicitly on k).

5. Derivation of the amplitade equation
5.1. Order ¢ and &*

The non-linear right-hand side of equation (16) is of third order in ¢, so in first and
second order, E has to satisfy the linear equation FE = 0.

In the right-hand side of the expansion of eZEY), (37), the first term is of order
¢%. In this term, 8,4 must be expanded to 8;4 = 87 A + d,,4 + ---. Then at order
&%, for E® one finds

— 1B Uk, 87 + 0 )A + LEP = O(). (38)
Take the inner product with U/ = {w,, x ). This yields
—iKU, LUk 0 + 8z,)4 + (U, LEP) = O(e). (39)

The last term vanishes, since (U, LEP > = (LU, EP> = (0, E{¥¥> = 0. One could
interpret this as ‘the source terms must be perpendicular to the null space of &
Therefore 8,4 is given by

ki0pA + 3,4 =0, (40)

ie. the amplitude propagates at the group velocity vg = 1/k}. Since E{? then satisfies
the same equation as E'Y), it can be taken to be zero (by replacing E( by £V + ¢E{).

5.2. Do 8y and 85 commute?

When working with the operators 8y, @5, éz,, 8z,, . - ., caution is needed. They function
like derivative operators, but the Z,s are not independent, so the derivatives with respect
to them do not have to commute.

Since there is only one slow time scale, derivatives with respect to time are easy:
for any f, o7 f = "85 f and 8% f = ¢™"d7 f. Higher order derivatives with respect to
z are more involved.

Per definition, 8, f = €d;, f + %@, + - - -. The way in which 8_ f is split up among
the time scales is not given beforehand. At each order of ¢, &7 4 is chosen in a certain
way, where any choice that satisfies the compatibility condition at that order is allowed.
Fixing these choices, the d; As become functions of A, A* and their derivatives with
respect to time: 8,4 = A,{A, A%, A7, 4%,...), 02,4 = Ay(4, A% Ap, A%, .. ) etc. Then
the d; As are given by the complex conjugate of &5 4, so 8z, A* = A¥(4,.. ), etc.
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For higher derivatives, what 8,8, should mean, is clear: it is

A4 dA 24
Orlg A=—TAr+ "2 A%+ —"App + -+~
TR T AT AT a4, Tt
What 8z, 0rA4 should mean is less clear. So far, we only know how to apply d;, to
(functions of) A and A*. But we can just give d, dr4 the most intuitive definition,
ie. we can define it to be equal to &8, A. Then per definition, ¢, and &, commute.
Now we can also calculate higher order derivatives with respect to z, namely

0A 04, | BA* A, | 0Ar 34,
9Z, 0A = 0Z, BA*  8Z, 0y
84,, 3A, 0d, 84,

+

4 a4* | oT 8Ar

bz, Zml =

It is obvious from this expression that 8, &, A does not have to be equal to d; 0, A.
But as we just saw in (40), 4 satisfies A;, = —k|Ay; A* satisfies the same equation.
And also foreg. A;,

aZJ(AT) = aTAAzl = BT(_k&AT) - —k’]_aT(AT)-

So 05, f = =kijdrf for any function f of A, A* and their derivatives with respect to
time. Now since dr and d;, commute for all n, so will 8z, and &, .

As a consequence, any function of A and A* and their derivatives with respect
to T and Z, will satisfy (8, + k107)f(4, A%,...) =0

However, probably &;, and &, will not commute anymore.

5.3, Order &°

After substituting 4,, + &} Ay = 0in (37), the left-hand side of (16) becomes
PE =L L UNw, + by, ky — i0z)AZ, T) + cc.
+ EFE® + £ LEW + 0%
= te & —iet B UNB,, + edz,)4 + 7k L UGA + Sk L UA
. d
+ He?ky i (LURA + P[(L V)8 — HL VN8, — k1 87)]e07,4]

+ce + S FE® + A FED 4+ O
=18* W L U(— 1Az, + Skl Apr) + cC + SFED
_ _ ) d .
+ g8 e[ U(—idy, + ki Arrr) + 3 (% U)r(3,, + $ik]02)A]
+ce + e PEW + O, (41)

The following has been used:
[(ZU)idr — %(gv)kk(am — k107)]ebz,A
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=[(L U)o + B (LU )8 — KL U8y, + k181)]685,4
=t L (402,04
dw
since (8z, + k) 0r)802,4 = 87,8z, + k101)4A = 0.

The right-hand side of (16) now comes into play. Expanded up to second order,
E is given by

E=L(sUA&® + iU Ape® + sU*A* e~i¢ — iU 4% e~ 9) + O(). (43)
Define
2
Vi w) = ~% [2(U- U*)U0) + (U-DYU*3¥Qw)] (44)
¢
3 _ %af (3)
V§i3) = 225 (U-U)UL™2w) (45)
e

2
V@) = 25 [V Qa)U-U)U* + {PQe)U-U)U* + 19 Qo) U DU

— $O)L UM + 30N U*)U + 2§30)U- U \U
+ #RO)U- UM U'] (46)

with U= {w) and U* = U¥(w) = U{—). Then the right-hand side of (16) is
given by

2 BER x (B-E)) = 48> VPP A + 36 VP + fie® P V0, A1 A)
C
+ 1ig* e3P PaL(A%) + bie* e P A8 (A1) + co. + O, @7

N.B.

d d
PRy = o Vi (olo=3s,  mOt i V(30w =a,-

VP = ViNw,), V§ = VPGe!), etc.
So at order &3,

16> P B U(—i0,, + 302 A + J6> FED &% + 33 FEP e3¢

=13 VP44 + 322 2P A3 + 0. (48)
For the compatibility condition look at the terms with phase factor e'* and take the
inner product with U. Then again, like in equation (39), LEP will drop out since

(U, ZEP) = (LU EP) =<0, EP) = 0. S0

H{U, GUN—105, + 3K107)A — KU, VEHIAPA = O(). (49)
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Define
W), V)
(Ulw), (AU)w, Kw))>
Then one can recognize the non-linear Schrédinger equation in (49):
85,4 — 3k10%2A4 + y,|4]*4A = 0.

Equation (49) has to be satisfied up to O(g), so nothing prevents us from adding
terms of order s. And like letting E'" = I{w, + iedy)4 instead of U(w,)4 automatic-
ally took care of higher order linear terms, it turns out that higher order non-linear terms
will be simplied if we replace y, = y(w) by y(w, + iedy), and let é,,4 be given by

(50)

Hw) =

8,4 — SKIE2A — %o, + 168 )| APPA) = 0. (51)
For £ we make the ansatz
EQ) = UM, + iedy, ky — isd,)(|A2A). (52)

Substituting (52) and (51) in (48), we find that I/¥ has to satisfy

Lo, OUNo, k, x,) = Vo, x ) — Ho) Lo, o)Ulw, x ). (53)
The solution of this equation is not unique for k = k{w). Namely, since

Z(o, Kw)Ulw) =0,

any multiple of U/ can be added to UP(w, k(w)). However, lim, ., UP(w, k) is
unique, and k-derivatives of U that occur in the expansion of (52) will only make
sense if this value is chosen for U w, k(w)).

Note, however, that as far as an equation for 4 is concerned, until order & the
quantity U itself is not needed. For the linear left-hand side of (16), we only need
to know LE®; and that quantity is fully determined by (52) and (53). And in the
non-linear right-hand side of (16), the first term in which U occurs is of order &°,

The equation for EY, following from the terms with phase factor ¢%¢ in (48), is
simpler,

E$ = UP(3w, + iedp, 3k, — i8d,)A° (54)
where
L(3w, W (Bw, 3k x, ) = VPGB, x ). (55)

This equation has a unique solution il k(3w,)} # 3k(w,). Uf k(3w,) = 3k(w,), the
effective indices of refraction are equal. Then this equation is secular too, since the
homogeneous equation then has a non-trivial solution, and a second compatibility
condition has to be imposed. In physical terms, this is the case of phase matching,
in which net long range effects are possible.

We will not pursue this complication any further.

5.4. Order &*
Thanks to the choice of EY, after elimination of @;, and &,, by means of (40) and

(51), all fourth-order terms with phase factor e** cancel, so EY = 0. This shows the
convenience of the choice of (54).
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After expanding (52) to give
FEP = (LUP)w, + iedr)(|4]24)
= (VP =1, LUNAPA + (VP — yi U — W LU) 1) (1A 4) + O()(56)

and (51) to give

(=18, + {B2)A = 1,424 + 933,142 4) + O(?) 67
the left-hand side of (16), that was expanded already in (41), becomes
PE =36 VP APPA + Lie* V3|42 A) + Lis® 39V A3 + Let 9P 8,(4%)

+ 3t P LB U(—18;, + FRTODA + Lt e LEP 1 ce + O(%) (58)
and this should be equal to (47), so EY* should satisfy

LU(—i8y, + 4krODA + LE® = VP A A2 + O(e). (59)

The inner product of (59) with U yields a compatibility condition again, like in
equations (39) and (49), namely

(U, LUY(—i8q, + §ik703)4 — iU, VP> 48.(4%) = 0. (60)
Define the parameter 5 by
{Ulw), V{w))

" T, BT, K@D “
then 8,,4 is given by

87,4 — HkY24 + in(w, + ie8;)A40,(141%) = 0. (62)
The perturbation term £ is given by

EM = UM w, + 1edy, ky — 120 )(A87|A1D) (63)
a0 Lo, DU, k) = iV(w) - i) LU0, Ko)). (64)

If one only considers terms up to order &*, one can replace #(w, + icdy) and
UM w, + iedr, ky — 1887) by 1, = n(w;) and U (w,, k,).

5.5. Collecting results

So far, the ‘small parameter’ ¢ has been left unspecified. But it has been assumed that

the amplitude varies slowly over the optical period of the light 2z/w,. If T; is the pulse

duration, this means that w,7, must be much larger than unity. Therefore, let

& = (w,T;)™*, and define a dimensionless time 7 in a frame of reference moving at group

velocity

_t—kiz T-KZ
T, ey,

T

(65)

A natural scale for the propagation distance is the dispersion length Ly, defined by
Lp = T3/Ik{|. It is the distance over which group velocity dispersion leads to pulse
spreading. For instance, for a Gaussian pulse, the pulse duration is proportional to
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1+ (z/Lp)?. So define the dimensionless propagation distance { by

k11 z _ k1]
(Ml 2 Kl (66)

0 Ly ¢T3
In order to arrive at a dimensionless non-linear Schrodinger equation, it turns out that
the amplitude e4 must be scaled by /v, Lp, so define a dimensionless amplitude a by

T3
Q= 0::’1 ed = /v, LpeAd. (67)
Jki|
Now &,a is given by 8;a = ieLp(@z, + kidr)a + ie*Lpdz,a + ie*Lpdz,a. From (40),
the first term is zero. From (57), if k] is negative, so in the case of anomalous dispersion,

’

162 Lp0z,a = in/¥1Lp Lpe®0z,4 = —ia, — |ala — 33’_1 (|al%a),
o’
and from (62),

) ' " .My )
i Lpfz,0 =1 ——a,., —i=——(la*)a.
? 6T5k"| Tgy,

Define the dimensionless parameters J, T, and 7 by

. (68)
6 Tolky |
. -}]'
Tshock — "To_;l (69)
./
= —1 . (70)
h Tov,

The parameter J indicates the relative size of the third order dispersion, 7y, is related
to the self steepening and 7z is the Raman response time. The definition in (70) makes
1, positive, possibly with a small imaginary part.

Then the envelope a must satisfy

ia§ + %aﬁ' + |a|2a + iéarﬂ' + irshock(lalza)t - tR(laiz)ta =0. (71)

5.6. Damping

So far, the imaginary part of the linear susceptibility, corresponding to damping, has
been neglected. To keep % Hermitian, the damping must be taken into account as a
perturbation, ie. it must be brought to the right-hand side of equation (16). Thus,
equation (48) will change to

163 4 QU ~ iy, + $k{02)A + 1 LEDEY + 13 LEP €319
2
s N wi .. ;
=367 VP ARA + 33 S VPA® — e L iPUA € + O (72)
[
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where #i%) is the imaginary part of the linear susceptibility at the central frequency w,,
P =T f(w1, X ).

The damping term in (72) seems to be of order ¢, not of order % However, Ji&) was
supposed to be small, and we must suppose it to be of order &* or smaller. If it is not,
dissipation will be too high and the pulse will not propagate.

Define

wiLy U, R U>
¢ (U,4U>°

in which a factor ¢~ 2 is hidden in the factor L. Then (72) means that equation (51)
for 8,,4 has to be replaced by

I'=

(73)

185,4 — 2k702A + p(w, — 1ed;)|A[2A + i(e*Lp) " 'TA = 0. (74)
Therefore equation (71) changes to
ia; + 38, + la]*a + 106, + itpee(|af*a), — w(lal®).a = 0. (75)

6. Limitations

As mentioned in the introduction, some assumptions have been made. Firstly, the
polarization has been supposed to be local. Secondly, the material has been supposed
to be isotropic. Also, the fibre or waveguide should be single-mode and polarization-
preserving, in order not to have to consider coupled equations. Coupled equations would
also arise in the case of phase matching, when k(3w,) = 3k{w,). Finally, the non-linear
polarization has been treated in the Born—-Oppenheimer approximation. All these
assumptions seem to be justified, and are commonly made.

To estimate for what pulse duration T, the derived equation (75) is valid, consider
glass at 4 = 1.55 um, with group velocity dispersion either k{ = —20ps?km™! for a
normal fibre or k] = —2 ps® km ™! for a dispersion shifted fibre. For the non-linearity
take the non-linear refractive index n,, related to ¥ by n, = 37°/8n, to be n, =
23 x 10722 m* V™2 (values taken from [2]). This value of n, implies 3 = 8.9 x
10" m? v-2,

First of all, in the derivation, the terms (I/- T)UA? e*% and (U U*)UjA]*A € have
been suppaosed not to overlap in the w-domain, Therefore, for the validity of {75), the
spectral width of 4 must certainly be less than 4ew,.

E(w) must be negligible at the resonance frequencies of the material. Glass has linear
resonance frequencies at wavelengths of approximately 0.1 pm and 10 um. Given a
central frequency corresponding to A = 1.5 pm, this means that A(w) must be negligible
at w=0.85w;; 50 T 115

As for the non-linear perturbations, the most stringent limit on the pulse length is
given by the stimulated Raman scaitering, The stimulated Raman scattering has a
resonance frequency corresponding to a time 1, & 12 fs, see section 2.2.2. Therefore |E]?
cannot be allowed to have a spectral width larger than approximately 10'* Hz. This
means that T, must be much greater than 10 fs. The other perturbation terms involving
time derivatives of the non-linear terms are all much smaller.

To estimate the magnitude of the higher order non-linear perturbation terms, one
needs to know the magnitude of the electric field. Since the longitudinal component of
the modal profile, ie. the z-component of U, is small, U can be approximated by
—2kU, see (29). If one inserts this approximation in the expansion of (67), one can see
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that the electric field will be of the order of

|E| ~ /imiéli—|a|zl—f-s-x5x109\fm‘1x|a| (76)
30,975 P

for a normal fibre and (115/7)) x 1 x 10° Vim™?! x |a| for a dispersion shifted fibre.

To estimate the size of the fifth order polarization P> = g,¥**E%, we also need to
know ¥ It is hard to find a definite figure for this parameter, but we can make an
estimate if there are no resonances. In that case, the nth order susceptibility x" is of
the order of £, "™, where E, is the interval field of order 3 x 10'° Vm ™! that binds
the electrons to the ions [8, 20]. So take y**' & 1 x 107%* m* V™4,

With this value of 3, the contribution of the fifth order polarization to equation
(75)is (0.02 f52/T3)|a*a for a normal fibre and (0.002 fs?/T2)|a|*a for a dispersion shifted
fibre. So for 7, much larger than a femtosecond, this will be negligible {|a| is assumed
to be of order 1).

Another perturbation term at order &° is the term proportional to x'3(EV)2E®),
After scaling, this contributes something of the order of k|k{) 4.0 To 2laf*a. For a fibre
core area Ay of a normal fibre of 50 um?, the scaled contribution would amount to
something of the order of (1 {s®/T3)|a|*a. For a dispersion shifted fibre with a core area
of 3 pm? it would be of the order of (0.02 fs?/T3)jaj*a.

All in all, the lower limit of T, is set by the time scale of the stimulated Raman
scattering. T, must be larger than 30 fs. However, probably a lower lower limit on T
can be reached if the stimulated Raman scattering term is treated exactly, without
expanding the convolution product of (9) asymptotically.
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