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DERIVATIONS OF A RESTRICTED WEYL
TYPE ALGEBRA ON A LAURENT EXTENSION

SEUL HEE CHOI

ABSTRACT. Several authors find all the derivations of an algebra
[1], [3], [7]. A Weyl type non-associative algebra and its subalgebra
are defined in the paper [2], [3], [10]. All the derivations of the non-
associative algebra W Ny ., is found in this paper {4]. We find
all the derivations of the non-associative algebra W Np,s,0, in this

paper {5].

1. Introduction

Generally, there is an infinite dimensional simple algebra with outer
derivation. Thus it is an interesting problem to find all the deriva-
tions of an infinite dimensional (non-)associative algebra [2]. The Weyl
type non-associative algebras are defined in the papers [3], [12]. All the
derivations of the restricted Weyl type non-associative algebras WN0,0711
and W Ny 2, are found in the paper [1] and [2]. All the derivations of the
non-associative algebra W Ny o, is found in this paper [4]. In this paper,
we find all the derivations of the restricted Weyl type non-associative
algebras W Np 50,.

2. Preliminaries

Let F be a field of characteristic zero (noﬂ necessarily algebraically
closed). Throughout this paper, N and Z will denote the non-negative
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integers and the integers, respectively. Let F[z1,. .., Zm+s] be the poly-
nomial ring with the variables 21, ..., Zm+s- Let g1, ..., gn be given poly-
nomials in Flz1,...,Zm+s]. For n,m,s € N, let us define the commu-
tative, associative F-algebra F, ., . = Fle*9 ... %9, mitl, . il
Tm+1, - - - » Tm+s) in the formal power series ring F[[z1,. .., ZTm+s]| which
is called a stable algebra in the paper 7] with the standard basis
B = {5 ~--e“”g"mzf x Z,’L"j;‘ A1,y Oy 01y . e, tm € &y
(1) im+1, . im+3 € N}

and with the obvious addition and the multiplication [3], [7], [11], [13],
[14] where we take g1, ..., gn so that B is the standard basis of Fy, .
Ow, 1 € w < m+ s, denotes the usual partial derivative with respect to
Zy on Fy, ;. For partial derivatives 0y, ...,0, of Fy, m s, the compo-
sition & 0 -+ 0 & of them is denoted &J* - - - & where jy, ..., j, € N.
Let us deﬁne the vector space W N (g, m, s) over F which is spanned by
the standard basis
{eM91 ... andngh .. :;ﬁ_r;aau o Bv eI . gl %"is € B,

(2) jua'--;j'uEN,lgu,...,’USmﬂ—s}.

Thus we can define the multiplication * on W N (gn, m, s) as follows:

¥ 0na ... eazngnxim . xii:_z:syh aq]l')w
(3) — etugn .., ealngnmflll .. mi;j::s aJu . .agv
(e eminglt - gRTI )0 O
for any basis elements 31191 . . . g@ingn g1 .. z;;”: B - )" and 2191
.. e%2ngn x’fl zrjsafh B e W N(gn,m,s). Thus we can define

the Weyl-type non-associative algebra W Ny, ., s with the multiplication
* in (3) and with the set WN(gy,, m, s) [10], [11], [12]. For r € N, let us
define the restricted Weyl type non-associative subalgebra W Ny, s, of
the non-associative algebra W Ny, ,, s spanned by

. i . , .
{ealgl . ea”gnx?ll .. ,’:‘Ln_:';a]” v ag’vlealgl .. 60‘"9”1:1;;1 N x;s c B’

4) Jur-- o ENJGu+--+dp<m1<u,...,v <m+ s}

For any basis element e®191 . . . gfndn gt 8& 3 of WN,, ms, let
us define the degree cleg,n(e‘“g1 - gndn gl ml;aqjj‘ 8{,”) of z, as i,
and the total degree degior(e™91 - - - e 9n gl ... gls Hlu ... GV of €191 . ..
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ea"f’"wlf :Ef: 3{,}‘3%“ as i1+ - +is. Thus for any element [ of
W Ny, m,s, we define deg.(l) of z, as the highest degree of z, in the
basis terms of [ and degyo (1) as the highest total degree of basis terms of
[. It is well known that the non-associative algebra W Ny, = s is simple,
even though it has the right annihilator [7], [8]. For any element of [ of
W Ng, m,s, an element Iy (resp. lp) is right (resp. left) identity of [ if
I+ly =1 (resp. lax1l=1).

3. Derivations of W Ny,

LEMMA 1. For any derivation D of the non-associative algebra
W No,3,0,, then we have that
; . ; . i—1 . i—1
D(a:’léh) = (1 - ’L)al,o,owzlal - Zb1,070$11 58281 - ’LCL()’()JJ?[ .Tgal
+’id170,0w11—181 -+ a2’0,01‘1102 -+ ag’o,oleag

and D(mﬂ@u) has the similar formula as D(z!8,) where a1, .. .,a30,0 €
F,2<u<3,andi,j€Z.

ProOOF. The proof of the lemma is similar to the proof of Lemma by
considering Z instead of N in the paper [4]. Let us omit it. O

LEMMA 2. For any derivation D of the non-associative algebra
W Ny 304 '
D(z102) = —a1,0,02102 + bag0r102 — b1,0,0T202 — €1,0,07302
+d1,0,002 + b10,02101 + b3 007103

hold with appropriate scalars. D(z,0,) has the similar formula as
D(x102) where 1 <u #v <3.

ProOF. The proof of the lemma comes from the similar comments
of the proof of Lemma 1. Let us omit it. O

LEMMA 3. For any derivation D of the non-associative algebra
W Ny 3,0,

D(212201) = —ag007101 — b1,007301 — ba,0,0T12201 ~ C1,0,072%301
~€2,0,0212301 + d1,0,02201 + h2,0,0%101 + a2,0,021%202
+a3,0,0717203

D(z12301) = —agzp0xid1 — b10oxax30) — b300x12201 — €1.002201
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—€3,0,0012301 + d1,0,02301 + 93,0,02101 + 42,0,0C12302
+a3,0,0717303

D(zo2301) = a1,0,0%22301 — a2,0,0212301 — a3,0,0L12201 — b2, 0T2230
—b3,0,07501 — €2,0,02501 — €3,0,0T27301 + ha,0,02301

(5) +93,0,02201 + a2,0,0222302 + a3,0,0222303

hold with appropriate scalars. We have the similar formulas of D(z,,0.)
as (5) where 1 <wu,v <3 and 2 <w < 3.

PrOOF. The proof of the lemma comes from the similar comments
of the proof of Lemma 1. Let us omit it. 0

The proof of the following lemma is similar to the proof of Lemma 4
in [4], but let us put it for the readers.

LEMMA 4. For any derivation D of the non-associative algebra
W No 3,0, and for any basis element x7 3 x3<9u, 1<u<3y, of WNO 3,017
then we have that

D(z7z72501) = (1 — n)aygozleRabd; — mbyoozialzko
—kes 00zt akd + ndi g om?—lx’;x’gal

+mhy 0zt Ty 2§01 + kgso0rt ey 01

—maz,o ()m;H—l m—1 ’“81 kag 0 0.’Itn+1x2 333 (91
—nbl’()’oxl xgn—i-l 61 kbg 0,071 :L‘m+1 k 16
—ner0,07T 2Tzt O — meg o 02t w3+181

n n,.m,.k
(6) +a20,0T; T .’L‘382 + a3,0,0T1 %2 2303,

where ai0,0,bi,00,¢i00 € F, 1 <@ <3, and di,00, h2,0,0, 93,00 € F. We
have the similar formulas of D(z}zz%0,) and D(x}zx503) as (6).

Proor. Let D be the derivation in the lemma. By Lemma 1
and D(01 * x1222301) = D(x22361), we have that 01 x D(z1222301) =
—2a2,0,0212301 — €2,0,0T201 — 2a3,0,0T1T201 — b2,0,0227301 — b3,0,07301 —
€3,0,0T22301 +h2,0,02301 +93,0,02201 +a20,0222302 +as,0,0r22303. This
implies that

2 2
D(z1z22301) = —ag0,0%72301 — a3,0,0212201 — ba g oz1222301

2 2
—b3,0,0T12501 — €2,0,0717301 — €3,0,021222301
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+h2,0,0212301 + g3,0,0212201 + G2,0,0T1227302
+a3,0,021227303 + Z 51,1, 5 T30

20
(7) + ) 82,,75TR0s + Y 53,25730s,
720 720

where S1,3,55 52,i,55 83,4, € F, ’i,j > 0. By D(62 * m1x2$381)=D(.’L'1x381),
we have that

. i—1 4 . i—1 7§
> is1igah oo+ Y dspich w30y
i>1520 i21520

. i1 4
+ E i834Ty 1303
i>1,j20

= —2b1,0,0T27301 — 10,0301 + d1,0,07301.
So we have that

D(z1297301) = —a2,0073x301 — a300%37281 — by,0,025%301
—bo.00T1ZoT30h — b3,0,0T17501 — C1,0,0Z2%301
—C2,0,0717301 — €3,0,071722301 + d1,0,0T22361
+ha0,0212301 + g3,0,0T12201 + a2,0,071227302

+a3,0,0m1m2w383 + E Sl,o,jl‘%al + Z 82’0,]‘1‘%82
j=0 j=>0

(8) + Z 33,0,53733;83.
j20

By D(03 * z1222301) = D(z12201) and (8), we have that

D(z1722301) = —a200%37301 — a30,0732201 — b1,0,0732301
—bo 0 0T122230; — b3,0,0712501 — €1,0,0T27501
—C2,0,0%12301 — €3,0,0%1%22301 + d1,0,0T22301
+h2,0,0212301 + 93,0,021%201 + 02,0,0Z1%27302
(9) +a3,0,021222303 + 51,0001 + $2,0,002 + 83,0,003.

Since z10; is a left identity of z1x2230;, by Lemma 1 and (9), we have
that

2 2 2
D(z122%301) = —a200T12301 — a3,0,0T12201 — b10,0752361



232 Seul Hee Choi

—b2,0,021%97301 — b3,0,0217301 — C1,0,0222301
—C2,0,0T17301 ~ €3,0,0T1Z2730 + d1 00222301
+h2,0,0212301 + 93,0,021%201 + 02,0,021%27302
+a3,0,0x1m2x383.
By D(z}01 * x1z92361) = D(2Tx22301), Lemma 1, and (10), we have
that
D(:L‘?.Z’zxgal) = (1 - n)al,()’()x?:l?zx;;al — az,oyol‘;&lmgal
—a3’0,0$?+1$281 — nbl,oyoxrf“lx%xgal
—bo0 02 22301 — b3 00T T3
—ncl,oyox’f'lxﬂgal — CQ,O,O:U’fwg@l
— 3,002 227301 + nd1 002 22730
+h2,0,0272301 + 930,027 ®201
(10) —1—(12,0’01‘?1‘2%382 + CL3,070£L’§LCE2£L'383.

By D(z5'0 x 2txox301) = D(z}2x301), Lemma 1, and (10), we have
that

D(.’E?.’L‘glxggal) = (1 e n)al 0, ox?wgzmgal — mazo oxrlH-lx?Zn 11331
1 1
—a3,0,02] 2501 — nby ooz 2 a0

+
—mb2’0,0$1 Zq :1:381 — b3,0,0x1 332 81
-1 2 -1,2
—ne10,0%] Ty X301 — M2 00T7Ly 2301

m n—1,m
—C3,0,0x7fm2 2301 + ndl,o,oxl T 30

+mh2,0,0x’fx£” 1.’L‘381 + gg,o,ox?x;nal
(11) +a2,0,0x1 gy D300 + a3,070m?m§”x383.
By D(z505 * z7ax301) = D(x}2]'x56,), Lemma 1, and (11), we have
that
D(zteyako)) = (1—n)aygeatalchor — mboy ox?xgbx’gal

k
—/CC370,0:L‘71L.Z‘72nx381 + ’ndl,o,owl IE2 18381

—1 k k-1
+mh2,0,0$1f9672n 2301 + kg3 0901 xy z3 %1

+1 m—1_k n+1 -1
—magpox] zy x301 — kazpox]" xy m3 o1
1,k 1, k-1
—nbl,o,oxl o lah01 — kb g o] w§”+ o

—ncl,o,gw?" xh m’§+181 — MC2,0,0L7 Ty 1 k“f)

(12) +a3,0,007 5 750y + 03,0077 T T55s.
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Similarly, we can prove that

k k
D(ml Tq x302) = —naig 0"127113:‘311'382 + (1 - )b2 0 gm’fmgnmg,c‘)g

1 k
—k}C3 0 0:131 Ty :L‘3(92 + nd; 0, Om" m£n$382

— k—1
+mh2,0,01‘1 -'172 15382 + kg3 Ox?mgbxs 02

1 n+1 k—1
—mazo 01‘1+ 32 ka3 0 05(,‘1 :vQ”:c3 82
—kb3 0 017 1‘7271+1.’13’3c_182 —nec1p 0:1:1 .’L’2 :L‘k+182

n—1 m+1 kaZ

82 - nb1 00:1:

k+1
—mez,0007 ey

+b1,0,0x’1‘w§”x381 + b37070£L'1 Ty 1‘333

D(z12Txk03) = —naygoxlalakds — mbygortaTakos
+(1 — k)c3,0,0x’fx§”x§83 + ndi ox’f_lxénxéfag
+mhag g oxiay x383 + kg3 0,022y’ m3 19,
—mas,o ox’f+1m2 2805 — kas ozt k10,
—nbl’o’oml m+1 kag, — kb3 0 0.761 :cm+1 k 13
—ncy 02y Tl xk+183 — Me2,0,087 L5 :1:3"'133
—|—Cl,070$7111‘2 $381 + €2,0,0%1 .'Egnl'lgaz
s (12). This completes the proof of the lemma. O
Note 1. For any basis element z7"25%5%0y, 1 < u < 3, of WNp30,,
we define F-maps Dy, 1 < v < 3, Dy, 1 < v # w < 3, and Doy,
1 <wv <3, of WiNp 30, as follows:
Dy (7252 25°0y) = (Oup — Mw)2] 252258, for 1 < v <3,
Duw(ail :L'Q 517338“) = —"n/ .'L'nv+1 nw 1 nka —}—(51“,:1?1 1/'2 1/'3361_‘)
for1<v7éw<3 k¢ {v,w},

Do yy(z1 252 2520,) = npal tapk a8,

‘ for1§v§3and1§k7éw§3,v¢{k,w},
where 6, is Kronecker delta. The F-maps Dy, 1 < v < 3, Dyy, 1 <
v#w <3, and Dgiy, 1 < v <3, of WNp 30, can be linearly extended
to non-associative algebra derivations of W Ny 3,.

THEOREM 1. The additive group Der(W Ny 3,,) of the non-associa-
tive algebra W Ny 30, is spanned by D,,, 1 <v <3, Dy, 1 <v #w < 3,
and Dgy,, 1 < v < 3, which are defined in Note 1, and which are inner

[5]-
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PROOF. By Lemma 4 and Note 1, any derivation D of W Ny 30, can
be written as linear sum of Dy, 1 < v <3, Dy, 1 < v # w < 3, and
Dy, 1 < v < 3, which are defined in Note 1. This completes the proof
of the theorem. O

Note 2. For any 27'zh?- 230y, 1 < u < s, of WNp,0,, we define
F-maps Dy, ..., Dg2, of WNp s, as follows:

3 T T, n T n.
Dy 2h? - 25°0y) = (bup — Mw)2) @% - - 2520,

forl<v<s
ny,..ng n _ ni ny,+1,, v+l Nw—1
Dy (7 52 - - 252 0y) = —nypayt -+ 23? T, Ty

n 1 . n T
Xxw‘:)ji "'xssau+5u7vx11m22 "'m?saw
fori1<vzw<s
n —1 Nyt
Dgayy(@7 2y? - Ty 0y) = Nyt -+ Ty w1y - x5Oy
(13) forl<wv<s.

Then the F-maps D1,...,Ds, Dy, 1 < v # w < s, D2y, 1 < v <
s, can be linearly extended to non-associative algebra derivations of
WNO,S,Ol‘

THEOREM 2. The additive group Der(W Ny ,) of the non-associa-
tive algebra W Ny 50, is spanned by Dy, 1 <u <5, Dy, 1 <v #Fw < s,
and D¢, 1 < v < s, which are defined in Note 2.

PROOF. Let D be any derivation Der(W Ny, ;). For any element
:z:an,, of W Ny 5,0, it is easy to prove that

(14) D@ =Y b

1<t<s
D(xgqav) = agu(dgv — ”q)xgq Oy + bq,v”qwgq_lav
+ Z (1- 5w,q)cq,w,v”qxgq_lxwav
1<w<s
(15) + Y (1= 1) dg0mg 0
1<t<s

Without loss of generality, we may assume that at least one of Ct,
1 <t < s, is non-zero with appropriate scalars. For any basis element
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n]’.;o

x5* 0y of WNg 50, let us put the following formula:

D(x?l e xgoOy) = Z at,v((st,v - nt)ﬂ’??l cxgo Oy

1<t<s
n 1, 741 n
+ E bt,,ntacl . t Tep1 ~~-m;8v
1<t<s
n +1 nr+1 ng—1_ Nt4+1 n
+ g Crtp(may? - T 20 0,
1<r#t<s

(16) + 51177-1;?1 ce l‘?sat)

with appropriate scalars. By (14) and (15), we know that D holds (14),
(15) and (16) for 9,, 1 < u < s, and z4°8,, 1 < ¢,v < 5. Thanks to
the similar proofs of Theorem 3.3 in (1], Theorem 1 in [2], and Theorem
1, for any basis element of WNO,l,Ol, WN()’Q,O]_, and WN0’3701, D holds
(13) appropriately. Thus by induction on s of WNgso,, we assume
that the theorem holds for W Ny s_10,. This implies that by (14), (15)
and (16), we can assume that the theorem holds for any z7* - - - 2§+9, of
W Np,s,0, such that degos(2]" - - - 2§°9y) € N by induction on the total
degree of x1 -+ - 2250, and a fixed positive integer ns. We take a basis
element xl .-z %19, such that degs( Mg t9)) = ny, + 1. By

D@, 20 575410,) = (my + DD(} - 2700,), D(E} -+ 2710,
TyOy) = D(x]t -+ z7*19,) and by appropriate inductions, we can
prove that D(z]*--- QsHB ) holds (13) routinely where 1 < w < s and
wD is the sum of derivations in Note 2 and let us omit the remaining
steps of its proof because of routine calculations. O

COROLLARY 1. If s1 # sg, then the non-associative algebras W Ny ., o,
and W Ny, 0, are not isomorphic to each other as non-associative alge-
bras.

PROOF. By Theorem 2, the dimension of Der(W No, 0,) is s +

s1 and the dimension of Der( WiNys,0,) is S% + 89. Thus there is no
isomorphism between them. This completes the proof of the corollary.
O

COROLLARY 2. Der(W Nys,) is isomorphic to Der(W Nys,) as
additive groups.

PROOF. The proof of the corollary is straightforward by Theorem 2
and Theorem 2 in the paper [4]. a
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