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DERIVING DG CATEGORIES

By Bernuarp KELLER (1)

ABSTRACT. — We investigate the (unbounded) derived category of a differential Z-graded category (=DG
category). As a first application, we deduce a “triangulated analogue” (4.3) of a theorem of Freyd’s [5],
Ex. 5.3 H, and Gabriel’s [6], Ch. V, characterizing module categories among abelian categories. After adapt-
ing some homological algebra we go on to prove a “Morita theorem” (8.2) generalizing results of [19]
and [20]. Finally, we develop a formalism for Koszul duality [1] in the context of DG augmented categories.

Summary

We give an account of the contents of this paper for the special case of DG
algebras. Let £ be a commutative ring and A a DG (k-)algebra, i.e. a Z-graded

k-algebra
A= P Ar

peZ

endowed with a differential d of degree 1 such that
d(ab)=(da) b+ (— 1)* a(db)
for all aeA?, beA. A DG (right) A-module is a Z-graded A-module M= (—B M?

peZ
endowed with a differential d of degree 1 such that

d(ma)=(dm) a+(— 1)’ m(da)

for all meMP?, aeA. A morphism of DG A-modules is a homogeneous morphism of
degree 0 of the underlying graded A-modules commuting with the differentials. The
DG A-modules form an abelian category € A. A morphism f:M — N of €A is null-
homotopic if f=dr+rd for some homogeneous morphism r: M — N of degree —1 of the
underlying graded A-modules. The homotopy category # A has the same objects as
% A. Its morphisms are residue classes of morphisms of ¥ A modulo null-homotopic
morphisms. It is a triangulated [23] category (2.2). A quasi-isomorphism is a morphism
of A inducing isomorphisms in homology. The derived category ZA is the

(*) Supported by a grant of the Swiss National Foundation.
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64 B. KELLER

localization [23] of # A with respect to the quasi-isomorphisms (4.1). 1t has infinite
direct sums. Let #,A be the smallest strictly (=closed under isomorphisms) full
triangulated subcategory of # A containing A and closed under infinite direct
sums. Each DG A-module M is quasi-isomorphic to a module pMe ' ,A. (3.1). The
canonical projection # A — DA restricts to an equivalence # ,A — DA (4.1). This is
classical [11, VI, 10.2] for right bounded modules over negative DG algebras (i.e. M?P=0
for all p » 0 and A?=0 for all p>0).

The algebra A considered as a right DG A-module is small in DA, i.e. the functor
(2A) (A, 7) commutes with infinite direct sums. Moreover A is a generator of ZA, i.e.
2A coincides with its smallest strictly full triangulated subcategory containing A and
closed under infinite direct sums. Now suppose that & is a Frobenius category [9] with
infinite direct sums and that the associated stable category & admits a small generator X.
Then there is a DG algebra A and an S-equivalence G:&§ — DA with GX5A@4.3).

This is an analogue of Freyd’s and Gabriel’s characterization of module categories
among abelian categories [5], Ex. 5.3H, [6], Ch. V. It suggests that in the study of
triangulated categories, categories of DG modules might take the réle that module
categories play in the theory of abelian categories.

Let B and C be DG algebras. A quasi-equivalence C — B is a B-C-bimodule (i.e. a
right-B-left-C-bimodule) E containing an element ee Z° E such that the maps

B—E, br—eb and C—E, crce

induce isomorphisms in homology. For example, if we are given a quasi-isomorphism
¢:C— B, we can take E= By and e=1. Suppose that A is a DG algebra which is flat
as a k-module. There is an A-C-bimodule X such that

LO®.X): 9C—9A, Me(EM®X,

is an equivalence iff C is quasi-equivalent to B=#om (T, T) for some module Te # ,A
which is a small generator of A (8.2). Here #om(T,T) is the DG algebra whose
n-th component consists of the homogeneous graded morphisms f: T — T of degree n
and whose differential maps f to def—(—1)"f-d It follows from ideas of
Ravenel’s [18] that a DG A-module is small in 2A iff it is contained in the smallest
strictly full triangulated subcategory of DA containing A and closed under forming direct
summands. We reproduce. A. Neeman’s proof of this result [17], 2.2, in 5.3.

By applying suitable truncation functors to our DG algebras (9.1) we also generalize
a result of [20] on realizing S-equivalences as derived functors (¢f. also [13]).

Now suppose that k is a field. A DG augmented algebra is a DG algebra A endowed
with a DG module A whose homology is isomorphic to k viewed as a DG k-module
concentrated in degree 0. There is a DG algebra A* and an A-A*-bimodule X such that
L(X®,7:DA* > DA maps A* to A and gives rise to an equivalence between the
triangulated subcategories generated by A* and A (10.2). We put A*=RHom, (X, DA),
where DA =Hom, (A, k). Then (A*, A*) is a DG augmented algebra called the Koszul
dual (cf. [1]) of (A, A). It is unique up to a quasi-equivalence compatible with the
augmentation. For example, if A=U(®) for some Lie algebra ®, then A* may be
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DERIVING DG CATEGORIES 65

taken to be Hom, (A ®, k) with the shuffle product and the usual derivation (6.5). Let
AV =DDA. There is a canonical A**-AY-bimodule Y which in many cases gives rise
to a quasi-equivalence A" 5 Ax* (10.3). We consider three special cases where A" is
quasi-equivalent to A** and ZA is related to ZA* by a fully faithful embedding (10. 5).

I am grateful to A. Neeman for pointing out theorem 5.3 to me and calling my
attention to his elegant proof in [17]. I thank the referee for his careful reading of the
manuscript.

1. Graded categories and DG categories

1.1. GRADED CATEGORIES

Let k be a commutative ring. The tensor product over k will be denoted by ®.
A graded category is a k-linear category &/ whose morphism spaces are Z-graded k-
modules

(A, B)=P « (A, By

pel
such that the composition maps

A (A, B)®A (B, C) > A (A, C)

are homogeneous of degree 0, VA, B, Ce«/. A simple example is the category Grak
of graded k-modules V= P V? with

peZ

(Grak) (V, Wy={ feHom, (V, W): f (V) cW?*9, Vg }.

A graded category of is concentrated in degree 0 if o/ (A, B)’=0 for all p#£0, A,
Be.s/. It is then completely determined by the k-linear category o/° having the same
objects as ./ and the morphism spaces &#° (A, B)=./ (A, B)°.

If of and # are graded categories, a graded functor F: o/ — # is a k-linear functor
whose associated maps

F(A, B): (A, B)— B (FA, FB)

are homogeneous of degree 0, VA, Be.«.

Let o7 be a small graded category. The opposite graded category s/°P has the same
objets as &, its morphism spaces are &/°? (A, B)= . (B, A), and the composition is given
by

AP (A, BYRoP (B, C) —» P (A, C)PFe, gRf = (—1rifg.

A graded (right) of-module is a graded functor M : &/°? - Grak. For each Ae.«/ we

denote by A" the free of-module o/ (2, A). By definition

A (Neg=(=D"g-f, Vfed(C By, Vgesd (B, A"
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66 B. KELLER

We define 4/ to be the category whose objects are graded o/-modules and whose
morphism spaces (4</) (M, N) consist of the morphisms of functors f: M — N such that
fA:MA — NA is homogeneous of degree 0 for each Ae.o7.

If o7 is concentrated in degree 0, 4.« identifies with the category of sequences (M,), .z
of o/°-modules (= k-linear contravariant functors from .#° to the category of k-modules).

We endow 4./ with the shift M +— M[1]: By definition,
(M[IJAP=(MAy"**  and  (M[l]a)(m)=(—1)""(Ma) (m)

for aes/(B,A and me(MA). For a morphism f:M->N we put
(f[11AYP=(f Ay**!. The shift functor is clearly an automorphism. Its n-th iterate is
denoted by Mi—M[n], neZ.

The graded category Gra o/ has the same objects as 4./ and the morphism spaces
(Gra/)(M, N) > ) (4+) (M, Np)).
peZ

The composition of morphisms produced by f:M — Nig] and g:L - M][p] is given by
fIpleg. We extend the shift functor to an automorphism of Gra ./ in the obvious way.

1.2. DIFFERENTIAL GRADED CATEGORIES

A differential graded category (= DG category) is a graded category &/ whose morphism
spaces are endowed with differentials ¢ (i.e. homogeneous maps d of degree 1 with
d?=0) such that

d(fg)=Wdfg+ (-1 fdg), V/fed (B, CF, Vged (A, B).

A simple example is the category Difk of differential k-modules whose morphism spaces

(Difk) (V, W) S (Grak) (V, W)
are endowed with the differential mapping (f?) e (Grak)(V, W)" to
(d° fP—(—1)yfr*ted).

If o/ and # are DG categories, a DG functor F: o/ — 2% is a graded functor such that
F(df)=d(F f) for all morphisms f of .&/. A quasi-isomorphism F : o — % is a DG functor
inducing a bijection obj ./ — ob)# and quasi-isomorphisms o7 (A, B) - o/ (FA, FB) for
all A, Bes/.

Let o/ be a small DG category. Its opposite .&/°P is the opposite graded category of
o/ endowed with the same differential as /.

A DG (right) s/-module is a DG functor M: .o/°? - Difk. Denote by M| the under-
lying graded of/-module of M. The objects of the DG category Difo/ are the DG
of-modules, its morphism spaces are the graded k-modules

(Dif /) (M, N)=(Gra.«/) (M|, N|),
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DERIVING DG CATEGORIES 67

endowed with the differential given by
df=de f~(=1yf+d
for each homogeneous f of degree p. One easily verifies that this is weil defined.

If o/ is concentrated in degree 0, DG «/-modules are in bijection with differential
complexes of «/°-modules.

For each Ae./, the underlying graded module of the free module A” is the free
graded module associated with A. The differential of A" (B) equals that of </ (B, A).
For each DG &/-module M and each A €./, the map

Dif ) (A", M)SM(A), [ (FfA)1).

is an isomorphism of DG k-modules (‘"Yoneda-isomorphism™).

We lift the shift functor from graded modules to DG modules by defining the
differential of M[1] to be —d[1], where d: M — M[1] is the differential of M.

2. Homotopy categories

2.1. k-LINEAR STRUCTURES

Let o/ be a DG category. The category €./ (resp. # /) has the same objects as
Difo/. Its morphism spaces are

(@s0)(M, N)=Z° (Dif /) (M, N)resp. (#.2/) (M, N)=H° (Dif &) (M, N).

Thus the morphisms of ¥/ are homogeneous of degree 0 and commute with the
differential. The morphisms of J#.</ are residue classes f of morphisms f of 4./ modulo
null-homotopic morphisms, which by definition are of the form dr + rd for some morphism
r:M — N[—1] of 4o/. We have a canonical projection functor €/ - # . Two DG
modules are homotopy equivalent if they become isomorphic in #o/. If o is concen-
trated in degree 0, €.« (resp. # /) identifies with the category (resp. the homotopy
category) of differential complexes of .#/®-modules.

2.2. EXACT AND TRIANGULATED STRUCTURES

We endow %</ with an exact structure [16] by defining a conflation (=admissible
short exact sequence [7], § 9, [12], App. A) to be a sequence

LSMSAN

such that the underlying sequence of graded .«/-modules is split short exact.

We endow # .o/ with the suspension functor S:H# A - H oA, M—SM=M[1]. We
define a triangle of # </ to be an S-sequence [14] isomorphic to some

LAMANSSL,
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68 B. KELLER

where (i, p) is a conflation and e=rds, where r and s are chosen homogeneous morphisms
of degree 0 such that ps=1y, ri=1; and rs=0.

LEmMMA. — (a) € is a Frobenius category [9].
(b) # o is a triangulated category [23].

Proof. — (a) Let F: 4/ > %o/ be the forgetful functor. For each Ne¥%«, let
F,Nresp. F, N be the DG o/-modules defined by

(F,N)(A)=NA®NA)[1],

o1 _| Na 0
d_[o o]’ N @ [dNa (—1)"Na:|

(FAN) (A)=(NA)[- 1]®NA,

_[o 1 _[(-=1PNa 0
4 [0 0]’ EN@ |:(—1)"dNa Na]’

where Ae /P and ae&/°P(A, B)?. For each Me%.</, define morphisms of DG .-
modules ®M=[1d]':M — F,FM and Y M=[—d1]):F, FM - M. We have bijections

(@A) (FM, N) 5 (6)(M, F,N), [ (F, /) (@M)
@)(N, FM) 3 @) (F,N, M), [ (¥ M) (F,f).
Thus F N is injective and F, N is projective in €./ for each Ne%.«/. Since ®M and
¥ M fit into conflations
oM M
M5 F,FM->M][l], M[-1]>F,FM > M,

we can conclude that €</ has enough projectives and enough injectives. Moreover,
M is itself projective (resp. injective) iff it is a direct summand of F,FM (resp. of

F,FM). Since F,FM — (F, FM)[1], we infer that M is projective iff it is injective. For
later use, we introduce the notations PM=F,FM and IM=F, FM.

(b) #« identifies with the stable category associated with ¥.«/. Thus the assertion
follows from [9, 9.4].

3. Resolution

3.1. P-RESOLUTIONS

Let o/ be a DG category. Its homology category H* o/ is the graded category with the
same objects as &/ and with the morphism spaces

(H* ) (A, B)= P H" (A, B).

neZ
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DERIVING DG CATEGORIES 69

We have a canonical functor H*: 4o/ —» Gra H* .« defined by
(H*M)(A)= P H"M(A).

nelZ

It induces a functor
H o > GH* of

which will also be denoted by H¥*.

A DG module N is acyclic if H*N=0. A DG module Q is relatively projective
(cf. [15, X, § 10]) if, in ¥, it is a direct summand of a direct sum of modules of the
form A" {n], Ae s/, neZ. A DG module has property (P) if it is homotopy equivalent
to a DG module P admitting a filtration

0=F_,cFocF,=...F,cF,,;...cP,peN

in €./ such that

(F1) P is the union of the F,, peN,

(F2) the inclusion morphism F,_, =F, splits in 4./, VpeN,

(F3) the subquotient F, /F,_, is isomorphic in ¥/ to a relatively projective module,
YpeN.

Note that (F1) and (F2) imply that the following sequence (%) is split exact in 4./
and hence produces a triangle in 5# .o/

DF,> PF,P,

peN geN
here ® has the components

[1 -] can .
F,—F,®F,,,— @F, 1=incl.

geN

If o/ is concentrated in degree 0, a DG module P with (F1), (F2) and (F3) yields a
complex of projective o/°-modules. Conversely a right bounded complex of projective
o°-modules gives rise to a DG module P with (F1), (F2) and (F3): Indeed, if P¢=0 for
g>0, we can take F,= (@ P

q>~-p

THEOREM. — (a) We have (# /) (P, N)=0 for each acyclic N and each P with pro-
perty (P).
(b) For each M e # </ there is a triangle of #

pM->M->aM->SpM,

where aM is acyclic and pM has property (P).

(¢) Let
'_)Qn—)Qn—l_)"‘ _)Ql—)QO—)H*M_)O

ANNALES SCIENTIFIQUES DE L'’ECOLE NORMALE SUPERIEURE



70 B. KELLER

be a projective resolution of H¥*M in $H* o/ such that Q,,:H* Q, for a relatively
projective Q, €€, Vn. Then pM is homotopy equivalent to a module P admitting a
filtration ¥, with (F1), (F2) and such that F /F, | 5 Q,[p] in €4, Vp.

We shall refer to pM as a P-resolution of M. If o/ is concentrated in degree 0,
assertion ¢) implies that if M is a (possibly unbounded) complex of .o/°-modules and
QF a given projective resolution of its p-th homology, then M is quasi-isomorphic to a
complex pM whose n-th component is P Q7.

pP—4q=n

We define #,/ to be the full subcategory of # .o/ formed by the modules with
property (P). Applying suitable Hom-functors to the triangle of (b) and using (a) we
see that we have

(H L) (P, pM) S (# L) (P, M) and (H4)M, N) & (H# L) (@M, N)

for all Pes#,o/ and all acyclic N. In particular, if (#.o/)(M, N)=0 for each
acyclic N, we have 0=(# A) (M, aM) S A) (@M, aM), so that aM =0 and, by b),
pM S5 M. Hence a DG module M lies in H o it (#AL)(M, N)=0 for each
acyclic N. Therefore 5,/ is a triangulated subcategory of #./. The inclusion
H o < H o/ admits the right S-adjoint [14] M+—pM.

It follows from (a) that each triangle

P->M-N-P[l],

where N is acyclic and P has property (P), is canonically isomorphic to the triangle
of (h). If M), is a family of modules, we can apply this to the triangle

@ErM; > DM; > PaM,; > DpM;[1]

to conclude that p and ¢ commute with infinite direct sums.

iel

Proof. — (a) The assertion holds for each P of the form A" [n], Ae«/, neZ, since
(HL)(A” [H], N)=H°(Dif ) (A", N[—n])=H "N(A)=0

for each acyclic N. Hence it holds for relatively projective P. It also holds if F,=P
for p > 0 since such a P lies in the triangulated subcategory generated by the relatively
projectives. In the general case, we apply # &/ (?, N) to the triangle produced by the
sequence (*) and obtain an exact sequence

I1 (HA)(F, N)« (HF )P, N) < [T (# =) (F,[1], N).

qeZ pel

Its outer terms vanish by the foregoing case.

(b), (¢) Following [15], X1II, 11, we endow ¥« with another exact structure: Its class
of conflations & consists of the sequences

L-M->N
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DERIVING DG CATEGORIES 71

such that
0-LA)->MA)->NA)->0
and
0—-H'L(A)-»H"M(A)->H"N(A)-0
are short exact sequences of k-modules, for all Ae.w/, neZ. This is equivalent to
requiring that
0-LA)->MA)->NA)"->0
and
0-7Z"L(A)-Z"M(A)->Z"N(A)—=0
be short exact for all Ae o/, neZ. The isomorphisms
(€s4)(A" [—n], M)=Z°(Dif /) (A", M[n)=Z"M (A)
(¢/)(PA" [—n], M)=M(A)'
(2.2) show that if Q is relatively projective, then Q and PQ are &-projective. It is also

clear that for each module M we may find an &-projective Q"'=Q®PQ" and a morphism
p: Q" — M inducing surjections

QA->MA)" and 7"Q (A) > Z"M(A), VAes, Vnel.
If K->Q' is a kernel of p in o, it is clear that K—>Q - M is indeed a

conflation. Thus, ¥/ has enough &-projectives and we can inductively construct an
&-resolution of M, i.e. an £-acyclic complex [12], 4.1,

—2Q-Qi~ ... 2Q 2 QM0

with &-projective Q,=Q,®PQ),’, where Q, and Q,’, are relatively projective. Under the
hypotheses of ¢), we can refine this construction as follows: the map

(44)(Q, M) » (9 H* &) (H*Q, H*M)

is clearly surjective if Q is of the form A" [n] for some Ae o/, neZ. Hence it is surjective
for relatively projective Q. We can therefore lift the given morphism Q, - H*M to
a morphism p:Q,—> M of ¥«/. Now we choose an &-projective PQg, with relatively
projective Qg, and a morphism ¢: PQy — M inducing epimorphisms

PQg (A)" = M (A)", YVAedd, Vnel.
Then

, [ odl
Qo =Qo®PQy —M
is the required deflation (=admissible epimorphism) with &-projective Q. Observe
that, since PQg is null-homotopic, Qg is homotopy equivalent to Q,. Since
H*: 4« - ¥ H* o/ carries &-conflations to short exact sequences, we can successively
lift the given resolution of H* M to an &-acyclic sequence

242 Qoi . 2 Q2 QM0
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72 B. KELLER

such that Q,=Q,®PQ, for all neN. If

n

d
K=(... »K"—K"*'5 ..), neZ
is a differential complex over €./, its total module Tot K has the underlying graded

module
DK'[-1]

neZ
and the differential
d=dKn[_n]+d’;(.
Put
pM=Tot(... - Q,,—»Q,_;» ... 2Q»Q;—=-0-0-...)

and

F,=Tot(... »0-50-Q,-Q,_;— ... 2Q | 2Q;->0-50-...), p=0.

Then pM with the filtration by the F, clearly satisfies (F1) and (F2), and F,/F,_, =Q,[p],
Vp. By the lemma we will prove in 3.4, this implies that p M has property (P). The
morphism &:Qp — M induces a morphism ¢:pM — M. It remains to be shown that
H* ¢ is invertible or, equivalently, that

N=Tot(... »Q,,—» ... 2Q - Q- M->0-...)

is acyclic. This follows from the lemma we will prove in 3.3 applied to each N(A),
Aed.

3.2. I-RESOLUTIONS
We record without proof the following ‘“‘dual” of 3.1. Fix an injective generator E
of the category of k-modules. For each A e/ define the o/-module AV by
B (Difk) (< (A, B), E),
where E is viewed as a DG k-module concentrated in degree 0. A DG «/-module is
relatively injective if, in €</, it is a direct summand of a direct product of modules A" [n],

Aesd, neZ. A DG module has property (I) if it is homotopy equivalent to a DG
module I admitting a filtration

I=F,oF,>...5F,oF,,;>..., PEN,

such that
(F1') the canonical morphism I — limI/F,, is invertible
~—

(F2’) the inclusion morphism F, ., cF, splits in %.o¢ for all peN,
(F3') the subquotient F,/F,,, is isomorphic in .o/ to a relatively injective module,
VpeN.
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DERIVING DG CATEGORIES 73

By (F1’) and (F2’) the following sequence (x') is split exact in 4./ and hence produces
a triangle in .o/

1-22 1] YF, — [] VF,;
peN geN
here @ has the components

can [—-=1]
[1 YF,—1/F,,,®1/F,—1/F,,

peN
where 7 is the canonical projection I/F_,, — I/F,.

THEOREM. — (@) We have (# ) (N, )=0 for each acyclic N and each 1 with pro-
perty (I).
(b) For each M e # of there is a triangle of # 4

aM->-M->iM—->SdM,

where a' M is acyclic and iM has property ().
(c) Let

0-H*M->J,»J —» ..., -, —>...

be an injective resolution of H*M in $ H* of such that T, SH* 1, for a relatively injective
J,€6sd, Vn. Then iM is homotopy equivalent to a module 1 admitting a decreasing
filtration ¥, with (F1') and (F2') and such that F,/F ., —J, [—p] in €/ for all peN.

3.3. ACYCLIC TOTAL COMPLEXES

Let
N= (—B N4

p.qeZ

be a bigraded abelian group with commuting differentials 4 and dj; of bidegree (1, 0)

and (0, 1), respectively. Let TotN and totN be the differential graded groups with
components
(TotN)"= P NPresp.(totN)'= [ N¥, neZ,

ptq=n ptg=n
and the differential given by
dt=djt+(— 1) dyt, te N/,

For reZ denote by N* (resp. B*, Z*", H*") the differential graded groups with com-
ponents
N™ (resp. Imdjy ", Kerdy, Kerdiy/Imdgy 1), nelZ,

and the differential induced by d,.

LeEMMA. — If N¥ and H*" are acyclic for all re Z, then TotN and tot N are acyclic.

ANNALES SCIENTIFIQUES DE L'’ECOLE NORMALE SUPERIEURE



74 B. KELLER

Proof. — If N*" is acyclic for all reZ, the same holds for the B*". Thus if N*" and
H*" are acyclic for all reZ, then so are the Z*. To prove that TotN is acyclic we
consider the differential bigraded subgroups N,,c N, m>1, with N*" =0 for r¢[—m, m],
N¥=N* for re[—m, m—1], and N}"=2Z*"  C(Clearly each TotN,, admits a finite
filtration with acyclic subquotients and hence is acyclic. Since we have

TotN 5 TotlimN,, 5 lim TotN,,,
—_ —_

the assertion follows. Similarly, to prove that tot N is acyclic, we consider the quotients
Q, of N, m=1, with Q¥=0 for ré[—m, m], Q¥=N¥ for re[—-m+1, m] and

Qr-m=B* "™+l Ag above, each totQ,, is acyclic and we have

tot N 5 totlim Q,, 5 lim tot Q,,.
-~ -

Moreover for each m =1, the components of the canonical morphism
Pt totQ,., —totQ,
are surjective. Therefore, p,, also induces surjections onto the groups
B"totQ,,=Z"totQ,,, neZ.
By the Mittag-Leffer-criterion [8], O, 13.1, tot N is acyclic

3.4. ADJUSTING LIMITS

Let P’ be a DG «/-module and

FocFic...cF,c...cP

a filtration satisfying (F1) and (F2). Suppose that for each p=1 a DG module Q, and
a homotopy equivalence F,/F,_, 3 Q, are given.

LemMma. — The DG module P’ is homotopy equivalent to a DG module P admitting a
filtration F, satisfying (F1) and (F2) and such that F,[F,_, is isomorphic to Q, in €/,
vp.

Proof. — We will inductively construct a sequence
FocF,c...cF,=...
and a sequence of homotopy equivalences f,: F, - F, such that the squares
F;; —-F ;+ 1
Lol e
Fp - Fp+ 1
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are commutative (in #'.</), the sequence F, satisfies (F2) and F,/F,_; - Q, in ¥.<, VY p.
Of course, we put F,=Q, and let f,:Fy—F, be the given homotopy equival-
ence. Suppose that the construction has been completed for all p<n. We have

Exte, (Fi/F,_,, F,_,) 5 Bxty, (Q, F,_)),

where Ext,,, denotes classes of extensions in the exact category €</ (2.2). We choose
a conflation
Fn— 1 Fn - Qn

whose class corresponds to that of the given extension of F,/F,_, by F,_,. Then we

have a commutative diagram
F._i»F-F/F,_,-F_, (]

. ! Lo
Fn—1_>Fn_> Qn —’Fn—l[l]

We choose f, so as to fit into the diagram. Now let P be the union of the F,. Using
the sequence (*) of 3.1 we get triangles

DFIOF-P-SOF,

peZ qgeZ pel

o
DF,~>DF-P-SDF,
peZ qeZ pel

The f, yield a commutative square

s
DF-~DF,

peZ _ qe}
al b
o
DF,~DF,
preZ geZ

where a and b are homotopy equivalences. Using axiom TR3 [23], Ch. I, § 1, and the
five lemma we see that P is homotopy equivalent to P’

4. Derived categories and stable categories

4.1. DERIVED CATEGORIES

Let o/ be a small DG category. Let X be the class of quasi-isomorphisms of #.of
(i. e. morphisms § such that H* s is invertible). By definition [11], Ch. VI, 10, the derived
category of £ is the localization 9o/ =(H# ) [Z7 1] [23]. 1t follows from theorem 3.1
that the canonical functor #'.o/ — 9o/ induces an equivalence # ,. - 2. If o is
concentrated in degree 0, Yo/ identifies with the unbounded derived category of the
category of «/®-modules. As in the case of the derived category of an exact category,
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one constructs [7], 12.3 a functor which completes the images in 2./ of pointwise short
exact sequences of €./ into triangles.

Since (infinite) direct sums of acyclic modules are acyclic, 2.o/ has direct sums, and
the canonical functors €/ —» # &/ > 2./ commute with direct sums.

4 .2. SMALL OBJECTS AND GENERATORS

Let o be a small DG category and 4 a k-linear triangulated category with infinite
direct sums. An object XeJ is small if 7 (X, ?7) commutes with (infinite) direct
sums. By the five lemma, if two vertices of a triangle of 4 are small, then so is the
third one. Each A" is small in 2./. Indeed, let (M,);_, be a family of modules and
Aed/. Then

@) (A", DM) S H DM, (A) S DH'M;(A) 5> D(@) (A", M).

iel iel
Let Jff, s/ be the smallest strictly (= closed under isomorphisms) full triangulated subcate-

gory of # ,of containing the A", Aeo/.

A set < is a set of genmerators if J coincides with its smallest strictly full
triangulated subcategory containing 4 and closed under direct sums. It follows from
the sequence (%) of 3.1 that the A*, Ae </, form a set of generators for 2.«/.

Let F, F': 94 -9 be two k-linear S-functors commuting with direct sums and
p: F — F" a morphism of S-functors [14].
LEMMA. — (a) The restriction of F to #% < is fully faithful iff F induces bijections
(2s)(A", B* [n])> J (FA", FB" [n])
for all A, Be s/, neZ.
(b) F is fully faithful if ¥ | #°% of is fully faithful and FA* is small for each Ae .

(¢) F is an equivalence iff F| AP oA is fully faithful and the FA", Ae o, form a set of
small generators for I .

(d) The morphism w:F — F' is invertible iff W A" is invertible for each Ae /.

Proof. — (a) results from “devissage” (¢f. e.g. [9], 10.10).
(b) Let Ae./. By the five lemma, the modules M such that the map

(@) (A™, M) = T (FA*, FM)

is bijective form a strictly full triangulated subcategory of 2.o/. It contains all the
generators B*, Be &/, and is closed under infinite direct sums (since both, A* and FA",
are small and F commutes with infinite direct sums). This subcategory therefore
coincides with 2./. The same argument shows that for fixed M € 2./, the map

(92s4)(L, M) - 7 (FL, FM)

is bijective for each Le 2.«/.
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(¢) is now clear.
(d) The DG modules M with invertible u M form a strictly full triangulated subcategory

of 9o/ which moreover is closed under infinite direct sums. This subcategory equals
94 iff it contains the A*, Ae o/, as these form a set of generators for P.o/.

4.3. STABLE CATEGORIES

Let & be a k-linear Frobenius category [9] with (infinite) direct sums. Since & has
enough injectives, it is clear that direct sums of conflations (=admissible short exact
sequences) of & are conflations. Moreover, direct sums of injectives (= projectives in
&) are injective. In particular, the associated stable category & is a triangulated category
with infinite direct sums. Suppose that & admits a set of small generators Z < ¢&.

TueoreM (cf. [S], Ex. 5.3H). — There is a DG category o and an S-equivalence
G:8 - Do giving rise to an equivalence between X — & and the full subcategory of 2.4
formed by the free modules A", Ae .

Proof. — Let & be the category of acyclic [14], 1.5, differential complexes

P=(...>P"5Pr 1L )  neZ

with projective components P”c&. Endow & with the pointwise split short exact
sequences. Then & is a Frobenius category and it is easy to see that the functor
P+ Z°P induces an S-equivalence

Gy

IS

For each Xe Z, choose Xe& with Z°X 5 X. Let o be the DG category whose objects
are the X and whose morphism space are

2 X, 5 HomX, ),
where for P, Qe &, the DG k-module #om (P, Q) has the components
l_[ g(Pp’ Qn+p)’ nEZ,

pel
and the differential given by d(f?)=(d°f?—(—1)"f?*1-d). Note that
&P, 8"Q) S H" #om (P, Q).
It is clear that the composition of the exact functor
&%, P& HomX, P)

with the canonical projection 4./ — .o/ vanishes on projectives of & (=null-homotopic
complexes in &) and hence induces an S-functor

G,: &-94.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



78 B. KELLER
For Xe# the module G,X is isomorphic to X*, the free module associated with
Xe. If P, icl, is a family in & and Xe &, the n-th homology of the morphism
H om (X, Pz) - Hom (525 @pl)
identifies with
EX,8"P) -8 (X, Ps"P),
which is bijective since X is small in & Hence G, commutes with direct sums. We
have already seen that G, induces bijections
EX " SH #omX, VSH'Z (X, V)5 (24)(G, X, "G, ¥),
XYeZ,  neZ.
By the argument of 4.2 (b), we conclude that G, is fully faithful. The essential image

of G, contains the generators A", Ae s/, of 4. So G, is essentially surjective. We
let G be the composition of G, with an S-quasi-inverse of G,.

5. Small objects

Let of be a small DG category. Each free module A”*, Ae.</, is small in 2./, and
so are the objects of the smallest strictly full triangulated subcategory of 2./ containing
the A", Ae«, and closed under forming direct summands. Ravenel’s ideas [18] imply
that this subcategory coincides with the full subcategory of small objects of 2/. In
5.3, we give A. Neeman’s proof [17], 2.2, of Ravenel’s result.

5.1. HOMOTOPY LIMITS AND SMALL OBJECTS

Let 7 be a triangulated category with (infinite) sums. Let

fo J1 fp
X=X = ... X, =2 X012 .00 peN

be a sequence of morphisms of . Let there be given a homotopy limit of the sequence,
i.e. an object X with morphisms ,: X, — X fitting into a triangle

Dx, > DX, > X - SDx,,

where @ is defined as in 3.1 and ¥ has the components {,. Note that a homotopy
limit is unique up to non-unique isomorphism.

Let MeJ be small. Then 9 (M, ?) commutes with direct sums and thus transforms
the above triangle into the long exact sequence

S PITMX)SDTMX)STM, X) > ...
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It is easy to see that (S ®@), is injective. We therefore have an isomorphism

limJ (M, X,) 5 Cok®, 5 7 (M, X).
—_—

5.2. BROWN’S REPRESENTABILITY THEOREM

Keep the hypotheses of 5.1 and assume that J admits a set of small generators
Z. For completeness we include a proof of the following

THEOREM [3]. — 4 cohomological functor F: T — (& b)°® is representable iff it commutes
with direct sums.

Remark. — More precisely, the proof will show that each such F is represented by
the homotopy limit of a sequence

fo Jp
X=Xy = ... =X, =X, 3> ..., PeN,

where X, as well as the cone (=third corner of a triangle) over each f, is an (infinite)
sum of objects S"X, Xe %, neZ. In particular, each Me 7 is the homotopy limit of
such a sequence, as we see by taking F=7 (7, M).

Proof. — We have to prove that the condition is sufficient. Let " be the class of
direct sums of objects S"X, neZ, Xe%. For each MeZ put M*=7 (M, 7). Since
Z is a set, there is an X, e 2" and a morphism 1, : X4 — F inducing a surjection

Xg (8"X) —» F§"X
for all Xe %, neZ. We will inductively construct a sequence

fo fp
X2 Xi=» ... =X, »X, 1> ..., peN,

and morphism 7n,,,:X;.; = F such that n,,,f,; =n, Suppose that for some p=0
we have constructed X, and n,. Choose Z,eZ* admitting a morphism p,:Z, - X,
which induces a surjection

Z} (8"X) - Kern, (8" X)
for all XeZ, neZ. Define X, by the triangle

Pp Ip

Z,-X,->X,:1—>SZ,

Since we have an exact sequence

Fpp
FZ, < FX,«FX,,,
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and by definition m,p, =0, we can choose =w,,,:X,,; —»F such that n,,,f, =mn,
Define X, by the triangle

@Xpie_)xqixw—)s@xp’
peN qgeN peN

where @ has the components

11— £l can
X, — X,®X, 4 — P X4

geN

Since F:J — (o b)*® commutes with direct sums, it takes sums of 7 to products
of o/ b. Thus we have an exact sequence

1 FX, < [] FX, < FX,,

peN geN

which shows that there is a morphism = : X/, — F such that = ;' ==, for all geN.
By an easy diagram chase we see that m induces an isomorphism

T ("X, X_) - FS"X

for all Xe %', neZ. Since & generates 4, we can conclude that 7, is an isomorphism.

5.3. SMALL OBJECTS

Keep the hypotheses of 5.2. If % and ¥ are classes of objects of J, we denote by
% * ¥ the class of objects X occuring in a triangle

U-X->V->SU

with Ue%, Ve . The octahedral axiom implies that the operation * is associative.

The objects of Z* X * ... x & (nfactors) are called extensions of length n of objects of
Z.

The following theorem and its proof can be found in [17], 2.2

Tueorem ([18], [17]). — Each small object of T is a direct summand of an extension of
objects 8" X, Xe X, nel.

Remarks. — (a) We will of course apply the theorem to the case where  is the
derived category of a DG algebra o/ and where & consists of the free modules A",
Aed.

(b) One can adapt the proof of [19], 6.3 to show that, if .o/ is a negative DG category,
i.e. o (A, B)"=0 for all n>0, A, Be.«Z, then each small object of .o/ is an extension
of @.o/-direct summands of finite sums of free modules A", Ae.«/.

Proof [17]. — Let M be a small object of 4. Choose a sequence

fo ip
Xo= X2 .. =X, =X, 01> ..., peN,
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as in remark 5.2. By 5.1 we have an isomorphism

lim 7 (M, X,) > 7 M, M).

—

In particular, the identity of M factors through some X, which means that M is a direct
summand of X,. Now X, is an extension of sums of objects "X, XeZ, neZ. So we
can apply the following lemma to Z'=0 and Z=X,, to obtain the commutative square

M->M

l !
0 -X,

where the cone on the first line is an extension M” of objects S"X, Xe X, neZ. Since
M - X, is a (split) monomorphism, the morphism M’ — M vanishes and thus M is a
direct summand of M".

LemMA [17], 2.3. — Let M e J be small and let ¢: 7' — Z be a morphism whose mapping
cone is an extension of (infinite) sums of objects S"X, Xe X, neZ. Then each diagram

M
l

c
7 -7
may be completed to a commutative square
b
M -M
o
[
7 -7
such that the cone over b is an extension of objects "X, Xe X, neZ.

Proof. — By assumption the cone Z'* over c¢ is an extension of sums of objects S"X,
XeZ, neZ. We proceed by induction on the length [ of Z””. If we have /=1, then
Z'" is itself a sum of objects S"X, Xe %, ne%. By the smallness of M, the composition
M — Z —» Z"” factors through a finite subsum M cZ”. We find the required square by
completing

M - Mll
Lol
7' -7 - 7" -S7
to a morphism of triangles
b
M ->M->M"-SM
Lol I
7 -7 7" > S7
If we have /> 1, then Z" occurs in a triangle

Zy 27" —Zy~SZ;
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where both, Zy and Z7, are of length </. By forming an octahedron over
Z2-7"->7Z7

we see that ¢ is the composition of two morphisms ¢, and ¢, whose cones are Z;

and Z7. By the induction hypothesis we have a commutative diagram

bo by
M -M, - M
! ool

€0 31

7 -7, -7

where the cones of b, and b, are extensions of objects of Z. By the octahedral axiom
the same holds for b=15, b,,.

6. Standard functors

6.1. HoM AND TENSOR

Let o and # be small DG categories. The tensor product o/ ® % is the DG category
whose objects are the pairs (A, B) of objects Ae o/, Be %4, and whose morphism spaces
are

(A ®B) (A, B), (A", B) > o/ (A, A)®% (B, B).
The composition of </ ®4% is given by the formula
(f'®8)(/®=(—D" [ f®g'g

for fe o/ (A, A)? and g'e 4 (B', B")%.
Let X be an «7/-%#-bimodule, i.e. a module over &/ @ #°®. It gives rise to a pair of
adjoint DG functors
Dif &/
Tx 11 Hy
Dif #
which are defined as follows

(Hx M) (B)=(Dif &) (X (?, B), M)

(TxN)(A)=Cok( ) NC®Z(B, C)®X (A, B)» @ NBOX (A, B)),

B,Ce % Be®

where v(n®f®x)=(Nn)(/H®x—n®X(A, /)(x). Observe that for each Be % we have
TxB* 5 X (2, B) since

(Dif &) (Tx B*, M)=(Dif #)(B", Hy M)=(Hx M) (B)=(Dif «/) (X (?, B), M)

for each MeDif /. For brevity, we put X®=X (2, B).
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The functors Hy and Ty induce a pair of adjoint functors between # &/ and H#' %
which will also be denoted by Hyx and Tyx. We denote by LTy the left derived functor
of Ty, i.e. the composition

Tx
DB > H , B~ HA > DA, N+ TyxpN.

Observe that L. Ty commutes with direct sums since p and Ty do.

LemMA. — (a) LTy is an equivalence iff the morphisms % (B, C) — (Dif /) (X8, X©)
induce isomorphisms in homology, VB, Ce%, and the X®, Be %, form a set of small
generators for 24 .

(b) A morphism X — X' of of-%-bimodules is a quasi-isomorphism iff the induced morph-
ism LTy — LTy is invertible.

(¢) Suppose that X has property (P) over o/ @#B°®. If o is k-flat, then Ty preserves
acyclicity. If B is k-projective, then Ty preserves property (P). If k is a field then Ty N
has property (P) for each DG %-module N.

Proof. — (a) follows from 4.2(c), and (b) from 4.2 (d). It suffices to prove (¢)
for the case where X=(A’, B)" for some (A',B)eo/®@%°®. Then we have
Ty N=NB)®,« (A", 7). So the first two assertions are clear. To prove the last one,
we fix an acyclic DG «/-module M and observe that

(Dif ) (Ty N, M) S (Dif k) (N (B"), M (A")).

Since k is a field, M (A’) is even null-homotopic. Hence we have (#.o/) (Tx N, M)=0,
and the assertion follows from 3. 1.

Example. — Let F: % — of be a DG functor and put X (A, B)=./ (A, FB) for Ac s/,
Be#. Then clearly X®=(FB)". Hence LTy is an equivalence iff H* F: H* o/ - H* %
is an equivalence.

6.2. RIGHT PROJECTIVE BIMODULES

We keep the assumptions of 6.1 and assume in addition that X® has property (P) for
each Be #. Since
(Hx M) (B) = (Dif &) (X®, M),

it follows from theorem 3.1 that HyM is acyclic for each acyclic M. The induced
functor 2o/ — 2% will be denoted by RH,. We have

(H#A)(Ty P, M)=(#B) (P, Hy M)=0

whenever P has property (P) and M is acyclic. By 3.1 we conclude that Ty preserves
property (P). Using this we see that

(@) LTxN, M)=(#)(TxpN, M)=(#'%) (p N, Hx M)=(2%) (N, RHx M),

i.e. that RHy is a right adjoint of L T.
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Now define a #-«/-module X" by

XT(B, A)=(Dif <) (X5, A").
For each M e Dif &/, we have a canonical morphism Ty™M — Hy M.

LemMMA. — (a) The morphism L'TyTM - RH M is invertible for all Me)ff, . It is
invertible for all M iff the X® are small in 9.5/, VBe A.

b) if LTx: 2% — D4 is an equivalence, its quasi-inverse is isomorphic to L'TyT.

Proof. — (a) The morphism is clearly invertible for free M. By “devissage’ it is
invertible for Me #?% «. Since Hy commutes with infinite direct sums iff the X® are
small, the second assertion follows from 4.2 (d).

(b) If LTy is an equivalence then so is RHy. In particular, RHy commutes with
direct sums. The assertion now follows from (a) and 4.2 (d).

Example. — Keep the notations of example 6.1. If LTy is an equivalence, a quasi-
inverse is given by L TyT.

6.3. FLAT TARGETS

We keep the assumptions of 6.1 and assume in addition that </ is k-flat, i.e. <7 (A, B)
is a flat k-module, VA, Bes/. Let pX be a P-resolution of X over #/®%°. Note
that for Be# the .«/-module (pX)® need not have property (P) [unless Z(B’, B) is
projective over k for each B'e %). 1In particular, the canonical morphism p (X®) — (p X),
of # </ need not be a quasi-isomorphism.

LemMMA. — (@) We have LTy NS T,y N for each Ne 93.

(b) Let € be another DG category and Y a B-6-bimodule. We have
LTx LTy S LT, where Z=T,x Y.

Proof. — (a) By 6.1b) we have LTpx:LTX. So we only have to show that
LT, xN 3 T,x N for each Ne2#. It is enough to check that T,y N is acyclic for each
acyclic N. Now T x N inherits from pX a complete filtration which splits in %.o/ and
has subquotients Ty N, where Q is relative projective. So it is enough to show that

T N is acyclic for each F=(A’, B)", (A, B)e #"®%. But

(TeN)(A) S A (A, AY@N(B).

(b) follows from (a) and the fact that T 4 Ty 3 T, as functors Dif ¢ — Dif /.

4° SERIE — TOME 27 — 1994 — N° |



DERIVING DG CATEGORIES 85

6.4. TENSOR FUNCTORS AND DG FUNCTORS

Let o and # be small DG categories. Let F:Dif # — Dif &/ be an arbitrary DG
functor. Its left derived functor is the composition

F
DR ~>H, B> HA > DA, N—FpN.

Let X be the bimodule X (A, B)=(FB")(A)=(Dif &«)(A", FB"*). For each #-module
N, the canonical morphism

NB 5 (Dif %) (B*, N) - (Dif &) (FB*, FN)= (Dif ) (X (%, B), FN)=(Hy FN) (B)

comes from a natural morphism N — Hy FN. By adjunction, we obtain Ty N — FN.
The induced morphism
LTyN-LFN

is clearly invertible for N=B" [n], Be %, neZ. This implies the first assertion of the
following lemma. The second one follows from lemma 4.2.

Lemma. — The canonical morphism
LTy N ->LFN

is invertible for each Ne #%#. It is invertible for all Ne 9% iff LF commutes with
direct sums.

6.5. EXAMPLE: LIE ALGEBRA COHOMOLOGY

Let R be a k-algebra with 1 and L a (k, R)-Lie algebra [21], § 2, i.e. L is a Lie algebra
over R, and R is endowed with a left L-module structure such that

X, rYI=(XrnY+r[X, Y]

forall X, YeL, reR. Inaddition, we assume that L is projective as an R-module. For
example this holds for the (R, C® (M))-Lie algebra formed by the C*-vector fields on a
C*-manifold M [21, § 4]. Let the Lie algebra Z be the semi-direct product of L by R
and let A be the “universal algebra of differential operators generated by R and L”:
A is an associative k-algebra endowed with a k-linear morphism 1:Z - A which is
universal for the properties

(U, VD) =R (U), (V)] and 1(rU)y=1(r)1(U)

for all U, VeZ, reR. The canonical Z-action on R uniquely extends to an A-module
structure. Let € denote the map A - R, ar>a.l.
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Let E be the graded exterior R-algebra over L and let X be the differential complex
with components X"=A®y E™" and the differential [21], § 4

d@®X; A ... AX)=Y (D) taX,@X A .. Ko AX

i n
i=1

+ Y (1Y Ra®X;, XdAaX AL X KA X,

i<k

The complex X together with the augmentatin £: X% - R is a projective resolution of
the left A-module R [21], § 4. The corresponding quasi-isomorphism X — R will also
be denoted by .

Let B be the DG R-module (Dif A®®) (X, R). We will freely make use of the
identifications

B =(Dif A%®) (X, R)=Hom, (A®¢ E, R)=Hom (E, R).

Endowed with the “shuffle product” B becomes a DG algebra [10], § 9: Recall that for
feB?P, geB% and n=p+gq, one puts

B Xin .. AX)=20,;f Ky -, X )g Xy, - - -5 X)),
where o;; is the parity of the permutation

l—i,.. .,p|—>ip,p+1'—>j1, S AN ki

and the sum ranges over all tuples i j with ij<...<i, j<...<j, and
M ptad={in .0 iUl o)

Let feBP. We define a DG left B-module structure on X by putting
[ (@a®X; A ...rX,)=0for p>n and, with the same notations as for the shuffle product,

F@®X A AX)=30;a0f Ky - X)) Xj A - AX,

for p<n and p+g=mn. It is clear that the actions of A and B on X commute among
each other and agree on R so that X becomes an A°"-B-bimodule. Note that X|A°®
has property (P) (3.1).

LemMA. — (a) The functors LTy : 9 B — 2 A°® and RHy induce quasi-inverse S-equiva-
lences between H# ZB and the full triangulated subcategory of 9 A°® generated by R
(b) If L is finitely generated over R, then LTyx: 2B —> 2 A is fully faithful and
RH, <« LT,
Proof. — (a) By 4.2 (a) we have to check that the morphism of complexes
A: B—- (Dif A?)(X, X)
mapping f to left multiplication by fis a quasi-isomorphism. By definition the composi-

tion of A with

g,: (Dif A%®) (X, X) - (Dif A®)(X, R)
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is the identity. Since &:X — R is a quasi-isomorphism and X has property (P), g, is a
quasi-isomorphism. Hence so is A.

(b) If L is finitely generated, XlA"p is a bounded complex of finitely generated
projective A-modules. In particular, X is small in £ A°®. The assertion now follows
from 4.2 (b) and 6.2 (a).

6.6. EXAMPLE: BAR RESOLUTION
Let o be a small DG category. Let ¥ be the bar resolution [4], IX, § 6 of «, i.e.
the complex of o/-./-bimodules with ¥ (A, B)*=0 for #>0 and
Y (A, O)= @ A (By, O®A (B, B))®... %4 (B, B,_ )® (A, B,), n=0
B

Bg, ..., n

endowed with the differential d of degree 1 with
d(@,®a;® ... ®a,8a,, )= Y, (—1)a,®...Q04,4,,,®...0a,.,
i=0

Let Y be the total module of ¥ (cf. the proof of 3.1). Define I to be the o/-o/-
bimodule I(A, B)=«/ (A, B). By [4], IX, § 6, we have a quasi-isomorphism &:Y — 1
induced by the composition map

@D o By, O®L (A, By) = o (A, O).

Bo

The maps

given by
Q... Qa,,1—(®...®a,R101®a,, ,®...Ra,,,)

yield a morphism
A Y->Y-Y,

where by definition ?°Y=Ty. We have commutative diagrams

A A A YoA
Y->YY Y->YY YooY Y—>rY (YY)
H lYoe ” laoY H lcan

A AoY

Yo Yl YoIoY YoYeY—s(YoY)Y.

Now let Z be a set of DG o/-modules. The above diagrams ensure that we can make
% into a DG category by requiring that

2 (L, M) S (Dif &) (YL, M),

that the identity 1¥ corresponds to the composition
eol can
Ye-L—IcL—L,
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and that the composition of two morphisms of # coming from g:Y°.L —->M and
f:Y°M — N is given by the composition

AoL can Yog f
Y- L— (YY) L—> Y (Y°L)—Y-M - N.
We then have a canonical «/-#-bimodule X (A, L): =(Y-L)(A), where the action of
g:Y°L > M is given by the composition

AoL can Yog

YeL—> (YeY)eL—> Yo(Y°Y)— Y- M.

Now suppose that k is a field. Then each Y™ is relatively projective over o/ ®.2/°P. Since
Y admits the filtration F*= ¥Y*, it has property (P) over «/®@./°°. Using 6.1 (b)

n2-p
and (c) we infer that the composition n
geoM can
Y M—>I-M—M
is a P-resolution for each DG &/-module M. Therefore the morphism

ny (Dif Z)(Y-L, Y<M)— (Dif #)(YL, M), L, Me%,

is a quasi-isomorphism. And so is the canonical morphism

& (L, M) — (Dif o) (XL, XM= (Diff /) (Y-L, Y*M)

since it has m,, as a left inverse. Using 4.2 we infer the

LEMMA. — (a) The restriction of LTy to A% % is fully faithful.
(b) If each Le % is small in Do, then LTy is fully faithful.
(¢) LTy is an equivalence iff the objects of % form a set of small generators for D .

7. Quasi-functors and lifts

7.1. QUASI-FUNCTORS

Let o/ and # be small DG categories. Denote by .o/ the full subcategory of 9.«
whose objects are the A*, Ae.oZ, and by Z .« the full subcategory whose objects are the
A*[n),neZ, Aeo/. Note that we have

(Z ) (A" [n], B* [m])=H""".o/ (A, B)

for all A, Be/, n, meZ.

Let X be an &/-#-bimodule. By definition, X is a quasi-functor # — o/ if it satisfies
the conditions of the following lemma. Note that in this case LTy gives rise to a
functor Z % — Z o/ and hence to a functor H*# - H* «/.
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LeMMA. — The following are equivalent
(1) LTy gives rise to a functor B — <.
(ii) For each Be & the functor (254) (1, XB) is representable by an object of <.

(iii) For each Be A there is an A€ o and an element xze Z° X (A, B) such that for each
A’ e o/ the morphism
(A, A)->X(A', B), fr>X(f, B)(xp)

induces isomorphisms in homology.

Proof. — Exercise.

Suppose for example that &/ and # are concentrated in degree 0. Then .#° is
equivalent to o/. Thus by (i), a quasi-functor X yields a functor F°: %° — &/°; hence a
functor F: # — /. Itis easy to see that in 2 (& ® #°P), X is isomorphic to the bimodule
(A, B)— </ (A, FB).

7 .2. QUASI-EQUIVALENCES

Keep the hypotheses of 7.1. By definition, X is a quasi-equivalence if the conditions
of the following lemma hold. In this case 4 is quasi-equivalent to o/ .

LemMMma. — The following are equivalent
(i) LTy is an equivalence giving rise to an equivalence 8 — oA .
(i1) L Ty gives rise to equivalences ZB 1. and B — .

(iti) There is a subset D/ X & projecting onto <« as well as onto %, and for each
(A, B)eD there is an element x,z€ Z° X (A, B) such that the morphisms

A (A, A)-> XA, B),  f>X(f, B)(xan)
#(B,B)>X(A,B), g—>X(A, g)(xap)
induce isomorphisms in homology for each A'e o/, B'e %.
Proof. — Exercise.

Example. — Each DG functor F: # — &/ inducing an equivalence H*F :H* # - H* o/
yields a quasi-equivalence X (A, B)=</ (A, FB). If o/ and # are concentrated in
degree 0, each quasi-equivalence comes from an equivalence F: % — /.

Remark. — If k is a field, “quasi-equivalence” is an equivalence relation (6.1 ¢ and
6.2 b imply reflexivity; 6.3 b implies transitivity).
7.3. LiFts

Let o be a small DG category. Let #<%.o/ be a full small subcategory and
Z%U = 9. the full subcategory whose objects are the U[n], Ue%, neZ. A lift of % is
a DG category # together with an «/-#-bimodule X such that LTy gives rise to
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equivalences Z 4 S5 Z% and % Sa.

~

Z8 > 7w
1 |
LTy

DB——9A.

Examples. — With the notations of 6.5, (B, X) is a lift of #={R}. — Ifkisa
field, any % < 9o/ may be lifted using the bar resolution of 6. 6.

The definition of a lift implies in particular that LTy induces an equivalence from
}f’;u@ onto the triangulated subcategory of 2./ generated by # (4.2a). If XB has
property (P) for each Be %, a quasi-inverse is induced by RHy. Indeed, if M e #" 4,
we have

(2%)(S"B*, RHy LT, M) S () (L Ty S"B*, LTy M) < (2%)(S"B*, M)

since LTy is fully faithful on #% 4. This means that RHxLTyM < M is invertible.
We see from 6.1 that L Ty is itself an equivalence iff the objects of # form a system
of small generators for 2./,

If % is given, we can always construct a standard lift by taking # to be the full
subcategory of Dif .7 formed by chosen objects p U, Ue%, and X to be the bimodule

A, pU)—(pU)QA), pUech, Ac.

Now let (#, X) be any lift of % such that X® has property (P) for each Be #. Let %
be a DG category and F : Dif € — Dif « a DG functor such that LF: 2% — 9./ induces

a functor € - %.
DE — €

Y

DB ——DA — U

T 1
B - U

Lemma. — Put Y (B, C)=H4 FC")(B).
(a) LTy induces a functor € — B; hence Y is a quasi-functor. It is a quasi-equivalence
if LF induces an equivalence Z€ — Z.%.

(b) There is a canonical morphism

LT4LTyM - LFM,

which is invertible for Me%lb, €. It is invertible for arbitrary M e 9% iff LF commutes
with direct sums.

(©) If (¥,Z) is a lift of U and F=T,, then Y is a quasi-equivalence € - % and we
have LTxLTy—>LT,. If moreover Z. has property (P) for each Ce¥, then
RH,RHy; S RH,.
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Remark. — In 10.3 we will need the following fact. Suppose that F, Ty and Ty all
preserve acyclicity so that their derived functors are isomorphic to the functors induced
by them. Then the morphism of () is produced by the composition ’

Tya oF

TxTy—>TxHyF—F
which is even defined as a morphism of DG functors. Here o: Ty — Hy F denotes the

canonical morphism constructed in 6.4, and ® the adjunction morphism.

Proof. — (a) Consider the functor G=Hy-F:Dif ¥ > Dif 4. We have
LG=RH4LF. So LG induces a functor ¥ —4%. By definition we have
Y (B, C)=(GC")(B). Hence we have a morphism Ty — G such that LT,M - LGM
is invertible for each Me#>% (6.4). So LTy induces a functor € — %. We have
morphisms

LTxLTy->LTyLG=LTyRH,LF->LF

which are invertible on #%%. Thus LTy induces an equivalence Z% —Z % iff LF
induces an equivalence Z% — Z%. The second assertion now follows from 7.2.

(b) follows from the proof of (a) and 4.2 (d).

The first two assertions of (¢) are immediate form (a) and (b). The last assertion is
clear since if LTy is an equivalence and LTy LTy S LT,, then RHyRH, is right
adjoint to LT,.

7.4. ON THE UNICITY OF LIFTS
Keep the hypotheses of 7.3 and assume in addition that 7 is k-flat. Since X® has
property (P), VBe %, we have a well defined pair of adjoint functors
Hy: 2(AQRF°) - D(BRIE™), Z—HyZ
Ty: D (BRE?) — D (A QEP), Y—TypZ

LEMMA. — For each Y € 9 (BRE°P) we have

LT,LTySLT,,
where Z=TLYY. Moreover T induces an equivalence between the full subcategories

{Y: LTy gives rise to a functor € > B} <D (BRE®)
and { Z: LT gives rise to a functor € - U } = D (4 QE°P).

Proof. — We have TxpY < T,xpY by 6.1 (b) and T xpY 3 T,xY by the k-flatness
of o/ (6.3a). So we have T%Y:Tpx Y. By 6.3 (b) this implies the first assertion.
Since LTy gives rise to a functor # — %, we infer that Ty induces indeed a functor
between the given subcategories. Suppose that LT, gives rise to a functor € — 4.
We have to show that the canonical morphism pY > HyTxpY of #(Z®E™) is a
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quasi-isomorphism. But we have already seen that Hy TypY > Hy T,xY, and on the
other hand, for each Be %, we have

(rY)p 5 Yp 5 HxTxp(Yp) 5 Hy TpX Yy,

where we use 6.3 (a) for the third isomorphism and the fact that Yy;e% for the second
one. Now suppose that LT, gives rise to a functor ¥ - o/. We have to show that
the canonical morphism Ty p(Hyx Z) — Z of 2 (o ®%°P) is invertible. As above we have
Txp(HxZ) > T,xHx Z and

Zc < TxpHxZc < TpX HyZ,

where we use Zoe ¥ for the first isomorphism and 6.3 (a) for the second one.

8. Application: Derived equivalences

8.1. ARBITRARY TARGETS

Let o/ and ¥ be small DG categories.

THEOREM. — Assertion (1) implies (i1), and (ii) implies (iii).
(i) There is a DG functor H:Dif € — Dif o such that LH: 9% — 25 is an equiva-
lence.

(ii) € is quasi-equivalent to a full DG subcategory % of Dif of whose objects have
property (P) and form a set of small generators for Dof.

(iii) There are a DG category # and DG functors
G F
Dif ¢ — Dif 4 - Dif o
such that .G and LF are equivalences.
Proof. — (i) implies (ii): By 6.4 we have LH 5 LT, for some .«/-%-bimodule Z. So

(¢,2) is a lift of %#={LHC":Ce®%}. Take # to be a standard lift of #. The
assertion then follows from 7.3 (¢) and 4.2 (c).

(it) implies (iii): By 7.2 we have an equivalence LTy: 2% > 2% and by 7.3 an
equivalence LF: 2% - 2.« .

8.2. FLAT TARGETS

Let o and € be small DG categories and assume that .o/ is k-flat.

THEOREM. — The following are equivalent
(i) There is an o-6-bimodule X such that LTy : 2% — Do is an equivalence.
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(ii) € is quasi-equivalent of a full DG subcategory % of Dif of whose objects have
property (P) and form a set of small generators for D .

Proof. — (1) implies (ii) by 8.1 Conversely, (ii) implies (i) by 8.1 (iii), 6.4 and 6.3 ().

Remark. — Recall from section 5 that a DG module is small in 2.« iff it is contained
in the smallest strictly full triangulated subcategory of 2./ containing the free modules
and closed under forming direct summands.

9. Application: Stalk categories

9.1. MobuLEts over H® &

Let o be a small DG category. Let H®.o/ (resp. 1=%«¢) be the DG category with
the same objects as &/ and with the morphism spaces

(H° /) (A, B)=H°/ (A, B), A, Bed,
viewed as DG k-modules concentrated in degree O [resp.
(=) (A, B)=1=°&/ (A, B), A, Bed,
where 12°K denotes the subcomplex C of K with C*=0 for n>0, C°=Z°K, and C*=K"
for n<0]. We have the obvious functors
HOof 150/ 5 of.
As in example 6.1, they yield functors

LTx LTy

IH of —— 920 A—— DA,

where X (A, B)=(H° ) (A, nB) and Y (A, B)=</(A, 1B). The functor LTy is an
equivalence iff o/ satisfies the “Toda-condition™ (¢f. [22])

H" o/ (A, B)=0, Vn<0, VA, Be«.
In this case (example 6.2), we have a canonical functor from 2H®.«/ to 2./ given
simply by the composition

LTy7 LTy

GH® of —> P1—— DA .

If o7 is k-flat, this simplifies to

LT,

IH of — D,

where Z is the o/ — H® o/-bimodule T,y X" (6.3 b).
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9.2. EQUIVALENCES

Let % be a small k-linear category. We identity # with a DG category concentrated in
degree 0. Let o be an arbitrary small DG category.

THeOREM (cf. [19], [12]). — The following are equivalent
(i) There are DG categories o |, o, and DG functors

F3 Fy Fy

Dif # — Dif &/, — Dif o/, - Dif of

such that LF |, LF, and LF; are equivalences.
(ii) There is an S-equivalence 9% 594

(iii) & is equivalent to a full subcategory U of D whose objects form a set of small
generators and satisfy (2.4) (U, V[n])=0 for all n#0, U, Ve 4.

Remark. — We refer to [19, 6.4] for more precise information in the case where o/
and 4 are rings.

Proof. — By 4.2(c) (ii) implies (iii). To prove that (iii) implies (i), let </, be a
full subcategory of Dif .o/ consisting of chosen pU, Ue#. Let F,=Tyx where
X (A, A))=A;(A). By6.1, LF, is an equivalence. By the assumption on % we have
H".o7, (A, B)=0 for n#0 and arbitrary A, Be.«,, and H® ¢, is equivalent to 4. Now
the assertion is clear from 9. 1.

Using 6.3 b) and 6.4 we find the

CoroOLLARY (cf. [20]. — If o is k-flat, the following are equivalent
(i) There is an of-B-bimodule X such that LTy : D% — 2. is an equivalence.
(ii) There is an S-equivalence D8 — DA .

(iii) & is equivalent to a full subcaterogy U of D whose objects form a set of small
generators and satisfy (2) (U, V[n])=0 for all n#0, U, Ve%.

Remark. — We refer to [20] for more precise information in the case where </ and %
are rings. A straightforward construction of the bimodule in this case is given in [13].

10. Application: Koszul duality for DGA categories

10.1. PRELIMINARIES
Suppose that k is a field. Define the functor D : Dif k — Dif k by
DM = (Dif k) (M, k),

where k is viewed as a DG k-module concentrated in degree 0. Let o be a DG
k-category. For each A e.o/ we define the o/-module AV by

Av(B)=Ds« (A, B), Bed.
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For each DG module M and each Ae./ we have a canonical isomorphism of DG
k-modules

(Dif #/)(M, A¥) S DM (A)
o (m— (9 A)(m)) (1,).

In particular, we have a canonical morphism

# (A, B> DD« (A, B)S DAY (B) S (Dif #)(AY, BY),
which is a quasi-isomorphism if dim H" ./ (A, B)< o for each neZ. So in this case
the full subcategory s/ ¥ of Dif of formed by the AY, Ae.«/, is quasi-equivalent to /.
Fix Ae/. To compute (2.4)(?, A"), we first remark that if N is acyclic, we have
(# )N, AV)=H°DN(A)=0.
Therefore

(@L)M, A) S (H ) (pM, AY) < (#A4)M, A¥) S HODM (A),

and in particular H* ¥ (AY, BY) 5 (24)(AY, BY [n]). So if we define the o/-of -
bimodule X, by (A, BY)>BY (A), then (¥, X, ) is a lift (7.3) of {A¥:Aed }cDoA.

10.2. THE KOSZUL DUAL

Suppose from now on that & is an augmented DG category (= DGA category ) i.e.
(a) Distinct objects of o/ are non-isomorphic.

(b) For each Aes/ a DG module A is given such that H°A (A) S k and H"A (B)=0
whenever n#0 or B#A.

Now let (&*, X) be a lift (7.3) of {A:Ae%}cgd. After deleting some objects
from o/* we may (and will) assume that we have a bijection A+ A* between the objects
of o/ and those of .&* such that L Ty A** 5 A for each Ae. By 6.3)(a) we also
may (and will) assume that X has property (P) as a bimodule. Since & is a field, this
implies in particular that X (?, A*) has property (P) for each A*e.o/* (6.1¢). Hence
the functors Hyx and Ty both preserve acyclicity and induce a pair of adjoint functors
between P/* and 2.4/, which will also be denoted by Ty and Hy.

We make &/* into an augmented DG category by putting
A*=HyAv.

This is a good definition since indeed
H"A*(B¥) 5 (24%) (B**, A*[n]) S (24%) (B**, Hy A Y [n])
S@)(TyB*, A [n) 5 (94)(B, A [n])
S H"DB(A).
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We define o/* with the A*, A*e.o/*, to be the Koszul dual of the DGA category &
(c¢f. [1D). We sum up our notations in the diagram

A 94 A
T TxMHx |
A*" Qo* R*.

If # is another DGA category, a quasi-functor Y:% — o/ is compatible with the
augmentations if Hy A S B whenever Ty B* 5 A*.

By 7.3 (¢) the Koszul dual is determined by the above construction up to a quasi-
equivalence compatible with the augmentation, i.e. if X' and &/*  result from different
choices made in the construction, there is an &/*'-o/*-bimodule Y having property (P)
such that Ty : @.o/* — P/ * satisfies Ty, Ty = Ty, Ty A** 5 A*' " and

~

H,A* SH,H, A" SHAY S A*

for each Ae .

The Koszul dual defined in [2] is quasi-equivalent to the full subcategory of Dif .o/*
formed by the o/*" [n(A)], where n:.of — Z is a given “weight function” for /. Note
that the morphism spaces of this category simply identify with the shifted spaces

A% (A%, BH)[n(B)—n(A)], A, Bes.

Examples. — (a) Let ® be a k-Lie algebra and U(®) its universal enveloping
algebra. In the notations of 6.5 (with R=k), the Koszul dual of A=U(6) is quasi-
equivalent to B.

(b) Let V be a finite-dimensional k-vector space, DV its dual over k, A DV the exterior
algebra on DV, and SV the graded symmetric algebra on V. View A=ADYV as a DG
algebra concentrated in degree 0, and B=SV as a DG algebra with the components
B"=S"V and vanishing differential. Define (commuting) right and left A-actions on
AV by

n

* (0 A A= Y (D) R @) o AL 0 A,
i=1
n

@ A AD) v = Y (m DR () v ALy AT,
i=1

Endow the graded A-B-bimodule X=SV®A YV with the differential
d: XP-XPHL x (1P ) (0,®0)x,
i=1

where the v, 1 £i<n, form a basis of V and (v}) is the dual basis. Then (B, X) is a lift
of the trivial A-module k. Hence the Koszul dual of A is quasi-equivalent to B.

(c) Let V be a finite-dimensional k-vector space, IcZ an interval and «/; the DG
category concentrated in degree 0 whose objects are the ieI and whose morphism spaces
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are the
A\, j)=S"'V

concentrated in degree 0. For each iel let 1 be the DG «/;-module concentrated in
degree 0 with 1(j)=k for i=j and 1(j)=0 for i#j. Let %, be the DG category whose
objects are the symbols i*, ieI and whose morphism spaces are the stalk complexes

B, (%, *)=(A"'DV)[j—1).
Let X, be the «/,-#,-bimodule given by
X, G, )=A""VRS"HTiV

endowed with the differential given by left multiplication by Y v¥*®uv;, where the v,
i=1

1<i<n, form a basis of V and (v}) is the dual basis. Then (%, X;) is a lift of

{1:iel}c24,. So the Koszul dual of «; is quasi-equivalent to %, Clearly, the

modules ¥, iel, are the unions of their finite-dimensional submodules and the functor

i*+—1i" is an equivalence. It therefore follows from the lemma on the “‘symmetric” case

(10.5) that the Koszul dual of 4, is quasi-equivalent to ;.

10.3. THE DOUBLE DUAL

The composition of Hy with the functor Ty  : 9.9/ — 2./ of 10.1 induces a functor
oY > {A*:Ae }c@*. Thus (7.3 a), we have a quasi-functor Y :.o/ ¥ — o/** which
is a quasi-equivalence iff the restriction of Hy: 2.9/ - @.o7* to the subcategory formed
by the AV [n], Aeof, neZ, is fully faithful.

Tx

v

DAY - DA

Ty | TleHx

DA** - PoA*

TXy

We endow &/ ¥ with the augmentation defined by
A (B¥)=D(Dif «)(A, B¥) SDDA (B).

LEMMA. — The quasi-functor Y : of ¥ — of ** is compatible with the augmentations.

Proof. — Let (o/**, X,) be the chosen lift for the A*, Aes/. Recall that we
assume that X, has property (P) as a bimodule. Fix Ae«/. We have to show
that AY S5 HyA** By definition H,A**=H,H, A*'. We will show that
H, Hy A*Y SAY by explicitly exhibiting a quasi-isomorphism. For short we write
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(2, for (Dif #Y)(2,7),... We have the following series of morphisms of DG
k-modules, functorial in BY e o/ ¥

(HyHx, A*¥)(B¥) > ¥ (B¥ ", HyHy A*¥) 5 *(Ty, Ty B¥ ", A*Y)
S D*(A*", T, Ty BY ") « D*(A**, Hy Ty B* ")
The last arrow is induced by the morphism
TXxTY_’HXTXV

of DG functors Dif o/ ¥ — Dif o/* exhibited in remark 7.3. It is a quasi-isomorphism
since B¥* e #%> .o/ (7.3 b). We continue the series of morphisms:

D*(A**, HyTx ,B¥ ") S D(TxA*", Ty B¥")
S D(T4xA**, BY)

since by construction Ty B" " 5X,@ BY)SBY in Dif . Now since Ty A*" is
quasi-equivalent to A, we have a quasi-isomorphism

D(TxA**, B¥) « D(A, B).

By definition the last term is isomorphic to A¥ (BY).

10.4. PROPERTIES OF &/*

Let M be a DG «/-module and neN. By definition we have sdim M < (resp. pdim
M <, resp. idim M <n) if there is a sequence

0=M_,-My-M,-M,-»...-M,=M

of morphisms of 9./ such that in each triangle

M;_;->M;-»Q,->M,_ [1], 0<iZn,

1

the module Q; is isomorphic to a finite direct sum of modules of the form A[n]
(resp. A" [n], resp. AV [n]), Ae s, neZ. The (possibly infinite) numbers sdim M, pdim
M and idim M are referred to as the semi-simple, the projective, and the injective dimension
of M, respectively.

Let v: Dif o7 — Dif ./ be the functor defined by
(vM)(A)=D (Dif o/)(M, A*).

For example, we have vA~ =AY by the definition of A" for each Ae./. We have a
natural transformation

D (Dif /) (M, N) - (Dif ) (N, vM)
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which is defined as follows: Given a linear form ¢ on (Dif &) (M, N) and an
fe(Dif «) (A", N) < N(A), the associated linear form on (Dif /) (m, A*) maps g fo
¢ (fg). Clearly this is an isomorphism for M=B"[n], Be &/, neZ, and therefore a
quasi-isomorphism for Me #”% ..

LemMa. — (@) If sdim M < oo and pdim M < oo then HyLvM Sy HxM in Qo/*.
(b) For each A € of we have

(1) pdim A*<sdim AY, (2) sdim A** <idim A

(3) idim A*<sdim A", (4) sdim A*¥ <pdim A
Proof. a) Since sdim M <o, we have Tx Me #) o/* and M S TyN for NS HyM.
We assume that N (and hence Ty N) has property (P). We have to show that

HyvTx N SVN. We write * 77 and (2,7 instead of (Dif &*)(?,?) and
(Dif ) (7, 7). We have the following series of quasi-isomorphisms functorial in A* € o/*

(Hy vTx N) (A*) > *(A*", HyvTx N) - (Tx A*", vTx N).
Since Ty Ne #* o/ and N e #" o/*, we also have the following quasi-isomorphisms:

(TxA**, VT N) = D (T N, Ty A**) = D* (N, A*~)=(vN) (A*%).

(b) Assertions (1) and (2) are trivial since HyB 5 B**, Beo, and HyAY=A,
Aesf. For (3) we use that

A*SHAY SH,vA* 5 (Lv)H A"

if sdim A*<o, and B*V=(Lv)HyB for each Be.«/. For 4) we use that
A*Y SLvH,A S HyLVA if pdim A< oo and B*=H, LvB" for each Be.«.

10.5. THREE SPECIAL CASES

We consider three cases where /" is quasi-equivalent to &/**, and there is a fully
faithful embedding relating 2./ and 2.o7*.

Lemma (The ‘“finite” case). — Suppose that pdim A< oo and sdim A* <o for all
Aed.

(@) sdim A*Y < o0 and idim A* < o for all A*e.o/*.

(b) Ty and Hy are quasi-inverse equivalences betwwen D.* and Dof .
(¢) We have quasi-equivalences of ALY

Examples. — (a) The category %, of 10.2 (c) for finite I.

(b) Let A be a finite-dimensional k-algebra of finite global dimension all of whose
simple modules are one-dimensional. We take 7 to be the k-linear category formed by
chosen representatives of the indecomposable projective A-modules and for each Aec.of/
we take A to be the head of A.
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Proof. — (a) holds by 10.45).

(b) Since pdim A <co, we have Ae A o/ for each Aeo/. Moreover, since sdim
. B* <0, the triangulated subcategory generated by the A contains each B*, Be.w/.
Hence the A, A .o/, form a system of small generators for @/ and the assertion follows
from 6.1 (a) and 6.2.

(¢) Since Hy is fully faithful, &V is quasi-equivalent to /** (10.3). Since
sdim A* < oo for all Ae .o/, we have

oo >dim H*A" (B)=dim H" .« (A, B)
for all A, Be .« so that o/ — &/ is a quasi-equivalence (example 7.2).

LemmMma (The “exterior” case). — Suppose that sdim A" < oo and sdim A <o for all
Aed.

(@) pdim A* < o0 and idim A* < oo for each A*e.o/*.

(b) Tx and Hy induce quasi-inverse equivalences between #* of* and the smallest full
triangulated subcategory of D4 containing the A, Ae /.

(©) Ty : Dot — DA* is fully faithful.

(d) We have quasi-equivalences o AR AL
Remark. — Part (b) yields theorem 16 of [2].

Examples. — (a) Example 10.2 (b).
(b) The category %, of example 10.2(c).

(¢) If A is a finite-dimensional algebra of arbitrary global dimension with one-dimen-
sional simples, we can proceed as in example (b) of the “finite case™.

Proof. — (a) holds by 10.4 (). By the definition of “lift” (7.3) we have (b).

(¢) Let 7 be the full triangulated subcategory of 9o/ generated by the A, Aes/. The
restriction of Hy to J is fully faithful (7.3). Since ,%”f,&f is contained in J, Hy is
fully faithful on #”% o/, and Hy A" lies in #% .o/* for each Aeo/. In particular, Hy A*
is small for each Ae/. Since Tx" agrees with Hy on #? .o/ (6.2a), the assertion
follows from 4.2 (b).

(d) Since the AV, Aes/, liec in 7, &/ is quasi-equivalent to o/**  Since the A",
Aed, liein I, we have

oo >dim H*A* (B)=dim H".«/ (B, A)
for all A, Be.«/, so that o/ - /" is a quasi-equivalence (example 7.1).

LemMMA (The “symmetric” case). — Suppose that pdim A <oo and idim A< oo for all
Aed.

(a) sdim A*"* <o and sdim A*Y < oo for all A*e.o/*.
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(b) Tx and Hy induce quasi-inverse equivalences between %’1’, o* and the smallest full
triangulated subcategory of @</ containing the A, Ae o/ .

(¢©) Tx:94* - D4 is fully faithful.

(d) We have a quasi-equivalence s/ — o/** if each BY, Be s, lies in the smallest
triangulated subcategory of D4 closed under direct sums and containing the A, Ae /.

Examples. — In example 10.2 (a), we have pdim A< oo and idim A < oo if ® is finite-
dimensional. This also holds in 10.2(¢). For 10.2 (c) the assumption of (d) is satisfied
as well.

Proof. — (a) holds by 10.4(b). By the definition of “lift” (7.3) we have (b).

(¢) and (d): By 4.2(b), Ty is fully faithful. So Ty induces an equivalence onto its
image, which is precisely the smallest strictly full triangulated subcategory containing
the A, Aeo/, and closed under direct sums. A quasi-inverse is induced by Hy. Thus
the restriction of Hy to the subcategory of &/ formed by the BY, Be.Z, is fully
faithful. Now (d) follows by 10.3.
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