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Abstract 

Compliant mechanism has been a popular solution for developing precise motion 

systems. This is because the working principle of compliant mechanism is based on elastic 

deformation of flexure elements, which is capable of providing highly repeatable motions that 

conventional bearing-based counterparts fail to deliver. In positioning applications, compliant 

parallel mechanism (CPM) is preferred because its closed-form architecture has high payload 

allowance and can better reject external mechanical disturbances. However, the performance 

of CPMs is often constrained by the limitations of synthesis techniques and fabrication 

methods. At present, it is still a challenge to synthesize multiple degrees-of-freedom (DOF) 

CPMs with spatial motions, optimized stiffness and dynamic properties. In addition, using 

conventional machining methods to fabricate the structure of CPMs by sub-parts will incur 

assembly errors. To address the limitations, this research focuses on the development of a new 

synthesis method for multi-DOF CPMs and the investigation on the mechanical characteristics 

of CPMs that are monolithically fabricated by 3D printing technology. 

A novel structural optimization method, termed as beam-based structural optimization 

method, is proposed to synthesize CPMs with multi-DOF, optimized stiffness and desired 

dynamic properties. A well-defined objective function for the optimization process is also 

presented where the different units of components within the stiffness matrix of CPMs are 

normalized. It is shown that the desired motions of CPMs can be obtained by determining 

specific geometries of the curved-and-twisted beams. The effectiveness of the beam-based 

method is demonstrated by synthesizing a 3-DOF spatial-motion (θX – θY – Z) CPM with high 

stiffness ratios of more than 200 for the rotations and 4000 for the translations, a large 

workspace of 8° × 8° × 5.5 mm and a targeted dynamic response of 100 Hz. A monolithic 

prototype of the synthesized CPM is fabricated by electron beam melting (EBM) technology 

and the characteristics of the 3D-printed CPM are experimentally investigated. By introducing 

a coefficient factor to compensate the difference between the designed thickness and effective 

thickness, the mechanical properties of 3D-printed CPMs can be well predicted. Experimental 

results show that EBM technology can be used to fabricate compliant devices for high-

precision positioning systems. 

CPMs with motion-decoupling capability are desirable to eliminate parasitic motions. 

Several design criteria are analytically derived for synthesizing 3-legged CPMs with any DOF 

and fully-decoupled motions. A design of 3-DOF (θX – θY – Z) CPM with decoupled output 

motions is presented and experimentally evaluated. To demonstrate the versatility of the beam-

based method and the decoupled-motion criteria, a new CPM with 6-DOF is synthesized. Its 

end effector is built by cellular structure to exploit the benefit of 3D printing technology. 

Experimental investigations show that the EBM-printed prototype of the 6-DOF CPM has 

motion-decoupling capability and is able to produce a large workspace of more than 6 mm for 

the translations and 12° the for the rotations. It is envisaged that results of this research can 

help engineers to develop a variety of high-precision machines with optimal performances.  
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CHAPTER 1  

INTRODUCTION 

1.1 Background and Motivation 

Compliant mechanism has been a popular solution for developing high-precision 

motion systems because it is able to provide repeatable motions that traditional bearing-based 

counterparts failed to deliver. The high repeatability can be obtained since the working 

principle of compliant mechanisms is based on elastic deformation of flexure elements that 

offers many advantages such as zero backlash, maintenance-free, frictionless, and no wear and 

tear [1]. Compliant mechanism can be classified into two types, i.e., serial and parallel designs. 

While the large work range of serial compliant mechanism is employed to create many devices 

in the field of soft robotics [2-4], compliant parallel mechanism (CPM) is preferred in 

positioning systems because its closed-loop parallel architecture offers the insensitivity to 

external mechanical disturbances, high payload and high non-actuating stiffness. CPMs have 

been widely used in various applications providing precise motions ranging from nanometers 

to centimeters, such as microgrippers [5-7], actuators [8-11], manipulators [12-15] and 

alignment systems [16-18]. Among them, positioning stages developed based on CPMs can be 

considered as one of the most important devices in many industrial fields [19-32]. The 

literatures over the past two decades demonstrate that the development of CPMs is governed 

by design methodology and fabrication technology. 

For any CPM-based motion system, desired output motions which determined by the 

degrees-of-freedom (DOF) are always the main objective in the design process. In general, 
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DOF can be defined based on stiffness property of CPM, i.e., the desired motions are obtained 

by the low stiffness in actuating directions while the other stiffness in non-actuating directions 

needs to be high to constrain the unwanted motions. To satisfy those requirements, the ratio 

between non-actuating and actuating stiffness is proposed as a standard in synthesizing CPMs. 

The stiffness ratio is targeted as high as possible to ensure CPMs can easily generate desired 

motions and resist against external mechanical disturbances in non-actuating directions. Apart 

from achieving the desired DOF, the fast dynamic response is another important demand of 

advanced motion systems. However, CPMs with low actuating stiffness and large workspace 

often perform poor dynamic behavior. Therefore, a design methodology that can govern large 

workspace, high stiffness ratio and fast dynamic response for CPMs is necessary. 

As CPM becomes an essential component in many industrial fields, design 

methodologies have been a focus of development in order to synthesize CPMs with various 

DOF for different applications. Typically, CPM can be synthesized by three main approaches: 

rigid body replacement, constraint-based and optimization approaches. The rigid body 

replacement (also known as task-oriented) approach, which synthesis process is shown in 

Figure 1.1, can be considered as the traditional design methodology for synthesizing CPMs. It 

utilizes architectures of conventional rigid-mechanisms as the skeletons and CPMs can be 

obtained by replacing the rigid joints by corresponding compliant joints while the rigid links 

are remained. Desired motions of CPMs can be easily defined by using traditional kinematics 

analysis. The finite element analysis (FEA) can then be carried out to optimize shape/size of 

the design, evaluate the stress distribution within the structure and determine the workspace. 
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Figure 1.1: Flow of rigid body replacement approach [33]. 

Benefit of the rigid body replacement approach is the convenience in synthesizing 

desired DOF by employing existing designs of conventional rigid-mechanisms, and the simple 

actuation by analyzing the kinematics of the moving platform depending on input motions of 

active joints. Thus, a vast number of CPMs, vary from common designs of 1-DOF [7, 34, 35], 

2-DOF [15, 31, 36-39], 3-DOF [17, 40-46] CPMs to complex designs of 5-DOF [47] and 6-

DOF CPMs [48, 49], have been developed using the rigid body replacement approach. 

However, this approach also has many drawbacks such as the difficulty in optimizing dynamic 

behavior and the dependence on intuition of designers. 

For the constraint-based approach, CPMs is synthesized based on the constraint space 

determined by the desired DOF. Suitable flexure elements will be selected and allocated at 

defined positions to constrain output motions of CPMs. The general fundamentals for adding 

constraints to a moving body in order to obtained targeted motions are illustrated in Figure 1.2. 
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Figure 1.2: Fundamentals of constraint-based approach [33]. 

As compliant constraints and kinematics property can be quickly defined, various 

CPMs have been synthesized by the constraint-based approach [12, 50-54]. Even though 

existing architectures of conventional mechanisms are unnecessary in this approach, it is still 

dependent on human intuition since flexure elements are selected by designers. Moreover, 

resulting CPMs are not optimized since they are constructed by pre-defined flexures. 

In contrast to the rigid body replacement and constraint-based approaches, the 

optimization approach is developed based on FEA and optimization techniques to find the 

optimal structure/topology of CPMs. The optimal design of CPM can be achieved if result of 

the objective (fitness) function satisfies defined criteria and additional constraints. The 

synthesis process of optimization approach is illustrated in Figure 1.3. First, the desired 

specifications and the boundary constraints must be specified for modeling the design domain. 
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The design domain will then be meshed by continuum or discrete elements. The optimal design 

is achieved by repeating calculation process until result of the objective function converges. 

 

Figure 1.3: Synthesis process of optimization approach [55]. 

The optimization approach overcomes drawbacks of the other two approaches since the 

human-intuition dependence is eliminated. The design of CPM can be easily customized by 

changing the objective function and additional constraints. In addition, the optimization 

approach is able to synthesize the dynamic behavior of CPMs based on the merits of FEA. As 

a result, various design methods have been developed based on optimization approach and 

applied to synthesize numerous CPMs [14, 55-75]. Nevertheless, the number of multi-DOF 

CPMs synthesized by this approach is limited due to the objective function. In particular, the 

most popular objective functions have been used to synthesize compliant mechanisms are 

based on the mutual potential energy that only considers the relative relation of energies 

between input and output positions [1, 76]. Thus, almost developed CPMs have 1-DOF and are 

applied to create grippers, force/motion amplifiers/inverters. Recently, a new objective 
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function has been proposed to synthesize multi-DOF CPMs [74], but its unit is not well defined 

because of the difference in the units (N/m or Nm/rad) of the components within the stiffness 

matrix.  

In summary, all synthesis approaches perform their corresponding advantages and 

disadvantages. The multi-DOF CPMs can be easily synthesized by the rigid body replacement 

and constraint-based approaches but the designs are dependent on human intuitions; and the 

mechanical properties, especially the dynamic behavior, are difficult to optimized during the 

synthesis process. On the other hand, the optimization approach employs the numerical method 

that eliminates the dependence of intuition and can optimize both the stiffness and dynamic 

characteristics of CPMs. However, the synthesis of multi-DOF CPMs is constrained due to the 

limitations of existing objective functions. It is a major challenge to synthesize multi-DOF 

CPMs with the stiffness and dynamic characteristics being governed in the design process by 

well-defined objective functions. 

To improve the performance of compliant positioning systems, the motion property of 

CPMs is highly important since it directly determines the positioning accuracy. As CPM 

operates based on elastic deformation, some unwanted parasitic motions could be generated 

when the flexures deform and reduce the accuracy of desired output motions. Hence, 

decoupled-motion characteristic is one of the main objectives to design CPMs for positioning 

systems. Nevertheless, the coupled/decoupled motions of CPMs have not been clearly 

discussed in the past literatures because most existing designs are synthesized with the aim of 

achieving desired DOF. Consequently, they are able to deliver the motions in the desired 

actuating directions but could produce parasitic motions in non-actuating directions. Therefore, 

the general criteria for designing CPMs with fully-decoupled motions are necessary to develop 

precise motion systems. If the design criteria are integrated into the synthesis process, obtained 
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CPMs can produce predictable motion property as well as optimized mechanical 

characteristics. 

 Apart from the design methodology, fabrication technology is one of the key factors 

that affect the performance of CPMs. As CPMs could be created by the combination of various 

flexures in different orientations [77], the fabrication process must provide abilities to fabricate 

thin features and complex structures. At present, milling and wire-cut electrical discharge 

machining (EDM) are the popular solutions for manufacturing CPMs. However, the accuracy 

of thin flexures fabricated by milling technology is low due to the cutting forces while the wire-

cut EDM technology is only applicable to metallic-planar structures. In order to obtain the 

complex structures using such cutting methods, CPMs must be separated into many parts for 

fabrication and the assembly process is needed as the last step to create complete prototypes. 

As a result, the performance of CPMs could be affected by unpredictable assembly errors.  

Nowadays, 3D printing (additive manufacturing) technology can be considered as a 

potential solution for building monolithic complex structures to eliminate assembly errors. 

Among various 3D printing methods, electron beam melting (EBM) is a popular method that 

can fabricate functional complex products with nearly-full density [78]. Several compliant 

joints and mechanisms with complex designs have been built by EBM method [79-81]. An 

example of 3D-printed flexure hinge having large elastic rotation of up to 90° is shown in 

Figure 1.4. Nevertheless, the number of 3D-printed CPMs for precision systems is still very 

limited and the mechanical characteristics of 3D-printed flexures have not been investigated.  
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Figure 1.4: A flexure hinge with large elastic deformation fabricated by EBM method [80]. 

1.2 Objectives and Scope 

The main objectives of the research are to develop a design methodology for CPMs 

with multi-DOF, to derive the fundamental criteria for synthesizing CPMs with fully-

decoupled motions, and to investigate the mechanical characteristics of 3D-printed CPMs built 

by EBM technique. 

To achieve the objectives, the scope of work includes: 

 Proposing a novel synthesis method based on optimization approach for synthesizing 

CPMs. The proposed method must overcome the limitations of the existing 

structural/topological optimization methods. In particular, the new method should be 

capable of synthesizing multi-DOF CPMs for precise positioning applications.  

 Deriving a new objective function for the stiffness optimization process. Most of the 

existing objective functions are used to synthesize CPMs with only 1-DOF for grippers, 

force/motion inverters, etc. The proposed objective function must be able to synthesize 

multi-DOF CPMs and its unit should be well defined. 
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 Integrating both the stiffness and dynamic optimizations into the synthesis process. This 

will enable the synthesized CPMs to produce desired DOF, possess highest stiffness 

ratios and achieve targeted dynamic response. 

 Synthesizing a novel design of 3-DOF spatial-motion (θX – θY – Z) CPM with optimized 

stiffness and dynamic properties. The performance of the synthesized CPM will be 

experimentally evaluated and compared to the predicted values to demonstrate the 

effectiveness of the proposed synthesis method. 

 Employing EBM technique to fabricate the synthesized 3-DOF (θX – θY – Z) CPM. The 

mechanical characteristic of the prototype will be investigated. A manipulator will be 

built based on the EBM-printed CPM and its performance will be measured to evaluate 

whether 3D-printed CPMs can be used in precise motion systems. 

 Investigating the design criteria for synthesizing CPMs with fully-decoupled motions. 

A CPM will be synthesized, and its motions will be evaluated experimentally to validate 

the proposed design criteria.  

 Synthesizing a novel 6-DOF CPM with fully-decoupled motions, optimized stiffness 

and dynamic properties. A prototype of the CPM will be built by EBM technique and 

its performance in terms of mechanical characteristics and motion-decoupling 

capability will be evaluated experimentally. 

1.3 Organization of the Thesis 

The remaining chapters of the thesis are organized as follows: 
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Chapter 2 provides the literature review on synthesis methodologies for CPMs, the 

benefits as well as limitations of each method are described. Existing multi-DOF CPMs are 

also presented and their performances are discussed. In addition, a review on applications of 

3D printing technology in fabricating flexible structures and CPMs will also be included. 

Chapter 3 introduces the beam-based structural optimization method used to synthesize 

CPMs for positioning systems. The modeling of stiffness and dynamic properties of CPMs will 

be described. The formulation of a new objective function specialized for multi-DOF CPMs 

with well-defined unit will also be presented. The proposed method is used to synthesize a 3-

DOF spatial-motion (θX – θY – Z) CPM with optimized stiffness property and targeted dynamic 

response. A prototype of the synthesized CPM is fabricated by the conventional milling method 

and its performance is experimentally evaluated. 

In Chapter 4, the investigation on the mechanical characteristics of a 3D-printed 

prototype of the synthesized 3-DOF CPM, built by EBM method, is presented. A coefficient 

factor is proposed to compensate the errors caused by fabricating tolerance and surface 

roughness of the EBM-printed flexures. In addition, the experimental results on the 

performance of a 3-DOF manipulator for precise motion system built based on the 3D-printed 

CPM are discussed. 

Chapter 5 presents the derivation of criteria for synthesizing 3-legged CPMs with fully-

decoupled motions. The position and orientation of each flexure element are analyzed to 

demonstrate how they affect the motion property of entire CPM. The proposed criteria will be 

used to synthesize a 3-DOF (θX – θY – Z) CPM with decoupled motions as a case study. 

Chapter 6 introduces a decoupled-motion 6-DOF CPM synthesized by the beam-based 

method and the proposed design criteria. The advantages of 3D printing technology are 

exploited to fabricate the end effector with cellular structure in order to enhance the dynamic 
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behavior of the CPM. Experiments are carried out to evaluate the mechanical properties and 

the motion-decoupling capability of the 3D-printed prototype. 

Finally, some conclusions of this research and proposed future work will be outlined in 

Chapter 7.  
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CHAPTER 2  

LITERATURE REVIEW 

In this chapter, the existing design methodologies for compliant mechanisms are 

classified by their principles, and the advantages as well as disadvantages of each synthesis 

method are outlined. The performances of state-of-the-art multi-DOF CPMs are also discussed. 

In addition, previous works on 3D-printed compliant mechanisms are presented, and the 

benefits as well as difficulties of using 3D printing technology to fabricate compliant structures 

are highlighted. 

2.1 Design Methodologies 

2.1.1 Rigid body replacement approach 

In rigid body replacement approach, the Pseudo-Rigid-Body (PRB) model is used to 

synthesize compliant mechanisms. PRB model allows flexible structures to be represented as 

rigid structures. Thus, compliant mechanisms can be created by employing traditional design 

techniques. An example of compliant mechanism synthesized by this approach is illustrated by 

Figure 2.1. A rigid-mechanism, which constructed by the combination of rigid links and joints, 

is used as the design skeleton. The compliant mechanism is created by replacing all traditional 

joints by the corresponding types of compliant joint where the rigid links are remained.  
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Figure 2.1: (a) Rigid mechanism and (b) compliant mechanism designed by the rigid body 

replacement approach [1]. 

Since compliant joint is the key factor in the rigid body replacement approach, various 

types of compliant joints have been developed to represent the motions of their rigid 

counterparts [1, 77]. Based on the construction of flexure such as leaf-spring or notch-hinge, 

compliant joints can be classified into two types, i.e., beam-type and notch-type as shown in 

Figure 2.2a and Figure 2.2b respectively. 

 

Figure 2.2: PRB models of compliant joint (a) beam-type and (b) notch-type [1]. 
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It is seen from Figure 2.2, the beam-type and notch-type compliant joints are created 

by a long thin-beam and a small pivot respectively. Hence, the beam-type joint is able to 

produce large deflection along the actuating direction with a small actuating force, and it is 

also sensitive to the loads in non-actuating directions. On the other hand, the notch-type joint 

needs larger actuating force to achieve the same deflection as the beam-type joint, but it exhibits 

high stiffness in non-actuating directions to resist against the external disturbances. As large 

workspace becomes a common requirement for compliant mechanisms, beam-type joints are 

preferred. Thus, numerous complex designs of beam-type compliant joints have been 

developed as shown in Figure 2.3. They are able to produce various motions in different 

directions and the range of elastic deformation is significantly improved by specific designs of 

flexures. 

 

Figure 2.3: Complex beam-type compliant joints (a) revolute joint [82], (b) universal joint [77] 

and (c) spherical joint [83]. 

By using various types of compliant joints, many types of CPM have been developed 

from 1-DOF [7, 34, 35], 2-DOF [15, 31, 36-39], 3-DOF [17, 40-46] to 5-DOF [47] and 6-DOF 

CPMs [48, 49]. An example of 2-DOF (X – Y) CPM synthesized by this approach is shown in 

Figure 2.4. Due to the simple synthesis process and kinematics analysis, it has become the most 

popular method for synthesizing compliant mechanisms. However, because the synthesis 

process is carried out based on a chosen architecture of existing conventional mechanism, the 
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intuitional dependence can be considered as an important shortcoming of this approach that 

may lead to non-optimal designs.  

 

Figure 2.4: A 2-DOF (X – Y) compliant manipulator synthesized by rigid body replacement 

approach [15]. 

2.1.2 Constraint-based approach 

The constraint-based approach, also known as freedom and constraint topology (FACT) 

approach [84, 85], offers a systematic framework to create compliant mechanisms by applying 

the minimal number of flexure constraints. Beside the three regular geometries of flexure 

elements, i.e., wire, blade and hinge shapes, various flexure elements with irregular shapes 

have been developed in order to create any DOF for moving rigid bodies. The flexure elements 

provided by FACT are illustrated in Figure 2.5. 
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Figure 2.5: Flexure elements provided by FACT [51]. 

Based on screw theory, a library of freedom- and constraint-space pairs has been 

generated as shown in Figure 2.6. By using the library and the list of flexure elements, designers 

can synthesize compliant mechanisms with various desired motions. 
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Figure 2.6: FACT library showing the relation between freedom- and constraint-space [51]. 

The advantage of the constraint-based approach is demonstrated by the simplicity in 

synthesizing complex multi-DOF CPMs [12, 50-54]. Structure of CPM can be quickly 

generated by selecting the appropriate model in the library based on the desired DOF, and 

suitable flexure elements will then be distributed into the positions of constraints. The synthesis 

process of a 3-DOF (θX – θY – θZ) CPM is illustrated in Figure 2.7 and an example of 3-DOF 

(θX – θY – Z) compliant manipulator synthesized by this approach is shown in Figure 2.8. 
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Figure 2.7: Synthesis process of a 3-DOF (θX – θY – θZ) CPM using FACT [1, 86]. 

 

Figure 2.8: A 3-DOF (θX – θY – Z) compliant manipulator synthesized by constraint-based 

approach [12]. 
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Comparing to the rigid body replacement approach, the constraint-based approach is 

able to generate CPMs regardless of the corresponding architectures of rigid mechanisms. 

Although the constraint-based approach offers simple synthesis process, it is noted that the 

flexure elements within the CPM are chosen based on intuition of designers and the overall 

structure of the CPM is not optimized. As a result, CPMs synthesized by the constraint-

based/FACT approach can satisfy the kinematics requirements, but the resulting designs are 

non-optimal and the desired mechanical (stiffness and dynamic) properties are difficult to 

achieve during the synthesis process.  

2.1.3 Optimization approach 

2.1.3.1 Homogenization method 

Homogenization is a topological optimization method introduced by Bendsøe and 

Kikuchi [87] for continuum structures. Over the past decades, homogenization method has 

been improved and successfully applied in various fields, including synthesis of compliant 

mechanisms. The optimization problem of homogenization method is modeled by a group of 

elements where each of them is defined as a microstructure of unit cell constructed by solid 

material and void as illustrated in Figure 2.9. 

 

Figure 2.9: Details of a microstructure used in homogenization method [73]. 
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Referring to Figure 2.9, an element is modeled by three individual variables α, β, and 

θ. The size of the void region is determined by α and β while the orientation of element is 

defined by θ. Basically, homogenization method can be considered as the size optimization of 

the void region. In particular, an element is fully solid or void when α = β = 0 or α = β = 1 

respectively. If the values of α and β are different from 0 and 1, the property of element is 

undefined, and the element is represented by grey color in the final result. Figure 2.10 shows a 

compliant clamp with grey elements synthesized by homogenization method. 

 

Figure 2.10: A compliant clamp synthesized by homogenization method [73]. 

The number of compliant mechanisms synthesized by homogenization method is 

limited due to the complicated process and long computational time [1]. Several compliant 

mechanisms designed by this method are presented in [73, 88]. Another drawback limits the 

application range of homogenization method is that some disconnected elements could be 

generated, they reduce the accuracy of results and may lead to infeasible structures.  

2.1.3.2 Solid Isotropic Microstructure with Penalization (SIMP) method 

SIMP, a topological optimization method for continuum structures, was first introduced 

by Bendsøe and Sigmund [89]. SIMP is the most popular topological optimization method and 

has been used in research as well as industry due to its simplicity and open source [90-93]. 

Each element in SIMP method is represented by a variable ex  ( 0 1ex  ) which determines 

the material property of the element.  
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Figure 2.11 illustrates three possible states that elements can achieve in SIMP method. 

If ex  is equal to 0 or 1, the element will be fully void or solid respectively. In many cases, its 

value is 0 1ex   and produces a grey element. The grey element represents an undefined 

material which is weaker than the original material of entire structure. The number of grey 

elements can be reduced by applying some filters [94, 95] but they still exist and can affect the 

final results. 

 

Figure 2.11: Three states of element in SIMP method [1]. 

With the open source, SIMP method has been improved and popularly used to 

synthesize numerous compliant mechanisms [58, 96-98] and CPMs [99]. However, SIMP 

method also generates disconnected elements as shown in Figure 2.12 that could lead to 

infeasible structures. 

 

Figure 2.12: A compliant displacement inverter synthesized by SIMP method [98]. 
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2.1.3.3 Evolutionary Structural Optimization (ESO) method 

ESO is a topological optimization method introduced by Xie and Steven [100]. To 

obtain the optimal topology, material is distributed inside a design domain. During the 

optimization process using Genetic Algorithm (GA), redundant elements are removed from the 

design domain to produce lighter structures that satisfy defined requirements. By using this 

method, the grey elements are eliminated because elements only have two states, i.e., solid and 

void. The later version of ESO, namely bi-directional evolutionary structural optimization 

(BESO) method, allows to remove redundant elements while other elements are simultaneously 

added into the design domain to improve the computational time [101].  

 A number of compliant mechanisms have been developed using ESO/BESO method 

[57, 59, 66, 102-104]. Figure 2.13 illustrates a compliant gripper synthesized by BESO method. 

Although ESO/BESO method can successfully eliminate grey elements, the disconnected 

elements still exist and could generate impractical structures. 

 

Figure 2.13: A compliant gripper synthesized by BESO method [59]. 

2.1.3.4 Level set method 

Level set, a topological optimization method for continuum structures based on the 

numerical algorithm of fronts propagating with curvature-dependent speed, was developed by 
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Osher and Sethian [105]. The optimal topology is obtained by the resulting moving-boundaries 

of Hamilton-Jacobi partial differential equation [106-108]. In contrast to the mentioned 

methods, level set method is able to generate smooth boundaries due to its mesh-independence 

principle. Figure 2.14 illustrates the generation of topology using level set method. Here, ϕ is 

the surface represents the level set function and c is a constant [109]. The region defined by  

ϕ = c represents the resulting material domain where Γ is the boundary of the domain, Ω and 

D demonstrate the areas of solid material and void respectively. 

 

Figure 2.14: Demonstration of level set method [109]. 

In recent years, level set method has been the focus of development because it can 

generate smooth profiles and no post-processing is needed to refine the designs. Therefore, a 

number of compliant mechanisms for different applications have been synthesized by this 

method [56, 60, 61, 64, 67, 107, 110, 111]. An example of compliant gripper designed by level 

set method is shown in Figure 2.15. It is seen that the result of level set method has smoother 

surfaces as compared to similar structure designed by BESO method shown in Figure 2.13.  
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Figure 2.15: A compliant gripper synthesized by level set method [107]. 

Using level set method, the final design corresponds to the intersection between the 

level set surface and a specific plane, and disconnected regions may be present. Furthermore, 

the convergence of this method is dependent on the formulation of the level set function [109]. 

2.1.3.5 Ground structure method 

The ground structure method is a topological optimization method that utilizes discrete 

elements (trusses or frames) to represent continuum design domains. One of the first research 

that used ground structure method to synthesize compliant mechanisms was by Frecker et al. 

[112]. In ground structure method, the optimal topology is defined by the connectivity of 

beam/truss elements and the design variables are the cross-sectional areas of the elements. If 

an area is smaller than a pre-defined limit, the corresponding element will be disappeared. 

Hence, the grey elements can be eliminated. The synthesis process of a compliant gripper using 

ground structure method is demonstrated in Figure 2.16. 
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Figure 2.16: Demonstration of ground structure method (a) design domain, (b) optimized result 

and (c) final design [113].  

Ground structure method has been widely used to synthesize compliant mechanisms 

due to the simple process and low computational resource [63, 112-117]. However, the 

disconnected structures could be present and generate infeasible results as shown in Figure 

2.17. 

 

Figure 2.17: Disconnected structures generated in ground structure method [55]. 

2.1.3.6 Morphological representation method 

Morphological representation method, introduced by Tai and Chee [72], is also known 

as path generating method [71, 118]. It is a structural optimization method specialized for 
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synthesizing compliant mechanisms. This method was developed to overcome the limitations 

of the other optimization methods, e.g., grey elements and disconnected structures. It employs 

several defined paths as skeletons for distributing material. During the optimization process, 

the geometries of paths and material distribution are determined by GA.  

Figure 2.18 demonstrates the synthesis process of a compliant mechanism using 

morphological representation method. First, a skeleton that connects the input, output and 

constraint points is modeled by Bezier curves as shown in Figure 2.18a. Subsequently, the 

original elements that represent the solid material are added along the curves to create a basic 

structure as illustrated in Figure 2.18b. Then, GA is used to determine the optimal geometries 

of Bezier curves and additional material, represented by ‘flesh’ elements, will be added at 

suitable positions within the structure as demonstrated in Figure 2.18c in order to enhance the 

performance for the entire compliant mechanism. Figure 2.19 shows a compliant gripper 

synthesized by morphological representation method. 

 

Figure 2.18: Synthesis process of morphological representation method [71]. 
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Figure 2.19: A compliant gripper synthesized by morphological representation method [118]. 

Despite overcoming the shortcomings of existing optimization methods, morphological 

representation method is only suitable for synthesizing planar compliant mechanisms [14, 71, 

72, 118, 119], spatial designs are difficult to obtain due to the complexity of structure modeling. 

2.1.3.7 Mechanism integrated method 

Mechanism integrated method was introduced by Lum et al. for synthesizing CPMs by 

integrating configuration of traditional rigid-mechanisms into the structural optimization 

process [75]. Traditional mechanism is used as the seeds for a special mapping technique based 

on evolutionary process. Compliant mechanism is modeled by adding elements inside the 

region defined by a pair of cubic – harmonic curves and their reflections. A variable, m, is used 

to determine the distribution of material as shown in Figure 2.20. In particular, if m = 1 or 2, 

material is distributed in the region created by a pair of curves on the right or left respectively; 

and if m = 3, the regions at both sides will be filled with material.  
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Figure 2.20: Concept of mechanism integrated method [120]. 

This method can be applied to synthesize multi-DOF CPMs. First, the seed is defined 

by a classical rigid-mechanism which has the same DOF as the CPM. After modeling the 

design domain as illustrated in Figure 2.20, GA will be carried out to determine the optimal 

structure of CPM by changing the geometries of the linkages and curves until the best result is 

achieved. An example of using mechanism integrated method to synthesize a prismatic joint 

(1-DOF CPM) based on the traditional four-bar linkage mechanism is shown in Figure 2.21. 

 

Figure 2.21: Synthesis process of a prismatic compliant joint [75]. 

To synthesize multi-DOF designs such as 3-DOF (X – Y – θZ) CPM, the common 3-

legged configuration with a group of Prismatic-Prismatic-Revolute (P-P-R) joints in a limb is 

selected as the schematic for the synthesis process as shown in Figure 2.22a. The final design 

of CPM can be obtained by determining the optimal structure of the limbs. Here, each limb is 

considered as a 3-DOF compliant mechanism and the ten-bar linkage mechanism having the 
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same DOF is used as the seed. The evolution of a limb during the optimization process is 

demonstrated in Figure 2.22b. It is observed that after a specific number of iterations (or 18 

generations), the result converges and the final structure of limb is achieved. 

 

Figure 2.22: (a) Schematic of 3-DOF (X – Y – θZ) CPM [120] and (b) evolution of the structure 

of a limb during the synthesis process [74]. 

A major benefit offered by the mechanism integrated method is the ability to optimize 

dynamic behavior of CPMs. After the stiffness optimization process shown in Figure 2.22, the 

obtained structure of limb is used as the design domain for the dynamic optimization process. 

As the dynamic response can be improved by determining the suitable distribution of mass 

within the design domain, two symmetrical cubic curves are used to create the regions for 

adding material as illustrated in Figure 2.23a. The evolutionary process of the limb is 

demonstrated in Figure 2.23b, the geometries of curves are changed during the optimization in 

order to find the best material distribution. After 10 generations, the optimal structure of limb 

that can produce the best dynamic behavior for the entire CPM is achieved. The final design of 

the CPM based on the optimized results is shown in Figure 2.23c. 
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Figure 2.23: (a) Problem modeling of dynamic optimization, (b) dynamic optimization process 

and (c) optimized structure of the CPM [74]. 

In summary, both the stiffness and dynamic properties of CPMs can be optimized by 

the mechanism integrated method. This method is developed to synthesize multi-DOF CPMs 

and most importantly, the successful implementation of dynamic optimization allows it to 

overcome the common drawback of existing methods. Nevertheless, the mechanism integrated 

method is only applicable for synthesizing multi-DOF planar-motion CPMs such as the 3-DOF 

(X – Y – θZ) designs [74, 75, 121], spatial-structure CPMs are unable to obtain due to limitations 

of the mapping technique. In addition, several objective functions were proposed in the 
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mechanism-integrated method in order to synthesize multi-DOF CPMs. Yet, the final units of 

such objective functions are not well defined because the components within the stiffness 

matrix of CPM have different units such as N/m and Nm/rad. 

2.1.4 Summary 

Based on the literatures, the advantages as well as disadvantages of the three synthesis 

approaches are summarized in Table 2.1. 

Table 2.1: Comparison of synthesis approaches. 

Synthesis approach Advantages Disadvantages 

Rigid body 

replacement 

- Able to synthesize any CPM. 

- A large number of compliant 

joints are available. 

- Depend on intuition of designers 

and existing architectures of rigid-

mechanisms. 

Constraint-based 
- Simple synthesis process 

based on FACT library. 

- Difficult to synthesize stiffness and 

dynamic properties. 

Optimization 

- Able to synthesize any CPM. 

- Independent of intuition of 

designers. 

- Depend on problem modeling and 

objective function. 

 

From Table 2.1, it can be said that the optimization approach is most suitable for 

synthesizing complex multi-DOF CPMs since it is independent on human intuition. However, 

the modeling of optimization problem as well as the objective function need to be well defined 

in order to obtain good designs. Table 2.2 shows the properties of existing optimization 

methods. 
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Table 2.2: Properties of optimization synthesis methods. 

Optimization method 
Spatial 

structures 

Dynamic 

optimization 

support 

Elimination 

of ‘grey’ 

elements 

Elimination of 

disconnected 

elements 

Homogenization � � � � 

SIMP � � � � 

ESO/BESO � � � � 

Level set � � � � 

Ground structure � � � � 

Morphological representation � � � � 

Mechanism integrated � � � � 

 

From Table 2.2, it is seen that each optimization method has its own merits and 

limitations. Among them, the mechanism integrated method is the best candidature for 

synthesizing CPMs in precise motion systems since it is able to optimize both the stiffness and 

dynamic properties. However, this method is unable to synthesize spatial structures due to the 

shortcomings of its modeling technique.  

The synthesis of multi-DOF CPMs using optimization approach is characterized by the 

objective function. Objective functions, based on mutual strain energy [88], mechanical 

advantage [94], artificial spring [94], efficiency [122] and characteristic stiffness [110], have 

been proposed for synthesizing 1-DOF CPMs such as compliant grippers, as well as force and 

motion amplifiers/inverters. However, these objective functions only focus on the behaviors at 

the input and output positions while the stiffness in non-actuating directions is not considered, 

and are not applicable for CPMs in motion systems. In order to synthesize multi-DOF CPMs 

for positioning applications, several objective functions based on stiffness ratio [74] and 

kinematics with actuating isolation [99] have been reported recently. However, the units of 

these objective functions are not consistent and well-defined due to the mixing of different 
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units of components in the stiffness matrix such as N/m or Nm/rad. Therefore, an objective 

function that offers a well-defined unit and the ability to synthesize multi-DOF CPMs is 

essential for the development of flexure-based positioning systems. 

2.2 3-Legged CPMs for Motion Systems 

2.2.1 Fundamentals and benefits 

In precise motion systems, CPMs are used as frictionless bearing-supports in order to 

generate highly repeatable motions. To adapt numerous applications in different industrial 

fields, motion systems are required to perform a variety of output motions. Thus, the 

development of multi-DOF CPMs is essential. Past literatures demonstrate that a vast number 

of multi-DOF CPMs, vary from 2 DOF to 6 DOF, have been proposed. In addition, most of 

those CPMs are synthesized based on two main architectures, which are 4-legged and 3-legged 

configurations. While the 4-legged configuration is preferred in 2-DOF (X – Y) CPMs [15, 26, 

29, 31, 36, 37, 39, 53] due to the advantage in synthesizing two decoupled in-plane linear 

motions, the 3-legged configuration is widely used to design other multi-DOF CPMs. 

Developed based on three rotational-symmetric compliant limbs, 3-legged CPM (3L-CPM) is 

able to provide not only more compact structure and higher flexibility than the 4-legged 

counterparts but also various spatial output motions, e.g., 3-DOF in-plane motions (X – Y – θZ), 

3-DOF out-of-plane motions (θX – θY – Z), and also 6-DOF motions.  

Due to these advantages, 3L-CPM is the focus in this research. Any term of CPM used 

in the remaining of this thesis is referred to 3L-CPM. Characteristics of some popular CPMs 

will be presented in the following subsections. 
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2.2.2 3-DOF planar-motion (X – Y – θZ) CPM 

3-DOF planar-motion (X – Y – θZ) CPM, which has been popularly used in numerous 

positioning stages in microscopes, micro/nano manufacturing systems, micro-electro-

mechanical systems (MEMS), etc., can be considered as the most common type of multi-DOF 

CPMs. A number of 3-DOF (X – Y – θZ) CPMs have been synthesized by the rigid body 

replacement and optimization approaches [40-42, 46, 74, 75, 99, 121, 123-128]. Two existing 

designs of 3-DOF planar-motion (X – Y – θZ) CPM developed for precise motion system [42] 

and MEMS [128] are shown in Figure 2.24a and Figure 2.24b respectively. 

 

Figure 2.24: 3-DOF planar-motion (X – Y – θZ) CPMs used in (a) precise motion system [42] 

and (b) MEMS device [128]. 

For large-workspace 3-DOF (X – Y – θZ) CPMs synthesized by the rigid body 

replacement approach, the stiffness and dynamic properties are limit with the stiffness ratio 

and dynamic response being less than 60 and 45 Hz respectively [74]. Such limitations have 

been overcome by using optimization approach. In particular, a 3-DOF (X – Y – θZ) CPM with 

large workspace of 1.2 mm × 1.2 mm × 6° as shown in Figure 2.25 has been synthesized by 

the mechanism integrated method [74]. This design is able to produce high stiffness ratios of 
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130 for translations and 108 for rotations, and fast dynamic response via the first resonance 

frequency of 117 Hz.  

 

Figure 2.25: Large-workspace 3-DOF (X – Y – θZ) CPMs with optimized stiffness and dynamic 

properties [74]. 

Recently, another 3-DOF (X – Y – θZ) CPM synthesized by the same method has been 

introduced [121]. This CPM is able to perform better actuating stiffness, higher stiffness ratio 

and larger workspace (2.5 mm × 2.5 mm × 10°), but lower dynamic response (70 Hz). This 

demonstrates that the minimum actuating stiffness and maximum dynamic behavior are unable 

to be accomplished together due to the conflict of stiffness and dynamic properties, i.e., the 

faster dynamic response can be achieved when increasing the stiffness of structure. 

2.2.3 3-DOF spatial-motion (θX – θY – Z) CPM 

CPM with 3-DOF spatial motions (θX – θY – Z), another popular type of multi-DOF 

CPMs, is often used in precision manipulators and optical alignment systems [17, 83, 129-134]. 

Past literatures demonstrate that the number of synthesized 3-DOF (θX – θY – Z) CPMs is less 

than the 3-DOF (X – Y – θZ) CPMs due to the difficulties in synthesizing out-of-plane motions 

based on existing architectures of conventional mechanisms. Examples of two developed 
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precision manipulators using 3-DOF (X – Y – θZ) CPMs for driving micro-finger module and 

nanoimprint lithography process are shown in Figure 2.26a and Figure 2.26b respectively. 

 

Figure 2.26: Manipulators developed based on 3-DOF (θX – θY – Z) CPMs used in (a) micro-

finger module [132] and (b) nanoimprint lithography process [129]. 

As most existing 3-DOF (θX – θY – Z) CPMs are developed by the rigid body 

replacement approach, their dynamic characteristics have not been synthesized. Figure 2.26b 

is the 3-DOF (θX – θY – Z) CPM that can produce a large workspace of up to 5° × 5° × 5 mm. 

However, its mechanical behaviors are limited through the low stiffness ratio of less than 2 and 

slow dynamic response of about 15 Hz. Those performances are unsatisfied the requirements 

of advanced motion systems. In addition, the complex structures of 3-DOF (θX – θY – Z) CPM 

are unable to be fabricated monolithically using computer-numerical-control (CNC) machining 

processes. As demonstrated in Figure 2.26b, the CPM is built by assembling many sub-

components together. As a result, its performance can be affected by various unpredictable 

sources, such as assembly errors. Thus, the development of a 3-DOF (θX – θY – Z) CPM with 

large workspace, good stiffness and dynamic properties is needed to create advanced motion 

systems. 



37 

 

2.2.4 6-DOF CPM 

As 6-DOF design is the most complicated type of multi-DOF CPMs, the number of 6-

DOF CPMs that have been proposed is very limited [49, 135-137]. The structure of a 6-DOF 

manipulator synthesized by the rigid body replacement approach is illustrated in Figure 2.27. 

 

Figure 2.27: 6-DOF CPM synthesized by rigid body replacement approach [49]. 

It is seen from Figure 2.27, the CPM is created by three symmetrical limbs with each 

limb being constructed by a parallel pair of flexure chains. Due to the complex structure, it is 

separated into many parts for machining and hence, the performance of the final prototype can 

be affected by assembly errors. This design offers a small deformation range with 8 µm for 

translations and 200 µrad for rotations. However, its dynamic behavior was not synthesized. 

Another design of 6-DOF CPM synthesized by the constraint-based approach is 

illustrated in Figure 2.28.  This CPM is able to produce a workspace of < 1 mm for translations 



38 

 

and < 1° for rotations, and the first natural frequency of 40 Hz. Depending on the performances 

of existing 6-DOF CPMs, it is suggested that the workspace must be enlarged to few 

millimeters and degrees while the dynamic response needs to be improved to fulfill the 

requirements of advanced positioning devices. 

 

Figure 2.28: 6-DOF CPM synthesized by constraint-based approach [135]. 

2.2.5 Discussion 

Based on the characteristics of the existing multi-DOF CPMs, only the 3-DOF planar-

motion (X – Y – θZ) CPM has been successfully optimized for stiffness property, dynamic 

response and workspace. The other types of multi-DOF CPM, i.e., 3-DOF spatial motions  

(θX – θY – Z) and 6-DOF CPMs, have limited stiffness performances while the dynamic 

behaviors have not been the focus of synthesis. Therefore, the optimized designs of these CPMs 

need to be developed. 

As multi-DOF CPMs are essential in positioning systems, their motion property directly 

determines the accuracy of output motions. A CPM is desired to produce a specific motion 

under the actuating load in the same direction, any undesired parasitic motion can reduce the 
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overall performance of entire positioning system. However, past literatures have shown that 

the motion property of existing CPMs is generally neglected [40-43, 46, 48, 49, 99, 123-126, 

135, 136]. Because the motion decoupling of CPMs plays an important role in precision 

devices, it must be well specified and considered in the synthesis process. 

For CPMs having complex structures such as the designs shown in Figure 2.26 and 

Figure 2.27, the abilities of machining techniques must be considered during the design process 

so that designers can separate structures for further fabrication. Nevertheless, the quality of 

assembly structures is determined by unpredictable assembly errors; and even the additional 

masses of mounting parts, e.g., screws, nuts, dowel pins, etc., may change the dynamic 

performance of CPMs. At present, 3D printing technology is the best solution for 

manufacturing functional products monolithically and it can be exploited to fabricate complex 

CPMs to eliminate assembly errors. 

2.3 3D-Printed CPMs 

As presented, EBM is the best solution for fabricating CPMs for precision systems due 

to the nearly-full density of printed material. However, this fabrication technique also has some 

drawbacks such as high surface roughness, thermal distortion and lower accuracy as compared 

to traditional machining methods. Therefore, the number of EBM-printed CPMs developed for 

precise positioning applications is very limited because many uncertainties may affect the 

predicted data.  

One of the first EBM-printed CPMs have been developed is the 2-DOF pointing CPM 

for positioning the rotation angles of spacecraft thruster, antenna or solar systems [79]. The 

3D-printed prototype of this CPM built by Titanium alloy Ti6Al4V is shown in Figure 2.29a 

and its actual application in aerospace field is demonstrated in Figure 2.29b. FEA and 
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experimental measurements have been carried out to evaluate the performance of the pointing 

mechanism, the measured data agrees with the analytical results demonstrating that the 3D-

printed prototype can be applied in positioning applications. 

 

Figure 2.29: EBM-printed 2-DOF pointing CPM (a) physical prototype built by Ti6Al4V 

material and (b) integrated with a thruster for positioning application [79]. 

Even though the performance of the 3D-printed pointing CPM has been demonstrated, 

there are numerous matters need to be explored. As this CPM was developed to adapt large 

payload of aerospace systems, the thickness of flexures was defined as ≥1 mm and hence, it is 

much stiffer than positioning systems in other fields. As a result, the actuating forces/moments 

need to be large and lead to bulky structures that are not suitable for precision devices.   

Recently, a 2-DOF (X – Y) CPM fabricated by EBM technology and Ti6Al4V material 

as shown in Figure 2.30 has been developed for a precision positioner [138]. The thickness of 

flexures was chosen as ~ 0.7 mm in order to obtain low actuating stiffness. Experimental results 

demonstrate that the performance of the 3D-printed prototype is not well determined by the 
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designed thickness. In particular, for sub-millimeter-thick flexures, the actual thickness of 

EBM-printed flexures mismatches the designed value due to the high surface roughness.  

 

Figure 2.30: EBM-printed 2-DOF (X – Y) nano-positioner [138]. 

To overcome the problem, an equivalent Young’s modulus of material has been 

proposed to compensate the difference between designed and fabricated thicknesses [138]. 

However, the equivalent Young’s modulus is derived based on the measured thickness and 

estimated surface roughness of the printed flexures, that are inconsistent due to various 

manufacturing conditions, such as different building directions and orientations of flexures. 

Thus, a more general compensation approach is necessary to well predict the characteristics of 

EBM-printed flexures. 

Another important benefit offered by 3D printing technology, the ability to build 

lattice/cellular structures, has been exploited to fabricate compliant mechanisms. Previous 

literatures demonstrate that the stiffness performance of compliant systems can be improved 

by using lattice flexures [139]. Several prototypes of compliant joints with lattice flexures 

fabricated by EBM method and Ti6Al4V are shown in Figure 2.31. 
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Figure 2.31: Compliant joints with lattice flexures fabricated by EBM method [139]. 

As 3D-printed CPMs are fabricated monolithically, their dynamic characteristics can 

be well determined by the relationship between stiffness and mass distribution within the 

structures. In order to improve the dynamic behavior of CPMs, the masses of rigid bodies can 

be reduced while their stiffness property is remained. Rigid bodies with low mass and high 

stiffness can be achieved with cellular/lattice structures. Various cellular structures have been 

presented in [140] and successfully fabricated by EBM method as shown in Figure 2.32. They 

can be employed to create CPMs with better dynamic properties. 

 

Figure 2.32: Lattice structures fabricated by EBM method [141]. 

2.4 Conclusion 

In this Chapter, three synthesis approaches for CPM are first described and compared. 

This is followed by the review of 3-legged CPMs for motion systems and the fabrication of 

CPMs by 3D printing. It has been seen that CPM has become an essential device in many 
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industrial fields and the performance of CPMs hinges on the design methodology and 

fabrication technology. From the review, the following research gaps have been identified in 

order to improve the performance of CPMs in advanced motion systems: 

 For the design methodology, a novel optimization method and a new objective function 

with well-defined unit for synthesizing multi-DOF spatial-motion CPMs with optimal 

stiffness and dynamic characteristics are important. Furthermore, the criteria for 

designing CPMs must be able to take into consideration the motion property i.e. coupled 

or decoupled.  

 For the fabrication technology, while EBM can be the best solution for monolithically 

fabricating CPMs with complex structures and high density, the performance of EBM-

printed flexible structures has not been sufficiently investigated. Hence, it is necessary 

to explore the mechanical properties of EBM-printed flexures and assess 

experimentally the performance of EBM-printed CPMs in precise motion systems. 

  



44 

 

CHAPTER 3  

BEAM-BASED METHOD 

3.1 Background 

Depending on the limitations of existing methods, a novel method based on structural 

optimization approach, termed as beam-based, is developed for synthesizing CPMs in 

positioning systems. The proposed method is able to synthesize multi-DOF CPMs with both 

the stiffness and dynamic properties being governed during the optimization process. To 

overcome the drawback of existing methods in synthesizing multi-DOF CPMs, the stiffness 

optimization process is enhanced by using a new objective function with a well-defined unit. 

The objective function is based on a novel analytical approach which can normalize different 

units of components in the stiffness matrix of CPMs, e.g., N/m or Nm/rad, etc. Subsequently, 

the dynamic response of CPMs is improved to the targeted frequency while the optimized 

stiffness property is maintained through the dynamic optimization process. 

To verify the effectiveness of the proposed method, it is used to synthesize a 3-DOF 

spatial-motion (θX – θY – Z) CPM with optimized stiffness characteristics and targeted dynamic 

behavior. A working prototype of the synthesized CPM is developed, and experiments are 

carried out to evaluate the actual performance of the prototype. Lastly, some comparisons 

between the experimental results and the predicted data are conducted to validate the beam-

based method. 
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3.2 Principle 

In the beam-based method, the common 3-legged configuration is used to model CPMs. 

A typical CPM consists of a solid moving-platform (end effector) connected to three symmetric 

compliant limbs about the platform’s center as illustrated in Figure 3.1. The limbs are 

considered as frictionless support bearings which elastic deformations generate output motions 

at the end effector. Here, the design space of each limb is a cube with one end being fixed to 

the ground while the other end is rigidly connected to the end effector. Each compliant limb is 

constructed by a pair of novel curved-and-twisted (C-T) beams as shown in Figure 3.2. The 

geometry of C-T beams can be optimized within the design space in order to generate various 

multi-DOF at the end effector. 

 

Figure 3.1: Model of CPM used in beam-based method. 

Here, the C-T beams are proposed to produce spatial motions for multi-DOF CPMs. A 

Bezier curve defined by four control points is used to create the curved profile while the twist 

property is determined by the orientations at two ends of the C-T beam. With this special 

geometry, a general C-T beam is able to generate up to 6 DOF at its free end that can satisfy 

various requirements of multi-DOF CPMs.  
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An important merit of the C-T beam is that it can change into any form of flexure, from 

traditional straight beam-like shape to many complex geometries, to produce the desired output 

motions at the end effector. As illustrated in Figure 3.2a, a C-T beam can become a straight-

and-flat flexure when all control points of the Bezier curve locate on a line with the difference 

between the twist angles at both ends being zero. Figure 3.2b represents the structure of a 

compliant limb in the CPM. With the local frame X'Y'Z' of the limb being attached at the center 

of its free end, the design domain of a limb is modeled by a pair of symmetrical C-T beams 

about the Y'Z' (X' = 0) plane. The Bezier center-curves are first defined based on the coordinates 

of their control points and then the C-T beams are created by sweeping a thin rectangular cross-

sectional area through these curves. The twist property of a C-T beam is defined by the start 

and end twist angles ( A  and B  respectively) at two end points of the Bezier curve as shown 

in Figure 3.2a. Here, the twist angle at a specific point along the beam is determined based on 

the local frame X"Y"Z" located that position. In particular, the Z" axis of the local frame is 

coincident with the tangent vector of the Bezier curve at that point while the X" axis is defined 

by the projection of the global X axis onto the local X"Y" plane. The twist angle at a specific 

point is measured from the corresponding X" axis to the long edge of the rectangular cross-

sectional area.  
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Figure 3.2: Structure of (a) C-T beam and (b) compliant limb. 

The synthesis flow of the proposed beam-based method is shown in Figure 3.3. First, 

the desired DOF together with the general specifications for modeling the CPM, such as 

boundary dimensions of the design space and initial cross-sectional area of the C-T beams, 

must be specified. The geometrical design variables that determine structure of compliant limbs 

are then be defined. This is followed by the stiffness optimization process to find the optimal 

value of the stiffness objective function, f , as expressed in Eq. (3.10). The structure of C-T 

beams in each limb as well as the overall structure of the entire CPM are obtained after the 

stiffness optimization process. To achieve the targeted dynamic behavior, the dynamic 

optimization process for determining the mass distribution within the CPM is carried out to 

find the optimal size and shape of the C-T beams and the end effector. The dynamic 

optimization can be done by solving the dynamic objective function formulated by two sub-

equations as expressed in Eq. (3.13). Lastly, based on the results obtained from the dynamic 

optimization process, the final design the CPM is able to achieve the desired DOF with 

optimized stiffness performance and targeted dynamic response.   
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Figure 3.3: Flow of the beam-based method. 

3.3 Stiffness Modeling 

The aim of the stiffness optimization process in the beam-based method is to find the 

structure of C-T beams so that the CPM can achieve the highest stiffness ratio. With the three 

limbs within the CPM being symmetrical and identical, the overall design of the entire CPM 

can be defined based on the structure of one C-T beam. The stiffness property of CPM is 

analyzed by FEA with C-T beams being meshed by a number of 2-node beam elements. 

Fourteen parameters represent the geometry of a C-T beam as illustrated in Figure 3.2a are 

used as the design variables for the stiffness optimization. The curved profile of the beam is 

defined by twelve design variables represents the coordinates ( ix , iy , iz ) of four control points 

( 1, , 4i  …  ) of the Bezier curve while the twist property is determined by the other two 

variables, which are the twist angles at the start and end points ( A  and B  respectively) of the 

C-T beam. Here, the twist angle of the C-T beam is assumed to change linearly through its 

length. 
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Let 
beamK  be the 12 × 12 stiffness matrix of a 2-node beam element. If the total number 

of elements in the CPM is n , then the s × s global stiffness matrix of the entire CPM, 
sK , is 

given as 

 
beam

1

n
s

q

q

K K


  (3.1) 

 

where s  denotes the dimension of 
sK . 

As discussed, a well-defined objective function is essential for the stiffness 

optimization process. Referring to previous works on the mutual potential energy [1], the 

characteristic stiffness [65] and the stiffness ratio [74], the objective function can be formulated 

by energies (works done) of the external loads. Here, the CPM is considered under effect of a 

general load vector, P , that contains three forces XF , YF , ZF  components along, and three 

moments XM , YM , ZM  components about the X, Y and Z axes respectively. Note that the 

loading point is at the center of the end effector as illustrated in Figure 3.1. Under the presence 

of P , six corresponding displacements ( x , y , z , x , y , z ) at the loading point as shown 

in Figure 3.4 are represented by the displacement vector, U . 

 

Figure 3.4: Corresponding displacements of the CPM under a general load. 
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The 6 × 6 stiffness matrix, K , that represents the stiffness property of the CPM can be 

obtained by the condensation of 
sK  [65], expressed as 

           

1

6 6 6 6 6 6 6 6

s s s s

s s s s
K K K K K



                  
     (3.2) 

 

where [a × b] represents the dimension of matrix (a denotes the row and b denotes the column). 

Eq. (3.2) is derived based on the equilibrium equation of the CPM, given as 
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(3.3) 

 

where sU  and 
sP  are vectors consist of s components, which represent the displacements and 

loads over the entire CPM. As the CPM is only subjected to point loading, P ; sU  and 
sP  are 

separated into two parts where U   indicates the displacements of the nodes under the zero load 

and U  indicates six corresponding displacements at the loading point subjected to P . 

Similarly, 
sK  is also partitioned into four corresponding parts as expressed in Eq. (3.3). 

Based on the equilibrium equation, the relationship of U  and P  is re-expressed as 

 KU P  (3.4) 

 

Assuming that  1,2, ,6D  …  is the set of six possible motions of the CPM, those 

motions are represented by the members of D  where 1, 2, 3 represent three translational 

motions along; and 4, 5, 6 represent three rotational motions about the X, Y and Z axes 

respectively. Let N  be the set of desired motions and M  be the set of undesired motions of 

the CPM, N  and M  are the subsets of D  and N M D  . If the number of elements within 
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N  and M  are   and   respectively, the relationship of   and   with the six possible 

motions is given as 

 6    (3.5) 

 

Let iP  and iU  indicate the loads and displacements in the desired motions, jP  and jU  indicate 

the loads and displacements in the undesired motions of the CPM where i  and j  denote the 

members in N  and M  respectively. Based on Eq. (3.4), the desired work done, 

iW , and the undesired work done, jW , are written as 
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where iK  (or jK ) denotes the ith (or jth) component along the diagonal of K . 

Here, the ratio between an individual desired work done and the product of all undesired 

works done is used to represent the flexibility of the entire CPM in a specific DOF. In 

particular, the ratio of the work done in the ith DOF, iR , and the product of all undesired works 

done is expressed as 
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(3.8) 

 

where iN  and jM  indicate the ith and jth components in N  and M  respectively. When 

considering all the desired DOF, the total work done ratio, R , is given as 
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The objective function, f , can be achieved by substituting Eqs. (3.6) and (3.7) to Eq. 

(3.9). The minimum value of f  gives the best stiffness performance of the CPM, written as 
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 (3.10) 

 

Note that f  is formulated by the ratio of energy so it is dimensionless. In Eq. (3.10), 

  is a coefficient factor. In case P  is the unit load, 1   because values of all loads (
iNP  and 

jMP ) are equal to 1 and f  represents the product of stiffness ratios. The proposed objective 

function can be used to maximize the flexibility of the CPM in the desired DOF by minimizing 

the actuating stiffness, and to constrain motions in undesired directions by maximizing the non-

actuating stiffness. The unit issue is solved by using the ratio of energy so that this function is 

useful for synthesizing any case of CPM. 

3.4 Dynamic Modeling 

The purpose of the dynamic optimization process is to improve the dynamic response 

of the CPM, i.e. the first resonant mode, to the targeted frequency. This can be done by 
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determining the cross-sectional area of the C-T beams and the material distribution within the 

CPM.  Figure 3.5 shows eight design variables used to represent the size and shape of the C-T 

beam and the end effector of the CPM for the dynamic optimization process. Among them, two 

variables ( 1b , 1h ) represent the cross-sectional area of the C-T beam, two variables ( 2b , 2h ) 

determine the cross-sectional area of the additional mass, two variables ( p , l ) define the 

position and the length of the additional mass, and the last two variables ( r , t ) represent the 

size and mass of the end effector. 

 

Figure 3.5: Design variables of the dynamic optimization process defined by (a) the C-T beam 

and (b) the end effector. 

Let beam
M  be the 12 × 12 mass matrix of each beam element, the s × s global mass 

matrix of a CPM, s
M , is written as 
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  (3.11) 

 

The relationship of the bandwidth vector,  , and the natural frequency vector,  

F , of the CPM is expressed as 
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In Eq. (3.12), the full-rank mass and stiffness matrices are used to formulate the 

dynamic problem so that any vibration mode of the CPM can be extracted. Here, the first 

resonant frequency of the entire CPM is represented by 1F , which is the component having the 

smallest value in F . 

A common problem in synthesizing dynamic property of compliant systems is that the 

dynamic response can be improved by an increase in the stiffness. As a result, it is a challenge 

to strike a balance between the stiffness and dynamic characteristics of a CPM. In the beam-

based method, the objective of the dynamic optimization process is represented by a set of two 

equations as shown in Eq. (3.13) in order to find an optimal structure for the CPM that can 

maintain optimal stiffness property and achieve desired dynamic response.  

 
 
 

1minimize  

minimize  

dF F

f

 



 (3.13) 

Here, dF  is the targeted frequency response. The aim of the dynamic optimization is to find 

the optimal mass distribution within the CPM in order to enhance the first resonance mode to 

the desired value ( 1 dF F ) defined by the first equation while the stiffness property is kept as 

high as possible through the second equation.  

3.5 Synthesis and Evaluation of a 3-DOF Spatial-Motion 

(θX – θY – Z) CPM 

3.5.1 Problem formulation 

The proposed beam-based method is employed to synthesize a 3-DOF spatial-motion 

(θX – θY – Z) CPM. The synthesized CPM is desired to have low actuating stiffness to achieve 

a large workspace under small actuating forces. Moreover, the stiffness ratios between the non-
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actuating stiffness and actuating stiffness need to be large to resist against the external 

disturbances. To satisfy the requirement of positioning applications, the dynamic response of 

the CPM must be fast. Here, the first resonant mode of the CPM is targeted to be 100 Hz. The 

material used to build the CPM is Al7075-T6, which has a Young’s modulus of 71.7 GPa, 

Poisson ratio of 0.33, density of 2.81 g/cm3 and yield strength of 503 MPa. The design space 

of each compliant limb is assigned as 50 × 50 × 50 mm3.  

3.5.2 Stiffness optimization 

Referring to Section 3.3, the desired 3 DOF are θX, θY, ΔZ and thus directly correspond 

to the 4th, 5th and 3rd diagonal components within the stiffness matrix of the CPM. With the 

number of DOF being assigned as 3,  4,5,3N   ( 3  ) represents the desired motions of θX, 

θY and ΔZ while  1,2,6M    ( 3  ) represents the undesired motions of ΔX, ΔY, and θZ. Note 

that 6    satisfies Eq. (3.5). By using Eq. (3.6), the desired works done, i.e., 4W  about the 

X axis, 5W  about the Y axis, and 3W  along the Z axis, are defined and expressed as 

 

2 2 2

4 5 3

1 1 1
, ,

2 2 2
X Y Z

X Y Z
M M F

W W W
K K K  

    (3.14) 

 

Similarly, by using Eq. (3.7), the undesired works done, i.e., 1W  along the X axis, 2W  

along the Y axis, 6W  about the Z axis are defined and written as 

 

2 2 2

1 2 6

1 1 1
, ,

2 2 2
X Y Z

X Y Z
F F M

W W W
K K K 

    (3.15)  

 

Applying Eq. (3.10), the objective function, f , is derived as 



56 

 

 

3 3 3 6 6 6

3 3 3 6 6 6
minimize  ,     where X Y Z

X Y Z

X Y Z

X Y Z

K K K F F M
f

K K K M M F

 



 

 

    (3.16) 

 

Considering P  as a unit wrench with 1  , Eq. (3.16) can be simplified as 

 

3 3 3

3 3 3
minimize  X Y Z

X Y Z

K K K
f

K K K

 





 

  (3.17) 

 

Twelve design variables are defined for the stiffness optimization process as shown in 

Figure 3.2a. The stiffness optimization is carried out using the GA solver of Matlab to solve 

the objective function expressed in Eq. (3.17). In this research, GA is chosen because it has 

been successfully used in many existing optimization methods, such as ESO/BESO, 

morphological representation and mechanism integrated methods. Basically, the GA solver 

manages the optimization problem defined by an objective function (can be single- or multiple-

objective function), design variables and constraints. The optimal result is found via the natural 

selection of biological evolution. Firstly, a population of many individuals is randomly created 

for the first generation. Subsequently, the best individuals from the current generation are 

selected as parents to create children for the next generation. After a number of generations, 

the population evolves and the best individual (optimal result) that satisfies the optimization 

requirement (defined by the objective function and constraints) is obtained. 

The structure of one compliant limb obtained after the stiffness optimization process is 

illustrated in Figure 3.6a. It is observed that the C-T beams became straight flexures with zero 

twist angle. At this stage of the research, two reflecting C-T beams are constrained to have no 

intersection between each other to eliminate any undesired computational error that could occur 

during the synthesis process. In this design, two C-T beams are separated by a gap of 1 mm. 

Based on the optimized design variables of the stiffness optimization process, the 3D structure 
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of the CPM is modeled and shown in Figure 3.6b. The compliant matrix of this CPM, 3-DOF

sC , 

is expressed as 

 
3-DOF

1.45 7

0 1.45 7

0 0 1.28 3

1.61 5 0 0 2.07 1
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 (3.18) 

 

 

Figure 3.6: Structure of (a) one compliant limb and (b) the entire CPM after the stiffness 

optimization process. 

3.5.3 Dynamic optimization 

After the stiffness optimization, the dynamic optimization process is conducted to 

further optimize the mass distribution within the synthesized CPM illustrated in Figure 3.6b 

based on a targeted natural frequency of 100 Hz. The multi-objectives optimization GA solver 

of Matlab is used to solve the dynamic optimization problem. Here, the eight design variables 

of the dynamic optimization process shown in Figure 3.5 are optimized by solving the objective 

function defined by two equations as expressed in Eq. (3.13) with the value of dF  being 

substituted by 100. After the natural selection of GA, the final design of the CPM modeled 

based on the obtained results of the dynamic optimization process is shown in Figure 3.7a. It 

is observed that the size of the C-T beams and the end effector are optimized, some additional 
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masses are also added along the C-T beams. With the optimized mass distribution found after 

the dynamic optimization process, the synthesized CPM is able to produce the desired dynamic 

response of 100 Hz. FEA is used to verify the correctness of the optimized results. Figure 3.7b 

illustrates the first resonance mode of the CPM simulated using ANSYS. The simulation result 

shows that the resonance occurs at 100.354 Hz. From the overall deformation of the CPM and 

the values of displacement given in the color bar, it is seen that the CPM deforms along the Z 

axis with the increasing displacement from the legs (represented by the blue color) to the end 

effector (represented by the red color). This result demonstrates that the first vibration mode of 

the CPM is along the Z axis and well matches the optimization data. After the dynamic 

optimization process, the compliant matrix of the optimized CPM becomes 
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 (3.19) 

 

 

Figure 3.7: (a) Synthesized CPM and (b) the first resonant mode simulated via ANSYS. 
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Eq. (3.19) suggests the synthesized CPM has good motion decoupling since the off-

axis components are much smaller than the diagonal components. However, its motion 

property is still coupled. In addition, the two stiffness ratios of the CPM can be calculated by 

taking the ratios of the corresponding compliance as given in the following 

 

3-DOF 3-DOF 3-DOF 3-DOF

3-DOF 3-DOF 3-DOF 3-DOF

3-DOF 3-DOF 3-DOF 3-DOF

3-DOF 3-DOF 3-DOF 3-DOF

4382

267

X Y Z Z

Z Z X Y

Z Z X Y

X Y Z Z

K K C C

K K C C

K K C C
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 (3.20) 

 

Numerical simulation via ANSYS is used to analyze the workspace of the CPM with 

the yield strength of 503 MPa as the limit. The simulation results show that the synthesized 

CPM can offer a large workspace of ±4° × ±4° × ±2.75 mm. Referring to Eq. (3.20) and [74], 

it is seen that the stiffness ratios of the synthesized CPM are very high for a large workspace 

CPM. In summary, the 3-DOF CPM synthesized by the proposed beam-based structural 

optimization method is able to achieve large workspace, optimized stiffness property and 

targeted dynamic behavior. 

3.5.4 Experimental investigations and results 

A prototype is built to validate the proposed synthesis method. As the final design of 

the synthesized 3-DOF CPM has a complex structure with thin flexures and solid blocks, it 

requires some post-processing before fabrication. The post-process is to separate the CPM into 

many sub-parts for fabrication via CNC milling method before assembling them into a 

complete prototype. In addition, the end effector needs to be made larger to accommodate for 

external actuation as shown in Figure 3.8. The optimized mass of the end effector is maintained 

by making it thinner and several supported ribs are added for rigidity. 
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Figure 3.8: Prototype of the synthesized CPM fabricated by milling method. 

The experiments are carried out to determine the stiffness characteristics of the 

prototype over the full workspace of ±4° × ±4° × ±2.75 mm by measuring the actuating forces 

and displacements at many different positions and repeated five times. 

a) Translational compliance 

The experimental setup for evaluating the compliance along the Z axis is shown in 

Figure 3.9. A 10µm-resolution micrometer is used to provide input displacement along the Z 

axis while a 6-axes force/torque (F/T) sensor (ATI, MINI-40) is attached to the micrometer to 

measure the actuating force concurrently. Furthermore, a rigid rod with a sharp tip is used to 

apply the input force on the end effector of the CPM at its center. For the translational 

compliance, the predicted and FEA values are 2.59 × 10-4 m/N and 2.25 × 10-4 m/N respectively 

as shown in Figure 3.10. 
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Figure 3.9: Experimental setup for evaluating the compliance along the Z axis. 

 

Figure 3.10: Compliance along the Z axis with the experimental results plotted against the 

predicted, FEA and PRB model. 

It is observed that the results of the beam-based method and FEA are meant for small 

displacement. In particular, the deviation between the experiments and the predicted as well as 

FEA results is small (<10%) within the range from 0 to 1 mm. The experimental compliance 

from 1 mm onwards becomes nonlinear and the deviation is larger due to the over-constrained 

structure of the CPM. However, the nonlinear portion agrees well with the equivalent PRB 

model [11], which is represented in Appendix A , with an average deviation of 4.2%. 
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Consequently, suitable equivalent models are helpful for predicting the nonlinear compliance 

behaviors of the over-constrained CPMs over large displacement. 

b) Rotational compliance 

Figure 3.11 shows the experimental setup for evaluating the rotational compliance 

about the X axis. A two-point support is placed below the moving platform to constrain the 

unwanted translational motion along the Z axis so that the end-effector can deliver pure 

rotational motion about the X axis. Similar concept is adopted when evaluating the rotational 

compliance about the Y axis. The actuating force and displacement are applied and measured 

at one point respectively to calculate the bending moment as well as the rotation angle. To 

ensure a pure rotation is produced for each measurement, a digital gauge is used to measure 

the linear displacement at the opposite position; making sure it is similar to the input 

displacement from the micrometer. For the rotational compliance about the X and Y axes, the 

predicted and FEA values are 6.78 × 10-2 rad/Nm and 7.65 × 10-2 rad/Nm respectively as shown 

in Figure 3.12 and Figure 3.13. 

 

Figure 3.11: Experimental setup for evaluating the compliance about the X axis. 
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Figure 3.12: Experimental result compared to predicted and FEA compliance about the X axis. 

 

Figure 3.13: Experimental result compared to predicted and FEA compliance about the Y axis. 

Referring to Figure 3.12 and Figure 3.13, the nonlinear characteristic is less significant 

for the rotational compliance as compared to the translational compliance, which is 

significantly affected by the over-constrained design. For the experimental compliance about 

the X and Y axes, the average deviations of the measured values compared to the predicted 

results are 3.9% and 8.2% respectively while the deviations compared to FEA results are 15.7% 

and 11.9% respectively. It is seen that for all actuating compliance, the deviations between the 

predicted and experimental results are lower as compared to the deviations between the FEA 
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and experimental results. It is because the FEA results obtained from ANSYS are analyzed via 

10-node tetrahedral structural solid elements while the predicted results calculated via Matlab 

are based on 2-node beam elements. Since the beam-based method synthesizes CPMs based on 

the novel C-T beams, the FEA using beam elements can well approximate the specific 

geometry of such beam-type flexures and hence, more accurate results can be achieved.  

c) Dynamic behavior 

The experimental setup for measuring the frequency response of the prototype is shown 

in Figure 3.14. As the first resonance mode of the CPM is the vibration along the Z axis, a 

single-axis accelerometer (PCB PIEZOTRONICS 353B15) is attached below the end effector 

to measure the acceleration along the Z axis while the excitation along the same direction is 

generated by an impact hammer (PCB PIEZOTRONICS 086C03). The obtained data is then 

acquired by a signal acquisition module (DATA TRANSLATION DT9837) and analyzed by 

the Dewe-FRF 6.6 software.  

 

Figure 3.14: Experimental setup for measuring dynamic response of the CPM. 

Figure 3.15 demonstrates the dynamic response of the CPM generated by the analysis 

software. It is observed that the first resonant frequency of the CPM is recorded as 84.4 Hz, 

which is 15.6% lower than the desired value of 100 Hz. Such variation can be due to the 

manufacturing/assembly errors. In particular, the parts fabricated by CNC machining have the 
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manufacturing tolerance of approximately ± 0.02 mm, and some unpredictable errors during 

the assembly process, e.g., inaccurate positions of parts and the additional masses of screws, 

also badly affect the actual performance of the prototype. Therefore, the 15.6% variation of the 

dynamic response is reasonable. Based on the results obtained from the numerical simulation 

(see Figure 3.7b) and the experimental investigation, the proposed synthesis method has proven 

to be able to predict the dynamic behavior of the CPM. 

 

Figure 3.15: Experimental dynamic response of the CPM. 

3.5.5 Discussion 

Based on the experimental investigation, the synthesized 3-DOF (θX – θY – Z) CPM 

achieves large motion range of ±4° × ±4° × ±2.75 mm with high dynamic response of 84.4 Hz. 

By comparing to an existing large-workspace 3-DOF (θX – θY – Z) CPM [129], which 

demonstrated a motion range of ±2.5° × ±2.5° × ±2.5 mm and a dynamic response of ~15 Hz, 

the workspace and dynamic behavior of the synthesized CPM are significantly larger. One 

major challenge of developing CPMs with large workspace is to maintain high stiffness ratios. 

In another word, it is a challenge to synthesize a large-displacement CPM with high non-

actuating stiffness. This is demonstrated by the low stiffness ratios of the 3-DOF (θX – θY – Z) 
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CPM presented in [129] where the translational and rotational stiffness ratios are only less than 

2. On the other hand, the translational and rotational stiffness ratios of the synthesized CPM 

are expected to reach more than 4000 and 200 respectively. More recently, another large-

workspace 3-DOF (X – Y – θZ) CPM with high translational stiffness ratio of about 130 has 

been developed [74]. By comparing against this 3-DOF planar-motion CPM, the synthesized 

CPM has better stiffness performance with much higher translational stiffness ratios, i.e., 

>4000. This is also mainly due to the analytical approach presented in Section 3.3 that 

normalizes the different units of components within the stiffness matrix, i.e., N/m or Nm/rad, 

to establish a well-defined objective function for the optimization process.  

3.6 Summary 

This chapter presents a novel method for synthesizing multi-DOF CPMs for positioning 

applications with optimized stiffness and dynamic properties. Termed as the beam-based 

structural optimization method, it generalizes a CPM that consists of an end effector with three 

symmetrical limbs defined by a cubic design space. Within the design space, the compliant 

limb is constructed by two reflecting novel C-T beams. The structure of the C-T beam will be 

first optimized via the stiffness optimization process, and the dynamic behavior of the CPM 

can then be improved to a targeted frequency through the dynamic optimization process. 

Consequently, the final CPM which is able to produce optimized stiffness property and the 

desired dynamic behavior can be achieved. Furthermore, a well-defined objective function for 

synthesizing multi-DOF CPMs is derived to normalize the different units, e.g., N/m or Nm/rad, 

etc., of components within the stiffness matrix. Importantly, this approach is applicable to any 

optimization method and it can be applied to derive objective function for any desired DOF. 

To evaluate the effectiveness of the proposed method, it is used to synthesize a 3-DOF 

spatial-motion (θX – θY – Z) CPM that delivers optimized stiffness characteristics with a desired 
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dynamic response of 100 Hz. The synthesized CPM with straight-and-flat flexures is obtained 

after the random optimization process based on GA. Starting from the very general and 

complex structure of the C-T beams, the resulting V-shape flexures are able to provide high 

stiffness ratios (>200 for rotations and >4000 for translations) as well as the largest workspace 

of ±4° × ±4° × ±2.75 mm. The obtained results demonstrate a special evolvement of the novel 

C-T beam due to the selected design example. 

A physical prototype is built by CNC milling technology, and the experimental 

investigations demonstrate that the synthesized CPM is able to achieve the full workspace of 

±4° × ±4° × ±2.75 mm and the first resonant mode of 84.4 Hz. Experimental results also show 

that the beam-based method can be properly used to predict the stiffness property of the CPM 

with a maximum deviation of less than 9% found between the predicted and measured values. 

The non-linear characteristic of the translational stiffness over large workspace due to the over-

constrained structure can be well predicted by a suitable PRB model with a deviation of 4.2% 

compared to the experimental result. Lastly, the beam-based method is demonstrated to be able 

to predict the dynamic behavior of CPMs. The deviation of 15.6% between the actual and 

predicted natural frequencies is due to the assembly errors. However, the synthesized CPM 

fails to deliver decoupled motions due to the presence of five non-diagonal components within 

the stiffness matrix as shown in Eq. (3.19). 
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CHAPTER 4  

INVESTIGATION ON THE MECHANICAL 

CHARACTERISTICS OF 3D-PRINTED CPM  

4.1 3D-Printed Prototype of the Synthesized 3-DOF  

(θX – θY – Z) CPM 

The performance of the prototype of the 3-DOF (θX – θY – Z) CPM built based on CNC 

machining is affected by assembly errors and the additional masses of the mounting parts 

(screws, nuts, etc.). This has been shown to cause the deviation of 15.6% of the dynamic 

property in the milled prototype. Therefore, to overcome the drawbacks of traditional 

machining methods, a 3D-printed prototype of the synthesized CPM is monolithically 

fabricated by EBM technology with Ti6Al4V material. The detailed printing process is 

described in Appendix B . Since 3D printing technology has not been popularly used to 

fabricate compliant devices, the mechanical characteristics of the 3D-printed CPM will be the 

focus of investigation here. In particular, a manipulator built based on the proposed CPM and 

its performance are experimentally tested to evaluate the suitability of using 3D-printed 

compliant mechanisms in precision systems. 

The EBM-printed prototype shown in Figure 4.1 has the same design as the milled 

prototype shown in Figure 3.8. The material of the CPM has a Young’s modulus of 111 GPa, 

Poisson ratio of 0.34, density of 4.5 g/cm3 and yield limit of 950 MPa. Analytical results show 

that the 3D-printed prototype is able to obtain the first resonant frequency of 98 Hz and its 

stiffness matrix is represented by Eq. (4.1). Results from FEA suggest that the CPM can 



69 

 

achieve the workspace of ±3° × ±3° × ±2 mm. In addition, the 3D-printed CPM also provides 

similar motion property and high stiffness ratios as the milled prototype. 
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 (4.1) 

 

 

Figure 4.1: EBM-printed prototype of the 3-DOF CPM. 

4.2 Effective Thickness of 3D-Printed Flexures 

The 3D-printed prototype shown in Figure 4.1 is fabricated by EBM technology with 

the building direction being parallel to the Z axis of the design. The CPM has a number of thin 

features so that the dimensional accuracy of the prototype is verified with a caliper. The 

measured results show that for dimensions of ≥1 mm, the accuracy of the 3D-printed prototype 

is good. For thinner features, the measured thickness is always higher than the designed value, 

e.g., the measured thickness of the C-T beams is ~0.8 mm while the designed thickness is  

0.49 mm. 
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After some experiments, the actual stiffness of the 3D-printed CPM is found in between 

the analysis results obtained for the thickness of C-T beams of 0.49 mm and 0.8 mm. This 

shows that the measured thickness of 0.8 mm is inaccurate due to the surface roughness of the 

printed prototype. Hence, it is necessary to determine the effective thickness of the 3D-printed 

C-T beams so that the performance of the CPM prototype can be evaluated accurately. Some 

preliminary experiments, using a traditional linear spring mechanism as the standard model, 

are carried out to explore the effective thickness of EBM-printed flexures. 

A 0.5mm-thick linear spring mechanism as shown in Figure 4.2 is fabricated by EBM 

technology with the same material and building direction as the CPM prototype. The stiffness 

of the EBM-printed linear spring mechanism is then evaluated using the experimental setup 

shown in Figure 4.3. It is seen that a micrometer is used to create the input displacement and a 

6-axes force/torque (F/T) sensor (ATI, MINI-40) is used to measure the actuating force. A 

force is applied to the flexures through a rod which is rigidly connected to the free end of the 

linear spring mechanism. Under the actuating force, the free end of the linear spring mechanism 

would be displaced along the horizontal direction, which is parallel to the input displacement 

from the micrometer. To ensure the accuracy of the measured force, a linear guide is used to 

eliminate the parasitic motion perpendicular to the main motion of the linear spring mechanism 

due to the elastic deformation of two parallel flexures. 
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Figure 4.2: Drawing of the linear spring mechanism. 

 

Figure 4.3: Experimental setup for measuring the stiffness of the EBM-printed linear spring 

mechanism. 

The stiffness of the linear spring mechanism is obtained by measuring the actuating 

force caused by the input displacements from 0 to 2 mm in steps of 0.25 mm. Five 

measurements are conducted and the results of the measured forces against the input 

displacement are shown in Figure 4.4. The stiffness of the 3D-printed linear spring mechanism 

is found to be 4.55 N/mm. In theory, the translational stiffness of a linear spring mechanism is 

expressed as [33] 
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where lsK  is the translational stiffness of the linear spring mechanism, E  is the Young's 

modulus of the material and 
3

12

t h
I   is the moment of inertia of the flexure's cross-sectional 

area. Here, the designed width of the linear spring mechanism ( h ) is 10 mm, the thickness ( t ) 

and length ( L ) of two flexures are 0.5 mm and 50 mm respectively. 

 

Figure 4.4: Measured stiffness of the EBM-printed linear spring mechanism. 

Based on the measured stiffness of 4.55 N/mm and Eq. (4.2), the effective thickness of 

the 3D-printed flexures is determined to be 0.635 mm. Thus, a coefficient factor,  , used to 

define the effective thickness of 3D-printed thin-flexures from the designed thickness can be 

calculated as 
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where et  and dt  are the effective thickness and designed thickness of the flexures respectively. 

Note that the length and width of the flexures are assumed constant because their dimensions 

are much larger than 1 mm. 

From the experiment, the effective thickness of 3D-printed flexures with thickness 

being 0.5 mm is found to be slightly higher than the designed one. In particular, the effective 

thickness of 0.5mm-thick flexure is 0.635 mm. The measured dimensions could be larger than 

the effective thickness due to rough surfaces of 3D-printed flexures. With the size of Ti6Al4V 

powder distributes in a range of 45-105 µm, the difference of ~0.165 mm between the measured 

and effective thicknesses of the C-T beams could be attributed to the semi-sintered material 

particles on the boundary surfaces. Note that the proposed value of   is specific for 

determining the effective thickness of 0.5mm-thick EBM printed flexures. The factor will vary 

with different thickness as well as printing directions and manufacturing conditions. 

Next, the coefficient factor, 1.27  , is used to calculate the effective thickness of the 

C-T beams in the 3D-printed CPM. With the designed thickness of 0.49 mm, the effective 

thickness of the C-T beams is found to be 0.62 mm. This value is applied to reanalyze the 3D-

printed CPM, the results show that the first resonance frequency has increased from 98 Hz to 

133 Hz and the corresponding compliant matrix, 3-DOF
C  , is written as 
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 (4.4)  

Note that the stiffness and resonance frequency of the CPM presented in the remaining 

of this Chapter will be referred to 3-DOF
C   and 133 Hz instead of 3-DOF

C   and 98 Hz respectively. 
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In addition, the large workspace of ±3° × ±3° × ±2 mm of the 3D-printed prototype could still 

be achieved. 

4.3 Evaluation on the Stiffness and Dynamic Properties of 

the 3D-Printed CPM 

The actuating stiffness of the 3D-printed CPM is evaluated using the same experimental 

setups as the milled prototype (see Figure 3.9 and Figure 3.11). The experimental results of the 

compliance along the Z axis, about the X axis and about the Y axis are shown in Figure 4.5, 

Figure 4.6 and Figure 4.7 respectively. 

 

Figure 4.5: Measured compliance of the 3D-printed CPM along the Z axis. 

Figure 4.5 shows that for small displacement below 1 mm, the measured force along 

the Z axis is almost linear and the average deviation between the predicted and measured data 

is 7.6%. However, for displacement above 1 mm, the difference between the measured forces 

and the predicted values has increased, causing the average deviation over the full work range 

to be 26%. This is similar to the experimental result of the milled prototype shown in Figure 

3.10, the nonlinear compliance along the Z axis is due to the over-constrained structure of the 
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CPM. The predicted results obtained via FEA are only applicable for predicting the compliance 

over the small displacement. The results are not suitable for estimating the nonlinear behavior 

of the over-constrained CPM over the large work range. Therefore, the PRB model presented 

in Appendix A is used to estimate the nonlinear compliance of the 3D-printed CPM over the 

full workspace. Similar to the milled-prototype, the analytical results from the PRB model 

agree well with the experimental results with an average deviation of 4.3% over the full 

workspace along the Z axis of the CPM. 

 

Figure 4.6: Measured compliance of the 3D-printed CPM about the X axis. 

 

Figure 4.7: Measured compliance of the 3D-printed CPM about the Y axis. 
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For the rotational compliance shown in Figure 4.6 and Figure 4.7, it is seen that the 

experimental compliance of the 3D-printed CPM are nearly linear and close to the predicted 

data with the average deviations of 6.1% and 3.4% about the X and Y axes respectively. 

The experimental setup shown in Figure 3.14 is used to measure the dynamic response 

of the 3D-printed CPM and the obtained result is shown in Figure 4.8. It is observed that the 

resonance along the Z axis occurs at 119 Hz which is close to the predicted value of 133 Hz, 

with a deviation of 10.5%. Hence, it can be said that the dynamic behavior of the 3D-printed 

CPM is significantly better than the milled CPM (which has the deviation of dynamic response 

up to 15.6%). The improvement of the prediction is due to the monolithic structure of the 3D-

printed prototype that eliminates all assembly errors as well as the additional mass of mounting 

parts. This also goes to show that the predictable dynamic response can be obtained from CPMs 

fabricated by 3D printing technology. 

 

Figure 4.8: Experimental dynamic response of the 3D-printed CPM along the Z axis. 

4.4 Precision Manipulator based on 3D-Printed CPM 

A 3-DOF manipulator as shown in Figure 4.9 is developed based on the 3D-printed 

CPM with three voice-coil (VC) motors (Akribis AMV60-25) having stroke of 25 mm, 
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continuous force and current at 100°C of 26.35 N and 1.55 A respectively. Displacements of 

the VC motors are measured by three linear encoders (MicroE Systems MII5000 and MII6000 

series) with resolution of up to 1.2 nm. Experiments are conducted to show that the manipulator 

could achieve the desired workspace of ±3° × ±3° × ±2 mm, and the positioning accuracy of 

three actuating motions will be evaluated to demonstrate that 3D-printed CPMs can be used in 

precise motion systems. 

 

Figure 4.9: 3-DOF manipulator developed based on the 3D-printed CPM. 

4.4.1 Workspace evaluation 

A linear probe (MILLIMAR 1318 with measuring range of 2 mm, resolution of 0.1 µm 

and accuracy of 0.9 µm) is used to measure the displacement at the center of the end effector 

along the Z axis as shown in Figure 4.10. Since the contact measurement technique is used in 

this experiment, an aluminum plate with flat surface is attached to the end effector to cover the 

rough surface of the 3D-printed prototype and thus enhance the accuracy of the measurements. 

The experiment is carried out with an increment of 0.25 mm along the Z axis and repeated five 

times. The experimental results are shown in Figure 4.11. It is seen that the manipulator is able 

to operate over the full work range of ±2 mm along the Z axis with good accuracy and 

repeatability. The maximum positioning error of 6% is found to occur at -1.75 mm position. 
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Figure 4.10: Experimental setup for measuring the workspace along the Z axis of the 3-DOF 

manipulator. 

 

Figure 4.11: Experimental workspace of the 3-DOF manipulator along the Z axis. 

For evaluating the workspace of the manipulator about the X and Y axes, two linear 

probes are used to measure the displacements of the end effector at two opposite points about 

the rotation axis. The setup used to measure the workspace about the Y axis is shown in Figure 

4.12 and a similar setup is adopted to measure the workspace about the X axis. The rotation 

angles could then be calculated from the obtained measurements and the distance between two 
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measuring points. The experimental results of the workspace about the X and Y axes are shown 

in Figure 4.13 and Figure 4.14 respectively. 

 

Figure 4.12: Experimental setup for measuring the workspace about the Y axis of the 3-DOF 

manipulator. 

 

Figure 4.13: Experimental workspace of the 3-DOF manipulator about the X axis. 
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Figure 4.14: Experimental workspace of the 3-DOF manipulator about the Y axis. 

It is observed that the positioning accuracy of the rotational motions is lower than that 

of translation, especially for the large angular displacement. For the rotational motions, the 

maximum positioning errors are found to be 22% at -1.72° about the X axis and 25% at 1.72° 

about the Y axis. The large positioning errors can be overcome if a closed-loop control is 

implemented. From the experimental results, it has been shown that the 3-DOF manipulator 

could achieve the full workspace of ±3° × ±3° × ±2 mm with good repeatability. Hence it can 

be said that the 3D-printed CPM is suitable in manipulator systems since it can provide large 

workspace as well as repeatable motions. 

4.4.2 Positioning evaluation 

A 3-axes interferometer (SIOS SP 2000 TR) is used to measure the positioning 

resolution of the 3-DOF manipulator. The laser interferometer is able to measure three out-of-

plane motions with the resolution of 0.1 nm for translation and 0.002'' for rotation, the angular 

measuring range is ±1.5'. The experimental setup is shown in Figure 4.15. A metrology mirror 

is attached to the end effector and the 3-axes interferometer is placed at a specific distance from 

the manipulator such that it can receive the reflecting beams from the mirror. 
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Figure 4.15: Experimental setup for measuring the positioning resolution of the manipulator. 

To evaluate the positioning accuracy of the manipulator along the Z axis, a 

displacement of 20 nm is used as the step resolution for the VC motors since the motor has a 

maximum positioning noise of ±10 nm. The experiment is conducted by moving the end 

effector from the neutral position to 80 nm and then back to the initial position in steps of  

20 nm. Figure 4.16 shows the translational displacement of the end effector monitored by the 

laser interferometer. From the graph, it is seen that the manipulator is capable of repeatable 

motion, with a positioning accuracy of ±10.8 nm and a maximum positioning error of 8.6 nm. 

 

Figure 4.16: Step displacement of the manipulator along the Z axis. 
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By using 20 nm as the step resolution for the VC motor, the angular resolutions about 

the X and Y axes of the manipulator are 0.14'' and 0.12'' respectively. The step angular 

displacements of the manipulator about the X and Y axes are shown in Figure 4.17 and Figure 

4.18 respectively. The results suggest that for the rotational motions, the manipulator is able to 

achieve an accuracy of ±0.058'' and a maximum positioning error of 0.038'' about the X axis, 

as well as an accuracy of ±0.065'' and a maximum positioning error of 0.048'' about the Y axis. 

 

Figure 4.17: Step displacement of the manipulator about the X axis. 

 

Figure 4.18: Step displacement of the manipulator about the Y axis. 
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4.5 Summary 

This chapter presents the characterization of 3D-printed flexures and the performance 

of 3D-printed CPM in precise positioning systems. A prototype of the 3-DOF (θX – θY – Z) 

CPM proposed in Section 3.5 is built by EBM method. The CPM is able to produce a large 

workspace of ±3° × ±3° × ±2 mm, fast dynamic response of 119 Hz and high non-actuating 

stiffness. It is found that there is a significant difference between the measured thickness and 

the designed thickness for the C-T beams in the CPM. A coefficient factor of 1.27 is proposed 

to determine the effective thickness for the 3D-printed CPM with 0.5mm-thick flexures. Using 

the effective thickness, it has been shown that the analytical results agree well with the 

experimental results on the stiffness and dynamic properties of the CPM with the highest 

deviation being 10.5%. Thus, the proposed coefficient factor provides a good basis for 

determining the performance of 3D-printed compliant mechanisms. In order to govern the 

effective thickness for other compliant structures, numerous coefficient factors for EBM-

printed flexures with different designed thickness and building directions have been 

investigated, and the obtained results are summarized in Appendix C . 

In addition, a 3-DOF manipulator is built based on the 3D-printed CPM with three VC 

motors. From the experimental results, it has been shown that the manipulator can achieve the 

full workspace of ±3° × ±3° × ±2 mm with good resolution of 0.14" × 0.12" × 20 nm and 

accuracy of ±0.058" × ±0.065" × ±10.8 nm. Through this chapter, it is demonstrated that the 

EBM technology is suitable for fabricating compliant mechanisms in precise manipulation 

systems.  
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CHAPTER 5  

DESIGN CRITERIA FOR 3-LEGGED CPM WITH 

FULLY-DECOUPLED MOTION 

CHARACTERISTICS 

In previous Chapters, a 3-DOF (θX – θY – Z) CPM has been synthesized by the novel 

beam-based method, analysis and experimental results demonstrate that it is able to provide 

good stiffness and dynamic characteristics and be used in precise manipulation systems. 

However, the synthesized CPM is not able to deliver decoupled motions that are demonstrated 

by the existence of five non-diagonal components within the compliance matrix as shown in 

Eqs. (3.19) and (4.4). This is because the motion property of the CPM has not been taken into 

account during the synthesis process. Past literatures show that the decoupled-motion property 

of CPMs has not been clearly discussed, especially for those synthesized by optimization 

approach. Since motion-decoupling capability is essential for precise motion systems, some 

insights into the design criteria for synthesizing CPMs with fully-decoupled motions will be 

presented in this Chapter. 

5.1 Background 

In general, a CPM consists of three rotational-symmetric limbs where each limb is 

formed by either one or a series of flexure elements, e.g., thin slender beams or notch hinges 

etc., connected together. Hence, each limb can be partially-compliant; if a rigid-link is used to 

connect two flexure elements, or fully compliant; if there is no rigid-link between two flexure 

elements. Depending on the structure of limb, CPM can be classified into two types, i.e., single 
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serial flexure chain and double reflecting serial flexure chains in a limb. In an ideal case, the 

output motions of any CPM have to be fully decoupled, i.e., delivering the desired DOF in the 

actuating directions and without any parasitic motion in the non-actuating directions. Based on 

Hooke's Law, the motion property (coupled or decoupled) of a compliant mechanism is 

governed by a 6 × 6 stiffness matrix where the diagonal components represent the stiffness 

characteristics of all six possible actuation directions while the non-diagonal components are 

responsible for the off-axes (or non-actuating) stiffness characteristics. 

Based on the derived 6 × 6 stiffness/compliance matrices, only few recent CPMs 

demonstrate decoupled motions [134] while most CPMs could only deliver coupled motions 

[129]. The main reason is because the existing CPMs are synthesized with the aim of achieving 

the desired DOF. As a result, they are able to deliver the motions in the desired actuating 

directions but also producing undesired parasitic motions in the non-actuating directions. More 

recent efforts mainly focus on synthesizing CPMs with high stiffness ratios and high non-

diagonal stiffness components within the 6 × 6 stiffness matrices [74, 75, 121] so as to keep 

the undesired parasitic motions to very small percentage as compared to the actuating motions. 

With motion decoupling being an important performance indicator for any positioning system, 

this Chapter presents the fundamentals for designing CPMs with fully-decoupled motion 

characteristics.  

5.2 Stiffness Modeling of CPMs Containing a Single Serial 

Flexure Chain in a Limb 

Here, a CPM is represented by a mechanism having three compliant limbs that are 

distributed symmetrically about the center of the end effector. The limbs are fixed at one end 

while the free ends are connected with the end effector. Each limb contains a serial chain of 

flexure elements and rigid links as illustrated in Figure 5.1. Here, the global frame, XYZ, is 
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attached to center of the end effector and the local frame of each limb, X'Y'Z', is attached at the 

free end of each limb. Note that the X'Y' plane of the local frame of each limb lies on the same 

plane as the XY plane of the global frame. 

 

Figure 5.1: Construction of a CPM containing a single serial flexure chain in a limb. 

The stiffness property of a CPM is governed by the stiffness of the limbs and the end 

effector. The stiffness matrix of the limb along the Y axis is represented by 
l

K  with respect to 

(w.r.t.) the local frame, i.e., at point E as shown in Figure 5.1. With D being the vector 

represents the distance between the local frame and the global frame, the stiffness matrix of 

entire CPM, 
m

K , is expressed as 

    
3

1

1

T
m l l l l l

i i i i

i

K J R K R J




   (5.1) 

where 1, 2,3i   denotes the three limbs in the CPM, l

iJ  is the translation matrix from the local 

frame of the ith limb to the global frame and l

iR  is the rotation matrix about the Z axis of the ith 

limb. As three limbs are symmetrical and 120o apart, l

iR  and l

iJ  are written as 
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Here, the values of 1 , 2 , 3  are 0o, 120o and 240o respectively and 
ixD , 

iyD , 
izD  are three 

components of Di represent the projections of the distance from each local frame to the global 

frame onto the X, Y and Z axes respectively. Note that 0
izD   since the X'Y' plane of the local 

frames lies on the same plane as the XY plane of the global frame. 

Based on Maxwell reciprocity and the theory of a continuum body, 
l

K  is represented 

as 
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where the non-diagonal components are symmetrical. By substituting Eqs. (5.2), (5.3) and (5.4) 

into Eq. (5.1), the general form of the stiffness matrix of a CPM is 
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With d  denoting the size of the end effector as illustrated in Figure 5.1, the expressions of the 

non-zero components within the stiffness matrix written in Eq. (5.5) are expressed as 
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 (5.6) 

 

In Eq. (5.6), the five non-diagonal components within 
m

K (
41

mk , 
42

mk , 
51

mk , 
52

mk , 
63

mk ) are 

represented by seven components within 
l

K  (
31

lk , 
32

lk , 
41

lk , 
42

lk , 
51

lk , 
52

lk , 
63

lk ). These seven 

non-diagonal components are also known as dependent variables mathematically. To fulfill the 

requirements of a fully-decoupled-motion CPM, all non-diagonal components in 
m

K  must be 

zeros. Here, the 6 × 6 stiffness matrix of a CPM with fully-decoupled motion characteristic 

will be termed as a diagonal stiffness matrix as shown in Eq. (5.7) since a square matrix with 

all non-diagonal components being zeros is also known as a diagonal matrix mathematically. 
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With 
41 52

m mk k  and 
51 42

m mk k  , the relationship between those seven variables expressed 

in Eq. (5.6) can only be represented by three equations and this condition leads to a multiple-

solutions problem. Hence, it is important to note that this work only uses a special case (or 

solution) to demonstrate how the presented mathematical models can be used to synthesize a 

CPM with the aim of achieving fully-decoupled motion capability. This special case is to make 

those seven components within 
l

K  to be zeros as shown below. 
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 (5.8) 

 

Next, a typical limb of a CPM is formed by either single flexure element or a serial 

chain of flexure elements and rigid links. The desired motions are generated by the elastic 

deformation of various oriented flexure elements while the rigid links only serve as connecting 

elements for the flexures with defined relative positions. Here, the two popular flexures that 

are popularly used to synthesize the compliant mechanisms, the beam type and the notch type 

as shown in Figure 5.2, are used as standard flexure elements for analysis. Both flexure 

elements have thin features which permit elastic bending in specific direction. 
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Figure 5.2: Original orientation of the flexure elements (solid lines); (a) beam type and (b) 
notch type, with the local frames, X"Y"Z", attached at the free ends and the arbitrary orientation 

of the flexure elements (dotted lines) about these local frames. 

Assuming that each limb is formed by a serial chain of flexure elements and rigid links 

where a rigid link has infinite stiffness (non-compliance) property, the stiffness of each limb is 

governed by the compliance of each flexure elements, 
e

jC , expressed as 

    1

1

n
T

l e e e e e

j j j j j

j
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  (5.9) 

 

where n  denotes the number of flexure elements, 
e

jJ  and 
e

jR  are the rotation matrix, and 

translation matrix of the jth flexure element respectively. Referring to [142], the compliance 

matrix of each original flexure element, 
e

jC , w.r.t. the local frame as illustrated in Figure 5.2 is 

defined as  
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Eq. (5.10) is applicable for both the beam-type and notch-type flexure elements [142]. 

In addition, the geometry of each flexure-element type can vary without changing the form of 

the compliant matrix. In particular, a beam-type flexure element can have a rectangular, 

polygon or circular cross-sectional area, etc., while the profile of notch-type flexure element 

can be a circular arc, parabola, ellipse or hyperbola, etc. Several kinds of other flexure elements 

which have similar form of compliance matrix are presented in Appendix D . The components 

within 
e

jC  can change due to the specific type of flexure element yet the form of the compliance 

matrix will always remain unchanged. Note that the X''Y'' plane of the local frame of each 

flexure element (Figure 5.2) lies on the parallel plane with the XY plane of the global frame as 

illustrated in Figure 5.1. In Eq. (5.9), the rotation matrix, 
e

jR , is a 6 × 6 matrix and is defined 

as the multiplication of the rotation matrices about the X'', Y'' and Z'' axes (
j

e

xR , 
j

e

yR  and 
j

e

zR  

respectively). Hence, it is written as 
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(5.11) 

 

Here, j , j  and j  represent the rotation angles about the X'', Y'' and Z'' axes respectively. 

The geometries of a flexure element before and after orientation are illustrated in Figure 5.2. 

As for the 6 × 6 translation matrix, 
e

jJ , it represents the projected distances onto the three axes 
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(
jxr , 

jyr , 
jzr ) from the jth flexure element to the local frame of the leg which are indicated by 

vector Rj as shown in Figure 5.1, written as 
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Using Eqs. (5.9) to (5.12), the compliance matrix of a limb, l
C , can be obtained and the 

stiffness matrix of each limb is given as   1
l lK C


 . 

As mentioned earlier, the stiffness matrix of each limb must follow the exact form as 

shown in Eq. (5.8) and this requirement applies to its corresponding compliance matrix too. 

The derivation of the compliance matrix of a limb with the aim of achieving that requirement 

is presented in Appendix E . To summarize the results obtained from Appendix E , one 

condition, which allows the compliance matrix of a limb to become the exact same form as Eq. 

(5.8), is that seven components within the compliance matrix of a limb need to be zeros, i.e., 

31 32 41 42 51 52 63 0l l l l l l lc c c c c c c       . This condition offers simplicity during the design stage 

and can be used as the standard approach to synthesize CPMs with the aim of achieving fully-

decoupled motion capability. However, it also introduces a multiple-solutions problem to solve 

the corresponding components within the stiffness matrix, 
l

K . Among a number of possible 

solutions, 64 65 0l lk k   is a unique solution that is used to fulfill the condition in this work. By 

adopting this unique solution, both the stiffness matrix and the compliance matrix of a limb 

will have the same form as expressed in Eq. (5.13), and the expression of each component 

within 
l

K  is given in Appendix F . It shows that the compliance matrix of a limb must have 

nine non-diagonal components equal to zeros to synthesize a CPM with the aim of achieving 

fully-decoupled motion capability. As the compliance matrix of a limb is governed by flexure 
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elements with various orientations and positions, the rotation and translation matrices of each 

flexure element must be specified. 
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(5.13) 

5.3 Characteristics of Flexure Elements in Decoupled-

Motion CPMs 

In this Section, the desired rotation angles ( ,  ,  ) and distances ( xr , yr , zr ) of 

flexure elements in a limb to achieve decoupled-motion capability will be analyzed. First, Eq. 

(5.9) is re-expressed as 
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where 
e

jC  indicates the compliance matrix of the jth flexure element referring to the frame 

X'Y'Z' attached to the free end of the limb as illustrated in Figure 5.1. In order to achieve fully-

decoupled motion capability, the nine non-diagonal components ( 31

lc , 41

lc , 51

lc , 32

lc , 42

lc , 52

lc , 63

lc , 

64

lc , 65

lc ) within the compliance matrix, l
C , must be zeros as shown in Eq. (5.13). As l

C  is the 

sum of n  sub-components, 
e

jC , there could be numerous solutions. In this work, a special case 

where all 
e

jC  have the same form ( e
C ) is considered and yields 
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Note that e
C  in Eq. (5.15) is different from e

C  in Eq. (5.10) since    1 T
e e e e e eC J R C R J


  

as expressed in Eq. (5.14). 
eR  and e

J  are similar to Eqs. (5.11) and (5.12) with the subscript, 

j , being removed. 

Eq. (5.15) describes the condition to obtain a CPM with fully-decoupled motions. It 

contains nine equations that can be obtained based on those nine zero components as written 

from Eq. (5.16) to Eq. (5.24). Note that there are six unknowns in the proposed nine equations. 

The unknowns are the rotation angles ( ,  ,  ) and the distances ( xr , yr , zr ) measured from 

the moving end of the flexure element to the free end of the limb. 
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These set of equations can be solved by considering Eq. (5.22) first because    is the 

only dominant angular variable and the results are given as 

 63

90

0 0  and 0 ,  180  ;    , ,  ,  

90  and 0 ,  180

e

x y zc r r r


  

 

 
       
     

 (5.25) 

 

Here, the rotation angle about the X'' axis,  , varies from 0° to 90° because of the symmetrical 

design of the flexure elements. Eq. (5.25) shows that there are three possible cases for 63 0ec   

with the four remaining variables ( , xr , yr , zr ) being arbitrary values. 

First, the case with 90    is considered. With every component within the 

compliance matrix of the flexure element having a specific value as shown in Eq. (5.10), six 

equations from Eq. (5.16) to Eq. (5.21) are always different from zero with any value of  ,  

xr , yr , and zr . Hence, 90    is not a feasible solution. 
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Next, considering the second case with 0    and 0  or 180    , the following 

results can be obtained 
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Note that the upper signs of   and ∓  in Eq. (5.26) correspond with 0   , 0    

and the lower signs correspond with 0   , 180   . Assuming that if 51

ec  in Eq. (5.26) is 

equal to zero, it is observed that only zr  needs to be zero with   being any value. With  

0zr  , all the remaining equations in Eq. (5.26) will also be equal to zero. Hence, 0zr  , 

0   , 0  or 180    , is a solution to obtain a CPMs with decoupled motions. 

Similarly, for the case with 90   , 0  or 180    , it can be shown that this is also a 

possible solution. In summary, the two feasible solutions found from Eq. (5.25) with 0zr   are 

 
0  and 0 ,  180

 ;    ,  ,  
90  and 0 ,  180

x yr r
 


 

    
     

 (5.27) 

 

Eq. (5.27) provides the design criteria for the orientations and positions of flexure 

elements that need to be satisfied to design a CPM with fully-decoupled motions. Figure 5.3 

illustrates the desired orientation of the flexure elements about the X'' and Y'' axes with various 

orientations about the Z'' axis. It can be concluded that to achieve fully-decoupled motion 

capability, two conditions must be met. First, the design of each limb could be formed by either 
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one or a series of flexure elements with their orientations being similar to those illustrated in 

Figure 5.3. Second, these flexure elements must be located in the X'Y' plane ( 0zr  ) while the 

remaining distance parameters ( xr  and yr ) between two neighboring flexure elements can be 

arbitrary. 

 

Figure 5.3: Orientations of the flexure elements in fully-decoupled motion CPMs; (a) beam-

type and (b) notch-type with 0   , 0  or 180    , 0zr   respectively. (c) Beam-type and 

(d) notch-type with 90   , 0  or 180    , 0zr   respectively. 

5.4 Stiffness Modeling of CPMs Containing Two 

Reflecting Serial Flexure Chains in a Limb 

In the previous Section, the stiffness modeling of a popular CPM, with each limb 

consisting of a single serial flexure chain, is presented. However, there are many CPMs have 

two reflecting (or symmetrical) serial flexure chains in a limb as shown in Figure 5.4 [49, 74, 

75, 121, 135, 136]. This configuration is also used to model CPMs in the proposed beam-based 
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method. The limb will still possess the stiffness property of the general CPM as presented in 

Section 5.2 but the motion property will be characterized by the parallel configuration of two 

flexure chains. In this Section, the analysis of such a limb configuration is presented. 

 

Figure 5.4: Construction of a CPM containing two reflecting serial flexure chains in a limb. 

From the literatures, the double flexure chains are either on the same plane or having 

an offset distance of 2  along the Z' axis as shown in Figure 5.4. The stiffness matrix of each 

limb is expressed as 

        

1 1

1 1

n n
l sc T sc T T

j j

K J C J J HC H J

 

   
 

   
    
   
   (5.28) 

 

where H  is the reflection matrix about the Y'Z' plane given in Eq. (5.29), and  J   and  J   

represent the offset matrices used to shift the original flexure chain, and the reflecting flexure 

chain along the Z' axis distances of   and   respectively as given in Eq. (5.30). 
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Here, sc
C  is the compliance matrix of a serial flexure chain calculated by Eq. (5.9). The 

results from Section 5.3 are used to analyze the stiffness property of CPMs having two 

reflecting flexure chains in a limb. After substituting Eqs. (5.9), (5.29) and (5.30) into Eq. 

(5.28), the results show that the motion-decoupling capability can only be achieved when the 

offset distance 2 0  . The offset distance can be considered as the translation component 

along the Z axis of each flexure element (
jzr ) that can lead to coupled motions. Most 

importantly, to achieve fully-decoupled output motions, sc
C  must be in the following form 
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 (5.31) 

 

If there is an offset between the flexure chains, then the six components, i.e., 31

lk , 41

lk , 51

lk ,  

32

lk , 42

lk  and 52

lk  in 
l

K  calculated by Eq. (5.28), will be non-zeros. In this case, the five non-
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diagonal components within the stiffness matrix of the CPM as expressed in Eq. (5.5) will be 

present. 

5.5 Case Study 

In Chapter 3, a 3-DOF spatial-motion (θX – θY – Z) CPM has been synthesized. 

However, the C-T beams in each limb are not located in the same plane because they are 

constrained to have no intersection to simplify the optimization process. The small offset 

between two mirrored C-T beams is the reason that leads to coupled motions for the CPM as 

proven in Section 5.4 since it generates a translation along the Z axis. The coupled motions of 

the synthesized 3-DOF CPM are demonstrated in Eqs. (3.19) and (4.4) where the 6 × 6 

compliance matrix of the entire CPM is a non-diagonal matrix in the form of Eq. (5.5). The 

five non-diagonal components within the compliance matrix will generate undesired parasitic 

motions. In this Section, the synthesis of a fully decoupled-motion 3-DOF (θX – θY – Z) CPM 

will be demonstrated using the formulated design criteria.  

a) Design of the decoupled-motion 3-DOF (θX – θY – Z) CPM 

The design domain is the same as before with the structure of CPM consisting of two 

reflecting serial flexure chains in each limb. Using the results of Section 5.4, to have fully-

decoupled motions, the Bezier center-curves of C-T beams must be located in the X'Y' plane 

(see Figure 3.2b). In addition, the orientation of the C-T beams must be parallel or 

perpendicular to the X'Y' plane, corresponding to two possible cases of the twist angles, i.e., 

0A B     and 90A B    (see Figure 3.2a). With the defined design constraints for 

decoupled motions, the stiffness and dynamic optimizations processes are carried out in 

sequence and the final design of the CPM is shown in Figure 5.5. 
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Figure 5.5: Optimized 3-DOF (θX – θY – Z) CPM with decoupled motions. 

It is seen that all C-T beams locate in the XY plane and two reflecting C-T beams in 

each limb intersect each other at the free ends and thus creating a flat V-shape flexure that 

satisfies the criteria for achieving decoupled motions. This CPM is able to produce the targeted 

dynamic response of 100 Hz as the previous design, and the fully-decoupled output motions 

are demonstrated by its diagonal compliance matrix, 
3-DOFĈ , written as  
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b) Energy of motion 

Here, the decoupled motions are proven based on energy approach where work done is 

used to represent the energy of a motion. First, Eqs. (3.6) and (3.7) can be rewritten as 

 
2

0 0
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2

i iU U

i i i ii i i ii iW PdU K U dU K U     (5.33) 
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Assuming the non-diagonal components within the stiffness matrix of the CPM exist, 

Eq. (5.33) can be modified to represent the total energy in the ith direction as 

 

6
2

1

1

2
i ij j

j

W K U


  (5.34) 

Referring to Eq. (5.34), iW  is the combination of the energy of the desired motion 

(determined by iiK  and iU ) and the energies of the undesired parasitic motions (determined 

by ijK  and jU , where j i ). Here, a motion is considered as decoupled if the energies of the 

parasitic motions have minor contribution over the total energy. 

c) Experiment 

The decoupled motions of the synthesized CPM are experimentally evaluated to 

demonstrate the correctness of the proposed design criteria. With the stiffness/compliance 

matrix of the CPM being symmetrical, only five non-diagonal components possibly exist as 

shown in Eq. (5.5). For this case study, only the translation along the Z axis is evaluated. In 

particular, the component 63

mk , which represents the parasitic rotation about the Z axis, will be 

shown to be nearly zero. Moreover, the parasitic motions along the X and Y axes are also 

experimentally measured to demonstrate that they are very small and have no effect on the 

desired motion along the Z axis, even they are zeros in theory.  

Based on Eq. (5.5), when applying a force along the Z axis, a parasitic rotation about 

the same axis could be generated. Figure 5.6 shows the experimental setup to measure the 

parasitic motions when applying an input displacement along the Z axis. A solid block that 

rigidly mounted to the end effector is used to transmit the motion along the Z axis from the 

micrometer to the CPM. The parasitic motions along the X and Y axes, and about the Z axis are 

detected by three individual capacitive sensors respectively. The sensors measure the distances 
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between their sensing areas to the surfaces of the solid block. The experiment is conducted five 

times and Figure 5.7 plots the ratio between the energy of each parasitic motion and the total 

energy generated along the Z axis. 

 

Figure 5.6: Experimental setup for measuring the parasitic motions when applying an input 

displacement along the Z axis. 

 

Figure 5.7: The ratios between the energies of parasitic motions over the total energy along the 

Z axis. 

From Figure 5.7, it is seen that the highest energy of the parasitic motions only 

contributes less than 1% over the total energy along the Z axis. The results show that the input 
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energy (along the Z axis) is mainly used to create the desired motions while the energies that 

generate the parasitic motions are minimal. The existence of parasitic motions along the X and 

Y axes could be due to the Abbe error caused by the fabrication tolerances and the assembly 

imperfection, i.e., the surfaces of the solid block are not ideally perpendicular to the measuring 

directions of the capacitive sensors. In general, the reading from the sensor,  , affected by the 

Abbe error can be estimated based on the slope angle of the surface of the block,  , and the 

input displacement along the Z axis, Z , given as 

 tan
Z





  (5.35) 

 

By assuming that the slope angle of the surface of the target block is ~0.2°, the readings 

from the sensor that correspond with the input displacements calculated by Eq. (5.35) are listed 

in Table 5.1. These results show that a slight angular misalignment of 0.2° is enough to cause 

the capacitive sensors to return the Abbe error as the parasitic motions instead. Hence, it is 

possible that the Abbe errors have contributed to the readings even though the CPM may not 

produce any parasitic motion. The experimental results show that the synthesized CPM is 

capable of providing a decoupled motion along the Z axis.  

Table 5.1: Reading of capacitive sensors caused by Abbe error. 

Displacement along the Z axis Sensor’s reading 

200 µm 0.698 µm 

400 µm 1.396 µm 

600 µm 2.094 µm 

800 µm 2.793 µm 

1000 µm 3.491 µm 
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5.6 Discussion 

In order to achieve fully-decoupled motions, a CPM must have a 6 × 6 diagonal 

stiffness/compliance matrix whereby all non-diagonal components are zero. Due to the 

property of the parallel architecture, the stiffness matrix of a CPM can be calculated based on 

the stiffness matrices of its three limbs. However, the stiffness matrix of each limb cannot be 

derived directly since it can be constructed by one or two serial chains; each formed by a 

number of flexure elements and rigid links, and thus its characteristic is defined by its 

compliance. Due to the challenges in converting between the stiffness and compliance 

matrices, existing CPMs fail to analyze their motion property analytically. To overcome this 

limitation and most importantly for a CPM to obtain fully-decoupled-motion characteristics, 

some conditions for the compliance matrix of a general CPM having a single serial flexure 

chain, i.e., Eq. (5.13), and double serial flexure chains, i.e., Eq. (5.31) in a limb are provided 

in this Chapter.  

The effectiveness of the proposed design criteria has been demonstrated in Section 5.5, 

an improved designed of the synthesized 3-DOF (θX – θY – Z) CPM presented in Chapter 3 has 

been developed. The decoupled-motion capability of the new design is verified by experimental 

investigation. For the CPM synthesized previously with 0  , the compliance matrix,  

3-DOF
C  , has five non-diagonal components as shown in Figure 5.8a. For the improved CPM 

with 0  , the compliance matrix, 
3-DOFĈ , only contains diagonal components as shown in 

Figure 5.8b. In summary, the motion property of CPMs having two reflecting flexure chains in 

a limb has been demonstrated. CPMs having an offset distance in the Z axis between two 

flexure chains will generate coupled motions while the others having both flexure chains 

located in the same plane will generate decoupled motions. 
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Figure 5.8: 3-DOF (θX – θY – Z) CPMs synthesized by beam-based method (a) with offset 

distance and (b) without offset distance between two serial flexure chains in a limb. 
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Additionally, the findings in this Chapter are applicable for any design methodology. 

Thus, the motion property of existing CPMs synthesized by various approaches, e.g., traditional 

rigid-body-replacement approach [40-42, 46, 123-126], constraint-based approach [134, 135] 

and topology/structural optimization approach [74, 75, 121], can be analyzed with the proposed 

criteria. In particular, developed 3-DOF (X – Y – θZ) CPMs [40-42, 46, 74, 75, 99, 121, 123-

128] and 6-DOF CPMs [135-137] having planar structures, i.e., all flexure joints are located in 

the global XY plane with orientation about the X" axis being 0° or 90°, are able to produce fully-

decoupled motions. On the other hand, other designs which flexure elements are not distributed 

in the same XY plane, such as 3-DOF (θX – θY – Z) CPMs [17, 83, 129-134] and 6-DOF CPMs 

[48, 49], will generate coupled motions.  

5.7 Summary 

This Chapter presents the fundamental design criteria for synthesizing CPMs with 

fully-decoupled-motion capability regardless of the desired DOF. The stiffness characteristics 

of CPMs have been mathematically modeled and the design criteria are obtained through 

analytical solutions. A relationship between the stiffness and compliance matrices of the limb 

has been found to govern the variety structures of each limb in order to obtain fully-decoupled-

motion capability. The results suggest that the flexure elements in each limb must be distributed 

in the same plane with the end effector to fulfill the decoupled-motion requirements. In the 

case where each limb contains two parallel reflecting (or symmetrical) flexure chains, such 

requirements are valid if both flexure chains are located in the same plane with no offset 

distance. To demonstrate and validate the design criteria and conditions, an improved design 

of 3-DOF (θX – θY – Z) CPM with decoupled motions has been developed and the decoupling-

motion capability of the new design is also experimentally investigated. The obtained results 
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suggest that the CPM can produce decoupled output-motions since nearly all input energy is 

used to generate the desired motion.  

Because the decoupled-motion 3-DOF (θX – θY – Z) CPM is proposed in this Chapter 

as a case study, only the motion characteristics along the Z axis is evaluated. The design criteria 

will be further validated in the next Chapter through the experimental investigations on all the 

possible parasitic motions presented. 
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CHAPTER 6  

SYNTHESIS AND EVALUATION OF A 6-DOF 

CPM WITH DECOUPLED MOTIONS 

In this Chapter, the synthesis process of a novel 6-DOF CPM, the most complex form 

of CPM, will be presented. The design criteria and beam-based method proposed previously 

are applied to create a CPM with optimized mechanical properties and fully-decoupled 

motions. Based on the results from Chapter 5, the center curves of the C-T beams in each limb 

are pre-defined in the global XY plane. The geometry and orientation of the C-T beams will 

then be optimized.  

The 6-DOF CPM is desired to have a large workspace by minimizing the actuating 

stiffness, the first resonance frequency must be at least 100 Hz and the differences between 

neighbor modes are required to be large to improve the overall dynamic characteristic. The 

design space of each limb is assigned as 50 × 50 mm2. 

6.1 Optimization Processes 

In order to generate six motions at the end effector, appropriate geometry of the C-T 

beams is determined by the stiffness optimization. The main purpose of this step is to minimize 

the six-primary stiffness of the CPM. As the C-T beams must locate in the XY plane to create 

fully-decoupled motions, ten design variables need to be found during the stiffness 

optimization process. Eight variables represent the coordinates (X and Y components) of the 

four control points defining the C-T beam, and 2 variables represent the orientation of the beam 
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which can be 0° or 90°. The objective function for the 6-DOF CPM can be derived based on 

the works done by the six motions and corresponding loads, written as 

 

26 6 6

1 1 1
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1 1
maximize  ,

2

where  
2
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 (6.1) 

 

where iW  represents the work done caused by the load iP , and iiK  denotes the diagonal 

component within the 6 × 6 stiffness matrix of the CPM that corresponds to iP . Here,   is a 

coefficient factor and has no effect to the optimization result so that it can be eliminated. As a 

result, Eq. (6.1) can be simplified as 

 

6

1

minimize  ii

i

g K


   (6.2) 

 

Eq. (6.2) is solved by GA and the obtained optimized geometry of a pair of C-T beams 

in a limb is illustrated in Figure 6.1. 

 

Figure 6.1: Optimized geometry of two reflecting C-T beams in a compliant limb. 
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The dynamic optimization is then carried out to determine the cross-sectional area of 

the C-T beams, the size of the end effector as well as the distribution of additional masses at 

suitable positions. This step can be done by solving the dynamic objective function represented 

by a set of two equations as shown in Eq. (6.3).  
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 (6.3) 

 

Here, the first equation is to find the minimum of the difference between two terms, 

i.e., 1dF F  and 
5

1

1

r r

r

F F


 . This equation achieves the smallest value if the first term,  

1dF F , is minimal while the second term, 
5

1

1

r r

r

F F


 , is maximal.  In particular, the first 

resonance frequency, 1F , of the CPM is enhanced to the desired value ( 100 HzdF  ) and the 

total difference between two neighbor vibration modes represented by 
5

1

1

r r

r

F F


  is 

maximal. In addition, the high flexibility of the entire CPM is maintained by the second 

equation. As a result, the CPM is able to achieve optimal stiffness performance, targeted 

dynamic behavior with the vibration modes being separated between each other to simplify 

subsequent control and operation. 

The final structure of the entire CPM after the dynamic optimization process is shown 

in Figure 6.2.  Six primary resonance frequencies of the CPM are represented by the frequency 

vector, 
6-DOF

F , while the stiffness characteristic is represented by the compliance matrix, 

6-DOF
C . The results of 6-DOF

C  and 
6-DOF

F  are given in Eqs. (6.4) and (6.5) respectively. 



113 

 

 

Figure 6.2: Optimized design of the 6-DOF CPM. 
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  (6.5) 

 

It is seen from Eq. (6.4), the synthesized CPM is able to produce fully-decoupled 

motions since its compliance matrix only contains diagonal components. The six vibration 

modes correspond to the resonance frequencies of 6-DOF generated by the CPM are 

represented by the subscripts above the matrix components in Eq. (6.5). With Ti6Al4V being 

the fabrication material, the FEA results show that the CPM can obtain the large workspace of 

±3 mm × ±3 mm × ±6.5 mm × ±6° × ±6° × ± 7.5°. 
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6.2 Improvement of Dynamic Property by Employing 

Cellular Structure 

Due to the conflict between the stiffness and dynamic properties, the first resonance 

frequency is targeted at 100 Hz to maintain the flexibility of the CPM. As the CPM will later 

be fabricated by EBM method, the advantages of 3D printing technology are exploited to 

enhance its dynamic response. In particular, the end effector of the CPM will be printed in 

cellular structure to reduce its mass and improve the dynamic property of the entire CPM. 

Figure 6.3 shows the general model of an element in cellular structure that will be used to 

design the end effector. 

 

Figure 6.3: General model of the cellular structure. 

The cellular element is modeled by a hollow cube which is created by a frame structure 

with the length and cross-sectional area of each beam being a  and 2
b  respectively. Note that 

each beam has a square cross section. The relationship between a  and b  is given as 

 ,    where 0 0.5b a       (6.6) 
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The volume of the cellular element shown in Figure 6.3, cellularV , is expressed as 

 
   

 

3 23
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 (6.7) 

 

The volume ratio, RV , represents the ratio between the volumes of cellular structure  

( cellularV ) and solid structure ( solidV ) is 
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       (6.8) 

 

Figure 6.4 illustrates the relationship between RV  and  . It is observed that the volume 

of cellular structure is equal to zero when 0   and equal to solid structure when 0.5   . 

Although CPM can achieve faster dynamic response with the smaller mass/volume of the end 

effector, RV  cannot be too small because the beams in cellular structure becomes very thin and 

that reduces the stiffness of the end effector. With a weak structure, the end effector becomes 

flexible and can be deformed under external loads. Here, RV  is selected as 0.2 (corresponding 

to 0.144  ) to maintain the high stiffness of the end effector while its mass is reduced up to 

80%. The CPM is reanalyzed with the cellular end-effector and the updated frequency vector, 

6-DOF

cellularF , is expressed in Eq. (6.9). Comparing to Eq. (6.5), it is seen that the first resonance 

frequency has increased 33%, the total difference between neighboring modes has also 

improved as well. 
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Figure 6.4: Ratio between volumes of cellular structure and solid structure. 
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Note that the stiffness property of the CPM is unchanged since the structure of the C-T beams 

is remained. 

6.3 Experimental Investigation and Results 

6.3.1 3D-printed prototype 

A physical prototype of the synthesized CPM built by EBM technology anh Ti6Al4V 

material following the process presented in Appendix B  is shown in Figure 6.5. It is observed 

that the end effector is constructed by cellular structure illustrated in Figure 6.3 and it can be 

well fabricated by EBM method. Here, the Z axis of the prototype is selected as the building 

direction. Referring to Chapter 4, the actual thickness of 3D-printed C-T beams is different 

from the designed value so that a coefficient factor is necessary to define the effective 

thickness, which determines the actual stiffness characteristics. By applying the findings 

presented in Appendix C , the coefficient factor is found to be 1.29 for the building direction 
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of the proposed prototype, which is along the width of flexures. It suggests that the effective 

thickness of the C-T beams is 29% higher than the original design. This factor is used to 

compensate the thickness of thin features in the prototype. The results of the stiffness and 

dynamic properties after considering the effective thickness are represented by 6-DOF
C  and 

6-DOF
F  respectively. 

 

Figure 6.5: 3D-printed prototype built by EBM method with Ti6Al4V material. 
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Note that 6-DOF
C  and 

6-DOF
F  will be used to represent the stiffness and dynamic properties of 

the 3D-printed CPM in the remaining of this Chapter. After the thickness compensation, the 

workspace of ±3 mm × ±3 mm × ±6.5 mm × ±6° × ±6° × ± 7.5° of the CPM is still remained. 
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6.3.2 Evaluation of compliance 

a) Translational compliance along the X and Y axes 

The experimental setup to evaluate the compliance along the X axis is shown in Figure 

6.6a. Two micrometers located at two opposite sides of the CPM are used to apply a pure force 

along the X axis to the end effector. A 6-axes force/torque (F/T) sensor (ATI Mini40) is 

attached on one micrometer to measure the actuating force. Both micrometers are adjusted with 

the same displacement to ensure the end effector only displaces along the X axis. At a specific 

displacement, the reading from the F/T sensor indicates a haft of the total force applied to the 

CPM. A similar setup is adopted to measure the compliance along the Y axis. The experimental 

compliance along the X and Y axes are shown in Figure 6.7a and Figure 6.7b respectively. 

 

Figure 6.6: Experimental setups for measuring the compliance (a) along the X axis, (b) about 

the Y axis and (c) about the Z axis. 
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b) Rotational compliance about the X and Y axes 

Figure 6.6b shows the experimental setup to measure the compliance about the Y axis 

of the CPM. Two contact points are installed at the bottom surface of the end effector, the input 

force along the Z direction from the micrometer is measured by the F/T sensor. The force is 

applied at a specific distance from the rotation axis, the bending moment and the rotation angle 

can be calculated based on this distance and the corresponding input force. The similar setup 

is adopted to evaluate the compliance about the X axis. The experimental compliance about the 

X and Y axes are shown in Figure 6.7d and Figure 6.7e respectively. 
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Figure 6.7: Experimental results of the 3D-printed CPM (a), (b), (c) translational compliance 

along the X, Y and Z axes respectively and (d), (e), (f) rotational compliance about the X, Y and 

Z axes respectively. 
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c) Translational compliance along the Z axis 

From Figure 6.6b, to measure the compliance along the Z axis, the support points are 

removed, and the loading point is shifted to the center of the end effector. The obtained result 

is shown in Figure 6.7c. 

d) Rotational compliance about the Z axis 

The experimental setup for evaluating the compliance about the Z axis is shown in 

Figure 6.6c. A micrometer is used to apply a perpendicular force to a torque arm mounted to 

the end effector. A rotational plate is attached below the end effector to support its motion so 

that only the rotation about the Z axis is allowed. Based on the force measured by the F/T sensor 

and the distance between the loading point and the rotation axis, the torque and rotation angle 

can be determined. The experimental result of the compliance about the Z axis is shown in 

Figure 6.7f. 

e) Summary of results 

From Figure 6.7, it is seen that the CPM is able to perform good repeatability and the 

desired workspace of ±3 mm × ±3 mm × ±6.5 mm × ±6° × ±6° × ± 7.5° is experimentally 

achieved. The experimental results together with the predicted values in Eq. (6.10) and their 

deviations are summarized in Table 6.1. 

The data in Table 6.1 demonstrates that the experimental stiffness characteristics of the 

3D-printed CPM well agree with the predicted values with the highest deviation of 10.47%. 

Based on the obtained results, it can be concluded that the proposed coefficient factor is 

applicable to correct the thickness of compliant mechanisms fabricated by EBM with the 

building direction being along the width of flexures. In addition, the synthesized CPM is able 

to perform large work range, predictable stiffness property and repeatable motions. 
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Table 6.1: Deviations between the experimental compliance compared against the predicted 

values. 

Compliance Predicted Experiment Deviation 

along the X axis (m/N) 2.77e-5 3.02e-5 9.03% 

along the Y axis (m/N) 2.77e-5 2.73e-5 1.44% 

along the Z axis (m/N) 5.92e-5 6.54e-5 10.47% 

about the X axis (rad/Nm) 3.09e-2 2.93e-2 5.18% 

about the Y axis (rad/Nm) 3.09e-2 2.80e-2 9.39% 

about the Z axis (rad/Nm) 2.75e-2 2.65e-2 3.64% 

 

6.3.3 Evaluation of decoupled-motion capability 

As decoupled-motion capability is one of the most important characteristics of the 

synthesized 6-DOF CPM, it will be experimentally demonstrated. Because the 

stiffness/compliance matrix of the CPM is symmetrical, there are five non-diagonal 

components need to be measured as shown in Eq. (5.5). Assuming the five non-diagonal 

components in the stiffness matrix of the CPM exist, the total work done in the ith direction is 

written as 
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  (6.12) 

 

Here, all external loads that generate parasitic motions will be experimentally 

measured. Based on Eq. (5.5), when applying a force along the X axis, two parasitic motions 

are generated, i.e., the rotations about the X and Y axes. The bending moments about the X and 

Y axes are measured by the F/T sensor using the same setup as shown in Figure 6.6a. The 

experiment is conducted five times and the plot shows the ratios between the energies of 

parasitic motions and the total energy along the X axis is illustrated in Figure 6.8a. By using 
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similar experimental setups as presented previously, the energy ratios along the Y and Z axes 

are shown in Figure 6.8b and Figure 6.8c respectively. 

 

Figure 6.8: Ratios between energies of parasitic motions and energy of desired motion (a) along 

the X axis, (b) along the Y axis and (c) along the Z axis. 

From Figure 6.8, it is seen that the highest energy of parasitic motions only contributes 

about 0.35%, 0.2% and 0.1% over the total energies along the X, Y and Z axes respectively. 

The parasitic motions are caused by the non-ideal experimental setups, i.e., the directions of 

input forces are not ideally parallel to the desired actuating directions. The results suggest that 

almost all the input energy is used to create the desired motion. The experimental results 

demonstrate that the synthesized CPM is able to produce decoupled motions. 
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6.3.4 Evaluation of dynamic behavior 

An impact hammer (PCB PIEZOTRONICS 086C3) is used to apply the excitation, a 

single-axis accelerometer (PCB PIEZOTRONICS 353B15) is used to measure the acceleration, 

the readings from the hammer and accelerometer are acquired by a signal acquisition device 

(DATA TRANSLATION DT9837) and then analyzed by the Dewe-FRF 6.6 software. 

From Figure 6.9, it is seen that some supporting parts are mounted on the end effector 

to attach the accelerometer and transmit the input excitations to the CPM. The total mass of the 

end effector has significantly increased due to the additional masses of supporting parts. Taking 

into consideration of the additional masses, the compensated frequency vector, 
6-DOF

F  , is 

expressed as  

 
6-DOF

143 191 191 207 361 361
Z X Y Z X YR R R

F
   

   
 

 (6.13) 

 

a) Dynamic response along the Z axis 

Firstly, the evaluation of the first vibration mode along the Z axis is carried out. The 

accelerometer is attached below the end effector to measure the acceleration along the Z axis, 

an excitation in the same direction is applied by the impact hammer as shown in Figure 6.9a. 

The obtained result is plotted in Figure 6.10a. It is seen that the experimental resonance 

frequency along the Z axis is 138 Hz, which has a small deviation of 3.5% compared to the 

predicted value of 143 Hz. 
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Figure 6.9: Experimental setup to measure the dynamic response (a) along the Z axis, (b) along 

the X axis, (c) about the Z axis and (d) about the Y axis. 

b) Dynamic responses along the X and Y axes 

Next, the dynamic responses along the X and Y axes are evaluated. Figure 6.9b shows 

the experimental setup to measure the dynamic response along the X axis. A L-shape supporting 

part is mounted on the top surface of the end effector. The accelerometer is attached to one side 

and the excitation is applied at the other side of the supporting part. Note that the directions of 

the acceleration and excitation are parallel to the X axis. Because the input force is measured 

at a specific distance along the Z axis from the end effector, a bending moment about the Y axis 

is also generated and the accelerometer is able to detect the acceleration about the Y axis as 

well. Hence, the dynamic responses along the X axis and about the Y axis can be measured 
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simultaneously through this experiment as shown in Figure 6.10b. It is observed that two 

vibration modes are clearly shown in the plot; the first peak represents the resonance frequency 

along the X axis while the second peak represents the resonance frequency about the Y axis. 

The measured dynamic response along the X axis is 175 Hz, which is close to the predicted 

value of 191 Hz with the deviation of 8.38%. A similar setup is adopted to measure the dynamic 

responses along the Y axis and the result is plotted in Figure 6.10c. 

From Figure 6.10b and Figure 6.10c, it is seen that the dynamic responses of 330 Hz 

and 334 Hz about the X and Y axes respectively are lower than the predicted value of 361 Hz. 

The experimental results can be improved by using a better setup as described below. 

c) Dynamic responses about the X and Y axes 

The setup to measure the dynamic response about the Y axis of the CPM is shown in 

Figure 6.9d. A flat part used to attach the accelerometer is mounted on the end effector. The 

excitation is applied at a specific distance from the Y axis while the acceleration is measured at 

the opposite side. Since the directions of the excitation and acceleration are parallel to the Z 

axis, the first vibration mode along the Z axis can also be detected. The result is shown in 

Figure 6.10f. It is seen that the first mode nearly coincides with the previous measurement and 

the sixth mode about the Y axis is 353 Hz which well matches the prediction of 361 Hz with a 

small deviation of 2.22%. A similar setup is adopted to measure the dynamic response about 

the X axis and the results is plotted in Figure 6.10e. 
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Figure 6.10: Experimental dynamic response of the CPM (a), (b), (c) along the Z, X and Y axes 

respectively, (d), (e), (f) about the Z, X and Y axes respectively. 



128 

 

d) Dynamic response about the Z axis 

Lastly, the fourth vibration mode about the Z axis of the CPM is evaluated by the setup 

shown in Figure 6.9c. It is similar to the setup for measuring the response along the X axis, but 

the accelerometer and impact position are shifted to two opposite sides of the support part. 

With this setup, three dynamic responses, i.e., along the X axis, about the Z and Y axes, can be 

simultaneously measured and the obtained results are plotted in Figure 6.10d.  

e) Summary of results 

The experimental dynamic responses together with the deviations compared to the 

predicted values in Eq. (6.13) are summarized in Table 6.2. The highest deviation of the 

experimental results is found to be less than 9%; this demonstrates the predictable dynamic 

property of the synthesized CPM with a cellular end-effector. 

Table 6.2: Deviations between the experimental dynamic responses compared against the 

predicted values. 

Mode Resonance frequency Predicted Experiment Deviation 

1 Translation along the Z axis 143 Hz 138 Hz 3.50% 

2 Translation along the X axis 191 Hz 175 Hz 8.38% 

3 Translation along the Y axis 191 Hz 181 Hz 5.24% 

4 Rotation about the Z axis 207 Hz 211 Hz 1.93% 

5 Rotation about the X axis 361 Hz 351 Hz 2.77% 

6 Rotation about the Y axis 361 Hz 353 Hz 2.22% 
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6.4 Summary 

This Chapter presents a novel design of 6-DOF CPM synthesized by the beam-based 

method and the design criteria for achieving decoupled motions. The advantage of 3D printing 

technology, i.e., the ability to fabricate cellular structures, is exploited to improve the dynamic 

property of the CPM by reducing the mass of the end effector. As a result, the first resonance 

frequency of the CPM can reach 133 Hz, which is 33% higher than the design using the solid 

end effector. In addition, the synthesized CPM is able to produce large workspace of more than 

6 mm for the translations and 12° for the rotations.  

Some experiments are carried out to evaluate the actual performance of the EBM-

printed prototype. As the effective thickness of the C-T beams are accurately estimated by the 

coefficient factor, the 3D-printed prototype of the CPM can provide predictable behaviors. The 

experimental results show that the mechanical characteristics of the prototype well agree with 

the predicted data with the highest deviations of 10.47% and 8.38% for the stiffness and 

dynamic properties respectively. Moreover, the CPM is able to achieve full workspace and the 

measured six vibration modes well match the prediction. The decoupled motions of the CPM 

are also experimentally demonstrated, the obtained results suggest that the energies caused by 

parasitic motions only contribute less than 0.5% over the total input energies generating the 

desired motions. 

  



130 

 

CHAPTER 7  

CONCLUSION AND FUTURE WORKS 

This Chapter concludes the results obtained from this work. In addition, the main 

contributions are summarized, and some future works are also outlined. 

7.1 Conclusion 

a) Beam-based structural optimization method 

In this research, a novel design methodology, termed as beam-based structural 

optimization method, has been developed for synthesizing multi-DOF CPMs with optimized 

stiffness and dynamic properties for precise positioning systems. The desired motions of CPMs 

can be achieved by optimizing the geometry of two reflecting C-T beams within each compliant 

limb. Moreover, an analytical approach that normalizes different units of components within 

the stiffness matrix has been proposed to derive an objective function with well-defined unit 

for the optimization process. 

b) Synthesis of a 3-DOF spatial-motion (θX – θY – Z) CPM 

A novel 3-DOF spatial-motion (θX – θY – Z) CPM has been synthesized using the beam-

based method. The analytical results show that the CPM is able to produce good stiffness 

property through the high stiffness ratios of more than 4000 and 200 for translational and 

rotational motions respectively, large workspace of ±4° × ±4° × ±2.75 mm and fast dynamic 

response with the first resonance frequency of 100 Hz. Experiments are conducted to evaluate 

the performance of the synthesized CPM. The effectiveness of the proposed beam-based 

method has been demonstrated since the experimental results well agree with the prediction. 
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c) Investigation on mechanical properties of 3D-printed CPM 

EBM technology has been used to monolithically fabricate a prototype of the 

synthesized 3-DOF (θX – θY – Z) CPM with Ti6Al4V material. A coefficient factor of 1.27 has 

been proposed to compensate the difference between the designed thickness and effective 

thickness of EBM-printed flexures caused by the surface roughness. With the application of 

effective thickness for the C-T beams, the 3D-printed CPM has performed predictable stiffness 

and dynamic properties through the small deviations between analysis and measured data. 

Furthermore, a 3-DOF manipulator built by the 3D-printed CPM has been developed and 

experimentally evaluated. The measurements show that the 3D-printed manipulator can 

achieve a full workspace of ±3° × ±3° × ±2 mm, high resolution and good positioning accuracy 

of 0.14" × 0.12" × 20 nm and ±0.058" × ±0.065" × ±10.8 nm respectively. These results 

demonstrate that EBM technology can be used to fabricate CPMs for high-precision systems. 

d) Design criteria for CPMs with fully-decoupled motions 

As CPMs are preferred in positioning applications, design criteria for synthesizing 

CPMs with fully-decoupled motions have been analytically derived. The findings provide some 

conditions for position and orientation of each flexible element/compliant joint in each limb. 

The derived criteria are applied to synthesize an improved 3-DOF (θX – θY – Z) CPM. The 

motion property of the new CPM has been verified experimentally and compared to the 

previous design to demonstrate the correctness of the proposed criteria. Most importantly, those 

criteria are applicable to any design method and can be applied to determine the motion 

property of any CPM.  

e) Synthesis of a 6-DOF CPM 

A novel 6-DOF CPM has been synthesized using the proposed beam-based method and 

design criteria. The advantage of 3D printing technology in fabricating cellular/lattice 
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structures is also exploited to enhance the dynamic behavior for the CPM. By using the end 

effector fabricated by cellular structure, dynamic response of the 3D-printed CPM can be 

improved up to 33%. Beside the predictable stiffness and dynamic characteristics, the 

experimental investigations also show that the CPM can produce large workspace of more than 

6 mm and 12° for the translations and rotations respectively. Additionally, the decoupled-

motion capability of the CPM has been evaluated. The measured results suggest that the 

parasitic displacements are nearly zero since more than 99.5% of input energy is used to create 

the desired motion for the CPM. 

7.2 Contributions 

The main contributions of this research are summarized as follows: 

 A novel beam-based structural optimization method is developed. The method is able 

to synthesize multi-DOF CPMs for positioning applications with optimized stiffness 

property and targeted dynamic behavior. Using the method, novel 3-DOF (θX – θY – Z) 

and 6-DOF CPMs are synthesized with optimized mechanical characteristics and large 

workspace. 

 A new objective function for the stiffness optimization of CPMs is derived to address 

limitation of existing functions in governing the different units of components within 

the stiffness matrix. The proposed objective function with well-defined unit can be used 

to optimize any CPM with single- or multi-DOF. 

 Several criteria for synthesizing CPMs with fully-decoupled motions are analytically 

derived. The criteria can be applied to synthesize or analyze the motion property of any 

CPM regardless of its DOF. The derived criteria are verified by the syntheses of 

decoupled-motion 3-DOF (θX – θY – Z) and 6-DOF CPMs. 
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 Some insights into the mechanical properties of 3D-printed CPMs using EBM method 

are investigated. In particular, a coefficient factor is proposed to determine the effective 

thickness of EBM-printed flexures, enabling the mechanical properties of 3D-printed 

CPMs to be predictable. 

7.3 Future Works 

Several aspects of the current research need to be further investigated and the suggested 

research directions are as follows: 

 Although the beam-based method can accurately predict six primary vibration modes 

of CPMs, only the first resonance mode is successfully optimized to the targeted 

frequency. In order to develop compliant devices for advanced positioning applications, 

all six vibration modes of CPMs need to be optimized during the synthesis process. 

Additionally, the truly global-optimal result can be obtained only when the stiffness 

and dynamic optimization processes are done together. Thus, it is necessary to develop 

a new objective function that can govern the stiffness property and six vibration modes 

of the CPMs. 

 The proposed beam-based method is able to synthesize CPMs for positioning 

applications, but the actuation has not been taken into account. To actuate a CPM 

synthesized by beam-based method, actuators and compliant supports need to be 

selected and allocated into the CPM. As a result, behaviors of the entire system would 

be different from the original prediction which only considers the CPM. Hence, the 

implementation of actuation in the synthesis process is essential. 

 In this research, several criteria for synthesizing decoupled-motion CPMs have been 

derived and verified by the designs of a 3-DOF (θX – θY – Z) CPM and a 6-DOF CPM 

with fully-decoupled motions. The proposed criteria are achieved by solving some 
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special cases of governing equations. There are still many possible cases to be 

investigated and more general design criteria can be obtained. 

 This research suggests that EBM technology is applicable to fabricate compliant 

devices for motion systems. It is seen that by defining the effective thickness of flexures 

based on the proposed coefficient factor, the mechanical properties of EBM-printed 

CPM can be predicted. However, some preliminary investigations (see Appendix C ) 

show that the coefficient factor varies with the building directions as well as the 

designed thickness of flexures. Further research needs to be conducted to determine a 

general model and formulation that can accurately represent the effective thickness with 

regard to building direction, geometry and designed thickness of flexures as well as 

printing parameters. 
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APPENDICES 

 The Equivalent PRB Model for Over-

Constrained CPMs 

The compliance along the Z axis which exhibits the nonlinear characteristics as shown 

in Figure 3.10 and Figure 4.5 is caused by the large deformation of the over-constrained three-

limb CPM. In this case, each limb can be considered as a fixed-clamped beam as illustrated in 

Figure A.1. The equivalent fixed-clamped beam can be represented by some key parameters as 

follows 

 The equivalent length, l , is the distance from the fixed end to the loading point. 

 The equivalent axial force per unit strain, EA , and bending flexural rigidity, EI , are 

derived respectively based on the first and the third components along the diagonal of 

the stiffness matrix of the compliant limb. 

 

Figure A.1: Equivalent PRB model of a compliant limb. 

The PRB model for large deformation of the linear spring is used to analyze the 

nonlinear stiffness characteristics of the over-constrained CPM. The S-shape of the deformed 
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equivalent beam can be modeled by two torsion springs at both ends connected by a linear 

spring as illustrated in Figure A.1. Then, the force ( zF ) – displacement ( z ) relationship along 

the Z axis can be expressed as [11]  
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 (A.1) 

 

where   represents the length change in between two torsional springs, i.e., l l   , and   

represents the deflection angle of the deformed beam. TK  represents the stiffness of the torsion 

spring and AK  represents the stiffness of the linear spring. Based on past literatures, the spring 

constant, K , is selected as 2 [1] and   is derived as 2/3 [143].  
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 EBM Printing Process 

In this work, the Arcam A2X electron beam system as shown in Figure B.1, which has 

a build envelope of 200 × 200 × 380 mm3, is used to fabricate all the 3D-printed prototypes. 

The fabrication material is Ti6Al4V supplied by Arcam AB.  

 

Figure B.1: Arcam A2X system (Source: www.arcam.com). 

In EBM technique, materials from the powder hoppers is first spread over a build 

platform to create a thin layer.  The electron beam from its source is focused and positioned by 

the corresponding coils.  This high-energy electron beam is then scanned through the defined 

cross-section, causing the material in the scanning area to be melted and joined together to 

form the desired cross-sectional pattern. A new layer is subsequently spread on the printed 

layer and the scanning process repeats until the desired structure is formed.  
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To achieve high quality printed parts as well as to protect human from the gamma rays 

produced by the electron beam, the EBM printing process must be done in a vacuum chamber 

as illustrated in Figure B.2.   

 

Figure B.2: Concept of the EBM method [144]. 

The standard build theme from Arcam AB for Ti6Al4V alloy is applied to all building 

processes in this work.  In particular, the accelerating voltage, layer thickness and line offset 

are set as 60,000 V, 50 µm and 0.1mm respectively.  The size of the material powder distributes 

within a range from 45 µm to 105 µm with the average particle diameter of ~70 µm [78].  A 

10 mm-thick start plate made from stainless steel is heated before printing. Once the 

temperature of the start plate achieves 730 °C, the building process begins. The building 

process is done under a vacuum of ~2 × 10-3 mBar controlled by using high purity helium as 

a regulating gas to prevent powder charging. Both the preheating and melting processes are 
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achieved based on the high-energy of electron beam.  For each layer, the melting process is 

first carried out at the boundary and the area at the center is then melted. This process repeats 

layer by layer until the part is fully built.  The completed prototype can be removed when the 

temperature reduces to below 100 °C.  The semi-sintered powder around the fabricated part is 

removed and recycled for the next printing job by a powder recovery system.  
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 Effective Thickness of EBM-Printed 

Flexures Regarding to Different Designed Thickness 

and Building Directions 

As the importance of the effective thickness of EBM-printed flexures has been 

demonstrated in Chapter 4, it is explored more in terms of different designed thicknesses and 

building directions. The linear spring mechanism, which is used as testing model, is fabricated 

by Ti6Al4V material along three main building directions, i.e., along the flexure’s length, width 

and thickness directions, as shown in Figure C.1. For each building direction, a set of 

prototypes are printed with the designed thickness varies from 0.3 mm to 1 mm, which are the 

common dimensions popularly used to synthesize compliant mechanisms. 

 

Figure C.1: Model of linear spring mechanism with three main building directions. 

The similar experiment as presented in Section 4.2 is used to measure the stiffness of 

each sample. The corresponding effective thickness and coefficient factor are calculated by 

Eqs. (4.2) and (4.3) respectively. Based on the experimental results, the plot illustrates the 
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relation of designed thicknesses and coefficient factors of EBM-printed flexures regarding to 

the three building directions is shown in Figure C.2. 

 

Figure C.2: Coefficient factors of EBM-printed flexures with different design thickness and 

building directions. 

From Figure C.2, the change of coefficient factor with respect to the designed 

thicknesses and building directions are demonstrated. By using these results, mechanical 

property of any EBM-printed flexure having thickness of less than 1 mm can be defined by 

determining the appropriate coefficient factor based on its designed thickness and building 

direction.  
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 Stiffness Characteristics of Some 

Popular Flexure Elements 

Referring to [125, 142], some popular flexure elements have the same compliance 

matrix form as expressed in Eq. (5.10) are shown in Figure D.1. They can be revolute hinge, 

thin beam as illustrated in Figure 5.2, and also can be some other forms such as spherical joint 

(Figure D.1a) or prismatic joint (linear spring) as shown in Figure D.1b. The notch of spherical 

joint can have circular or square cross-sectional area while the linear spring can be constructed 

by four notch hinges or a pair of cantilever beams. 

 

Figure D.1: Flexure elements (a) spherical joint, (b) linear spring. 
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 Conditions of the Compliance Matrix of 

a Limb for Achieving Decoupled-Motion CPM 

Results of the inversion of Eq. (5.8) is written as 
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The expression of each component in lC  are given as 
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The form of l
C  needs to be specified as a standard for the design process of decoupled-

motion CPMs. It is seen that the expressions of seven compliance components corresponding 

to the seven zero-components in the stiffness matrix have similar forms. Here, these seven 

compliance components are required to be zeros so that the form of the limb's compliance 

matrix will be the same with its stiffness matrix. This special form offers the simplicity during 

the design process and can be used as the standard to define the decoupled-motion capability 

of CPMs. The requirements to make the seven compliance components equal to zeros are 

written as follows 
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As the diagonal components in the stiffness matrix are always non-zeros while the non-

diagonal components can be zeros or non-zeros, the non-diagonal components are considered 

as unknowns and the diagonal ones are parameters. In the first set of equations, one of the first 

two equations can be redundant. The answers of the first set of equations are 
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The second set of equations contain three equations with five unknowns so that there 

could be many solutions. Here, two simple solutions are proposed, and their answers are given 

as 
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 Inversion of the Compliance Matrix of 

a Limb in a Decoupled-Motion CPM 
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