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Design and Optimization of a MEMS Electret-Based
Capacitive Energy Scavenger

Fabio Peano and Tiziana Tambosso, Senior Member, IEEE

Abstract—In this paper, a method for the design and optimiza-
tion of an electret-based vibration-to-electric microconverter
is presented, using a nonlinear dynamical model of the device.
The dynamics of the converter is analyzed in detail, showing the
importance of properly accounting for the nonlinearity in the op-
timization process. A procedure to determine a set of optimization
parameters is finally presented. [1323]

Index Terms—Capacity converters, electret, energy harvesting,
microelectromechanical systems (MEMS).

I. INTRODUCTION

N the last years, much interest has been attracted by micro-

generators capable of extracting power from ambient vibra-
tions, a process known as energy scavenging. Several techniques
to perform electromechanical energy conversion have been pro-
posed, and a good review is presented in [1]. Basically, we find
three classes of electromechanical converters: inductive [2]-[4],
piezoelectric [5]-[7] and capacitive [8]-[11]. The last class of-
fers a good capability of miniaturization and on-chip integra-
tion, but usually needs a voltage bias for the conversion process
to occur [1], [8], [9].

In this work, we focus on a new method of capacitive con-
version, proposed by Sterken ez al. [10], [11], which does not
require the external voltage bias. The basic schematic of the con-
verter, shown in Fig. 1, uses an electret [12], [13] sandwiched
between two electrodes, one fixed (B, the substrate) and the
other (A, the proof mass) actuated by ambient vibrations. Vi-
brations cause a flow of charge between the fixed electrode B
and the two variable capacitors C; and Cs.

We can schematize the process by means of the equivalent cir-
cuit of Fig. 2, which will be used in Section II to analyze the con-
verter dynamics. Despite it looks very simple, the equivalent cir-
cuit is not easy to treat in closed form, because the voltage on the
capacitors C; and Cs are nonlinear in the mass displacement.
Thus, an explicit expression for the extracted output power is
difficult to find, and we have to resort to numerical solutions.

In the optimization process, we are faced with a time-con-
suming numerical integration, depending on the number of free
parameters. Thus, the critical step is the choice of a minimum
set of optimization parameters, as discussed in Section III. Fi-
nally, to validate the proposed method, we present a comparison
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Fig. 1. The electret-based capacitive converter: reference structure (top view)
and charge exchange through C; and C; (side view).
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Fig. 2. Equivalent electric circuit of the converter.

of our results with those of the small signal (linearized) model,
based on the case analyzed by Sterken et al. [10], [11].

II. DYNAMICAL MODEL OF THE CONVERTER

In order to work out a dynamical model of the converter,
we start writing the voltage V' = @Q/C at the electrodes, and
the magnitude of the electrostatic force F' = d(¢V/2)/dx of a
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single comb-like variable capacitor of capacitance C, as func-
tions of the charge g at the electrodes and of the displacement x
off the initial overlap h

8

{ V(q,l’) = 2Ar€0%£;L,$) 1)

— q-8

~— 4Negb(h—z)?
where ¢ is the dielectric constant of vacuum, /N the number of
fingers, b the height of the fingers, h and ¢ the initial overlap and
the gap between movable and fixed fingers (see Fig. 1), respec-
tively. For a symmetric structure with two identical capacitors,
we have

Fl(qhx) = F(lew)

Vi(g2,z) = V(q, z) @)
Fy(q1,2) = F(g2, —)

Va(g2,7) = V(q2, —7)

Using (1) and (2), we can write the equations governing the
dynamic of the converter in the following form:

R = =Vi(qn, @) = 158 + V

Cei
R = ~Valga,0) = T2 + Vi
ijg = Fy(qo,z) — Fi(q1,2) — kz — B% — ma(t)

3)
Here, the third equation is the law of dynamics, m, k, B and
a(t) being, respectively, the mass of the mechanical resonator,
the mechanical stiffness, the damping coefficient and the accel-
eration caused on the device by the external vibration source,
which, from now on, will be assumed to be periodic with period
T. The first two equations describe the electret placed between
the electrodes A and B, through a model of a capacitance C.;
and a constant voltage source V,; [11], [12], R being the load
resistance (Fig. 2).
For the purpose of generality, we rewrite (3) using normalized
variables, by setting

N q1 N q2 N
qgQ=— 2=— T=

i=t x
= wl —
’ qo qo h’

“4)

where w; /27 is the mechanical resonance frequency of the de-
vice, and qq is the initial charge on each variable capacitor. The
charge qq is given by g0 = CoVy, Cp and V;, being the capaci-
tance and quiescent voltage for each variable capacitor, written
as

_ 2N€0bh Cel

C =
0 5 YT 200+ Cy

Ver- ®)

Using the above definitions, (3) in normalized form become

% = —wy 1?1—1.% - d}el((jl + @2) + 1
dio . & o .
= w2 112@ — Wer(Gr + G2) + 1 (6)
i n|.9q 2 n1|_4 2 dz o
_ 1 2 a ~
daiz T2 173‘"] +§|:1+i:| _x_QCd__ (t)

where we have introduced the normalized quantities

~ 1 . 1 i Ve
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Once (6) is solved, we can calculate the output power P,
supplied by the generator as the time average of

P(t) = CoVEw, P(f) ®)

being

s L[ (i (di)?
-2+ (8)]

the normalized instantaneous power. As we can see, P(f) de-
pends only on the normalized parameters ws, W,;, 7, ¢, of which
Wy describes the load impedance and 7 is about the relative
strength of the electrostatic forces with respect to the inertial
forces.

An explicit expression for P, can be derived for the small
signal regime, i.e., for small oscillations and small charge vari-
ations

(Jé(h)] < 1) and (|g2(f) -1 <1).  (10)

Indeed, by linearizing (6) about the equilibrium working
point in absence of excitation (G, (f) = 1, §2(f) = 1, 2(f) = 0),
one obtains the following linear set of equations:

99 = — (@9 + 20a)Q
aq

R (1D
e _ - - di _ ~c7p
T = —2nd — (1+2n)z — 205 — a(t)
being
Q =641+ 842
{ i — S1i=bi (12)
4= ">

with 6G1 2 = ¢1,2 — 1. As we can see, the first equation in (11)
is independent from the others and its solution is just the ex-
ponential charge/discharge transient for the electret capacitance
C.;, which means that, in asymptotic regime, Q(f) = 0 and
no current passes through C.;. Equations (11) are a set of two
equations in the variables ¢ and z; accordingly, for a sinusoidal
mechanical input 4(f) = —A sin(&f), the output power is found
analytically as

Poui = CoVEw) Pos (13)
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(14)
Though valid only in the small-oscillation regime, (14) pro-
vides a straightforward and useful estimate of the output power
for a specific application. However, the linear model cannot be
used in general and there is no reason for the optimal param-
eters to correspond to a small oscillations regime. Therefore,
in order to set up a general design-and-optimization procedure,

as carried out in next section, we must resort to the nonlinear
model (6).

o"u>

III. DESIGN AND OPTIMIZATION OF THE DEVICE
A. Preliminary Considerations

Before starting the design and optimization, we should check
that the electret-based capacitive converter be a suitable solution
for the intended application. This is easily done by considering
the normalized output power, P, expressed as

Pout = Pin - ZADloss (15)
Whefe, as it is shown in Appendix A, Isin is the average value
of Prpcch, the mechanical power absorbed by the converter
and Pjogs is the average value of Pyamp, the power loss due to

damping, and these quantities are given respectively by

. a(t) di . 20 (di\”
a) dr 4 Puamp = x < x) . (16)
n

mech — —

n dt

dt

If the vibration exciting the generator has a power spectrum
with a peak frequency, w/2m, we can assume the driving term
a(t) in (3) as a simple sinusoid

a(t) = —Asin(wt) (17)

where A is the amplitude of the acceleration. Then, as long as
the loss term is neglected, we can write

t+T y t+T y ()
mw T mw a(t
Pout = ——27[_ / a(t)%dt = —271' / $_df dt (18)
t t

where 1" = 27 /w is the oscillation period, and, if also x(t¢) can
be assumed sinusoidal, i.e.

z(t) 2 X sin(wt + ¢) (19)

an estimate for Py, in the most favorable case ¢ = —m/2
(with respect to the driving inertial force, —a(t) = A sin(wt)),
follows as
~ L L3

Pout = EmwAX = §mw YX (20)
being Y the oscillation amplitude of the vibration source. Now,
by taking into account the constraints of fabrication, reasonable
values for m and X can be chosen, and P, can be estimated.
Depending on both the output power required for the intended
application and the maximum volume allowed, (20) can be used

to analyze the applicability of this kind of energy scavenger with
a given source of vibration.

B. Design and Optimization of Parameters

According to the model described in Section II, and assuming
a sinusoidal vibration source, the output power depends on the
quantities Cy, C¢j, Vi, R, m, h, w1, B, A and w. The last two
depend on the mechanical source available, whereas R and w;
can be assumed as free parameters; the remaining quantities de-
pend on the geometrical structure of the device. We can get a
simplification by assuming the volume to be the maximum al-
lowed by the application, that is, maximizing L, L, and b. The
mass m can then be written as

m = pb(L,W + 2N Hd) 1)

p being the material density (for Si, p = 2330 Kg/m3). We
have also

N _tv
2(d +9)

The mass m depends on five parameters, H, w, h, d, and

6, among which one or more free parameters can be chosen. In
this work, we take h as an optimization parameter and the aspect
ratios b/d, b/6, h/H and h/w are set to a fixed value as follows:

W =L, —2(2H +w — h), 22)

r=2%=25
b |4
To = 5 = 25
o @)
Ty = T = 0.5
ry=2=05
According to (22) and (23) one can write
m = m(h) = pbLy(L, — 9h) (24)
and
L,h
Co = Cy(h) = r250" (25)
2b
where h will satisfy the constraint
L,
O0<h<—. 2
<h< 4 (26)

For simplicity, we now assume a fixed value for the remaining
parameters, Vg, C,;, and B too, despite their eventual depen-
dence on the geometrical parameters (e.g. on h) could improve
optimization further. Also, we assume a fixed value for the gap
between electrode A and the electret, which should be as low as
possible, in order to maximize C.; and, consequently, V.

Under this assumption, by computing the normalized quan-
tities given by (7) by means of (24) and (25) one can formally
write P, as a function of the three parameters wq, R and h:

4T
Pout(wh h7 R) = Co(h)%2(h)2i / P(wl"/ R7 h7 f)dﬂ (27)
s
t
being T = 2n /& the normalized oscillation period. Once the
ranges of variation for wy, R and h are provided, the design
can be optimized by looking for the combination that maxi-
mizes P,,. This procedure is general and applicable to a wide
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Fig. 3. Output power as a function of the optimization parameters h (the
quiescent finger overlap) and w; (the mechanical resonance frequency) for the
optimal load value, R = R* = 70 M(.

range of cases and working conditions, depending on the par-
ticular application. Also, the design-and-optimization scheme
here proposed can be easily modified, if needed; for instance,
one could employ a different set of free parameters, or different
geometrical aspect ratios (as long as geometrical quantities are
included among the optimization parameters, all these choices
greatly affect the final design of the device). In the next section,
we present an example of application.

C. An Example of Design-and-Optimization

The example reported here is based on the case considered by
Sterken et al. in [10], [11]. According to (7), (24), and (25) the
system is defined by the following set of fixed parameters:

Vo =150V C.; = 16.8 pF
L, =23mm L, =5mm (28)
b =100 pm B = 25.5 uNs/m

The vibration source of excitation [11] is a sinusoidal oscilla-
tion with amplitude Y = 5 pm and frequency w/27 = 911 Hz,
so that a sinusoidal driving term can be considered with

{w = 5724 rad/s (29)

A=1638m/s” "

About the constraints on parameters, the following ranges of
variation are assumed:

0.5w<w Sw
0<h<L2(164 pm)
10 MQ < R < 500 MQ

(30)

The maximum of output power is now searched by solving
(6) on a suitable 3-D grid in the space of parameters (this has
been performed using the standard ODE solvers available in
MATLAB. The use of a proper 3-D grid leads to computational
times up to a week on a fast PC running MATLAB 6.1 for Win-
dows. For the example here reported a 64 x 64 x 64 grid in
the (w1, R, h) space has been used. If one chose to use a higher
number of free parameters, the computational effort would grow
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Fig. 4. Proof mass displacement (#) during a complete oscillation of the
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Fig. 5. Waveform of the charge on each variable capacitor on a period of
excitation.

tremendously and the development of an ad hoc numerical tech-
nique would probably be required). Doing so, we find the op-
timal set of parameters (which we mark with an asterisk)

h* 22140 pm
R* =70 MQ

wi = 5080 rad/s(0.89w)
{ (D

and the corresponding output power PJ.
Put(wi,h*,R*) = 50 pW. Fig. 3 shows a plot of
P,yt(w1,h, R = R*). Figs. 4 to 7 describe quantities relative
to the asymptotic solution of (6) in the case of optimal
configuration of free parameters, (w1, h, R) = (w},h*, R*). In
Fig. 4, the mass displacement (&) and the external oscillation
() are plotted on a period, being

4(f) = Y sin(&f) (32)
where ¥ = Y/h is the normalized oscillation amplitude. The
oscillation Z is nearly sinusoidal with amplitude X=X /h =
0.7, meaning that the first condition of (10) is violated and the
regime is highly non linear, as clearly revealed by the waveforms
of 41, Ga, dcjl/df and d(jQ/df reported in Figs. 5 and 6. Finally,
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Fig. 7. Charge-voltage conversion cycle of the device. The loop area is half
the converted energy per cycle.

Fig. 7 is a plot of the conversion cycle, that is, the cycle de-
scribed in the voltage-charge plane during an oscillation period
[8]. For symmetry reasons, the cycle is equal on both variable
capacitors and its area is equal to half the total energy converted
per cycle.

The example reported above is a typical case where good
combinations of free parameters correspond to highly nonlinear
regimes, meaning that they could not be found in the framework
of the linear model (11). In fact, by inserting the optimized data
in (13), (14), we find P,,; = 6 uW, a value much lower than
that obtained with the nonlinear model. On the other hand, if
we repeated the same optimization procedure discussed above
evaluating P, through (13), (14), rather than solving (6), we
would find

h* =298 pm
R* = 500 MQ

wi 2 5179 rad/s(0.90w)
=] (33)

Linear
10° Non linear
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Fig. 8. Comparison of output powers Pou¢(h,wi, R = R* = 70 MQ)

obtained using the linear model and the nonlinear one.

*

as optimal set of parameters, and P}, = 283 pW as max-
imum output power. This last value is completely wrong and
the parameters (33) are far from the real optimal parameters
(31). For the combination of parameters (33), the real value of
the output power (obtained from the solution of (6)) is Poy =
5.8 uW. Again, the corresponding regime is strongly nonlinear,
involving mass displacements as high as |Z| 2 0.6: such dy-
namic regimes cannot be described appropriately with the linear
theory, due to the strong effects of the nonlinearity in the electro-
mechanical coupling terms in (6). In general, very large differ-
ences between models (6) and (11) are likely to arise whenever
one makes an improper use of the linear model, i.e., whenever
conditions (10) are violated, which is the case of both set of
parameters (31) (the correct optimal set) and (33) (the incor-
rect optimal set). This is well illustrated in Fig. 8 where a plot
of Pout(h,w1, R = R* = 70 M{) obtained using the linear
model is reported, compared with the plot of Fig. 3. For low
values of P,, the two plots are similar (i.e., the regime is al-
most linear), but in the region of interest (high values of P,,)
they are completely different, because of the improper use of the
linear approximation in these conditions.

IV. CONCLUSION

We developed a method for the design and optimization of an
electret-based capacitive converter, based on the nonlinear dy-
namical model (6). As the procedure requires a numerical solu-
tion of the governing equations for each combination of free pa-
rameters, we adopted a series of constraints (technology driven)
on the design of the device in order to reduce the number of
free parameters, and, consequently, the required computational
time. An example of application is reported showing that the
nonlinear behavior of the converter is crucial in the optimization
process and has to be taken into account to get correct results.
From a 911 Hz vibration source with an oscillation amplitude
of 5 pm, we can extract a maximum output power of 50 pW,
obtained using the optimal combination of dimensional param-
eters calculated with the nonlinear model. Such a working point
could not be found applying the small-signal, linear theory. In-
deed, a much lower power (i.e., 5.8 uW) will be extracted from
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a device whose design parameters are optimized with the linear
model.

APPENDIX

Let us consider the energy balance for the converter, and
rewrite (6) in terms of normalized power

1 (1) (i g 4g) 4 V| d
o a7 — 1—% Do q1T4q2 el| 47
L (422)" 2 [ g _ba(g 1)+ 7] G2
D2 \dt ) T |TTHE T & \1Td2) Vel | g
2 2 .
1 (a0 _ | 1.4 1{.g i Cp_a® | o
o (“d—l’) = [—5 [1(’_1@} +3 [ffm} —%—25“—7] b

(34)
where ¢ = di/dt and V,; = Vi /Vo = I./&2. Now, one
can eliminate the electro-mechanical coupling terms, using the
energy balance equations for the two variable capacitors

~2 N N . 2
d |1 & _ @1 dq + 1| 4 &
dt |21—2| — 1-2 a4t 2 [1-%
i X R 32 35)
d 1. @6 | _ g dg2 _ 1| g b
dt 2142 | = 1+2 4t 2 | 142

The energy balance for the electro-mechanical converter is
then readily obtained as

A1 @ 1@ oul@+i)® o . 82 @
|: q_1+_q_2 _EIM_ el(Q1+Q2)+—+—}

di21-2 2142 @y 2 2n ' 2n
a(D)o 1 [(din\® | (dax\?] 2
__ado_ 1 <ﬂ> +<2) _ X2 a6
n w2 dt dt n

Equation (36) states that the time derivative of the total energy
of the system is equal to the mechanical input power minus the
converted power, and minus the power dissipated by the viscous
friction. Now, because in the asymptotic regime the total energy
is a periodic function, the time-average of (36) over an oscilla-
tion period 7' = 2 /& gives:

(37

where Pin and 1510SS are the mean mechanical extracted power
and mean dissipated power, respectively

T
5o 1 ae g
Pn=—% tf ot
» 1 %+T24 2 77 o
Pioss = T \[ ?'U dt
t

Equation (37) simply expresses the fact that the mean con-
verted power equals the mean input power minus the mean dis-
sipated power.
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