
0090-6778 (c) 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2015.2514089, IEEE

Transactions on Communications

1

Design of a Short Reference Non-Coherent

Chaos-Based Communication Systems
Georges Kaddoum∗, Member, IEEE, Ebrahim Soujeri, Senior Member, IEEE, Yogesh Nijsure, Member, IEEE

Abstract—Data rate and energy efficiency decrement caused by
the transmission of reference and data carrier signals in equal
portions constitute the major drawback of differential chaos shift
keying (DCSK) systems. To overcome this dominant drawback,
a short reference DCSK system (SR-DCSK) is proposed. In
SR-DCSK, the number of chaotic samples that constitute the
reference signal is shortened to R such that it occupies less than
half of the bit duration. To build the transmitted data signal, P
concatenated replicas of R are used to spread the data. This
operation increases data rate and enhances energy efficiency
without imposing extra complexity onto the system structure.
The receiver uses its knowledge of the integers R and P to
recover the data. The proposed system is analytically studied
and the enhanced data rate and bit energy saving percentages
are computed. Furthermore, theoretical performance for AWGN
and multipath fading channels are derived and validated via
simulation. In addition, optimising the length of the reference
signal R is exposed to detailed discussion and analysis. Finally,
the application of the proposed short reference technique to the
majority of transmit reference systems such as DCSK, multi-
carrier DCSK, and quadratic chaos shift keying enhances the
overall performance of this class of chaotic modulations and is,
therefore, promising.

Index Terms—Non-coherent chaos based communication sys-
tem, SR-DCSK, High data rate, Energy efficiency, Optimization,
Performance analysis.

I. INTRODUCTION

Coherent communications dominate the state-of-the-art of

the wireless communications domain. Such systems require the

perfect knowledge of channel state information at the receiver

side to perform the demodulation of the received information.

Signal pilots that rely on training-oriented channel compu-

tation approaches are utilised in this direction. Nonetheless,

estimation techniques like this augment the overhead in the

signal and the complexity of the receiver and create obstacles

to efficient designs. This is why coherent systems are said not

to be really implementable in fast-fading situations where the

coherence time is truly short.

Furthermore, the transmitter must intermittently send pilot

symbols in slow-fading channels, which leads to exhausting

available reserves especially in situations where pilot trans-

missions are excessive.

Added to this is the deterioration caused by flawed and erro-

neous channel estimations, which constitute another detriment

for coherent communications.
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Considering the disadvantages of coherent communications,

few of which are discussed above, and taking into consider-

ation the fact that non-coherent detection schemes do neither

require the knowledge of any channel state information nor

demand any complex synchronisation processes between trans-

mitting and receiving parties, a diverse number of research

buddies have actually invested in the field of non-coherent

chaos-based communication systems.

Taking into consideration the fact that chaotic signals

have plenty of advantages like superb correlation properties,

wideband peculiarities and easily-done generation, the use of

this category of waveforms for wireless communications is

recommended by many researchers [1], [2] and in particu-

lar for multiuser spread-spectrum communications [1], [3]–

[7]. Chaos-based modulations provide the features mentioned

herein while it does not cross the red lines preserved by spread-

spectrum modulations like security of communications [8],

jamming resistance and low probability of interception (LPI)

[9] as well as mitigation of fading in time varying channels

[10].

In the last 15 years, many coherent and non-coherent chaos-

based communication systems have been studied and inspected

[7], [11]–[17]. Conventional differential chaos shift keying

(DCSK) [2], [13], [16]–[18] is one of the most examined

systems amid chaos-based communication systems simply

because neither chaotic synchronisation nor channel state

information is a requirement at the receiver side to generate

the required chaotic replica. Interestingly, the only requirement

is the symbol or frame rate sampling.

Two equivalent time slots constitute the bit duration in a

conventional DCSK system. The reference chaotic signal is

placed in the first slot, and the product of the reference signal

by the transmitted data is placed in the second slot. As a result,

the second slot will either carry the reference signal itself if the

transmitted bit is positive, or a negated version of the reference

signal if the transmitted bit is negative.

It must be indicated that both DCSK and differential phase

shift keying (DPSK) modulations are non-coherent schemes

and do not require channel state information at the receiver to

recover the transmitted data [10], [13]. But, in comparison

to DPSK, the DCSK is more robust to multipath fading

environments and is far more suitable for ultra wide band

(UWB) applications [7], [10], [13], [16], [19].

Nonetheless, the main drawback of conventional DCSK is

due to the repetition of chaos sequences which causes data

rate to be slow and half of the bit energy to be wasted.

Starting by the early work of [20] in which a quadratic

chaos shift keying QCSK is proposed, which uses the Hilbert
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transform to generate orthogonal bases of chaotic functions

in order to allow the transmission of more bits with respect

to conventional DCSK while demanding an equal amount of

bandwidth and finishing by the multi-resolution M-ary DCSK

scheme of [21], there has been a series of serious efforts to

outstrip the shortages of DCSK.

In a similar manner, a high efficiency DCSK (HE-DCSK) is

proposed in [22], a work in which the modulator recycles each

reference slot and two bits of data can be carried in one data-

modulated sample sequence. This increases the bandwidth

efficiency by twofold, makes the transmitted signal less prone

to interception by minimising re-transmissions, but system

complexity is increased in comparison to DCSK.

Furthermore, multi-carrier (MC-DCSK) is introduced in [7]

and is extended to the multiuser case in [23], [24]. In this

architecture, the transmission of chaotic reference sequences

is done over a predefined subcarrier frequency while multiple

modulated data streams are transmitted over the remaining

subcarriers. The MC-DCSK system offers increased data rates

and improves energy efficiency.

An improved DCSK (I-DCSK) system is lately proposed

in [25] in which the reference signal is added to the data

carrier signal after time reversal. This is done via establishing

orthogonality between these two signals in order to halve the

duration of the transmitted symbol which naturally leads to

doubling the spectral efficiency of the I-DCSK system.

Contributions and paper outline: The majority of proposed

schemes suffer from high system complexity or low energy

efficiency. In this paper we address for the first time the

question of reducing the length of the reference signal of the

transmit reference non-coherent chaos-based communication

systems. The main motivation of our paper is to propose a

non-coherent DCSK scheme that has an improved data rate

and energy efficiency, and that avoids complex designs and

performs without the use of any channel estimator at the

receiver. In this new design, the reference signal is shortened

such that it consists of R samples instead of β samples where

R < β. To construct the transmitted symbol and maintain

the same recovered bit energy like in DCSK scheme, P
replicas of the reference signal are concatenated such that it

has a total length of β = P · R and this concatenation is

used as a signature waveform to spread the data information

symbol. The total bit length in our proposed design would be

Tb = R+PR = R+β < 2β. Compare this to the conventional

DCSK where the transmitted bit length after spreading is 2β.

At the receiver, the reference signal is extracted from the

header of each bit frame (by sampling the first R chips out

of R + PR chips that constitute the total bit length) then

P correlations, each with length R, are carried out with the

remaining part of the bit duration. The P individual number

of correlations are summed up (algebraic addition) and the

outcome is compared to an unbiased threshold to recover the

transmitted data. In this scenario, the receiver does not need

any complex channel estimator, nor does it need to know

the content of the reference signal. Shortening the reference

signal reduces the bit duration, which increases the data rate

and enhances the energy efficiency of the system without

sacrificing the BER of the system or increasing its complexity.

Analytical bit error rate expressions over multipath fading

and additive white Gaussian noise (AWGN) channels are

derived and verified through numerical evaluations. Moreover,

an approach to calculate the optimal length of the reference

signal R is presented and discussed. Our results show that the

length R must be lower than the data carrier length for an

enhanced performance. These results will open up the door

to new future non-coherent designs taking into account this

property.

Since the proposed approach can be applied to the majority

of transmit reference non-coherent systems as part of the

global solution to enhance this class of chaotic modulation

schemes, we extend our approach to cover QCSK and MC-

DCSK as well. Finally, the performance of the mentioned

systems are evaluated and compared with and without the

shortened reference method. The contributions of this paper

are summarized as follows

1) Proposing a short reference DCSK system design.

2) Evaluating the energy efficiency and the data rate en-

hancement with respect to conventional DCSK system.

3) Deriving the optimal reference signal length.

4) Computing and analysing the BER performance over

multipath fading and AWGN channels.

The remainder of this paper is organized as follows: In

section II, the conventional DCSK is briefly presented and

the architecture of the SR-DCSK system is explained. Perfor-

mance analysis of the SR-DCSK scheme is done in section III.

An analysis of the reference length and a derivation of its

optimal value is put forward in section IV. Simulation results

and discussions are presented in section V and concluding

remarks are presented in section VI.

II. NON-COHERENT CHAOS-BASED COMMUNICATION

SYSTEMS

A. DCSK Communication System

Each bit bi = {−1, +1} in the DCSK modulator [1] is

represented by two sets of chaotic signal samples placed in

two consecutive time slots of equal lengths. The first time

slot is allocated to the reference signal, and the second slot is

allocated to the data carrier. The content of the data carrier slot

is the product (multiplication) of the reference signal by the

transmitted bit, i.e. the reference signal spreads the transmitted

bit. In simpler terms, the content of the second slot will either

be the reference signal or an inverted version of the reference

signal depending on the transmitted bit.

Similar to the spreading gain in CDMA communications,

the spreading factor in DCSK systems is defined as the number

of chaotic samples used to spread each transmitted bit and is

presented by 2β, where β is an integer. Furthermore, we define

TDCSK = 2Tb = 2βTc to be the DCSK frame time interval

for each transmitted bit.

The discrete form of the baseband signal sequence of the

ith bit time interval at the output of the kth transmitter ek,i,
may be expressed as

ek,i =

{
xk,i for (0 < k ≤ β)
bixk−β,i for (β < k ≤ 2β)

, (1)
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where xk,i is the chaotic sequence used as the reference signal

and xk−β,i is its delayed version. In addition Eb,i = 2βE[x2
k,i]

represents the transmitted bit energy of DCSK modulation. In

order to demodulate the transmitted bits, the received signal

rk is correlated with its delayed version rk+β and summed

over the bit duration Tb where Tb = βTc and Tc is the chip

time. The received bits are then estimated by comparing the

correlator output to a zero threshold. In the design of such a

system, the recovered bit energy after demodulation is equal

to Erb,i = βE[x2
k,i]. Hence, in this system half of the frame

bit time interval is dedicated to the non-information-bearing

reference signal which dissipates half the energy of each bit

Eb,i. This fact decreases data rate and energy efficiency in the

DCSK system.

B. SR-DCSK System Architecture

As illustrated in Fig.1 (a), for each bit bi, a chaotic

signal that consists of R samples (chips) is generated and

used as a reference signal. The reference signal is replicated

and concatenated P times in order to form the data carrier

sequence with a length of β = P · R samples and maintains

the same recovered bit energy Erb,i after demodulation, like

DCSK scheme. The information bit bi is transmitted after

being multiplied (spread) by the concatenation of the reference

sequence of length β. Hence, the bit frame of SR-DCSK

system is formed with a reference sequence of R samples and

a data carrier signal with β samples where β = P · R, for a

total of R+β = R+P ·R samples. Moreover, we can clearly

see from Fig.1 (b) and (c) that the SR-DCSK frame saves

more time and energy compared to DCSK frames. So, instead

of generating β samples as done in DCSK scheme, just R
samples are generated and used as shortened reference signal.

This operation aims at reducing the DCSK frame time to

increase data rate and enhance energy efficiency. Next sections

will analyse the length of the reference signal R with respect to

energy and data rate enhancements, and system performance.

In our system, the baseband discrete transmitted signal may

be expressed as

ek,i =







xk,i for (0 ≤ k < R)
bixk−R,i for (R ≤ k ≤ (1 + P )R)

and xk−R,i ≡ x0,i mod (R)
, (2)

As shown in Fig.1 (d), in order to demodulate the transmit-

ted bits, the received signal rk,i must first be delayed with a

delay of R in order to allow the extraction of the reference

signal which exists in the first R samples of the SR-DCSK

frame. The reference signal is then partially correlated over P
consecutive samples of the frame, each with length R. Finally,

the P independent correlation values are then summed up

(algebraic addition) and an estimation of the transmitted bit

is obtained by comparing the outcome to a zero threshold.

With this frame design, the corresponding frame duration

becomes TSR−DCSK = (R + β)Tc. The SR-DCSK system

increases the data rate compared to DCSK by a factor of
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Fig. 1: (a) Block diagram of the general structure of the SR-DCSK
transmitter; (b) SR-DCSK frame (c) DCSK frame and (d) SR-DCSK
receiver.

ED =
RSR−DCSK −RDCSK

RDCSK

× 100%, (3)

where ED is the enhancement percentage in data rate of SR-

DCSK compared to DCSK system, RSR−DCSK = 1
(β+R) and

RDCSK = 1
(2β) represent the data rate of SR-DCSK and

DCSK systems, respectively. Another way to represent ED

would be to say

ED = 2β

(
1

(β +R)
−

1

(2β)

)

× 100%, (4)

which would simplify to

ED =
(β −R)

(β +R)
× 100%, (5)

In a similar fashion, the ratio of energy saving in SR-DCSK

compared to conventional DCSK would be

SE =
Eb,DCSK − Eb,SR−DCSK

Eb,DCSK

× 100%, (6)

where SE represents the percentage of the saved energy

compared to DCSK system, Eb,SR−DCSK = Tc(β+R)E[x2
k]

and Eb,DCSK = 2TcβE[x2
k] represent the total transmitted bit

energy of of SR-DCSK and DCSK systems, respectively. The

above equation may be expressed in simpler terms as

SE =
(β +R)

2β
× 100%. (7)

Fig. 2 shows the amount of data rate enhancement and

energy saving of SR-DCSK compared to DCSK for different
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values of R when β = 100. Based on equation (5), we observe

that for a reference length equal to zero, i.e. R = 0, the system

reaches its maximal data rate speed which represents 100% of

enhancement compared to DCSK system. In other words, the

SR-DCSK system doubles its data rate compared to DCSK

system. Vis a vis, when the reference signal and the data

carrier have equal lengths, i.e. R = β, the SR-DCSK reduces

to DCSK and the enhancement is 0%. Similarly, the energy

savings presented by ES varies from 50% to 100% when the

length R varies from 0 to β. In the upcoming sections we

analyse the impact of the reference length, i.e. the value of R,

on the system performance.
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Fig. 2: Data rate and bit energy enhancement percentages of SR-
DCSK compared to DCSK for a spreading factor β = 100.

In this paper a multipath fading channel with L independent

paths is considered. It should be noted that the channel coeffi-

cients follow Rayleigh distribution. Therefore, the probability

density function of the channel coefficient α in this case can

be given as

f(α|σ) =
α

σ2
e−

α2

2σ2 , (8)

where σ > 0 is the scale parameter of the distribution

representing the root mean square value of the received voltage

signal before envelope detection.

The baseband discreet received signal could be be written

as

rk,i =
L∑

l=1

αl,iek−τl,i
+ nk, (9)

where αl,i and τl are the channel gain and the delay of the

lth path, L is the number of paths and nk is additive white

Gaussian noise with zero mean and variance N0/2. At the

receiver side, the receiver recovers the reference signal from

the head of each frame, then performs P partial correlations

over each block of R samples and the obtained P values are

summed and compared to the threshold to recover the data.

In our analysis, we assume that the largest delay τL is much

shorter than the reference duration such that

0 < τL << R· (10)

In this case, the inter-symbol interference (ISI) is negli-

gible [7], [10]. The limit of this assumption is discussed in

the simulation section. Moreover, we also assume that the

channel is slowly fading such that channel coefficients are

constant during a given SR-DCSK symbol. Finally, since the

transmitted data signal is periodic with period length equal to

R, the output of the partial correlation becomes

Oi,p =Tc

R−1∑

k=0

(
L∑

l=1

αl,ixk−τl,ibi + np,k+R

)

(
L∑

l=1

αl,ixk−τl,i + nk

)

·

(11)

where Oi,p is the output value of the pth partial correlation,

np,k+R is kth AWGN noise added to the k sample of the

pth data signal slot, and nk is the AWGN noise added to the

reference signal. It is important to note that the noise signal

nk remains constant over all P partial correlations which have

an effect on the statistical properties of the decision variable.

For large reference length R, the following approximated

expression is used:

R∑

k=1

xk−τlxk−τm ≈ 0, l 6= m· (12)

Hence, using the approximation in equation (12), the vari-

able Oi,p may be further simplified and expanded as

Oi,p = Tc

R−1∑

k=0

( L∑

l=1

α2
l,ix

2
k−τl,i

bi

︸ ︷︷ ︸

U

+nknp,k+R
︸ ︷︷ ︸

N1

+nk(
L∑

l=1

αl,ixk−τl,ibi)

︸ ︷︷ ︸

N2

+np,k+R(
L∑

l=1

αl,ixk−τl,i)

︸ ︷︷ ︸

N3

)

,

(13)

where U represents the useful signal, N1, N2 and N3 designate

interference emerging from Gaussian noise. For mathematical

simplification the chip duration is assumed to be Tc = 1.

The decision variable of the SR-DCSK system can be

written as

Di =
P∑

p=1

Oi,p· (14)

Since the data carrier exhibits a periodic shape and each slot

p is correlated by the same reference having R chaotic and

noise samples, we can observe that the noise component nk,

and the chaotic codes xk,i and xk−τ,i keep the same values,

independent from index of the data carrier slot p. The decision

variable may, therefore, be expanded as

Di = P
R−1∑

k=0

U + P
R−1∑

k=0

(N2)

︸ ︷︷ ︸

TI1

+
P∑

p=1

R−1∑

k=0

(N3 +N1)

︸ ︷︷ ︸

TI2

· (15)
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III. PERFORMANCE ANALYSIS OF SR-DCSK SYSTEM

In this section, the performance of SR-DCSK scheme is

evaluated and the BER expressions under AWGN and multi-

path fading channels are analytically derived. To this end, the

mean and the variance expressions of the decision variable Di

are determined. The signal components U , N1, N2 and N3 in

equation (13) are independent because the channel coefficients

are independent of each other, of the chaotic sequences and

of the Gaussian noise. In addition, the chaotic sequence is

independent of the Gaussian noise as well [1].

In this work, the second-order Chebyshev polynomial func-

tion (CPF) is employed to generate chaotic sequences due to

its easiness and good performance [26], i.e.

xk+1 = 1− 2x2
k · (16)

The variance of the normalized chaotic map with zero mean

is equal to one, i.e. V[x] = E[x2] = 1, where V[·] denotes the

variance operator. Therefore, for the ith bit, the instantaneous

mean of the decision variable Di is the mean of the useful

signal part given by

E [Di] = RPb1

L∑

l=1

α2
l,iE[x2

k,i], (17)

where RPE[x2
k,i] represents the recovered bit energy from P

correlations. This recovered energy is equal to the recovered on

in DCSK system. As we can observe, equation (17) is reduced

to the mean of the useful signal component U because all

other components described in equation (13) have zero mean.

On the other hand, by replacing the term E[x2
k,i] by the bit

energy expression of SR-DCSK where Eb = (R+ β)E[x2
k,i],

the expression in equation (17) will be

E [Di] =
RP

(R+ β)
b1

L∑

l=1

α2
l,iEb· (18)

Since all the components in the decision variable are inde-

pendent, the conditional variance is the sum of the variances

of all of the interference components.

The variances of N1, N2, and N3 can be computed based

on the expression developed in equation (13). Hence, based on

the independence property of random variables, the variance

of the first total interference component TI1 of the decision

variable given in equation (15) can be expanded as

V [TI1] = P 2V

[
R−1∑

k=0

N2

]

· (19)

Based on equation (13), the variance of the first term in

equation (19) is

V [N2] = E[x2
k−τl,i

]
N0

2

L∑

l=1

α2
l,i· (20)

By substituting equation (20) into equation (19) we obtain

the variance expression of TI1

V [TI1] = P 2RE[x2
k−τl,i

]
N0

2

L∑

l=1

α2
l,i· (21)

Similarly, the variance of TI2 can be expressed as

V [TI2] = PR
N2

0

4
+ PR

N0

2

L∑

l=1

α2
l,iE[x2

k−τl,i
]· (22)

The add-up of the variance components above results in the

variance of the decision variable, which becomes

V [Di] =

P 2RE[x2
k−τl,i

]



N0

2

L∑

l=1

α2
l,i +

L∑

l=1

L∑

l,=1
l, 6=l

α2
l,iα

2
l,,iE[x2

k−τl, ,i
]





+PR
N2

0

4 + PRN0

2

L∑

l=1

α2
l,iE[x2

k−τl,i
]·

(23)

Since bit energies (or chaotic chips) are deterministic vari-

ables, by virtue of central limit theorem the decision variable

at the output of the correlator follows a Gaussian distribution.

Therefore, the bit error probability is represented as

BER = 1
2 Pr (Di < 0| bi = +1)

+ 1
2 Pr (Di > 0| bi = −1) ,

(24)

which takes its final form as

BER =
1

2
erfc





[

2Var [Di]

E [Di]
2

]− 1

2



 , (25)

where erfc(x) is the well-known complementary error function

defined as erfc(x) ≡ 2√
π

∫∞
x

e−µ2

dµ·
For high reference length R, the transmitted bit energy Eb

can be considered constant. Therefore, for low reference length

the energy variation must be taken into account and derived,

as done in [26]. In our paper, the bit energy may be considered

as constant only if a high value of R is considered. By virtue

of equations (18) and (23) above, the BER for the SR-DCSK

scheme can be determined and stated as

BER = 1
2erfc








 (R+β)N0

R
L∑

l=1

α2

l,i
Eb

(
P+1
P

)
+

(R+β)2N2

0

2RP(
L∑

l=1

α2

l,i
)2E2

b





− 1

2




 ·

(26)

Equation (26) gives the theoretical BER benchmark of SR-

DCSK system over multipath fading channels. Based on this,

it is essential to note that the channel keeps changing at every

transmission instant, so the average lower bound on the BER

expression becomes

BER =

1
2

∞∫

0

erfc

([
(R+β)
Rγ

(
P+1
P

)
+ (R+β)2

2RPγ2

]− 1

2

)

f(γ)dγ,
(27)

where γ =
L∑

l=1

α2
lEb/N0.

For a high number of samples R, the bit energy Eb can

be assumed constant [27]. In this case, and for L independent



0090-6778 (c) 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2015.2514089, IEEE

Transactions on Communications

6

and identically distributed (i.i.d) Rayleigh-fading channels, the

PDF of the instantaneous γ can be written as [28]

f (γ) =
γL−1

(L− 1)!γ̄L
c

exp

(

−
γ

γ̄c

)

≡ f (γ, γ̄c, L) , (28)

where γ̄c is the average SNR per channel defined as

γ̄c =
Eb

N0
E
(
α2
j

)
=

Eb

N0
E
(
α2
l

)
, j 6= l· (29)

For dissimilar channels, the PDF of γ can be written as [28]

f (γ) =
L∑

l=1

ρl

γ̄l
exp

(

− γ
γ̄l

)

=
L∑

l=1

ρlf (γ, γ̄l, 1) ,

(30)

where

ρl =
l∏

j=1,j 6=l

γ̄l
γ̄l − γ̄j

, (31)

in which γ̄l is the average value of γl = α2
lEb/N0, which is

the instantaneous SNR on the lth path.

Since an analytical solution the integral provided in equation

(27) is not easy to find, we will use numerical integration

as an alternative solution to compute the average BER. The

numerical integration of equation (27) is performed as

BER ≈
C∑

c=1

1
2erfc

([
(R+β)
Rγc

(
P+1
P

)
+ (R+β)2

2RPγ2
c

]− 1

2

)

f (γc)

(32)

where C is the number of histogram classes and f (γc) is the

probability of having the energy in intervals centred at γc. In

this work, we have set the number of classes to C = 100 with

a unit integration step size.

Furthermore, equation (26) can be extended to AWGN

channel case by substituting α1 = 1 and equating the other

path gains to zero. Accordingly, the BER expression in AWGN

channels simplifies to

BER =
1

2
erfc

([
(R+ β)N0

REb

(
P + 1

P

)

+
(R+ β)2N2

0

2RPE2
b

]− 1

2

)

·

(33)

IV. REFERENCE LENGTH ANALYSIS

In this part of the paper we will analyse the length of

the reference R then we will derive the optimal value that

minimizes the BER performance of the system. By having a

glance at equation (33) we deduce a dependence relationship

between the reference length R and the BER performance

for a given β. As a matter of fact, many earlier studies

investigated the relationship between the sample length β
and the performance [7], [29]. In this paper, we optimize

the performance of the SR-DCSK system with respect to the

reference length R for any value of β, regardless of β being

optimized at an earlier stage or not.

In order to understand this relationship we define a function

Φ(R) from equation (33) as

Φ(R) =
(R+ β)N0

REb

(
P + 1

P

)

+
(R+ β)2N2

0

2RPE2
b

· (34)

By replacing P = β
R

and N0 = Eb
Eb
N0

, the function Φ(R)

shortens to

Φ(R) =
(R+ β)2

Rβ Eb

N0

+
(R+ β)2

2β
(

Eb

N0

)2 · (35)

Note that Eb

N0

represents the float value in our equations that

reduce equation (35) to the form

Φ(R) = C1
(R+ β)2

R
+ C2(R+ β)2, (36)

where C1 =
[

β Eb

N0

]−1

and C2 =

[

2β
(

Eb

N0

)2
]−1

are two

constants in this function.

Minimizing the BER performance of equation (33) relies on

minimizing the function Φ(R) described by equation (36). The

minimization is done by equating the first derivative of Φ(R)
to zero. After straightforward operations, the first derivative of

Φ(R) is

dΦ(R)

dR
= (R+ β)

(
2C2R

2 + C1R− C1β

R2

)

· (37)

For R 6= 0, C1 6= 0, C2 6= 0 and (R+ β) 6= 0 the solutions

for equation (37) that minimizes Φ(R) are found by solving

2C2R
2 + C1R− C1β = 0 (38)

This results in the following minimizing solutions

Ropt =
C1 ±

√

(8βC1C2 + C2
1 )

4C2
· (39)

where Ropt is the optimal value for a given Eb

N0

minimizing

the function Φ(R). Note that since C1 and C2 are directly

determined by Eb/N0, then Ropt is in fact a function of

Eb/N0. Since in general Eb/N0 can assume any positive

real value, i.e. Eb/N0 ∈ R
+, according to equation (39) the

calculated Ropt may assume any positive real value too. This

becomes clear when we replace C1 and C2 and consider only

the positive value of Ropt, which can be written in terms of

Eb/N0 as

Ropt =
Eb

2N0

(

1 +

√

1 +
4βN0

Eb

)

· (40)

Fig. 3 plots the function Φ(R) for Eb/N0 = 5, 10 and

15 dB when β = 100. For these parameters, equation (40)

gives the following optimal values Ropt = 19.4, 37.05, and

74.2261 for Eb/N0 = 15, 10 and 5 dB respectively. It must

be remarked that since P is an integer, β will be an integer
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multiple of R and this is a condition that must be satisfied, in

the sense that β must always be dividable by R. Furthermore,

in cases where the optimal value mismatches the values of

R, the closest value to Ropt either from left or from right

is considered. The left or right choice depends on the data

rate requirements and the wireless channel. In fact, since this

system will operate in a multipath fading channel, the length

of the reference sequence must be higher than the maximum

delay spread of the channel in order to avoid or reduce ISI,

i.e. R > τL.

The arrows in the figure show the limits where the values

of R yield better BER performance than DCSK system (i.e.

R = β = 100). The results obtained and presented in this

section demonstrate for the first time that the optimal length

of the reference signal is not necessarily equal to the length of

the data carrier, as widely adopted in DCSK systems. In fact,

unlike the conventional DCSK, there exist many other values

of R, which result in lower values of Φ(R) for different noise

variance level.

0 10 20 30 40 50 60 70 80 90 100

10
0

10
1

R

Φ
(R

)

 

 

Φ(R), E
b
/N0 = 5 dB

Φ(R), E
b
/N0 = 10 dB

Φ(R), E
b
/N0 = 15 dB

Fig. 3: Φ(R) function versus R for Eb/N0 = 5, 10 and 15 dB and
β = 100.

V. DISCUSSIONS AND SIMULATION RESULTS

In order to validate the performance of the SR-DCSK

scheme and compare it to existing chaos-based and conven-

tional non-coherent schemes, the computed BER expressions

are verified and well justified by simulation results under

AWGN and multipath fading channels. Moreover, since the

condition 0 < τL << R is respected, ISI becomes negligible

and the BER performance will not be influenced whether τL
is chosen statically or is dynamically varying within the above

range.

The effect of the reference signal length R on the per-

formance of SR-DCSK in AWGN channels is studied and

the outcome is depicted in Fig. 4. Simulated and analytical

bit error rate performance are plotted for different values

of the reference signal length R with a fixed Eb/N0 and

length of data carrier β = 100. To validate our analysis

regarding the length of the reference signal, the analytical BER

is evaluated using the Φ(R) function by selecting BER =
0.5 erfc(Φ(R)−

1

2 ).
We can clearly see a perfect match between simulation and

analytic expressions. In addition, simulation results are in total

agreement with the results portrayed in Fig. 3. This indicates

that the reference length values close the optimal value for

either Eb/N0 = 10 or Eb/N0 = 17 do indeed minimize the

bit error rate. Moreover, we also observe that Eb/N0 = 10,

R = 20, 25, and 50 yield close (near) overlapping and

indistinguishable BER performances. In this case, we choose

the reference length that minimizes the ISI by observing the

condition τL < R. Making such a choice allows the system

to deliver good performances. A noticeable observation here

is that there exists a trade-off regarding the multipath channel

between performance, data rate and energy efficiency.

0 10 20 30 40 50 60 70 80 90 100

10
−4

10
−3

10
−2

10
−1

R

B
E

R

 

 

 BER vs R, Eb/N0=10 dB  
Simulation
 BER vs R, Eb/N0=17 dB  
Simulation

Fig. 4: Simulation of the BER for a signal carrier length of β = 100
versus different values of R over AWGN channel.

Performance results of SR-DCSK in AWGN channels for

β = 100 and for various values of the reference signal length

R is shown in Fig. 5. As can be perceived in Fig. 5, simulation

results perfectly validate the analytical BER expression given

by equation (33). It is clearly observed that the optimized

value of R = 50 results in a superior performance. Moreover,

SR-DCSK system performance at β = R = 100 represents

in fact the performance of conventional DCSK. In addition,

SR-DCSK outperforms the DCSK system when R = 20 for

Eb/N0 values ≤ 15 dB.

Eventually, by choosing R = 20 or R = 50, SR-DCSK

delivers a better performance than DCSK and according to

equations (5), (7) and Fig. 2 in such circumstances, the SR-

DCSK system boosts its data rate by 65% and 33% and saves

40% and 25% from the bit energy, respectively. In order to

show and elaborate that the proposed approach may very well

be applied to a majority of transmit reference modulation

classes, a performance comparison of SR-DCSK, QCSK and

MC-DCSK has been carried out. Fig. 6 shows the performance

of QCSK and MC-DCSK systems with and without the

shortened reference approach. By inspecting this figure, we
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Fig. 5: Simulation and analytical BER performance of SR-DCSK
and DCSK in AWGN channels for β = 100 and various R.

can see that the performance is more improved for QCSK

than MC-DCSK systems when R = 50. This is due to the

fact that in QCSK systems, performance enhancements can in

interpreted and evaluated as done in DCSK systems. Since the

reference is shared with M−1 bits [7] in MC-DCSK systems,

shortening the reference signal length makes the effective bit

energy equal to Eb =
((M−1)β−R)E[x2

k]
(M−1) and the values of

R will slightly influence the energy which leads to the slow

improvement of the BER performance. Therefore, applying the

SR approach will increase the data rate and enhance the energy

efficiency of the system. The obtained BER performance under
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Simulation MC−DCSK, M=8, R=50, β=100

Fig. 6: BER performance of QCSK and MC-DCSK for β = 100
versus Eb/N0 in AWGN channels (simulation).

multipath Rayleigh fading for a spreading factor β = 100,

L = 4 and for R = 25, 50 and 100 is shown in Fig. 7. The

average power gain for the first through the fourth paths are

E[α2
1] = 0.5, E[α2

2] = 0.3, E[α2
3] = 0.15 and E[α2

4] = 0.05,

in accordance with the set of delays τ1 = 0, τ2 = Tc, τ3 = 2Tc

and τ4 = 5Tc that exists between the paths, respectively.

Simulation results affirm the accuracy of our BER expression

given by equation (27) for R = 100. Since the analytical

results provide a lower bound on the BER performance where

ISI is totally ignored, we have investigated the limit to which

this assumption about neglecting ISI is valid via decreasing

R. Therefore, the gap between simulation and analytical BER

performance curves is expected to widen as R is reduced.

Naturally, as R is decreased from 50 to 25 for example, ISI

becomes more influential and the BER performance degrades

as witnessed in Fig. 7. Note that the case of R = β = 100
corresponds to the conventional DCSK in Fig. 7. In addition,

these results confirm two additional important properties to

be added to the advantages of SR-DCSK system. The first

one is the resistance to multipath propagation while being

simple to implement. The second one is that this system can

perform without the need of CSI at the receiver to recover

the data. Finally, the choice of R = 25 or R = 50 are to be

made according to the channel characteristics, i.e. if less ISI

interference is desired or if higher data rates and more energy

savings are sought. Nonetheless, the system will still continue

to have the essential proprieties of chaos-based non-coherent

detection with higher data rates and more efficient energy

consumption in both situations. Finally, to demonstrate the
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Fig. 7: BER performance of SR-DCSK and DCSK systems in
multipath Rayleigh fading channels for β = 100, L = 4 and
R = 25, 50, 100.

effects of the multipath channel on the system performance,

we have simulated the SR-DCSK system for different number

of paths L with equiproportional gains that satisfy
L∑

l=1

α2
l,i = 1.

The path delays are chosen randomly while observing the

condition τl << R in order to keep ISI negligible. The

results of this specific simulation which are shown in Fig.

8 indicate that the SR-DCSK system takes advantage of

the space diversity offered by the multipath environment to

enhance the BER performance when the number of paths

increases.
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Fig. 8: BER performance of SR-DCSK over multipath Rayleigh
fading channels for β = 100, R = 50, L = 1, 2, 3, 6, 8 and
equiproportional path gains.

VI. CONCLUSIONS

A short reference SR-DCSK system is proposed in this
paper. The aim of this system is to improve data rate and save
bit energy while preserving the advantages of the conventional
DCSK and being easy to implement. At the transmitter, R
samples of the reference signal are first generated and then
replicated P times to build the data carrier signal. This
operation aims at making the reference signal shorter than
the data carrier signal to reduce the frame duration, leading
to data rate escalation and bit energy saving. At the receiver,
the reference signal is partially correlated P times with the
data carrier signal and the resultant output is compared to
a threshold in order to recover the transmitted data. Having
presented the system as such, data rate enhancements and
energy saving percentages are derived and the performance
of the SR-DCSK is analytically studied in order to come up
with a general bit error rate expression under multipath fading
channels. The analytical BER expression is then simplified
to suit the AWGN channel scenario. Moreover, the optimal
length of the reference signal is computed and analysed. The
results show for the first time that the optimal value of R is
not equal to the length of the data carrier signal as widely
speculated in the existent literature for transmit reference
non-coherent chaos-based communication systems. Computer
simulations are carried out to enrich our study and confirm
the derived analytical results. Indeed, the results obtained in
this work show that the proposed system outperforms the
conventional DCSK system in both AWGN and multipath
fading channels. Moreover, the SR-DCSK system increases
the data rate by 65% and 33% and saves by 40% and 25%
the bit energy if the length R is equal to half or quarter of
the data carrier signal length β, respectively. In conclusion,
taking BER performance, data rate, energy efficiency and
complexity issues into consideration, the overall performance
of our proposed system is promising and may pave the way for
the establishment of new generations of non-coherent transmit
reference chaos-based communication systems.

Georges Kaddoum (M’11) received the Bachelor’s
degree in electrical engineering from the École Na-
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