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ABSTRACT
Fixed broadband beamformers using small-sized microphone ar-

rays are known to be highly sensitive to errors in the microphone

array characteristics. This paper describes a procedure for design-

ing broadband beamformers with an arbitrary spatial directivity

pattern, which are robust against errors in the microphone posi-

tions. The presented design procedure optimises the mean perfor-

mance of the broadband beamformer and hence requires knowl-

edge of the probability density function of the microphone position

errors. Simulations with a small-sized microphone array show the

performance improvement that can be obtained by using a robust

broadband beamformer design procedure.

1. INTRODUCTION

In many speech communication applications the microphone sig-

nals are corrupted by background noise and reverberation. Fixed

and adaptive beamforming are well-known multi-microphone sig-

nal enhancement techniques for noise reduction and dereverbera-

tion [1]. Fixed beamformers are frequently used e.g. for creating

the speech and the noise reference signals in a Generalised Side-

lobe Canceller [2], for creating multiple beams, and in applications

where the position of the desired speech source is approximately

known, as in hearing aid and cochlear implant applications [3].

In [4][5] several procedures have been presented for designing

broadband beamformers with an arbitrary spatial directivity pat-

tern using an FIR filter-and-sum structure. Whatever design pro-

cedure is used, fixed beamformers are known to be highly sensitive

to errors in the microphone array characteristics (gain, phase, po-

sition), especially when using small-sized arrays [6][7].

Robustness against random errors can be improved by limiting

the white noise gain [6] or by performing a calibration procedure

with the used microphone array [8]. However, when statistical

knowledge about the errors is available, this knowledge can be in-

corporated into the design procedure. In [5][9] robust design pro-

cedures for (random) gain and phase errors have been presented.

In this paper we extend one of these design procedures in order to

include robustness against microphone position errors.

In Section 2 the far-field broadband beamforming problem is

introduced. Section 3 discusses the weighted LS cost function,

which can be used for broadband beamformer design when the

microphone characteristics are exactly known. In Section 4 a ro-

bust beamformer design procedure is presented, which optimises
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Attraction Pole IUAP P5-22, and was partially sponsored by Cochlear.

the mean performance for (random) microphone position errors. In

Section 5 simulation results are described and it is shown that ro-

bust broadband beamformer design gives rise to a significant per-

formance improvement when microphone position errors occur.

2. BROADBAND BEAMFORMING: CONFIGURATION

Consider the linear microphone array depicted in Fig. 1, with N
microphones, N L-taps FIR filters wn (with real coefficients) and

dn the distance between the nth microphone and the centre of the

microphone array. Assuming far-field conditions, the spatial di-

rectivity pattern H(ω, θ) for a source S(ω) with normalised fre-

quency ω at an angle θ from the microphone array is defined as

H(ω, θ) = w
T
g(ω, θ) , (1)

with w the M -dimensional real-valued filter vector (M = LN ),

w=
ˆ
wT

0 . . . wT
N−1

˜T
, and the steering vector g(ω, θ) equal to

g(ω, θ) =

2

6
4

eT (ω) A0(ω, θ) e−jωτ0(θ)

...

eT (ω) AN−1(ω, θ) e−jωτN−1(θ)

3

7
5 , (2)

with e(ω) =
ˆ

1 e−jω . . . e−j(L−1)ω
˜T

and

An(ω, θ) = an(ω, θ) e
−jψn(ω,θ)

, n = 0 . . . N − 1 , (3)

representing the frequency and angle-dependent characteristics (gain,

phase) of the nth microphone. The delay τn(θ) is equal to

τn(θ) =
dn cos θ

c
fs , (4)

with c the speed of sound (340m
s

) and fs the sampling frequency.

Σ

θ

S(ω)

Z(ω, θ)

dn

Yn(ω, θ)

YN−1(ω, θ)

wn

wN−1

Y0(ω, θ)
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w0

w1

x

dn cos θ

xc

Fig. 1. Microphone array configuration (far-field assumption)
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When a microphone position error occurs and the distance be-

tween the nth microphone and the centre of the array is dn + δn,

this can be seen as a frequency and angle-dependent phase shift

ω δn cos θ
c

fs for the nth microphone, which hence can be easily in-

corporated into the microphone characteristics in (3) as

An(ω, θ) = an(ω, θ)
| {z }

gain

e
−jψn(ω,θ)

| {z }

phase

e
−jω

δn cos θ
c

fs

| {z }

position

. (5)

Using (2), (4) and (5), the ith element of g(ω, θ) is equal to

g
i(ω, θ)=e

−jω

`
k+ dn cos θ

c
fs

´

an(ω, θ)e−jψn(ω,θ)
e
−jω

δn cos θ
c

fs ,
(6)

with k = mod(i − 1, L) and n = ⌊ i−1
L

⌋. The steering vector

g(ω, θ) can be decomposed into a real and an imaginary part, i.e.

g(ω, θ) = gR(ω, θ) + jgI(ω, θ).

Using (1), the spatial directivity spectrum |H(ω, θ)|2 is equal to

|H(ω, θ)|2 = H(ω, θ)H∗(ω, θ) = w
T
G(ω, θ)w , (7)

with G(ω, θ) = g(ω, θ)gH(ω, θ). Using (6), the (i, j)-th ele-

ment of G(ω, θ) is equal to

G
ij(ω, θ) = e

−jω

`
(k−l)+

(dn−dm) cos θ

c
fs

´

an(ω, θ) am(ω, θ) ·

e
−j

`
ψn(ω,θ)−ψn(ω,θ)

´

e
−jω

(δn−δm) cos θ

c
fs , (8)

with l = mod(j−1, L) and m = ⌊ j−1
L

⌋. The matrix G(ω, θ) can

be decomposed into a real and an imaginary part GR(ω, θ) and

GI(ω, θ). Since GI(ω, θ) is anti-symmetric, |H(ω, θ)|2 is equal

to

|H(ω, θ)|2 = w
T
GR(ω, θ)w . (9)

3. WEIGHTED LEAST-SQUARES COST FUNCTION

The design of a broadband beamformer consists of calculating the

filter w, such that H(ω, θ) optimally fits the desired spatial direc-

tivity pattern D(ω, θ), where D(ω, θ) is an arbitrary 2-dimensional

function. Several design procedures exist, depending on the spe-

cific cost function which is optimised. In this paper, we will only

consider the weighted least-squares cost function. In [4][5][9],

also eigenfilter-based and non-linear cost functions are discussed.

Considering the least-squares (LS) error |H(ω, θ)−D(ω, θ)|2,

the weighted LS cost function is defined as

JLS(w) =

Z

Θ

Z

Ω

F (ω, θ)|H(ω, θ) − D(ω, θ)|2dωdθ , (10)

where F (ω, θ) is a positive real weighting function, assigning more

or less importance to certain frequencies and angles. This cost

function can be written as the quadratic function

JLS(w) = w
T
QLSw − 2wT

a + dLS , (11)

with (assuming D(ω, θ) to be real-valued)

QLS =

Z

Θ

Z

Ω

F (ω, θ)GR(ω, θ) dωdθ (12)

a =

Z

Θ

Z

Ω

F (ω, θ)D(ω, θ)gR(ω, θ) dωdθ (13)

dLS =

Z

Θ

Z

Ω

F (ω, θ)D2(ω, θ) dωdθ . (14)

The filter wLS , minimising the weighted LS cost function, is

wLS = Q
−1
LS a . (15)

4. ROBUSTNESS AGAINST POSITION ERRORS

Using the cost function in Section 3, it is possible to design beam-

formers when the microphone characteristics (gain, phase, posi-

tion) are exactly known. However, small deviations from the as-

sumed characteristics can lead to large deviations from the desired

spatial directivity pattern [6][7]. Since in practice it is difficult to

manufacture microphones with the same nominal gain and phase

characteristics and microphone position errors frequently occur, a

measurement or calibration procedure is required in order to obtain

the true microphone characteristics. However, after calibration the

microphone characteristics can still drift over time.

When statistical knowledge, e.g. a probability density function

(pdf), is available for the gain, phase and position errors, this knowl-

edge can be incorporated into a robust design procedure. In [5][9]

two robust design procedures for frequency and angle-independent

gain and phase errors have been presented. Considering all feasi-

ble characteristics, the first design procedure optimises the mean

performance, i.e. the weighted sum of the cost functions, using the

probability of the microphone characteristics as weights, whereas

the second design procedure optimises the worst-case performance,

i.e. the maximum cost function.

In this paper we extend the mean performance design proce-

dure in order to include robustness against (random) microphone

position errors. The mean performance weighted LS cost function

can be written as

J
m
LS(w) =

Z

A0

. . .

Z

AN−1

JLS(w,A) fA(A0) . . . fA(AN−1)

dA0 . . . dAN−1 , (16)

with JLS(w,A) the weighted LS cost function (11) for a spe-

cific microphone characteristic {A0, . . . , AN−1} and fA(A) the

joint pdf of the stochastic variables a (gain), ψ (phase) and δ (po-

sition error). Without loss of generality, we assume that all mi-

crophone characteristics An, n = 0 . . . N − 1, are described by

the same pdf fA(A) and that a, ψ and δ are independent stochas-

tic variables, such that the joint pdf is separable, i.e. fA(A) =
fα(a)fΨ(ψ)f∆(δ), with fα(a) the gain pdf, fΨ(ψ) the phase pdf

and f∆(δ) the position error pdf. These pdfs are normalised such

that the area under the pdfs is equal to 1. By combining (11) and

(16), the mean performance cost function can be written as

J
m
LS(w) = w

T
Qmw − 2wT

am + dLS , (17)

which has the same form as (11), with

am=

Z

A0

. . .

Z

AN−1

a fA(A0) . . . fA(AN−1) dA0 . . . dAN−1

Qm=

Z

A0

. . .

Z

AN−1

QLS fA(A0) . . . fA(AN−1) dA0 . . . dAN−1.

We will now discuss the calculation of these two expressions.

4.1. Vector am

Using (13), the vector am can be written as

am =

Z

Θ

Z

Ω

F (ω, θ)D(ω, θ)gm,R(ω, θ) dωdθ , (18)

with the (complex) vector gm(ω, θ) equal to
Z

A0

. . .

Z

AN−1

g(ω, θ) fA(A0) . . . fA(AN−1) dA0 . . . dAN−1. (19)
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g
i
m(ω, θ) = e

−jω

`
k+ dn cos θ

c
fs

´ Z

an

an(ω, θ)fα(an) dan

| {z }

µa(ω,θ)

Z

ψn

e
−jψn(ω,θ)

fΨ(ψn) dψn

| {z }

µψ(ω,θ)=µψ,R(ω,θ)+jµψ,I(ω,θ)

Z

δn

e
−jω

δn cos θ
c

fsf∆(δn) dδn

| {z }

µδ(ω,θ)=µδ,R(ω,θ)+jµδ,I (ω,θ)

(20)

G
ij
m(ω, θ) = e

−jω

`
(k−l)+

(dn−dm) cos θ

c
fs

´ Z

an

Z

am

an(ω, θ) am(ω, θ)fα(an)fα(am) dandam · (21)

Z

ψn

Z

ψm

e
−j

`
ψn(ω,θ)−ψm(ω,θ)

´

fΨ(ψn)fΨ(ψm) dψndψm

Z

δn

Z

δm

e
−jω

(δn−δm) cos θ

c
fsf∆(δn)f∆(δm) dδndδm

Using (6), the ith element of gm(ω, θ) is equal to (20), with µa(ω, θ)
real-valued and µψ(ω, θ) and µδ(ω, θ) complex-valued (for sym-

metric pdfs around 0, µψ(ω, θ) and µδ(ω, θ) are also real-valued).

In the remainder of this paper we will assume Gaussian pdfs, e.g.

the microphone position error pdf f∆(δ) is assumed to be

f∆(δ) =
1

p
2πs2

δ

e
−

(δ−uδ)2

2s2
δ , (22)

with mean uδ and variance sδ . Using (22) and the fact that
Z

∞

−∞

e
−jbx

e
−ax2

dx =

r
π

a
e
−

b2

4a , (23)

it can be easily shown that

µδ(ω, θ) = e
−

(ωsδ cos θfs)2

2c2 e
−jω

uδ cos θ

c
fs , (24)

such that the ith element of the real part gm,R(ω, θ) is equal to

µa(ω, θ)



µψ,R(ω, θ) cos

»

ω
“

k +
(dn + uδ) cos θ

c
fs

”–

+ (25)

µψ,I(ω, θ) sin

»

ω
“

k +
(dn + uδ) cos θ

c
fs

”– ff

e
−

(ωsδ cos θfs)2

2c2 .

A similar expression can be obtained for a uniform pdf. Using

(25), the ith element of am in (18) can be calculated by (numeri-

cally) integrating the expression F (ω, θ)D(ω, θ)gi
m,R(ω, θ) over

the considered frequency-angle region.

4.2. Matrix Qm

Using (12), the matrix Qm can be written as

Qm =

Z

Θ

Z

Ω

F (ω, θ)Gm,R(ω, θ) dωdθ , (26)

with the (complex) matrix Gm(ω, θ) equal to
Z

A0

. . .

Z

AN−1

G(ω, θ) fA(A0) . . . fA(AN−1) dA0 . . . dAN−1.

(27)

Using (8), the (i, j)-th element of Gm(ω, θ) is equal to (21).

If n = m, the (i, j)-th element of the real part Gm,R(ω, θ) is

equal to

G
ij
m,R(ω, θ) = σ

2
a(ω, θ) cos [ω(k − l)] , (28)

with

σ
2
a(ω, θ) =

Z

a

a
2(ω, θ)fα(a) da . (29)

If n 6= m, the (i, j)-th element of the real part Gm,R(ω, θ) is

equal to

µ
2
a(ω, θ)σ2

ψ(ω, θ)σ2
δ (ω, θ) cos

»

ω
“

(k−l)+
(dn−dm) cos θ

c
fs

”–

,

(30)

with σ2
ψ(ω, θ) equal to

Z

ψ1

Z

ψ2

e
−j

`
ψ1(ω,θ)−ψ2(ω,θ)

´

fΨ(ψ1)fΨ(ψ2) dψ1dψ2 ,

and σ2
δ (ω, θ) similarly defined. In [9] it has been shown that

σ
2
ψ(ω, θ) = µ

2
ψ,R(ω, θ) + µ

2
ψ,I(ω, θ) , (31)

such that using the same arguments and using (24), it can be easily

proved that

σ
2
δ (ω, θ) = µ

2
δ,R(ω, θ) + µ

2
δ,I(ω, θ) = e

−
(ωsδ cos θfs)2

c2 . (32)

Using (28) and (30), the (i, j)-th element of Qm in (26) can be

calculated by integrating the expression F (ω, θ)Gij
m,R(ω, θ) over

the considered frequency-angle region.

5. SIMULATIONS

We have performed simulations using a small-sized non-uniform

linear microphone array consisting of N = 3 microphones at

positions
ˆ
−0.01 0 0.015

˜
m. We have designed an end-fire

broadband beamformer with passband specifications (Ωp, Θp) =
(300–4000 Hz, 0◦–60◦) and stopband specifications (Ωs, Θs) =
(300–4000 Hz, 80◦–180◦) and fs = 8 kHz. The filter length

L = 20 and the weighting function F (ω, θ) = 1.

In order to only investigate the effect of microphone position

errors, the microphones are assumed to be omni-directional mi-

crophones with a frequency response equal to 1, i.e. an(ω, θ) = 1
and ψn(ω, θ) = 0, n = 0 . . . N − 1, simplifying several expres-

sions (µa(ω, θ) = µψ(ω, θ) = σ2
a(ω, θ) = σ2

ψ(ω, θ) = 1). We

have designed 3 types of broadband beamformers:

1. a non-robust beamformer, i.e. assuming no microphone po-

sition errors (δn = 0, n = 0 . . . N − 1)

2. a robust beamformer (MIC) using a Gaussian microphone

position error pdf with uδ = 0 and sδ = 0.003 (these

values depend on the accuracy of the manufacturing process

of the microphone arrays)

3. since a microphone position error δ corresponds to a max-

imum phase error ψmax = π δ
c
fs (at ω = π and θ = 0◦),

we have designed several robust beamformers (CPH) as-

suming a constant (frequency and angle-independent) phase

error, i.e.

µδ(ω, θ) = e
−

s2
ψ
2 = e

−
(πsδfs)2

2c2 , σ
2
δ (ω, θ) = e

−s2
ψ .

The microphone position error sδ = 0.003 m corresponds

to the phase error sψ = 12.7◦.

For the different design procedures, Fig. 2 plots the mean perfor-

mance weighted LS cost function Jm
LS(w) for the Gaussian micro-

phone position error pdf. Obviously, the MIC-robust beamformer

gives rise to the smallest cost function, whereas the non-robust
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beamformer gives rise to the largest cost function. The CPH-

robust beamformers are less robust than the MIC-robust beam-

former, but even for small values of sψ they still provide a substan-

tial robustness increase compared to the non-robust beamformer.

Figures 3 and 4 show the spatial directivity plots at several fre-

quencies for the non-robust beamformer and for the MIC-robust

beamformer, both when no errors occur and when (small) micro-

phone position errors
ˆ
0.002 −0.002 0.002

˜
m occur. When no

errors occur, the performance of the non-robust beamformer is the

best, but the performance of the MIC-robust beamformer is cer-

tainly acceptable. However, when microphone position errors oc-

cur, the performance of the non-robust beamformer deteriorates

considerably, certainly at low frequencies. On the other hand, the

MIC-robust beamformer retains the desired spatial directivity pat-

tern, even when microphone position errors occur.

6. CONCLUSION

In this paper, a procedure has been described for designing broad-

band beamformers that are robust against random microphone po-

sition errors. This design procedure optimises the mean perfor-

mance, requiring knowledge about the microphone position error

pdf, and is in fact an extension of a robust design procedure pre-

sented in [9]. Specific expressions have been derived for a Gaus-

sian pdf. Simulations have illustrated the performance improve-

ment that is obtained when microphone position errors occur.
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errors: solid line, microphone position errors: dashed line)
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Fig. 4. Spatial directivity plots for MIC-robust beamformer (no

errors: solid line, microphone position errors: dashed line)
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