Design of Computer Control for Manufacturing
Systems

Yoram Koren

ASME Transactions J. Eng. For Industry, Volume
101, Number 3, Aug 1979, pp. 326-332

Obtained from Professor Yoram Koren’s Site:

http://sitemaker.umich.edu/ykoren

Direct Link to Paper:

http://www-
personal.umich.edu/~vykoren/uploads/Design of Computer Control for Manufacturing System

s.pdf



http://sitemaker.umich.edu/ykoren
http://www-personal.umich.edu/~ykoren/uploads/Design_of_Computer_Control_for_Manufacturing_Systems.pdf
http://www-personal.umich.edu/~ykoren/uploads/Design_of_Computer_Control_for_Manufacturing_Systems.pdf
http://www-personal.umich.edu/~ykoren/uploads/Design_of_Computer_Control_for_Manufacturing_Systems.pdf

| Printed in U.SA.

50, Trans, ASME. 3.

an ASME

Y5 an A
publlcatfon

Gt ey 8 bo PER COPY 1. su ‘ro ASME MEMBERS

_.»‘Eg. Thel .

Y. Koren

ing, Tech

Faculty of Mechanical Engi
tsrael Institute of Technology, Halfa, Israel.

Paper No.
78-WA/PROD-14

- B o enerdi pubﬁéaﬁon' spon S
b’e givel! lo AEME the Te:hnleul Dl\risidn, ‘and the author (s).

Ne !

Design of Computer Control for

Manufacturing Systems

An analysis is presented of computerized numerical control (CNC) for manufacturing
systems. Two types of CNC systems referred to as Reference-Pulse and Sampled-Data
are discussed. In the first system, reference pulses are generated by the computer and
supplied to an external digital control loop. With the Sampled-Data technigue, the com-
puter serves as a comparator of the control loop and transmits the position error at fixed
time intervals. The basis for selection of the particular type of CNC system and the re-
quired system parameters are given.

Introduction

An important advance in the philosophy of numerical control (NC)
of machine tools, which took place during the early 1970’s, was the
shift towards the use of computers instead of controller units in NC
systems. This produced both computer numerical control (CNC) and
direct numerical control (DNC) [1]. CNC is a self-contained NC
system for a single machine tool including a dedicated mini-computer
controlled by stored instructions to perform some or all of the basic
numerical control functions. With DNC, several machine tools are
directly controlled by a central computer.

Of the two types of computer control, CNC has become much more
widely used for manufacturing systems (e.g., machine tools, welders,
laser-beam cutters) mainly because of its flexibility and the lower
investment required. The preference for CNC over LINC is continuing
to become even greater due to the availability and declining costs of
minicomputers and microprocessors. In spite of this interest in CNC
for manufacturing systems, very little has been published on the
subject, as each manufacturer separately develops his own system
technology. It is the purpose of this paper to describe the basic CNC
concepts and develop a basis for selecting the appropriate type of CNC
system and the system parameters according to the requirements of
the manufacturing process.

CNC Concepts

A block diagram of a closed-loop CNC system is shown in Fig. 1.
As compared with conventional NC, CNC makes extensive use of
software in place of hardware. The software of a CNC system consists
of at least three major programs: a part-data program, a service pro-
gram, and a control program. The part-data program contains a de-
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scription of the geometry of the part being produced and the cutting
conditions such as spindle speed and feed-rate. Dimensions in part-
data programs are expressed by integers in units corresponding to the
position resolution of each axis-of-motion. This unit is referred to
henceforth as the “basic length-unit” (BLU), which might be on the
order of 10 um in a typical machine tool system. The service program
is used to check, edit, and correct the part-data program. The control
program accepts the part-data program as input and produces signals
to drive the axes-of-motion.

In all types of CNC systems the control program performs inter-
polation, feed-rate control, deceleration and acceleration, and contains
position counters which show the incremental distance to the end of
the current segment along the required path. The main routine in the
control program is the interpolator, which coordinates the motion
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Fig. 1 lllustration of a closed loop CNC system
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along the machine axes, which are separately driven, to generate the
required machining path. The machining path is usually obtained
from a combination of linear and circular segments and accordingly
the control program contains a linear and a circular interpolation
subroutine.

Most closed-loop CNC systems include both velocity and position
control loops, the velocity feedback provided by a tachogenerator and
the position feedback by an encoder or other digital device (see Fig.
1). The tachogenerator provides a voltage proportional to the velocity
and the encoder emits voltage pulses, each corresponding to an axis
displacement of one BLU.

The computer output in CNC systems can be transmitted either
as a sequence of reference pulses or as a binary word| in a sampled-data
system. With the first technique, the computer produces a sequence
of reference pulses for each axis-of-motion, each pulse generating a
motion of one BLU of axis travel. The number of pulses represents
position and the pulse frequency is proportional to the axis velocity.
These pulses can actuate a stepping motor in an open-loop system or
be fed as a reference to a closed-loop systern. With the Sampled-Data
technique, the control loop is closed through the computer itself. The
control program compares a reference word with the feedback signal
to determine the position error. This error signal is fed at fixed time
intervals to a digital-to-analog converter (DAC), which in turn
supplies a voltage proportional to the required axis velocity.

In designing a CNC system for a particular application, the first
step is to determine whether the Reference-Pulse technigque or
Sampled-Data technique is most appropriate. It will be seen that the
choice is constrained in most cases by the velocity and system response
requirements. Once a technique is selected it is subsequently neces-
sary to specify the appropriate system parameters. The remainder
of this paper is concerned with these design considerations.

Reference-Pulse Technique

A block diagram of a single axis CNC system using the Reference-
Pulse technique is presented in Fig. 2. In a practical multi-axes system,
each axis-of-motion is controlled by an identical control loop con-
nected to the computer by two pulsed lines, one for clockwise and the
other for counterclockwise motion. The computer contains the control
program which accepts the part-data as input and produces the ref-
erence pulses to the control loop. The “machine clrive” block in Fig.
2 includes the axis motor, tachogenerator, and servo-amplifier as
shown in Fig. 1.

The digital encoder in Fig. 2 is the feedback device and the up-down
counter is a comparator element fed by two sequences of pulses: ref-
erence pulses from the computer and feedback pulses from the en-
coder. The pulse-number difference between the two inputs is the
position error, which is converted to a voltage by a DAC to drive the
axis motor [2, 3]. The motor rotates in the direction which reduces the
error. For example, if a constant reference frequency is supplied by
the computer, the encoder frequency in the steady-state is identical
to the reference frequency, except for a finite pulse and phase dif-
ference which is necessary to generate the corrective error voltage to
rotate the motor. An alternative method uses a resolver as the feed-
back device and a phase-comparator, or a discriminator, to compare
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Fig. 2 Block diagram of a Reference-Pulse CNC system

the reference and the feedback signals [4-6]. In either case, the input
to the control loop is a sequence of reference pulses, each pulse gen-
erating a motion of one BLU, so that the axis velocity is proportional
to the pulse frequency and its position proportional to the number
of transmitted pulses.

The interpolator in Reference-Pulse systems is based upon an it-
erative technigue controlled by an external interrupt clock. At each
interrupt a single iteration of the interpolator routine is executed,
which in turn can provide an output pulse of one BLU 1o one or more
axes. The maximum output pulse-rate is obtained when each iteration
produces an output pulse, so that the interrupt frequency fn for a
maximum velocity is

_ M
BLU

where V,, is the maximum axis velocity (BLU/time).
The maximum allowable interrupt rate depends on the execution

time of a single iteration of the interpolator routine. With present-day

technology [5, 7], the execution time f. is approximately 100 usec,

which in turn yields a maximum interrupt frequency of

fm (1)

fn= % = 10* (pulses/sec) (2)
e

This is also the maximum frequency of reference pulses in interpo-
lated motions. It should be noted that when applying rapid traverse
motions which do not require coordination between axes-of-motion,
the major portion of the interpolator routine is bypassed and, there-
fore, the frequency of the reference pulses can be two or three times
faster than that given by equation (2). Combining equations (2) and
(1) gives the relationship between the system BLU and the maximum
axis velocity which can be achieved by the Reference-Pulse technique.
If the maximum velocity requirement exceeds this limit, it will be
necessary to use the Sampled-Data technique.

In principle, the Reference-Pulse technique should be treated
mathematically as a discrete-time system with non-uniform sampling,
in which the continuous motion of the axis is monitored from pulses
emitted K, times per revolution of the encoder. In practice, however,
since K, is relatively large (e.g., 1000 pulses/rev), the Reference-Pulse
system can be analyzed as a continuous system, to which the Laplace
transform technique can be applied for analyzing the design re-
quirements. The transfer function of the machine drive can be mo-
delled as a simple first-order system:

i (3)

Gi(s) =
) = er

where 7 is the mechanical time constant of the loaded motor and K,
is the drive constant given in velocity units per volt. The up-down
counter in Fig. 2 converts frequencies to a pulse-number and phase
difference, both being the integral of frequency. Therefore, the
counter functions as an integrator in the loop, and its transfer function
is given by:

Gols) = 1/s (4)
The open-loop gain of the system is:
K =KK,K, (5)

where K, is the DAC gain (volt/pulse) and K, is the encoder gain
(pulse/rev). Combining equations (3-5) gives the open-loop transfer
function

K
Gol§) =———— (6
0 s(1+s7) :
and consequently the closed-loop transfer function is
K
Gis) = ——} 7
) 52+ s+ K @

It is seen from equation (7) that the closed loop behaves as a second
order servo system with the characteristic equation:

$24 2¢wps + wn2=10 (8)
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Fig.3 Measured Responses of a Reference-Pulse CNC system with various

gains to a step input

where the damping factor is:
{=1/(2VEK7) 9)

and the natural frequency is
wn = VK[t (10)

Since the open-loop system contains an integrator, the steady-state
velocity error of the closed-loop system to a “step” input is zero. A step
input in the Reference-Pulse system means a constant reference
frequency supplied by the computer. Typical velocity responses for
various open-loop gains taken on an actual CNC drive with r = 12.5
msec are given in Fig. 3. Notice that although the steady-state error
is always eliminated, the maximum overshoot is increased with the
open-loop gain. By decreasing-the gain, the maximum overshoot can
be reduced at the expense of having a longer settling time. Selecting
the open-loop gain as

1

2r

has been shown to give satisfactory performance with contouring
systems [3]. This results in a damping factor { = 0.707 which is re-
garded as optimal for many control systems.

(11)

Sampled-Data Technique

The Sampled-Data CNC system used the computer as part of the
control loop by replacing the up-down hardware counter in Fig. 2 with
a software comparator [8, 9]. A block diagram of the sampled-data
system for a single axis is presented in Fig. 4. The computer samples
the feedback signal at a constant frequency f; and compares it with
a reference produced by the interpolator. The resulting error is the
computer output which is transmitted at a uniform rate through a
digital-to-analog converter (DAC) to the drive motor. Although a
digital encoder is used in the system illustrated in Fig. 4, a resolver
or an inductosyn could be substituted. The required interface circuitry
will depend upon the hardware chosen. With a digit:al encoder the
interfacing is simplest, consisting of a small counter which is incre-
mented by the pulses received from the encoder. The computer
samples the contents of the counter at fixed time intervals T and
immediately clears it. Since each pulse from the encoder is equivalent
to one BLU, the number transferred from the counter Lo the computer
is equal to the incremental axis displacement in BLU’s during the last
period T

The control program is based upon an iterative technique which
is executed at the sampling rate f, where f; = 1/T. Since the Sam-
pled-Data technique applies a complicated interpolation routine, the
execution time of a single iteration in a Sampled-Data system is much
longer than that obtained by the Reference-Pulse technique. At each
iteration, the contents of the counter AP are accumulated in the

control program
P(n) = P(n — 1) + AP(n) (12)

where P represents the actual position of the axis-of-motion in BLU’s
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Fig. 4 Block diagram of a Sampled-Data CNC system

and is subtracted from the reference R 1o generate the position error
k:

E(n) = R(n) = P(n) (13)

The error is converted by the DAC and fed to the machine drive. R
is the position reference and is related to the required velocity, V,
by

R(n)=R(n - 1)+ K.TV(n) (14)

Equations (12-14) yield an alternative method to calculate the
error:

E(n) = E(n = 1) + K.TV(n) — AP(n) (15)

The value of TV(n) is determined on-line by the interpolator routine.
Equation (15) presents an iterative process for carrying out numerical
integration within the control loop, and consequently the steady-state
velocity error of the closed-loop to a step input is zero.

The velocity response W(n) of the axis to a step reference of V units
is given by [10]

W(n) = V[1 = e~"=T(cos nwT + M sin nwT)] (16)
where
aT =—In (a) (17)
and
wT =arccos{[l1 + X — KT+ Kr(1 — X)]/2a} (18)
The parameters X, a and M are defined by
X=eTir
a?= X+ K|[7(1 - X) - TX]
M={1 -X)1+Kr)—-KT
2a sin wT'
The damping factor in the Sampled-Data system is given by
_ aT (19)

V{aTPZ+ (wT)?
Equation 16 shows that at the steady-state W(n) = V, and the rate
at which the steady-state value is approached is directly dependent
on how quickly the term e ~"=7T goes to zero which, in turn, depends
on K and T. For small K and large T the step response approaches
its steady-state value slowly (a sluggish system). On the other hand,
if K is too big the system will oscillate before approaching the
steady-state value. This behavior can be seen in Fig. 5 which shows
the step response and the position error E of a Sampled-Data system
with a big open-loop gain of K = 65 sec™. This result was obtained
on a hybrid computer with the machine drive simulated according to
equation (3) and with time constant + = 10 msec and sampling fre-
quency f, = 50 Hz.

One of the prime considerations in using a Sampled-Data system
is choosing the sampling period 7" and the open-loop gain K. There
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is always a trade-off between T and K: a longer sampling period re-
quires lower gain in order to maintain a given level of performance.
One performance criterion proposed for Sampled-Data systems with
step inputs is minimization of the integral of the absolute-value of the
error (IAE) [10]:

IAE = _fow |E(t)|dt (20)

This criterion takes into account the two contrary design requirements
of servo systems, namely, small overshoots on the one hand and
minimum steady-state position errors on the other.

The optimal locus which minimizes the JAE in equation (20) is
included in Fig. 6 [10]. Selection of the working point on this optimal
locus depends upon the time constant r. It is known from the Sam-
pling Theorem that sampling rate should be at least twice as fast as
the highest frequency wg contained in the sampled signal:

X (E) =20
T s 2w T en
The machine drive of the CNC Sampled-Data system behaves like
a low-pass filter with a critical frequency of w. = 1/'7, as can be seen
from equation (3). Substituting wg > w. in equation (21) yields the
necessary condition for selecting the sampling period:
Loz (22)
7
The effect of T is illustrated in Fig. 7 which shows the step response
of a simulated CNC system with r = 20 msec with two sets of K and
T which lie on the optimal locus of Fig. 6. A step torque is applied at
t = 0.1 sec, which might simulate the start of a machining process.
With T/7 = 0.5, the response is smooth and fast, but with T/ = 2.0
the performance is poorer because the system needs a longer time to
recover from the torque disturbance and the motion is rougher. For
systems we have studied, satisfactory performance has been obtained
with

(23)

s llie
PN

which satisfies the condition in equation (22) and also assures that
the signal’s energy loss is less than 15 percent while sampling [11].

It is generally believed [11] that better performance can be obtained
by using a smaller sampling period, as this transfers rnore information.
However, if T is too small and the encoder frequency is also small,
feedback pulses are not sensed by the computer. Since each pulse
provided by the encoder is equivalent to one BLU of axis travel, its
output frequency f is given by

f=W/BLU (24)

where W is the actual axis velocity. The average nunaber of pulses fed
to the counter in Fig. 4 during the sampling period T is

AP = Tf = f/f; (25)

In practice, AP is an integer number as is seen in Fig. 7. So for f/f; <
1 no pulses are counted (the reading of the counter is zero) during
some periods T. For example, a value of f/f; = 0.1 means that AP =
0 for nine out of ten samples and AP = 1 for the tenth one. During
periods with AP = 0, no feedback signal is received by the computer,
thus leaving the loop open and unable to accommodate any distur-
bances. Since the frequency f; is fixed according to equation (23), the
ratio f/fs depends only upon f. As a consequence, a Sampled-Data
CNC system is not suitable for small f. We have found that adequate
range of velocities can be obtained with:

fmlfs = 100 (26)

where f,,, is given by equation (1) and is equal to the encoder frequency
for the maximum required velocity V.

The use of fin/fs =~ 100 is also an appropriate lower limit when
considering the interfacing with the computer. Typically minicom-
puters are using a 16-bit word and micro-processors an 8-hit word.
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Fig. 5 Response and error of a Sampled-Data system with too high gain
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Fig. 7 Responses and counter readings of a simulated Sampled-Data sys-
tem
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To accommoclate this word size, the counter-associated with the en-
coder consists of 8 bits. This allows computer access to the whole
counter at the same time in a microprocessor-based control system,
and to two counters simultaneously in a biaxial minicomputer-based
CNC system. One bit of the eight is reserved as a sign bit to indicate
the direction of motion, and the other seven bits are usedl to count the
encoder pulses, permitting a maximum reading of 27 = 128 pulses per
sample. This is close to the value of 100 given above. It is therefore
desirable 1o operate near this lower limit.

Combining equations (23) and (26) leads to the requirement for
design of a Sampled-Data system:

7fm = 400/7. (27)

The term 7fy, is the axis travel in BLU’s in time 7. Note that a small
sampling period below the value given in equation (23) results in a
tighter constraint.

Optimization for Circular Motion

Up to this point, the system design has been considered for the case
of linear motion. However, CNC manufacturing systems also require
non-linear motion which is generated as a combination of lines and
circles.

Circular curves are generated in CNC systems by feeding sinuso-
idally varying references into the control loops, but the control loops
do not follow the sinusoidally inputs perfectly with zero error along
each axis. Since a plane circular path is generated by the simultaneous
motion of two axes, the radial error depends on the axial errors, which
in turn become greater with faster angular velocities. It has been
shown [10] that the steady-state radial error with a Sampled-Data
CNC system can be written:

€

L , N
—=—(wT)?+ — («T)* (28)
r 2 2
where r is the radius of the circle, w is the angular velocity, and the
parameter L is given by

i Kr(T/++2) -1
(KT)?
The parameter N also depends on K, T and 7. Since in practice T
<« 1, the term containing N becomes negligible except when L = 0.
For a given circular path, the maximum radial error e, occurs at
the maximum path velocity V,, corresponding to the angular veloci-
ty

(29)

@m = Vm/r = (BLU)fm/r (30)

Combining this with equation (28) and neglecting the second term
leads to

e L BLU
o Tmz_ 31
BLU 2( feu) r 1)

In order to keep the diametral error within one BLU, the radial error
should not exceed Yo BLUJ so that

r/BLU > L(Tfn)? (32)

Therefore the error constraint leads to a limit on the minimum al-
lowable radius, which is expressed here in BLU units as a function of
Kr, T/+ and +f, for a Sampled-Data system. With Tf,, = 100, as
suggested above, and introducing the minimum JAE criterion from
Fig. 6, the minimum allowable radius can be more simply expressed
as a function of a single parameter, e.g., 7f. This result is included
in Fig. 8.

The minimum radius in a system applying the Reference-Pulse
technique is obtained by substituting T' = 0 in equation (32) which
yields

r/BLU > (2K7 — 1)(fn/K)? (33)

For T' = 0 the minimum JAFE criterion results in the value of Kr =
0.567 as the optimal, and consequently equation (33) is reduced to

r/BLU > 0.4(7fm)? (34)

Journal of Engineering for Industry

The corresponding minimum radius has been obtained and is also
included in Fig. 8.

In many practical CNC systems the minimum allowable radius
according to the minimum [AE criterion is too large. Consider, for
example, a Sampled-Data system with a resolution BLU = 0.01 mm
and a maximum velocity V,, = 6 m/min. The corresponding f, ac-
cording to equation (1) is 10,000 pulses/sec. For a typical time-con-
stant of 20 msec the parameter 7f, becomes 200 and the corre-
sponding minimum radius, according to Fig. 8, is 219 mm (8.6 inch).
Therefore, the minimum JAE criterion and the corresponding design
procedure is restricted to systems requiring essentially linear motions.
For CNC systems which require both linear and circular motions, a
different design criterion is necessary.

An alternative optimization criterion for design of CNC systems
which include a circular interpolator could be minimization of the
radial error. For a Sampled-Data system, the radial error is given by
equation (28). In practice w7' << 1 and the first term will usually give
the major contribution to the total radial error. This first term can
be eliminated, and therefore near-optimal performance can be simply
obtained by setting L = 0, which from equation (29) leads to:

Kr(T/++2)=1 (35)

This result is shown as the curve designated “min e,” in Fig. 6. It can
be seen in Fig. 8 that this criterion allows for much smaller radii of
curvature than the minimum JAE criterion.
The analysis for a Reference-Pulse system can be carried out by
setting T' = 0. In equation (35), this leads to:
K=l
27
which is identical to equation (11) and therefore corresponds to having
a damping factor { = 0.707. The radial error for a Reference-Pulse
system can be written as [12]

(36)

e, 1

r VI (Owlon)? — 2wlon)E ¥ (@lan)

By combining equations (9), (10), (36) and (37), the minimum radial
error becomes

(37)

50
| Sampled - data
2 Reference pulses
20 7
10
5
r
103BLU
2
1
05
o] 100 200 300
Tfm

Fig. 8 Minimum allowable radii in CNC systems for various design crite-
ria
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r i V1 + 4(wr)t
Substituting the maximum value of « from equation (30) and limiting
the radial error to %, BLU, the minimum allowable radius is:

r/BLU = 4(rf,)*3 (39)

~ wr)t (38)

It can be seen in Fig. 8 that this minimum radial error criterion allows
for a much smaller radius of curvature than the minimum JAE cri-
terion, and is slightly smaller than that which can be obtained with
the Sampled-Data technique using the same ecriterion:

As a general rule of thumb, the damping factor for optimal dynamic
performance of many control systems is considered to be { = 0.707.
The locus corresponding to this damping factor is included in Fig. 6
for comparison with the design recommendations according to the
present optimization criteria. It can be seen that the minimum radial
error criterion gives an open-loop gain with the Sampled-Data tech-
nique that is almost identical to the value for { = 0.707, and with the
Reference-Pulse technique (T = 0) an open-loop gain that is identical
(K7 = 0.5) in both cases. Therefore, designing the CNC system ac-
cording to the minimum radial error eriterion will also insure that the
damping factor is optimal.

Summary of Design Considerations

The Reference-Pulse and Sampled-Data CNC control techniques
for manufacturing systems have been described and analyzed. The
Reference-Pulse technique is much simpler to program, but there is
a restriction on the maximum velocity imposed by the control program
execution time. By contrast, the maximum velocity in Sampled-Data
systems is not limited by the computer, but the control program is
more complex and its interpolator routine requires substantial
core-memory.

The basis for selecting the appropriate CNC technique is summa-
rized in Fig. 9 which is based on equations (2) and (27). The parameter
fm is proportional to the required maximum velocity limit in CNC
systems. For f, > 10* only the Sampled-Data technique is applicable,
whereas for f,, < 10* the Reference-Pulse technique is required for
a short time constant and either technique can be used for a long time
constant. Given the choice, the Reference-Pulse technique is preferred
because of its simplicity.

For designing a Reference-Pulse system, the main parameter is the
open-loop gain K and its optimal value is given in equation (11) as K
= 1/(2r). Sampled-Data systems require the consideration of two main
parameters: the sampling period and the open-loop gain. The sam-
pling period T' depends on the time constant 7 of the drive and its
recommended value according to equation (23) is T ~ 0.8 7. Selection
of the open loop gain depends upon the requirecl motion. For linear
motions, the minimum [AE has been chosen as a suitable criterion

fm [PULSES/SEC]

Fig. 9 Diagram for Selection of appropriate CNC technique

for optimization and the relationships between the loop gain and the
computer sampling period is given by the JAE locus in Fig. 6. For
combined linear and circular motions, the minimum radial error in
circular motions has been proposed as the performance criterion, and
the relationship between the optimal loop gain and the computer
sampling period from equation (35) is:

1
T+ 2r

Applying this optimal relationship results in a damping factor of { =~
0.7, which leads to satisfactory response to both step and sinusoidal
inputs.

To illustrate the design procedure, consider a CNC drive system
for a machine tool with a time constant = = 20 msec, a resolution BLU
= 5um and a maximum velocity requirement V,,, = 40 mm/sec. Using
equation (1), the pulse frequency is f,, = 8000 pulses/sec which, ac-
cording to Fig. 9 means that either of the two CNC techniques can be
applied. With the Reference-Pulse technique, the open-loop gain from
equation (11) is K = lur = 25 sec™ ). The minimum allowable radius
at the maximum velocity is determined from Fig. 8 as r/BLU = 1.4
10% or r = Tmm.

Using the Sampled-Data technique, the sampling period is deter-
mined from equation (23) as T ~ 16 msec, or a sampling frequency
fs = 1/T = 62.5 Hz., The sampling frequency in the system is selected
as 64 Hz so as to correspond to a power of 2 (i.e., 25 = 64) to simplify
the interpolator routine. With the “min e,” criterion, for combined
linear and circular motions, substituting the values of T and  into
equation (40) results in a gain of K = 18 sec ! which, as expected, is
smaller than the value of 25 sec™! obtained for the Reference-Pulse
counterpart system. The corresponding damping factor calculated
from equation (19) is { = 0.704. From Fig. 8, the minimum allowable
radius at the maximum velocity is r = 8 mm.

The step response of the Reference-Pulse system is similar to that
of a second-order continuous system, which for our example is:

K=

(40)

W(t) = V[1 — e~%5(cos 25¢ + sin25t)] (41)

The step response of the Sampled-Data system is obtained from
equation (16) as

Win) = V[1 = ¢=032n(¢cos 0.326n + 0.983 sin 0.326n)] (42)

For comparing these two responses, substitute t = nT in equation (41),
which for the Reference-Pulse system gives:

W(n) = V[1 = ¢~9391n(cos 0.391n + sin 0.391n)] (43)

Equations (42) and (43) are almost identical, so that both the Refer-
ence-Pulse and Sampled-Data techniques should give virtually the
same response. Since the Reference-Pulse technique is simpler to
implement, it should be selected for this application.
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