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Abstract— Multivariable systems exhibit complex dynamics because of the interactions between 
input variables and output variables. This paper presents an approach to design auto tuned decentralized 
PI controller using ideal decoupler and adaptive techniques for controlling a class of multivariable 
process with a transmission zero. Using the decoupler, the MIMO system is transformed into two SISO 
systems. The controller parameters are adjusted using the Model Reference Adaptive reference Control 
(MRAC). A benchmark quadruple tank system (QTS) is considered to illustrate the benefits of the design 
paradigm. The performance of this set up was studied for reference tracking and disturbance rejection 
cases. Simulation results confirm the effectiveness of the proposed system. 

Keyword- Multivariable control, Decoupler, PI controller, Quadruple Tank process, Relative gain 
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I. INTRODUCTION 
A typical process control plant may contain more number of input and output signals. There exist 

complicated couplings between the input and output signals. Many control methods have been applied to control 
multivariable processes with interactions. Centralized controller design for MIMO systems suffer from potential 
problems associated with complex computations, maintenance due to the size and a high risk of failure even 
though it provides better performance. In turn decentralized strategies, based on or mathematical analysis 
provide flexible and scalable solutions with simple single-input single-output (SISO) controllers [1], [2]. 

This paper presents a design methodology for auto tuned decentralized PI controller using decoupling and 
MRAC techniques to solve the problem of interactions in quadruple tank process, which is a bench mark 
multivariable process used in control literature. To control a quadruple tank system, one essential problem is 
how to handle the interactions among two loops. An effective approach is to apply the so called decentralized 
control strategy: each loop is controlled by one controller independently based on local information and local 
actions.  

The control system design procedure for a multivariable plant involves several steps [3]. Before designing the 
controller design, the control configuration is selected using Relative Gain Array (RGA) method. The first part 
of this step is to find a set of variables to manipulate input signals and a set of variables to control and measure 
output signals i.e. the problem of input/output selection. Next, the control configuration selection has to be 
performed, where the connections between the inputs and the outputs are decided. Finally the PI controller 
parameters are automatically adjusted by designing a Model Reference Adaptive Control and the results are 
compared. 

The concepts behind this study are organized as follows: Section 2 gives the description of quadruple tank 
process and the linearised mathematical modelling of the system. The design of decoupler is explained in 
Section 3. The Section 4 briefs the Relative Gain Array concepts for selecting input/output pairing. The next 
one, Section 5 explains the design of MRAC technique followed by Results and Discussions in Section 6. The 
conclusion is given in Section 7. 
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II. QUADRUPLE TANK SYSTEM 
A quadruple tank apparatus which was proposed in [4] has been used in chemical engineering laboratories to 

illustrate the performance limitations for multivariable systems posed by ill-conditioning, right half plane 
transmission zeros and model uncertainties. 

The quadruple tank system consists of four interconnected tanks and two pumps. The schematic of the 
quadruple tank equipment is presented in Fig.1.  

The process inputs are u1 and u2 (input voltages to the pumps), and the outputs are y1 and y2 (voltages from 
level measurement devices). The target is to control the level of the lower two tanks with inlet flow rates. The 
output of each pump is split into two by using a three- way valve. Thus each pump output goes to two tanks, one 
lower and another upper, diagonally opposite and the ratio of the split up is controlled by the position of the 
valve. With the change in position of the two valves, the system can be appropriately placed either in the 
minimum phase or in the non-minimum phase.  

 
Fig.1.   Schematic of Quadruple Tank System 

Let the parameter ࢽ be determined by how the valves are set. If 1ࢽ is the ratio of flow to the first tank, then 
 (2ࢽ - 1) is the ratio of flow to the second tank, then 2ࢽ will be the flow to the fourth tank. Similarly if (1ࢽ - 1)
will be the flow to the third tank. The voltage applied to Pump ‘i’ is Vi and the corresponding flow rate is KiVi. 
The parameters 2ࢽ 1ࢽ �[1 ,0]  are determined from how the valves are set prior to an experiment.  The flow to 
tank 1 is 1ࢽK1V1 and the flow to tank 4 is (1- 1ࢽ) K1V1 and similarly for Tank 2 and Tank 3. The acceleration of 
gravity is denoted as ‘g’. The measured level signals are y1 = kch1 and y2= kch2 [4]. 

The state equations of the four tank system are given in equation (1)  
 ݄݀ଵ݀ݐ ൌ െ ܽଵܣଵ ඥ2݄݃ଵ ൅ ܽଷܣଵ ඥ2݄݃ଷ ൅ ଵܣଵ݇ଵߛ ݐଵ ݄݀ଶ݀ݑ ൌ െ ܽଶܣଶ ඥ2݄݃ଶ ൅ ܽସܣଶ ඥ2݄݃ସ ൅ ଶܣଶ݇ଶߛ ݐଶ ݄݀ଷ݀ݑ ൌ െ ܽଷܣଷ ඥ2݄݃ଷ ൅ ሺ1 െ ଷܣଶሻ݇ଶߛ ݐଶ ݄݀ସ݀ݑ ൌ െ ܽସܣସ ඥ2݄݃ସ ൅ ሺ1 െ ସܣଵሻ݇ଵߛ  ଵݑ

(1) 
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where Ai is cross sectional area of Tank ‘ i ’ 
ai is cross section of outlet hole of Tank ‘ i ’ 
hi is water level in Tank ‘ i ’ 

The linearised state space model is given by equation (2). 
 

ௗ௑ௗ௧ ൌ
ێێۏ
ێێێ
െۍ ଵ்భ 00 െ ଵ்మ

஺య஺భ య் 00 ஺ర஺మ ర்0 00 0 െ ଵ்య 00 െ ଵ்రۑۑے
ۑۑۑ
ې  ܺ ൅  

ێێۏ
ێێێ
ۍێ ఊభ௞భ஺భ 00 ఊమ௞మ஺మ0 ሺଵିఊమሻ௞మ஺యሺଵିఊభሻ௞భ஺ర 0 ۑۑے

ۑۑۑ
ېۑ  ܷ    (2a) 

 ܻ ൌ ൤݇௖ 00 ݇௖0 00 0൨  ܺ 
(2b) 

The time constants are calculated using equation (3)  

௜ܶ ൌ ஺೔௔೔ ටଶ௛೔బ௚  ,       i ൌ  1,2,3,4.             (3) 

The parameter values and steady state operating points of the process are assumed as per the system given in 
literature [5].  The transfer function matrix is given in equations (4) and (5) for minimum phase and non-
minimum phase operating points. 

ሻݏሺ_ܩ  ൌ ቎ ଶ.଺ଵା଺ଶ௦ ଵ.ହሺଵାଶଷ௦ሻሺଵା଺ଶ௦ሻଵ.ସሺଵାଷ଴௦ሻሺଵାଽ଴௦ሻ ଶ.ହଵାଽ଴௦ ቏       (4) 

ሻݏାሺܩ ൌ ቎ ଵ.ହଵା଺ଷ௦ ଶ.ହሺଵାଷଽ௦ሻሺଵା଺ଷ௦ሻଶ.ହሺଵାହ଺௦ሻሺଵାଽଵ௦ሻ ଵ.଺ଵାଽଵ௦ ቏       (5) 

The transfer matrix G has two zeros one of them is always in the left half of s-plane, but the other can be 
located either in left half or right half of      s-plane based on the position of three way valves. So, the system is 
in minimum phase, if the values of ߛଵ ܽ݊݀ ߛଶ satisfy the condition 0 ൏ ଵߛ ൅ ଶߛ ൏ 1 and in non-minimum phase, 
if the values of ߛଵ ܽ݊݀ ߛଶ  satisfy the condition    1 ൏ ଵߛ ൅ ଶߛ ൏ 2. 

III. DECOUPLER DESIGN 
A popular approach to deal with control loop interactions is to design non-interacting or decoupling control 

schemes. The objective of this control is to eliminate completely the effects of loop interactions. This is 
achieved through the specification of compensation networks known as “Decoupler”. The role of decoupler is to 
decompose a multivariable process into a series of independent single-loop sub-systems. If such a controller is 
designed, complete or ideal decoupling occurs and the multivariable process can be controlled using 
independent loop controllers [5]. The following Fig.2 shows the general decoupling control structure.  

Ideal decoupler is selected because the decoupling elements are independent of the forward path controllers 
and therefore on line tuning of the controllers does not require redesign of the decoupler elements. Moreover 
this technique can address both servo and regulator problem because decoupling occurs between the forward 
path control signals and the process levels and not between the set points and the outputs. 

The ideal decoupler is designed by the method of Zalkind and Luyben [6], [7]. 
According to ideal decoupling procedure, the diagonal elements of the decoupler is taken unity thus D11 = D22 = 
1. Hence the decoupler matrix D will become   ܦ ൌ ൤ 1 ଶଵܦଵଶܦ 1 ൨ 
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For an ideal decoupling, the off diagonal elements of G*D matrix are equal to zero so by taking the product 
of the matrices D * G and equating the diagonal elements of the product, the equations for D12, D21. 

The Decoupler design equations are ܦଵଵ ൌ ଶଶܦ  ൌ ଵଶܦ 1 ൌ  െ ܩଵଶ ܦଶଶܩଵଵ  

and  ܦଶଵ ൌ  ି ீమభ ஽భభீమమ  

 
Fig.2.   Architecture of System with decoupler 

The decoupler matrices designed for minimum phase and non minimum phase systems are given in equation 
(6) and (7) respectively. 

ሻݏሺ_ܦ  ൌ ቎ 1 ି଴.ହ଻଻ሺଵାଶଷ௦ሻି଴.ହሺଵାଷ଴௦ሻ 1 ቏        (6) 

ሻݏାሺܦ ൌ ቎ 1 ିଵ.଺଺଻ሺଵାଷଽ௦ሻିଵ.ହ଺ଶହሺଵାହ଺௦ሻ 1 ቏         (7) 

IV. RELATIVE GAIN ARRAY 
For designing control system for MIMO systems with interactions, it is required to select proper input-output 

pairing. To determine proper pairs it is essential to evaluate the degree of interaction between variables. The 
Relative Gain Array (RGA) concept is employed to determine the input-output pairing for both minimum phase 
and non minimum phase conditions [8]. 
According to the proposal given by Bristol [9], RGA is given by equation (8) רൌ ൤ߣଵଵ ଶଵߣଵଶߣ  ଶଶ൨          (8)ߣ

For minimum phase system ߣଵଵ is obtained as 0.63 which falls in the range 0.5<ߣଵଵ< 1, so the pairing is 
determined as y1 - u1 and y2 – u2. But for the non minimum phase system ߣଵଵ is obtained as 0.375 which falls in 
the range 0<ߣଵଵ< 0.5, so the suitable pairing is found as y1- u2 and y2 – u1. 

V. MODEL REFERENCE ADAPTIVE CONTROL  
MRAC is an adaptive control technique where the performance specifications are given in terms of a 

reference model. The model is selected in such a way that it gives the ideal response of the process which is 
desired. The controller parameters are automatically adjusted by the adaptation mechanism in such a way that 
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the performance of the process output matches with that of the model [10]. The block diagram of the proposed 
control structure using adaptive control technique is given in Fig. 3. 

 

 
Fig. 3.   Structure of MRAC based control system for QTS 

 The architecture of adaptive controller has two loops: 
1. The inner loop is the simple feedback loop consisting of the process, decoupler and the controller. 
2. The outer loop is employed to adjust the controller parameters in such a way that the deviation 

between actual process output and that of the reference model is small [11]. 
For the first order process the adaptation laws are framed based on the MIT rule as follows: ݐ݀ݕ݀      ࢙࢙ࢋࢉ࢕࢘࢖ ࢘࢕ࡲ ൌ  െܽݕ ൅ ݐ௠݀ݕ݀    ࢒ࢋࢊ࢕࢓ ࢋࢎ࢚ ࢘࢕ࡲ ݑܾ ൌ  െܽ௠ݕ௠ ൅ ܾ௠ݑ   ࢘ࢋ࢒࢒࢕࢚࢘࢔࢕ࢉ ࢘࢕ࡲ ݑ ൌ  ݕଶߠ ௖ିݑଵߠ 

 
The cost function for adaptation is given by (9) ܬሺߠሻ ൌ ଵଶ ݁ଶሺߠሻ               (9) 
where   ݁ ൌ ݕ െ  ௠ݕ
MIT rule with negative gradient approach is given by the following expression  ௗఏௗ௧ ൌ  െߛ ఋ௃ఋఏ ൌ െ݁ߛ ఋ௘ఋఏ          (10) 

where ߛ is adaptation gain 
From MIT rule and equation (10) the adaptation laws can be found in terms of the original controller 

parameters as follows: ݀ߠଵ݀ݐ ൌ  െݑ݁ߛ௖  ௗఏమௗ௧ ൌ െ(11)                                               ݕ݁ߛ 

where θ1 and θ2 are Kp and Ki in this case because the PI algorithm is used as the controller here. 
The following expressions (12) and (13) are obtained as decoupled transfer function matrix for minimum 

phase and non minimum phase operating points respectively. 
 

 

Decoupler     
D(s) 

Quadruple Tank 
System Gp(s) 

Reference Model 
Gm(s) 

Adjustment 
Mechanism 

Controller     
Gc(s) M 

R 
Y 
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U 
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ሻݏሺିܦܩ ൌ  ቎ ଶଵା଺ଶ௦ 00 ଵ.଼ହଵାସଶ௦቏         (12) 

ሻݏାሺܦܩ  ൌ ቎ ହ.ସଵାଵସ଺௦ 00 ଶ.ସଵା଺ସ௦቏         (13) 

 

The block diagram of adaptation control mechanism using MRAC is shown in Fig. 4. 

 
Fig.  4.  Adaptation mechanism for a single control loop using MRAC 

It has been noted that the two input two output quadruple tank system is now considered as two SISO 
systems acting without interactions. To control these processes two PI controllers are employed. The controller 
parameters Kp and Ki are automatically adjusted to force the process outputs (levels) as specified by the 
reference model. 

The reference model is selected in such a way to get the closed loop response with overshoot 10% and 
settling time 10 sec. The adaptation gains (λ) are selected as given in Table I. 

TABLE I 
Adaptation Gain values for both the Operating Points 

 Values ߛ 
For adapting Kp For adapting Ti 

PI Controller for Level 1 5000 1000 
PI Controller Level 2 3000 1000 

VI. RESULTS AND DISCUSSIONS 
The responses of the quadruple tank process for both minimum phase and non minimum phase operating 

points are obtained using PI controller, decoupled PI controller and adaptive PI controller. The minimum phase 
responses are shown in Fig. 5, 6 and 7 while the non minimum phase responses are shown in Fig. 8, 9 and 10.  
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It is observed that the process exhibits inverse response when it is operated in non minimum phase condition. 
It is not possible to provide better control to the process with simple PI controller in this operating condition 
[12]. 
 

 
Fig.5.   Response of PI controller in Minimum Phase 

From the graphs it has been observed that there exist strong interactions with PI controller in both the 
operating conditions. But the interactions are minimized in non minimum phase and nullified in minimum phase 
with the help of decouplers. Adaptive controller strongly suppresses interactions in both the operating conditions 
and guarantees robust performance, but the overshoots are there in the response. Proper selection of the 
adaptation gain will lead to better response with tolerable overshoot.  

 

Fig.6.   Response of PI controller with decoupler in Minimum Phase 
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Fig.7.   Response of the PI controller with MRAC in Minimum Phase 

 
Fig. 8.   Response of PI controller in Non-Minimum Phase 

 
Fig. 9.   Response of PI controller with decoupler in Non-Minimum Phase 

 
 

0 10 20 30 40 50 60 70 80 90 100
-0.5

0

0.5

1

1.5

2

2.5

3

Time in sec

L
ev

el
 in

 c
m

 

 Setpoint for Level of Tank 1
Level of Tank 1
Setpoint for Level of Tank 2
Level of Tank 2
Load change to Level of Tank 1
Load change to Level of Tank 2

0 500 1000 1500 2000 2500 3000
-0.5

0

0.5

1

1.5

2

2.5

3

Time in sec

L
ev

el
 in

 c
m

 

 
Setpoint for Level of Tank 1
Level of Tank 1
Level of Tank 2
Setpoint for Level of Tank 2

0 200 400 600 800 1000 1200 1400 1600 1800 2000
0

0.5

1

1.5

2

2.5

3

Time in sec

L
ev

el
 in

 c
m

 

 

Set Point for Level of Tank1
Level of Tank1
Set Point for Level of Tank2
Level of Tank2

D.Angeline Vijula et.al / International Journal of Engineering and Technology (IJET)

ISSN : 0975-4024 Vol 5 No 6 Dec 2013-Jan 2014 5064



 
Fig. 10.   Response of the PI controller with MRAC in Non Minimum Phase 

It is also observed that level of tank 1 is not affected if the set point or load for level of tank 2 is changed. 
Similarly the change in set point or load for level of tank 1 is not affecting the level of tank 2. Thus the 
interactions are eliminated. More over the response time is faster and settling time is shorter. 

Table II presents the quantitative comparison of the performances of PI controller, decoupled PI controller 
and adaptive decoupled PI controller. 

TABLE II 
Quantitative Comparison of Controller Performance 

Controller 
 

Parameters 
Minimum Phase Non-Minimum Phase 

Level 1 Level 2 Level 1 Level 2 

PI Controller 

Settling Time 250 sec 150 sec 1380sec 1380sec 

Peak Overshoot 1% 2% 10% 25% 

Rise Time 15 sec 10 sec 240 sec 210 sec 

Decoupled 
PI Controller 
 

Settling Time 90 sec 50 sec 600 800 

Peak Overshoot 1% 2% 30% 20% 

Rise Time 12 sec 10 sec 80 sec 65 sec 

Auto tuned 
PI Controller 
using MRAC 

Settling Time 6 sec 8 sec 7 sec 10 sec 

Peak Overshoot 30% 70% 30% 40% 

Rise Time 2 sec 1 sec 3 sec 2 sec 

VII. CONCLUSION 
The linearized model of quadruple tank system has a multivariable transmission zero and it is much more 

difficult to control the system in non minimum phase condition than minimum phase condition. In this study, a 
design of auto adjustable decentralized PI controller using MRAC techniques for quadruple tank process has 
been described.  The proposed controller can adjust the controller parameters in response to changes in plant 
uncertainties and disturbances based on the specified reference model and prevent the system from interaction 
between process variables. It is shown by the simulation results that MRAC technique solves the dynamic 
problem of the quadruple tank process and it is convenient for controller design under the requirement of the 
system. In future optimization techniques may be used for selecting the adaptation gains so that better 
performance can be ensured. 
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