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ABSTRACT An innovative design method is proposed for highly uniform magnetic field coils using a

particle swarm optimization (PSO) algorithm. We use an optimization approach instead of the conventional

method of solving closed-form equations to obtain the coil geometric parameters. We apply a PSO algorithm

to the optimization of the coil structure and set an appropriate penalty function and boundary conditions.

A discrete optimization is employed to avoid obtaining parameters with a large number of decimal places.

Compared with the conventional design method, our method solves the problem of how to design a coil set to

produce a highly uniform magnetic field under various structural and process constraints. The coil designed

by this method can produce a highly uniformmagnetic field for a larger effective space. This is significant for

miniaturized applications, especially for miniature atomic sensors. The calculations show that the magnetic

field deviations of the triaxial cylindrical coils designed by this innovativemethod are decreased bymore than

two orders of magnitude in the volume of interest (VOI) compared to conventional triaxial cylindrical coils.

Our experimental measurements are consistent with theoretical values. Measurements show that relative

magnetic field uniformities of the axial and radial coils reache 1.2×10−4 and 3.9×10−3 along the magnetic

field axis in the range of ±0.5R. In addition, this method can also be used to design gradient field coils or

other shaped coils.

INDEX TERMS Uniform magnetic field, triaxial cylindrical coil, PSO, miniature atomic sensors.

I. INTRODUCTION

Uniform magnetic fields are widely used in many fields

of scientific research and in industry, such as for the

measurement of the neutron electric dipole moments

(nEDM), magnetic navigation systems (MNS), in vivo med-

ical diagnostic studies, magnetic resonance imaging (MRI)

[1]–[3]. All these precision measurements and precision con-

trols require magnetic field with high uniformity. In nuclear

magnetic resonance (NMR) applications, high-resolution

The associate editor coordinating the review of this manuscript and
approving it for publication was Sotirios Goudos.

experiments usually demand field homogeneities of a few

parts per million within a volume of 0.5 cm3 [4]. Miniature

atomic sensors are a new type of sensor based on atomic

physics and quantum mechanics. They have great develop-

ment prospects due to high precision and small size. High

precision measurements using miniature atomic sensors also

require highly uniform magnetic fields. Therefore, it is our

eternal pursuit to design coils with smaller volumes and larger

region with uniform fields for miniature atomic sensors.

Atomic sensors usually do not require too high magnetic

field. A radial magnetic field of several hundred nT and

an axial one of several tens of uT can meet the demand
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of the NMR gyroscopes we studied. Therefore, the targeted

magnetic field intensity can be achieved with a few coil turns.

In this case, a single-turn structure is adopted. This means that

the effect of wire dimensions (thickness, width, etc.) on the

accuracy of the target field can be ignored. What we need to

pay attention is how to reduce the overall size of the coil, such

as the coil radius and coil height, while ensuring the unifor-

mity of the magnetic field. As for the current density, it does

not need to be too large. Under the size constraints in this

paper, current of several mA is enough for the axial field and

that of several uA is enough for the radial field. Non-uniform

magnetic field (especially the axial non-uniform magnetic

field) tends to cause the relaxation time to become shorter,

which indirectly affects the accuracy of the sensor. In general,

NMR gyroscopes with a cubic vapor cell of 4 mm side

length require a radial magnetic field uniformity of better

than several hundred ppm and axial magnetic field uniformity

of several tens of ppm. On the one hand, under the same

volume constraint, a more uniform magnetic field means that

the sensor has the potential to achieve higher precision. On the

other hand, under the same uniformity requirements, a more

uniform magnetic field coil scheme has the possibility of

reducing the coil volume, which is of great significance for

miniature atom sensors. This is the original intention of our

research on high uniform magnetic field coil design methods.

Cylindrical coil structure is simple and convenient fabricate

for creating triaxial magnetic fields. It is widely used in

industrial equipment and medical instruments, and is also the

first choice for miniature atomic sensors [5]–[7]. In a triax-

ial cylindrical uniform field coil configuration, Helmholtz

coils and saddle coils are typically used to generate axial

and radial magnetic fields, respectively. However, for both

coils, generating a sufficiently uniform magnetic field within

a specific size VOI comes at the expense of a large coil

volume. In addition, it is well known that solenoids are

usually used as radiofrequency coils in NMR. The longer

the solenoid, the more uniform the magnetic field can be

obtained. However, a miniature atomic sensor often requires

a small coil length to diameter ratios. This obviously does not

meet the needs of miniaturized applications such as miniature

atomic sensors. It is particularly important to find a design

method that has the flexibility to design coils according

to application requirements (such as size, uniformity, etc.).

Therefore, we propose an innovative design method using a

PSO algorithm to address this problem.

Helmholtz coils are the most commonly used coils for

axially uniform fields in industrial applications because of

their simple construction. However, Helmholtz coils often

fail to provide sufficiently uniform magnetic fields for high

precision applications, including miniature atomic sensors.

A Maxwell coil provides a more uniform magnetic field

than a Helmholtz coil, but at the expense of requiring a

more complex structure [8]. Systems of three or four iden-

tical air-core, circular coils for producing an extended uni-

form magnetic field were described by J. R. Barker in 1949

[9]. A four-coil system (including circular and square)

consistent with the Barker four-coil structure was proposed

by Lee-Whiting in 1957 [10]. Both coils have a non-integer

number of ampere turns, which necessitates the use of two

matched current sources. Synchronization between the two

current sources increases the difficulty of the application. The

ampere-turns of the Barker four-coil concept was approxi-

mately reproduced by J. L. Krischvink in 1992 [11]. However,

this approximation results in a significant loss of magnetic

field uniformity. Although P. Kedzia corrected the position

of the Lee-Whiting circular coil to improve its magnetic

field uniformity in [12], it is still inconvenient for minia-

turized coils with an ampere-turn ratio of 9:4. In addition,

M.W. Garrett proposed a series of coils to produce

a uniform magnetic field, forming a mature theoretical

system [13], [14]. However, it usually has a non-integer num-

ber of ampere turns or different coil radii, which is inconve-

nient in miniaturized applications.

A saddle coil is a kind of widely used traditional transverse

magnetic field coil. Geometrical optimization of a saddle uni-

form magnetic field coil has been widely studied. The central

magnetic field of a saddle coil and its second derivatives were

given as functions of the coil geometrical dimensions in a

paper by D. M. Ginsberg et al. Also, he solved for the ideal

saddle coil structure parameters [15]. However, this ideal

saddle coil need a length to diameter ratio of 2. It is difficult

to meet the needs of miniature atomic sensors. H. Hanssum

developed a method based on the vector potential, in a closed

form with elliptic integrals of the first and second kind,

to study saddle coils’ configurations [16]–[19]. The results

were consistent with those from D. M. Ginsberg’s work.

A configuration of saddle coils was proposed by Seungmun

Jeon et al., with the goal of balancing the trade-off between

coil height and field uniformity [2]. However, the length to

diameter ratio cannot be further reduced, and the unifor-

mity is also compromised. Fourth order Taylor expansions

of the magnetic field, which can be used to approximately

evaluate the degree of field homogeneity, were derived by

F. Bonetto et al. in [4]. Structural parameters for different

length to diameter ratios have also been optimized. However,

even with these improvements it is still difficult to reach the

magnetic field uniformity of an ideal saddle coil. To address

the contradiction between the volume and the field uniformity

of the saddle coil, we proposed a novel coil structure nested

by two pairs of saddle coils in [7]. This design allows us to

obtain better magnetic field uniformity for small length to

diameter ratios, but its parameter optimization needs further

study.

With conventional cylindrical axial coils are difficult to

reconcile the conflict between field uniformity and struc-

tural simplicity, while with radial coils it is difficult to fur-

ther reduce volume and improve field uniformity. On the

other hand, with the ongoing improvements of in avail-

able computing power, coil design methods have made new

progress, such as target field methods and different opti-

mization methods. The target field methods has been intro-

duced and explored in many papers [1], [2], [20], [23]. The
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application of optimization methods in coil design or magnet

design is also very extensive. Practical design of magneto-

static structure using numerical methods was introduced in

detail by Wang [24]. Different optimization algorithms were

used to calculate the optimal conductor shapes and positions

of superconducting shim coils in [25], [26]. Intelligent opti-

mization algorithms have advantages in complex optimiza-

tion problems, especially when there are multiple peaks or the

derivative of the objective function is not continuous. Some

researchers have applied intelligent optimization algorithms

in coil designs. A genetic algorithm was introduced to design

an open high magnetic field MRI superconducting magnet

in [27]. A PSO algorithm was introduced to design gradient

coil in [28]. Among a variety of intelligent optimization algo-

rithms, the PSO algorithm had achieved good optimization

results in many fields because of its good local search ability,

good global search ability, and extremely fast convergence

speed. In view of this, an uniform magnetic field coil design

method is proposed based on the PSO algorithm. Compared

with the conventional optimization algorithms, this method

has three advantages in the design of a uniformmagnetic field

coil. First, we can set the necessary constraints, including

structural constraints (length to diameter ratio, partial aper-

tures, etc.) and process constraints (line spacing, turns ratio,

etc.) in the design. This is more flexible and adaptable than

conventional methods. Second, we can solve for higher order

uniform magnetic fields. Conventional coil design methods

often fail to obtain solutions when solving for coil designs to

produce magnetic fields with high-order uniformity. An opti-

mized method can avoid this problem. Third, we can use

discrete optimization when optimizing. The discrete opti-

mization used in this paper can avoid the degradation from

rounding errors. Parameters with a large number of decimal

places are often obtained by the conventional method. There

are rounding errors in the application, which degrades the

field uniformity. The target field methods can be combined

with the boundary element method for designing coils on any

type of surface [29]. They can also be used for miniaturized

systems that impose stringentmanufacturing constraints [30].

Themain advantage of the target fieldmethod is its simplicity.

Coils of different shapes can be obtained by changing the

constraints of the current density function. Compared with

the target field method, the method we proposed is based

on discrete currents, so there is no error caused by current

discretization. This method requires the derivation of the

analytical expression of the magnetic field and the derivation

of its derivative. This process is often complicated and only

suitable for coils with relatively simple structures. But from

another perspective, a simple structure is also an advantage.

The simple structure makes the coil easier to build. In general,

the coil design method based on the PSO algorithm and the

target field method have their ownmerits and deserve our fur-

ther study. At the same time, other new coil design methods

are also worthy of attention and research. Based on the PSO

algorithm, we designed and processed triaxial cylindrical

coils for uniformmagnetic fields. Numerical calculations and

FIGURE 1. General cylindrical axial magnetic field coil structure.

experimental measurements demonstrate the effectiveness of

this method.

II. METHOD

A. BASIC STRUCTURE OF CYLINDRICAL AXIAL COILS

The general cylindrical axial magnetic field coil structure is

shown in Fig. 1. Since the structure is simple and easy to con-

struct, it is very common in practical applications. All circular

coils are on the same cylindrical surface and are symmetric

about the z = 0 plane. The coil structures consist of N pairs

of circular coil sets that are symmetric about the z = 0 plane.

The i-th pair of coil sets are in the z = ±di planes, and each

has niI ampere-turns. Like previous researchers, we derive

the magnetic field on the coil axis and its derivatives at the

coil center according to the Biot-Savart law, as in (1). The

magnetic field at a point on the coil axis can be expressed

by (2).

EB =
µ0

4π

∮

IdEl × Er

r3
. (1)

EB|(0,0,z) =
1

2
µ0IR

2
N

∑

i=1

ni

[

R2 + (z+ di)
2
]−3/2

Ez

+
1

2
µ0IR

2
N

∑

i=1

ni

[

R2 + (z− di)
2
]−3/2

Ez. (2)

In the above equations, EB|(0,0,z) is the magnetic field at a point

of coordinates (0, 0, z), Ez is the unit vector in the z direction,

µ0 = 4π × 10−7 H/m is the permeability of free space, I is

the current flowing in the coil, R is the coil radius, N is the

total number of coil pairs, ni is the number of turns of the i-th

pair of coils, and di is the distance between the i-th pair of

coils and the z = 0 plane.

To simplify the derivation process and represent the similar

coils with different radii, all lengths in the coil are expressed

as relative values of the radii. Assuming that the coil radius is

1 unit in length, the distance between each pair of coil groups

and the z = 0 plane is di units. When analyzing the magnetic

field uniformity, the size of the VOI is expressed in the same

form. Derivatives of Bz at the central point along the axis are
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FIGURE 2. General saddle coil structure. The coil structure is composed of
four straight segments and four arc segments. In addition to the coil
radius R, there are only two independent parameters: the arc angle φ and
the length to diameter ratio α = h/2R.

FIGURE 3. Nested saddle coil structure. This coil structure consists of N
pairs of saddle coils, each having the same radius but different angles
and length to diameter ratio. The i -th pair of saddle coils has an angle φi ,
a length to diameter ratio αi , and its number of ampere turns is ni I . It is
worth mentioning that the directions of currents in the coils are not all the
same: some coils have forward current, and some have reverse current.

derived as in (3), as shown at the top of the next page. It is

worth mentioning that the odd-order derivatives of Bz at the

center point along the axial direction are all zero due to the

symmetry of the coil.

B. BASIC STRUCTURE OF CYLINDRICAL RADIAL COILS

A cylindrical coil to produce a radial magnetic field is usually

a saddle coil design. The basic saddle coil concept is shown

in Fig. 2. However, with this coil structure it is difficult to

produce a very uniform magnetic field especially for coils

with small length to diameter ratios. In [7], we proposed

saddle coil nesting schemes with two nested pairs of coils

to improve the uniformity of saddle coils with small length

to diameter ratios. In this paper, we extend this approach

by nesting N pairs of saddle coils to obtain a more uniform

cylindrical radial magnetic field. This extended nested saddle

coil structure is shown in Fig. 3. These saddle coils have the

same radius but different arc angles and length to diameter

ratios.

Similar to axial coils, the center magnetic field of the

nested saddle coil and its derivatives were derived, as in (4)

and (5), as shown at the top of the next page. For a more

complete derivation process and results, see [7].

EB|(0,0,0) =
4µ0I

πD

N
∑

i=1

ni (si − 1)
1
2 (si

− 1
2 + si

− 3
2 )(sin

φi

2
) Ei.

(4)

In (4), Ei is the unit vector in the x direction, I is the current

flowing in the coil, D is the coil diameter, ni is the number of

turns in each pair of saddle coils, hi and φi are the height and

central angle respectively, and si = 1 + (hi/D)
2.

C. APPLICATION OF THE PSO ALGORITHM TO

CYLINDRICAL COIL DESIGN

The conventional coil design method uses a Taylor expan-

sion or a ball harmonic expansion at the center of the mag-

netic field and then solves for the structural parameters

of the coil by setting the low-order terms equal to zero.

This method is relatively simple for solving for low-order

uniform magnetic fields, but when designing higher-order

coils for uniform magnetic fields, it often happens that the

equations have no solution. Even if solutions are obtained,

the ampere-turns are usually not integers, which may cause

the coil structure to be too complicated for practical appli-

cations. Also, with this method it is difficult to set the

necessary constraints (such as length to diameter ratio,

volume, etc.) when solving for parameters according to

an application’s requirements. Therefore, we use optimiza-

tion method instead of solving the equations to obtain the

coil structure parameters. This optimization method can

make up for the problems of the conventional coil design

method.

The PSO algorithm is an intelligent optimization algorithm

proposed by Eberhart and Kennedy in 1995, based on the

bird social behavior model developed by the biologist Frank

Heppner [31]. Birds and fish adjust their physical movement

to avoid predators, seek food and mates, and optimize their

environmental variables such as temperature, etc. Each par-

ticle adjusts its flight according to its own experience and

its companions’ experience. This optimization algorithm has

been successfully applied in many fields. Each individual is

called a ‘‘particle,’’ which represents a potential solution to

a problem [32]. As described in [32], the standard particle

swarm optimization algorithm can be represented by the

following model. In a D-dimensional space, the position of

the i-th particle can be expressed as Xi = (xi1, xi2, ..., xiD).

The best previous position (the position giving the best fitness

value) of any particle is recorded and represented as Pi =
(pi1, pi2, ..., piD). The index of the best particle among all

the particles in the population is represented by the symbol

g. The rate of change of the position (velocity) for particle

i is represented as Vi = (vil, vi2, ..., viD). The particles are

VOLUME 7, 2019 125313
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∂2Bz

∂z2

∣

∣

∣

∣

(0,0,0)

= 3µ0I

N
∑

i=1

ni
4d2i − 1

(

1 + d2i
)7/2

0
∂4Bz

∂z4

∣

∣

∣

∣

(0,0,0)

= 45µ0I

N
∑

i=1

ni
8d4i − 12d2i + 1
(

1 + d2i
)11/2

∂6Bz

∂z6

∣

∣

∣

∣

(0,0,0)

= 315µ0I

N
∑

i=1

ni
64d6i − 240d4i + 120d2i − 5

(

1 + d2i
)15/2

∂8Bz

∂z8

∣

∣

∣

∣

(0,0,0)

= 14175µ0I

N
∑

i=1

ni
128d8i − 896d6i + 1120d4i − 280d2i + 7

(

1 + d2i
)19/2

∂10Bz
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∣

∣

∣

∣

(0,0,0)

= 467775µ0I

N
∑

i=1

ni
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(

1 + d2i
)23/2

∂kBz

∂zk

∣

∣

∣

∣

(0,0,0)

= 0(k = 1, 3, 5...). (3)

∂2Bx

∂x2

∣

∣

∣

∣

(0,0,0)

=
16µ0I

πD3

N
∑

i=1

nisi
− 7

2 (si − 1)
1
2 (sin

φi

2
) ·

[

−(8si
3 + 4si

2 + 3si + 5)sin2
φi

2
+ 6si

3 + 3si
2 + 15

]

∂2Bx

∂y2

∣

∣

∣

∣

(0,0,0)

=
16µ0I

πD3

N
∑

i=1
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1
2 (sin

φi

2
) ·
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(8si
3 + 4si

2 + 3si + 5)sin2
φi

2
− (6si

3 + 3si
2 + 3si)

]

∂2Bx

∂z2

∣

∣

∣

∣

(0,0,0)

=
16µ0I

πD3

N
∑

i=1

nisi
− 7

2 (si − 1)
1
2 (3si − 15) sin

φi

2
. (5)

manipulated according to (6).

vid (k) = ω · vid (k − 1) + c1 · rand( ) · (pid − xid (k − 1))

+ c2 · Rand( ) · (pgd − xid (k − 1))

xid (k) = xid (k − 1) + vid (k) (k = 1, 2, 3 · · · ). (6)

where k is the current number of iterations, ω is the inertia

weight, c1 and c2 are acceleration constants, and rand( ) and

Rand( ) are two random functions which both have a range

of [0, 1]. The velocity of particle i has three parts. The first

part is the ‘‘inertial’’ part, which represents the inertia of the

previous behavior of the particles. The second part is the

‘‘cognition’’ part, which represents the private thinking of the

particle itself. The third part is the ‘‘social’’ part, which repre-

sents the collaboration among the particles. It should be noted

thatω, c1, and c2 do not have to be constant values, and can be

adjusted according to the number of iterations. A variety of

improved particle swarm optimization algorithms have also

been derived. The PSO algorithm is simpler than a genetic

algorithm. It does not have the ‘‘crossover’’ and ‘‘mutation’’

operations of a genetic algorithm. It searches for the global

optimal by following the current best value. This algorithm’s

advantages include easy implementation, high precision, fast

convergence. Also, the particle swarm algorithm is a parallel

algorithm.

In order to apply the PSO algorithm, we transform the

design of a uniform magnetic field coil into an optimization

problem. Taking the design of the cylindrical axial coil as

an example, the position of each circular coil pair (d =
(d1, d2, ..., dN )) is optimized as a particle swarm problem.

The absolute value of each derivative of the coil center in

the axial direction is used as the fitness value as a cri-

terion for evaluating the ‘‘goodness’’ of the particle posi-

tion. This multi-objective optimization is transformed into a

single-objective optimization by a weighted sum. In addition,

a relative position constraint is set by a penalty function. This

allows the spacing between coils to be constrained to accom-

modate certain machining accuracy and opening limitations.

For example, in atomic sensors, the center of the coil typically

has an aperture to admit light. It is worth mentioning that

the ampere-turns ratio of each coil is designed to be 1 to

facilitate processing and manufacturing. Optimization of the

cylindrical axial coil can be expressed in a mathematical form

as (7).

Min

kp
∑

k=1

ωk ·

∣

∣

∣

∣

∣

∂2kBz

∂z2k

∣

∣

∣

∣

(0,0,0)

∣

∣

∣

∣

∣

s.t. di+1 − di ≥ dsmin(i = 1, 2, ...,N − 1)

dmin≤di ≤ dmax(i = 1, 2, ...,N ). (7)
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TABLE 1. Parameters of the barker four-coil.

In (7), kp is the number of terms of the low-order derivative

to be optimized, N is the number of terms of the low-order

derivative to be optimized, ωk is the weight of each derivative

in the objective function, d = [d1, d2..., dN ] is the position

of each pair of coils, dsmin is the minimum coil spacing

requirement that is limited by the manufacturing process, and

dmax and dmin are the maximum and minimum limits of the

coil position. The parameter dmax is limited by coil’s length

to diameter ratio. Since atomic sensors typically have holes in

the center of the coil to allow light to pass through the required

gas cell, dmin is often limited by the size of the opening in

the center of the coil. Compared to the conventional method

of solving equations, setting these constraints increases our

controllability of the parameters of the coil’s structure. When

using the conventional method for coil design, we can only

passively accept the solution results. However, sometimes

these results do not satisfy our structure. This problem does

not occur with our design method.

In our design, the parameter N determines the upper limit

of the coil uniformity, and the parameter kp determines the

degree of optimization of the coil within this upper limit.

By using larger N and kp, we can easily obtain a coil to

produce amagnetic fieldwith higher-order uniformity. This is

another advantage of this method over traditional coil design

methods. In this paper, we set the values of both N and kp to

be 8. That is to say, we use 8 pairs of circular coil pairs as the

basic structure of the coil, and optimize the lowest 8 even-

order derivatives as the objective function. The Barker four-

coil, designed using the conventional coil design method,

only utilizes the lowest 3 even-order derivatives. This allows

us to design coils with a more uniform magnetic field than

coils designed by conventional coil methods.

The coil parameters obtained by conventional methods

are usually infinite decimals. Taking the Barker four-coil as

an example, the position of the two pairs of coils and the

turns ratio of the coils are all perfectly precise decimals.

Its parameters are shown in Table 1. In actual machining,

we must round off these parameters according to the machin-

ing accuracy. This rounding error will degrade the uniformity

of the magnetic field. In this paper, the proper preprocessing

is carried out using the PSO algorithm, which avoids the

rounding errors of the coil positions. Since the PSO algorithm

is based on a random search, its search is continuous. Before

calculating the fitness values of the particles in each iteration,

we first round the particle positions. This allows us to perform

discrete optimizations.

Since the PSO algorithm is a random search algorithm,

the initial values of the population are also randomly selected

within the defined interval which is dependent on the coil

structure. In order to use the parallel computing power of the

computer to find the optimal value faster, a larger population

FIGURE 4. Atomic sensor requirements for the opening of a triaxial
cylindrical magnetic field coil.

and fewer iterations have been selected. In the case of a

population of 4,000,000 and a number of iterations of 400,

the running time is about 4 hours. After the above PSO

algorithm, we can obtain an axial coil for the high-order field

uniformity that we expect. The same method can be applied

to the design of radial coils. A highly uniform radial magnetic

field is obtained by optimizing parameters such as the arc

angle and the length to diameter ratio of each nested saddle

coil.

III. NUMERICAL RESULTS

Using the method described in Section II, the desired optimal

coil structure can be obtained. In order to eliminate the effect

of different coil radii on the evaluation of the target field

uniformity, all lengths are measured in terms of the coil radii.

This will not affect our evaluation results of the magnetic

field uniformity. Due to the large volume of existingmagnetic

field sensors, it is difficult to measure the magnetic fields at

different locations directly in coils with smaller radii. Coils

with a large radius (63mm) were used for numerical calcu-

lations and experiments. Here, a cylindrical coil design with

a radius of 63 mm and a length to diameter ratio of 1.75 is

taken as an example. As shown in Fig. 4, there are four

openings on the cylindrical surface of the coil, each with a

radius of 9 mm. Also, the wire spacing is also constrained

according to the actual process requirements. With these

structural and process constraints we designed an axial coil

for a uniform magnetic field, composed of 8 pairs of circular

coil pairs and a radial uniform magnetic field coil composed

of 6 pairs of saddle coils. The optimized structural parameters

are shown in Table 2. Similar to the discussion in Section II,

these structural parameters are also expressed in terms of the

relative size of the coil’s radius.

To verify the effectiveness of the optimization, we per-

formed numerical calculations on the designed coils. The

integerized Lee-Whiting coil mentioned in [11] and the bal-

anced single saddle coil mentioned in [2] were used as a ref-

erence set. Coils obtained by the genetic algorithm were used

as another reference set. For fairness, the coils’ parameters
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FIGURE 5. The relative magnetic field errors of the three axial coil along the r and z axes. (a) shows the magnetic
field error distribution along the radial axis of the Lee-Whiting coil, the axial coil optimized by PSO, and the axial
coil optimized by GA. (b) shows the same errors along the axial axis. The axial coil optimized by PSO has better
magnetic field uniformity than the Lee-Whiting coil, whether over a wide or a narrow range. Especially in the
range [−0.25R, 0.25R], the magnetic field uniformity performance is improved by about 4 orders of magnitude.
Moreover, the performance of the coil obtained by PSO is better than that obtained by GA.

FIGURE 6. The magnetic field error distribution of the two axial coils on the r − z plane, showing the magnetic field error distribution for a cylinder at
the center of the coil with a radius of 0.25R and a height of 0.5R. (a) The magnetic field error distribution for a Lee-Whiting coil, (b) the magnetic field
error distribution for the axial coil optimized by PSO, and (c) the magnetic field error distribution for the axial coil optimized by GA. The magnetic field
error of the axial coil optimized by PSO is decreased by about 4 orders of magnitude compared to the Lee-Whiting coil.

TABLE 2. The optimized structural parameters of triaxial cylindrical
magnetic field coils using particle swarm optimization.

were obtained using the GA under the same criteria (number

of loops, etc.). The coils’ parameters obtained by the GA are

shown in Table 3. Magnetic field produced by these six coils

are shown visually by the following figures. In these figures,

all dimensions are also expressed as relative values of the

radius.

TABLE 3. The optimized structural parameters of triaxial cylindrical
magnetic field coils using genetic algorithm.

We first analyzed the relative errors of the magnetic fields

produced by the axial coils. In Fig. 5, (a) shows the magnetic

field error distribution along the axial axis of the Lee-Whiting

coil, the axial coil optimized by PSO, and the axial coil opti-

mized by GA. (b) shows that along the radial axis. It should

be noted that since the three axial coils are symmetric in all
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FIGURE 7. The probability distribution curves of the magnetic field relative error for the three axial coils. The relative errors of all points in the entire
target region are considered as probability samples. This figure shows the magnetic field relative error probability density distribution in a cylindrical
volume with a radius of 0.25R and a height of 0.5R. (a) shows the magnetic field relative error probability density distribution of Lee-Whiting coil,
(b) shows that of the axial coil optimized by PSO, and (c) shows that of the axial coil optimized by GA. The figure shows that within the target volume,
the relative error of the magnetic field produced by the Lee-Whiting coil is on the order of 10−4, while the relative error of the magnetic field produced
by the axial coil optimized by PSO is on the order of 10−9.

FIGURE 8. The magnetic field relative errors of the three radial coils along the x , y , and z axes. (a), (b), and (c), respectively, show the magnetic field
error distributions of the saddle coil and optimized radial coil along its three coordinate axes. The radial coil optimized by PSO has better magnetic
field uniformity than saddle coil, whether over a wide or a narrow range. Especially in the range of [−0.25R, 0.25R], the magnetic field error of the
radial coil optimized by PSO is decreased by about 2 orders of magnitude compared the saddle coil.

radial directions, the magnetic field model can be reduced

from 3-D models to 2-D models without any loss of infor-

mation. Therefore, the magnetic field of the axial coil is cal-

culated in the r − z coordinate system. In this case, the range

of [−0.67R, 0.67R] on the coordinate axis is the analyzed

interval. The magnetic field relative error in the range of

[−0.25R, 0.25R] on the coordinate axis is shown in detail.

In Fig. 6, (a), (b) and (c) show the magnetic field error distri-

bution in the r − z plane of the three axial coils, respectively.

This figure shows the magnetic field error distribution of a

cylinder at the center of the coil with a radius of 0.25R and

a height of 0.5R. We introduce the probability distribution

curve of the magnetic field relative error in the VOI to reflect

the magnetic field uniformity of the coils in [7]. The relative

errors at all points in the entire target region are considered

as probability samples. In Fig. 7, (a), (b) and (c) show the

probability distribution curves of the magnetic field relative

errors of the three axial coils. Similarly, this figure shows the

magnetic field relative error probability density distribution

in a cylindrical at the center of the coil with a radius of 0.25R

and a height of 0.5R.

Similarly, we also analyzed the magnetic field uniformity

of the three radial coils from these three points of view.

In Fig. 8, (a), (b), and (c) show the magnetic field relative

errors along three coordinate axes of the saddle coil, the axial

coil optimized by PSO, and the axial coil optimized by GA,

respectively. In Fig. 9 (a), (b), and (c) show the magnetic

field relative error distribution of saddle coil on the three

coordinate planes, while (d), (e), and (f) show that of the the

axial coil optimized by PSO, (g), (h), and (i) show that of

the the axial coil optimized by GA. In Fig. 10, (a), (b) and

(c) show the probability distribution curves of the magnetic

field relative error of the radial coils respectively. This anal-

ysis is very necessary for radial coils, considering that it can
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FIGURE 9. The magnetic field error distribution of the two radial coils on three coordinate planes, showing the magnetic field
error distribution in the center of the coordinate plane with a side length of 0.5R. (a), (b), and (c) show the magnetic field error
distribution for a saddle coil. (d), (e), and (f) show that of the radial coil optimized by PSO. (g), (h), and (i) show that of the
radial coil optimized by GA. The magnetic field uniformity performance of the radial coil optimized by PSO is improved by about
2 orders of magnitude compared the saddle coil.

FIGURE 10. The probability distribution curves of the magnetic field relative errors of the three radial coils. This
figure shows the magnetic field relative error probability density distribution in a cube with a side length of 0.5R. (a) shows
the magnetic field relative error probability density distribution for saddle coils, (b) the radial coil optimized by PSO, and
(c) the radial coil optimized by GA. The figure shows that within the target volume, the relative error of the magnetic field of
saddle coils is on the order of 10−3, while the relative error of the magnetic field of the radial coil optimized by PSO is on
the order of 10−5.

reflect the field uniformity in the whole VOI. Unlike the axial

coils, in the three figures the VOI is changed from a cylinder

with a radius of 0.25R and a height of 0.5R to a cube having

sides with lengths of 0.5R.
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It can be seen from the above numerical analysis that the

axial coil geometry obtained using the PSO algorithm has a

magnetic field uniformity about 4 orders of magnitude better

than that of the Lee-Whiting coil. The radial coil obtained

via the PSO algorithm has a magnetic field uniformity that

is 2 orders of magnitude better than that of the saddle coil.

These results are very useful for most applications requiring

uniform magnetic fields. At the same time, it can be seen that

the uniformity of the magnetic field of the coil obtained by

the PSO is slightly better than that obtained by the GA.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

In order to experimentally verify the effectiveness of the coil

design method using the PSO algorithm, the optimized axial

and radial coils with a radius of 63 mm were manufactured

by Flexible Printed Circuit (FPC) technology. The flexible

coils were glued to the surface of a cylindrical frame and

tested with a flux-gate magnetometer. The axial and radial

coils are driven by two independent current sources. The

individual loops of the axial coil are connected in series. The

various parts of the radial coil are also connected in series.

In order to eliminate the effect of the connecting lines on

the uniformity of the target field, the currents flowing into

and out of the connecting lines are opposite in direction. The

magnetic induction at different points on the coordinate axis

was measured with the flux-gate magnetometer. The radial

coil designed by the PSO algorithm has a magnetic field

uniformity of 10−6 in a cube with a side length of 0.4R

at the center of the coil. The magnetic field uniformity can

reach 10−9 for axial coil. This exceeded the resolution of

most current magnetic field sensors. Therefore, we measured

the magnetic field distribution over a wide range along the

coordinate axis. This can also verify the effectiveness of the

design method. For convenient testing, the magnetic field

was measured over the range of [−0.67R, 0.67R] along the

coordinate axis of the coil magnetic field.

In order to suppress the influence of environmental mag-

netic field fluctuations, we used alternating current to drive

the coil and measure the amplitude of the alternating mag-

netic field. The LDC 205C a Thorlabs current source which

can supply up to 500 mA current, was selected as the drive

current source for the coils. The current source has a time

drift of less than 10 uA per day and a temperature drift of

less than 50 ppm/◦C. It should be noted that this current

source was modulated by a single-frequency sinusoidal volt-

age signal. A Mag-03 flux-gate magnetometer from Barting-

ton Instruments, which has a measuring range of ±100 µT

and a low noise below 6 pTrms/Hz1/2 at1 Hz, was used

as the magnetic field sensor. The MF LI Lock-in Amplifier

produced by Zurich Instruments was used as a demodulator

to accurately obtain the amplitude of the alternating magnetic

field. Considering the bandwidth of the Mag-03 and the noise

power spectrum of the ambient noise, a sinusoidal current

with a magnitude of 200 mA and a frequency of 20 Hz was

applied to the coil. Then, the magnetic field signal measured

by the Mag-03 was demodulated with MF LI to obtain the

TABLE 4. Magnetic field measurements of the two coils along the
magnetic field axis.

TABLE 5. The coil constant measurements for the two coils.

amplitude of the magnetic field. The schematic diagram of

the measurement system and the actual field test are shown

in Fig.11.

While testing the magnetic field distribution along the

coordinate axis, we also tested the coil constant at the center

of the coil. The measurements of the two coils are shown

in Fig.12. Tables 4 and 5 give the complete data along with

its uncertainties.

By analyzing these measurements, there are two points

to discuss. First, we found that the measured values were

slightly smaller than the theoretical values. This may be

caused by the gain reduction of the magnetometer. Second,

the magnetic field distribution along the coordinate axis is

basically consistent with the theoretical curve, but we cannot

deny that there were still some small deviations between the

measured and theoretical results. This may be due to insuffi-

cient sensor resolution and spatial resolution (especially for

axial coils), current source noise, and inadequate positioning

accuracy. In particular, the flux-gate magnetometer does not

measure the magnetic field at one point but measures the

macroscopic magnetic field through a small volume. That is

to say its spatial resolution is insufficient. In addition, there

may be some errors in the coil fabrication, which also affects

the distribution of the magnetic field. Despite this, the coils
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FIGURE 11. The schematic diagram of the test system. (a) shows the schematic of the measurement system. With using DC measurements, changes of
the magnetic field with position are completely masked by environmental magnetic field fluctuations. Therefore, a modulation and demodulation
approach was used to avoid susceptibility to errors due to fluctuations in the environmental magnetic field. (b) shows the instrument used in the test.

FIGURE 12. The measurements of the two optimized coils. (a) and (c) respectively show the magnetic field measurements for the axial
and radial coils along the magnetic field axis with the range of [−0.67R, 0.67R]. The measured results for the two optimized coils are
satisfactory considering factors such as coil fabrication tolerances, measurement errors, and the sensor’s spatial resolution. (b) and
(d) show the coil constant measurements for the axial and radial coils, respectively. Through a curve fitting calculation, we found the
coil constant of the axial coil was 60.718 nT/mA with a RMSE value of 0.599 nT/mA. For a reference, the theoretical calculated value
was 62.556 nT/mA. The coil constant of the radial coil was 40.753 nT/mA with a RMSE value of 0.230 nT/mA. The theoretical calculated
value was 41.019 nT/mA. The actual measurement results are slightly smaller than the theoretical value, which may be related to
factors such as the gain attenuation of the sensor. Overall, the measurements are quite satisfactory.

we designed still have satisfactory magnetic field uniformity.

In particular, when the axial coil has a center magnetic field

of 12145.5 nT, even with measurement errors the magnetic

field has a variation of only 1.5 nT within the ±0.5R range.

This means that the magnetic field uniformity within the

range of ±0.5R reaches 1.2 × 10−4, which is a very satis-

factory result. This uniformity is roughly equivalent to the

theoretical uniformity of a Lee-Whiting coil over the ±0.2R

range. Therefore, this coil design method not only improves

the uniformity of the coil magnetic field, but also provides

the possibility of miniaturization of the coil, especially con-

sidering that each coil has the same number of ampere-turns.

However, we cannot ignore the difference between the exper-

imental value and the theoretical value. Impurities brought

about by machining error and environmental factors can both

cause considerable degradation in field quality. Nevertheless,

it is still meaningful to explore the design method of coils

with superior field uniformity. At least, it should be ensured

that our coil design method is not the factor limiting the

field uniformity. So, once a better environment and more

precise manufacturing process can be provided, a superior

field uniformity can be realized. Of course, the significance

of this research is that it gives us the possibility to reduce the

coil volume for the same VOI and uniformity requirements.

Taking the machining error of an axial coil into consideration,

it may be difficult to achieve a field uniformity of 1 ppb in the
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small center of the center (within the center ±0.2R volume).

However, as for the large center of the center (within the

center ±0.5R volume), an uniformity of several tens of ppm

can be obtained with the scheme proposed in this paper. For

the original coil scheme, the field uniformity can only be

achieved within a volume of ±0.2R in the center. This means

that our coil can provide the same VOI with a smaller vol-

ume occupation. This is beneficial for sensor miniaturization.

In NMR, field homogeneity is usually improved/maintained

by shimming, either using passive elements or active coils,

which is typically based on spherical harmonics. Shimming

is also an effective way to improve the magnetic field unifor-

mity in miniature atomic sensors. Because of the flexibility

of the active coils, it was chosen to achieved field homogene-

ity in miniature atomic sensors. This not only compensates

for the degradation of the magnetic field uniformity caused

by manufacturing tolerances, but also compensates for the

harmonic components of the magnetic field that exist in

the environmental magnetic field itself. Since the available

space of the miniature atomic sensor is constrained, only the

primary and secondary spherical harmonic components will

be considered. This deserves our further design.

V. CONCLUSION

An innovative design method for highly uniform magnetic

field coils based on the PSO algorithm is proposed in this

paper. This method can address the problem in the design of

a magnetic field with high order uniformity, especially for

the constraints seen with miniature atomic sensors. It also

provides the possibility of miniaturization of the coil for a

specific VOI size, making it an excellent choice for miniatur-

ized applications. Theoretical calculations and experimental

measurements prove that it is a very effective design method

for coils that need to produce highly uniform magnetic fields.

More importantly, this coil design method can also be used

to design gradient field coils or other shaped coils. We also

designed an axial gradient coil which has a larger linear

region than a conventional gradient coil, although that work

is not covered in this paper. The intelligent optimization algo-

rithms represented by PSO algorithms have unique advan-

tages and great potential for coil design. The applications of

these algorithms in coil design deserve further explorations.
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