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As the road conditions are completely unknown in the design of a suspension controller, an improved linear quadratic and
Gaussian distributed (LQG) controller is proposed for active suspension system without considering road input signals. The main
purpose is to optimize the vehicle body acceleration, pitching angular acceleration, displacement of suspension system, and tire
dynamic deflection comprehensively. Meanwhile, it will extend the applicability of the LQG controller. Firstly, the half-vehicle and
road input mathematical models of an active suspension system are established, with the weight coefficients of each evaluating
indicator optimized by using genetic algorithm (GA). Then, a simulation model is built in Matlab/Simulink environment. Finally,
a comparison of simulation is conducted to illustrate that the proposed LQG controller can obtain the better comprehensive

performance of vehicle suspension system and improve riding comfort and handling safety compared to the conventional one.

1. Introduction

It is well known that vehicle suspension system plays a great
role in evaluating vehicle dynamics performances including
ride comfort, road handling, and suspension deflection.
According to the different types of isolation components,
the vehicle suspension systems are normally classified into
three categories such as passive, semiactive, and active sus-
pensions, which have been developed to improve vehicle
ride comfort, handling stability, road damage minimization,
and the overall vehicle dynamics performances [1]. In recent
years, researchers have paid much more attention to study on
the control approaches by considering the vibration problem
of vehicle suspension system. The active suspension control
method becomes a hot research topic in recent years, because
the active suspension system can dynamically adjust the
stiffness and damp of the suspension according to different
driving conditions and can always reduce the vibration of
vehicle suspension systems. The active suspension system
mainly consists of actuator and control strategy, and as the
actuator exports the control force fully in accordance with the
requirements of the control strategy, the key of the controller
design for active suspension is to select suitable control law
which has good performance for the vehicle suspension.

Currently, the control strategies of active suspension
system almost involve all the branches of control theory, such
as sky-hook damper control theory [2-4], fuzzy logic control
[5-7], backstepping control theory [8-11], and the LQG con-
trol theory [12-14], wherein the LQG control theory is widely
used. Full state feedback and output feedback control laws
are developed by using the conventional LQG control theory
with its advantage being that all the vehicle states and outputs
are fed back to the controller with detailed information.
However, the road conditions are completely unknown in
the design process of suspension controller [15]. Moreover,
it is a big challenge in selecting the weight coefficients over
the past decades [16]. In [17], the methodology of analytic
hierarchy process (AHP) was used to determine the weight
coeflicients of performance indexes, which could enhance the
effectiveness and accuracy for the design of LQG controller
based on optimal control theory. Although the authors in
[18] proposed an optimal design method of active suspension
based on LQG control without road input signal, the selection
of the weight coefficients was only used in quarter vehicle
model, which may lead to the limitations to the practicality
of the controller.

Therefore, it is necessary to simplify the controller design
method and improve the applicability of the LQG controller
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FIGURE 1: The active suspension dynamic model of half vehicle.

by ameliorating the conventional LQG controller. In this
study, the partial state variable feedback technique is applied
to develop an improved LQG controller for active suspension
systems, in which the road input signals are ignored, whereby
making it possible for extending the application area of
LQG controller. Firstly, the half vehicle is taken as the
research object and an improved LQG controller for active
suspension without considering the road input signals is
designed. Then, the optimization of the weight coefficients
is conducted for the performance evaluation indicators such
as the vehicle body acceleration, pitching angular accelera-
tion, displacement of suspension system, and tire dynamic
deflection, in which the GA is used to determine the weight
coeflicients of LQG controller. Finally, the comparisons of
simulation analysis are addressed to verify the effectiveness
and feasibility of the proposed LQG controller.

2. Modeling of Half-Vehicle Suspension
Model and Rod Input Signals

2.1. Dynamic Model of Half-Vehicle Suspension System. The
dynamic model of half-vehicle suspension system is used in
this paper, and it is shown in Figure L.

Based on the model in Figure 1 and Newtonian second
law, the differential dynamics equations for passive suspen-
sion systems can be expressed as follows [19]:

myzy +ky (205 —215) + ¢; (225 — 215) + K, (22, — 21,)
+6 (25, —2,,) =0,
mi sty —ky (22 = 215) = ¢ (2 — 2g)
+hiy (2 -45) =0, "
myZy, =k (20— 21,) = 6 (20 — 21,)
+k,, (z,,-q,) =0,
L -alks(z2r - 2i7) + ¢ (2ay ~ 21)]

+b [kr (ZZr - er) +G (zZr - zlr)] =0.
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Furthermore, the differential dynamics equations for
active suspension systems can be written as follows [17]:

mzéz +kf (sz _Zlf) +Cf (sz _';Zlf) +uf

+ kr (ZZr - er) +¢ (ZZr - er) tu, = 0,

mypZyp = kg (sz - Zlf) ¢ (22f - 21f) T Uy

k —q;)=0,
k(217 -q5) =0 @)

mlrélr - kr (ZZr - er) -G (22r - ‘élr) - U
+ ktr (er - qr) =0,

L —a k(22 - 2i5) + ¢ (2 = 2f) + 1]
+b [kr (ZZr - er) +éG (ZZr - zlr) + ur] =0.

In fact, when the pitching angle of vehicle body around
y-axis is too small, the displacements z,; and z,, at the two
end points of the front and rear for the sprung mass can be
approximately described as follows:

Zyf =2y~ 214 — AP,
3)

Zy, = 2y — 2, + bo.

2.2. Modeling of Road Input Signals. The road profile of
random white noise is first selected as excitation sources
waveform for the front and rear wheel of vehicle suspen-
sion, and the mathematical formulas of road roughness are
expressed as follows [20]:

45 = —anoqf +2m|Gyvowy,
(4)
4, = —21foq, + 21\ Govyw,.

However, for the half-vehicle mathematical model, the
rear wheel is subjected to a certain delay of excitation relative
to the front wheel that can be defined as 7 = (a+b)/v,. In (4),
g is the front road excitation; g, is the rear road excitation; f,
= 0.1 Hz is the cut-off frequency of road irregularity; G, is the
coeficient of road irregularity. It is supposed that the vehicle
speed v, = 20m/s on grade B-class road, the coefficient of
road irregularities G, = 64 x 10> m®, w, is the road profiles
of front suspension system, and w, is the road profiles of rear
suspension system. By using Matlab/Simulink software, the
integral of white noise model is shown in Figure 2.

3. Optimal Design of the LQG Controller

3.1. The State-Space Equations of Passive and Active Suspen-
sion System. The main performance evaluation indicators in
designing controller for half-vehicle active suspension are
included as follows: (1) the vehicle body acceleration and the
pitching angular acceleration evaluating the ride comfort and
handing stability; (2) suspension dynamic deflection affecting
the body posture; (3) tire dynamic deflection on behalf of
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FIGURE 2: The road excitation used for simulation.

the tire road holding. Therefore, the state variable X and the
output vector Y are selected as follows:
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And then, by combining the differential equations of
motion for passive and active suspension system of half-
vehicle model with the road input equation, the state-space
equations of passive and active suspension system can be
described as formula (6) and formula (7):

X=A,X+BW,
(6)
Y = CX,

X = A, X +B,U+FW,
@)
Y = CX,

where W is the input matrix of white Gaussian noise
. . T ... .
expressed as the input matrix W = [w; w,]", U is the input

matrix of the active suspension expressed as U = [u u,]T,
and C is a 10 x 10 dimension unit matrix.
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3.2. The Conventional LQG Controller. When designing the ~ where
LQG controller, it is necessary to consider all the performance
evaluation indicators in order to achieve better comprehen- Q
sive vehicle dynamics performance. So in this paper, the
comprehensive performance evaluation indicator denoted by G5 - 0 0 0 0 0 0 0 0]
] is defined as follows [21, 22]:
9 9 0 0 0 0 0 0 0 O
0 0 gq -g 0 0 0 0 0 0
N O R 2 0 0 —g, g 0 0 0 0 0 0
J = Jim — J {0.42 + q00] + qst3; + uts, +asfi; v
—eodJo 0 0 0 0 & & & & & &
+qf2}dt:11mlJT{q22+q¢2 0 0 0 0 & & &y &3 &y &5
6Jdr ToooT Jo 1172 712 ©) 0 0 0 0 & &, & €¢ &7 €3
2 , 5 0 0 0 0 & &; &6 & &9y &
43 (Zlf_qf) + 44 (21, = q,)" + 45 (zzf_zlf) 0 0 0 0 & &4 &7 €0 & &
0 0 0 0 &y &5 &g &y & €
2 L 1n &5 €18 &0 &1 & J
+ g6 (22 — 21) ]’ dt,
Iy (an
R= ,
Ay A,
where q,,9,, g5, 94> 45> and g are the weight coefficients of . )
vehicle body acceleration, pitching angular acceleration, front 0 0
and rear tire dynamic deflection, and displacement of front 0 0
and rear suspension systems, respectively. Since it is of great
. . . . 0 0
importance for the vehicle body acceleration, the weight
coeflicient g, of the vehicle body acceleration is set to 1, which 0 0
is used as a base value for the other coefficients to simplify the
calculation. N = noy
Then formula (9) can be rewritten as an integral type of Y2 Vs
quadratic function by -
Ya Y10
1 (T Ys Yu
J=lim — J (X"QXx +U'RU +2X'NU)dt,  (10)
T-oo T Jo LYs Y12
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Theoretically, the optimal control feedback gain matrix
K that minimizes the desired vehicle performance index is
a state feedback law u=-KX, whereby the feedback gain
matrix K is determined by solving the following Riccati
equation:

AK +KAT + Q- KBR'BTK+ FWFT =0.  (13)

However, it is impossible to obtain K before the vehicle
parameters and the weight coeflicients are determined. Then,
according to the feedback state variables X at any time, the
optimal control force of the actuator denoted by u; and u,
can be described as follows:

[uf ] - _KX. (14)

u,

The design of the improved LQG controller and the
solving method of the weight coefficients will be discussed
in the next section.

3.3. The Improved LQG Controller Design. 'The optimal feed-
back gain matrix K of LQG controller is described as follows:

K=R"'(N"+ BTP)

ko ky ky ky ky ks kg k, kg ko (15)
ki K K, Ky K kb kLKL Ky Ky

When the road input signals are not taken into consider-
ation, the optimal control forces of u} and u£ are described as

formula (16):

!
!
uf’

ko 0 ky 0 ky ks kg ky kg ko
K 0K 0K KKK KK

(16)

In general case, the controllable effect of the LQG con-
troller will be deteriorated if the optimal controllable forces
uy and u, are directly changed to u} and u.. Therefore, it is
necessary to optimize the control gain matrix K in order to
improve the control performances of the active suspension,
and it is then optimized into K, for further development of
the improved LQG controller as depicted in

koo 0 k20 0 k40 k50 k60 k70 k80 k90
KO = ! ’ ! ! ! ! ! P (17)
kOO 0 k20 0 k40 kSO k60 k70 k80 k90

Meanwhile, according to the state-space equation of (6),
the comprehensive performance evaluation indicator J of (7)
and matrices A,, B,, Q,R, N, the control gain matrix K can
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FIGURE 3: Flow chart for optimizing LQG controller based on GA.

be obtained with the help of Matlab software for the optimal
linear quadratic controller. Thus, the design of the improved
LQG controller is fulfilled. The main purpose of the opti-
mization problem is to solve the weight coefficients of each
performance evaluation indicator such as ¢, 4, g3, 44 95>
and g.

Currently, most of the previous studies on the LQG
controller design are usually focused on the selection of
the weight coeflicients by experts’ experiences and random
repeatable trials [23, 24]. Apparently, it is complex and uncon-
trollable process; the weight coefficients will not be changed
once they are determined. Therefore, the adaptability of the
optimal control algorithm is too limited. To overcome these
disadvantages, the GA is applied to optimize the weight
coeflicients in the design of LQG controller in order to reduce
the design time and avoid subjectivity. According to [25, 26],
the flow chart for optimizing LQG controller based on GA is
presented as shown in Figure 3.

Following the flow chart of LQG controller as shown in
Figure 3, the detailed algorithm of developing the improved
LQG controller is given as follows.

Step 1. Generate initial population.

Step 2. Assign each individual in the population to the weight
coefficients q,,9,, 95,94 g5 and gg; in turn, the optimal
control gain matrix K and the optimal control force can be
obtained.

Step 3. Determine the fitness function values of each individ-
ual in the population.

Taking the differences between units and orders of mag-
nitude of each of the performance evaluation indexes into
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account, the fitness function L of the GA is set up as shown
in

min L
_RMS[% (X)] , RS (¢ (X)]
RMS [Z,p0 (X)]  RMS [ (X)]

RMS [(2,; - q;) (X)]
RMS [ (2, - af) s x)]

RMS [(er B qr) (X)]
RMS [(er - qr)pass (X)]

RMS [(z,5 - 2,7) (X)]
RMS [(sz—zlf)p (X)]

RMS [(z,, - 2,,) (X)] 18)
RMS [(221‘ - er)Pass (X)]

RMS [2, (X)]
RMS [, (X)]

ass

RMS [¢ (X)]
RMS [(ppass (X)]
RMS [(z1, - ay) ()]
RMS [(z,, - q ) s X))
RMS [(zlr - qr) (X)]
RMS [(2), = G,) s (X)] ,

<1

<1

where RMS is the root mean square value for the population
data; Zy,,, is the vehicle body acceleration value of passive
suspension; ¢y, is the pitching angular acceleration value of
passive suspension; (2 £ =q ¢) pass> (21, =4y ) pass are the dynamic
deflections of the front and rear tires for passive suspension,
respectively; (2, £ =2 £)ase> (22, = Z17) pass are the frontand rear
suspension deflections of passive suspension, respectively; X
is the weight coefficient matrix.

Afterwards, the fitness function value is determined
based on formula (17) with judging that whether the termina-
tion conditions of GA are satisfied. If it is satisfied, the algo-
rithm is over; if not, it goes on for the last step and reselects
the weight coeflicients until it meets the requirements. Then
it will go on for Step 4.

Step 4. The GA carries on the selection, crossover, and
mutation and reserves the elites, generating new population
and going on Step 2.

4. Numerical Examples and Discussion

In this section, in order to validate the effectiveness and
correctness of the design procedure for the improved LQG

7
TABLE 1: Parameters of 4-DOF active suspension.

Parameters Values
Sprung mass (1,) 690 kg
Front unsprung mass (1, ;) 40kg
Rear unsprung mass (11,,) 45kg
Damping coefficient of front suspension (cf) 1000 N-s/m
Damping coefficient of rear suspension (c,) 1000 N-s/m
Stiffness of front suspension (k ) 17000 N/m
Stiffness of rear suspension (k,) 22000 N/m
Stiffness of front tire (ktf) 200000 N/m
Stiffness of rear tire (k,,) 200000 N/m
Rotary inertia of vehicle body around y-axis (I,) 1222 kg-m®
Distance from the front axle to CG (a) 1.3m
Distance from the rear axle to CG (b) 1L5m

controller, a simulation example is presented to evaluate
the proposed controller, that is, active suspension B with
improved LQG controller, where active suspension A with
conventional LQG controller and a passive suspension system
are adopted for comparative analysis. The half-vehicle model
parameters are listed in Table 1 for the following controller
design [27]. It is just here to assume that the maximum
allowable suspension displacement is D, = +0.05m, and
that the maximum value of controllable force is F,,, =
+500 N.

Analytic hierarchy process (AHP) is a multicriteria deci-
sion aiding method based on a solid axiomatic foundation
in which the general weight coefficient of each performance
evaluation indicator related to ride comfort and handing
stability can be obtained based on the objective and sub-
jective weight proportion coeflicients [17]. According to
the computation progress based on AHP [22], the weight
coefficients of each performance evaluation indicator are
initially determined as q; = 1, g, = 5.3, g3 = 146032.8,
qs = 1025109, g5 = 1065.8, and g4 = 1207.8. Therefore,
to accelerate the convergence of GA, the initial search scope
for each coeflicient is defined as follows which is based on
the results of AHP method; that is, the search scope of g,
is set as [1 1], the search scope of g, is set as [0.5 10], the
search scope of g5 is set as [10000 200000], the search scope
of g, is set as [10000 200000], the search scope of gs is set as
[500 3000], and the search scope of g is set as [500 3000].
The filtered white noise is used as the road input model in the
simulation calculation. The generation of white noise can be
obtained by calling the function WAG(M, N, P) with the help
of Matlab software, in which M is the number of the rows
for generating matrix, N is the number of columns, and P
is the power of white noise and its unit is dB. In this paper,
we choose M = 2001, N = 1, and P = 20 and choose 2001
sampling points in total, with the sampling time set to 0.005s.
When the vehicle speed is 20 m/s, the simulation road length
is 2000 meters.
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TaBLE 2: Comparison of the root mean square values for each performance indicators.
RMS Effects (%) (+ deterioration, — improvement)
Indicators . . . . . . Passive Active Active
Passive suspension Active suspension A Active suspension B suspension suspension A suspension B

a, (m/s*) 0.0238 0.0103 0.0130 — -56.7 —45.4
aa, (rad/s”) 0.0077 0.0027 0.0020 — —-64.9 -74.0

t4 (mm) 0.044 0.021 0.027 — -52.3 -38.6

t4 (mm) 0.046 0.019 0.023 — -58.7 -50.0

fu (mm) 0.47 1.00 120 — +112.8 +155.3

Jar (mm) 0.39 0.91 0.71 — +133.3 +82.1

us (N) — 110.8 91.8 — — —

u, (N) — 127.9 81.0 — — —

In order to obtain the optimal weight coefficients of each
performance evaluation indicator for the LQG controller, the
corresponding weight coefficients are calculated as g, = 1,

K 8865 0 -3129 0 1878 -4309 -672 273
12541 0 -8646 0 —4822 9454 453 -1077 —2385 —1605]"

The simulation results for active suspension A, active
suspension B, and passive suspension are, respectively, pre-
sented in Figure 4, which are, respectively, the responses
to vehicle body acceleration, pitching angular acceleration,
displacement of front/rear suspension systems, and front/rear
tire dynamic deflection under the random road excitation
with input time-delay 7 = (a + b)/v,,.

From Figure 4(a), it is seen that the active suspension A
can remarkably reduce vehicle body acceleration in contrast
with the other two suspension systems. From Figure 4(b), it
is observed that the active suspension B can reduce pitching
angular acceleration more greatly than active suspension A
and passive suspension. From Figures 4(c) and 4(d), it is
seen that the displacement of front/rear suspension systems
are controlled in the scope of the design requirements (D,
= +50mm). In addition, it is seen from Figures 4(e) and
4(f) that the active suspension B can remarkably reduce tire
dynamic deflection in contrast with the other two suspension
systems.

Besides, the control forces for active suspension B are
exhibited in Figure 5. It can be seen from Figures 5(a) and
5(b) that the allowable controllable force is within the control
of actuator (F,,,, = +500N). With taking the effect of the
front and rear suspension control forces into consideration,
the active suspension with the proposed LQG controller can
effectively reduce vibration transmission from uneven roads
to the vehicle body. Therefore, the active suspensions can
availably depress values of vehicle body acceleration, pitching
angular acceleration, displacement of suspension system, and
tire dynamic deflection in contrast with passive suspension.

q, = 64, q; = 60105.7, q, = 30529.4, g5 = 1499.2, and
qe = 1347.6 by using the GA. Thus, the optimal control gain
matrix K is obtained as follows:

-2846 2202
(19)

Moreover, the vehicle active suspension with the proposed
LOG controller can significantly improve ride comfort and
handing stability.

To further conduct the simulation analysis in frequency
domain, the power spectral density (PSD) response to vehicle
body acceleration, pitching angular acceleration, displace-
ment of front/rear suspension systems, and front/rear tire
dynamic deflection are presented in Figure 6.

From Figure 6, it can be illustrated that a good control
effect of the active suspension is achieved in the finite low fre-
quency in contrast with the passive suspension, which indi-
cates that the ride comfort and road handling are improved.
Meanwhile, the amplitudes of PSD responses to vehicle body
acceleration, pitching angular acceleration, displacement of
suspension system, and tire dynamic deflection shows that
there are almost not any changes in high frequency.

Additionally, to further demonstrate the effectiveness
of the proposed LQG controller, the RMS values of the
responses to vehicle body acceleration, pitching angular
acceleration, displacement of suspension system, and tire
dynamic deflection are listed in Table 2. Note that the per-
centage numbers in ratio line indicate the improvement of the
proposed LQG controller compared with the conventional
LQG controller and the passive suspension case under the
same situations.

From Table 2, it is shown that both of the two active
suspension systems can reduce vehicle body acceleration,
pitching angular acceleration, and tire dynamic deflection
remarkably in contrast with the passive one. The RMS values
of vehicle body acceleration represented as a,, pitching
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angular acceleration represented as aa,, and front/rear
dynamic deflection denoted by f,¢/t,, for active suspension
A are, respectively, reduced by 56.7%, 64.9%, 52.3%, and
58.7%, while the RMS values of the corresponding a,, aa,,
taf> and ¢4, for active suspension B are, respectively, reduced
by 45.4%, 74.0%, 38.6%, and 50.0%. Apparently, the two
LQG controllers can significantly improve ride comfort and
road holding. However, the road conditions are normally
unknown in designing vehicle suspension controller (active
suspension A); and it is difficult to measure the road sur-
face signals constantly in designing a conventional LQG
controller. Yet the road input signals can be neglected for
the proposed LQG controller (active suspension B), which
demonstrates that the improved LQG controller is more
applicable than the conventional one.

5. Conclusion

(1) Taking the active suspension system of the half vehicle
with four DOFs as a research objective, an improved
LQG controller for active suspension system without
considering road input signals is proposed to attain
the comprehensive optimization of vehicle body
acceleration, pitching angular acceleration, the front
and rear dynamic deflection, and suspension deflec-
tion, which can further enhance the comprehensive
performance of active suspension system.

(2) By considering that the road conditions are com-
pletely unknown in designing vehicle suspension
controller, the improved LQG controller for active
suspension systems is developed by using the partial
state feedback control strategy, whereby ignoring the
road input signals. And then, the optimal control
feedback gain matrix is obtained based on the opti-
mization of the weight coefficients for each evaluating
indicator by using GA.

(3) A simulation model for the improved LQG con-
troller of vehicle active suspension is built to verify

the effectiveness and feasibility of the controller.
The simulation result illustrates that using the LQG
controller for active suspension without considering
road input signals can improve the comprehensive
performance of suspension system effectively and the
riding comfort and handling safety.

(4) Future interesting and challenging research work will
focus on establishing the test rig and developing the
proposed LQG controller based on magnetorheo-
logical damper for the half-vehicle dynamics model,
wherein the road input signals are not taken into
account. Meanwhile, the stability analysis on the
partial state variable feedback controller will be paid
more consideration to further improve the controller
performance.

Nomenclature

z,: Displacement of vehicle body

zys: Displacement of the front sprung mass
z,,: Displacement of the rear sprung mass
zys: Displacement of the front unsprung mass
z,,: Displacement of the rear unsprung mass

qy: Front road excitation

q,: Rear road excitation

m,: Sprung mass

m; ¢ Front unsprung mass

: Rear unsprung mass

¢t Damping coefficient of front suspension

¢,:  Damping coeflicient of rear suspension

ks Stiffness of front suspension

k,: Stiftness of rear suspension

ki Stiffness of front tire

k,: Stiffness of rear tire

L Rotary inertia of vehicle body around
y-axis

¢:  Pitching angle of vehicle body around
y-axis
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Distance from the front axle to CG
Distance from the rear axle to CG
Front control force
Rear control force
Vehicle body acceleration
: Pitching angular acceleration
: Displacement of front suspension system

: Displacement of rear suspension system

Front tire dynamic deflection

Rear tire dynamic deflection

Cut-off frequency of road irregularity
Coefhicient of road irregularity

Vehicle speed

Road profiles of front suspension system
Road profiles of rear suspension system.
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