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1. Introduction. Suppose one may observe a stochastic process Y (-) having
the form

Y(t) = 2 jaBifi(t) + X(t), telo,1]

where the 8;’s are unknown parameters, the f/s are known functions and X(-)
is a stochastie process with mean function zero and known covariance kernel E.
Under minor conditions on the regression functions f; and the kernel E, one may
for a suitably large finite observation set 7', give expression to the best linear
estimate (BLE) fof 8 = (B, --+, B;)" and to the covariance matrix of this
estimate, say Ar .

In a previous paper [2], we treated the following design set-up for the case J = 1
above;if D, = {T|T = {ti, -, 4}, 02 4 < --- < t, £ 1}, an optimum de-
sign in D, is a set T* which minimizes A7 " over D, (here A ' is simply the
variance of the BLE of 8: based on the observation set 7). In [2], we discussed
the question of existence of optimum designs and, under certain restrictions, we
produced sequences of designs (1., T.* ¢ D, , asymptotically optimum as
n — . The necessity of pursuing such an asymptotic theory is discussed at some
length in the introduction to [2].

In the present paper, we consider the cases J > 1. The fundamental difference
here is, of course, that A, ' is a J X J matrix. Since one cannot expect the
minimum of A7 " to exist over D, (minimum in the sense of the ordering of non-
negative definite matrices), our current problems arise from the attempt to
minimize certain one-dimensional measures of the size of A, ". The criteria
treated below include, for example, the variance of '8 (viz. 0'A;"0) where 6 is a
fixed vector, the maximum variance of 8’8 with the maximum taken over a com-
pact set 91 of vectors, and the generalized variance det Az . We also con-
sider certain regret criteria where regret is measured relative to what could be
achieved through use of the observation set [0, 1].

Our basic assumptions are stated in Section 2 together with various formula-
tions of the optimality of designs and the asymptotic optimality of sequences of
designs. The necessary asymptotic results for this study are presented in Section 3
and, in the final section, they are applied to find asymptotically optimum
sequences of designs for a variety of criteria. The asymptotically optimum
sequences found are all, what we call below, regular. That is, the (n + 1)st de-
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50 JEROME SACKS AND DONALD YLVISAKER

sign set in a given sequence is a set of n-tiles of some fixed absolutely continuous
distribution function with support in [0, 1]. Thus, asymptotically optimum
sequences are generated by suitable densities on [0, 1] and our results are phrased
in this way.

It should be noted that we have not pursued the question of existence of opti-
mum designs here. In fact, most questions of this nature are rather easily
answered by reference to Section 2 of [2].

2. Assumptions and preliminaries. We suppose that observations may be
taken on a stochastic process Y(¢) of the form

(2.1) Y(t) = 25 8fi(t) + X(t),  telo, 1],

where the 8;’s are unknown parameters, the f;’s are known functions, and X(-)
is a process with mean functions zero and covariance kernel R on the unit square.
The restriction to [0, 1] in (2.1) is solely for convenience.

Associated with R is a reproducing kernel Hilbert space § of functions on
[0, 1. Much of our analysis concerns the inner product in this space and we denote
it by(,) with {f, f) = ||f|I*. The assumptions we make about R are the same as
made in [2] and we repeat them here for convenience. These assumptions are
discussed at length in [2].

AssumpTiON. A. R has continuous partial derivatives up to order two at every
(s, t) in the complement of the diagonal in the unit square. At the diagonal, B has
right and left hand derivatives up to order two.

AssumptioN B. a(t) = Ry (4, t) — Rs"(¢, t) defines a continuous function aon
(0, 1) which can be extended to a strictly positive eontinuous function on [0, 1].
Assumprion C. For each t ¢ [0, 1],R3: (-, ¢) is in & and

Supogest | B (-, )] < 0.
We will deal only with f/s , which are of the form

(22) fit) = [SR(s, )os(s)ds, tel0,1], j=1,2---,J,
where ¢, , - -+, ¢, are continuous and linearly independent funetions on [0, 1].
From the assumption (2.2), it follows that each f; ¢ & and
(23) (Fi 59 = Jofd0)e()dr, 14,52

RemaRK 2.1. Our results will also apply when (2.2) is generalized to
(2.4) Jit) = fé R(s, t)¢i(s) ds + D i CuR(-, ta)

where the Cj’s are real numbers, the ¢;’s are points in {0, 1], and the K;’s are
integers. The method described in Remark 3.3 of [2] for such an extension is also

applicable here.
Lemma 2.1, If Assumptions A, B and C are satisfied and (2.4) holds with
éi, -, &s continuous and linearly independent, then fy, - -+, fy are linearly inde-

pendent over {0, 1].
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Proor. ¥ f, , - -+, f; are not linearly independent, there is a eontinuous func-
tion ¢ which is not identically zero on [0, 1] such that

(2.5) JoR(s, t)(s) ds = 2k CuR(Y, ta)

for some real numbers Cy , - - - , Cx and numbers 4 , - - - , iz all in [0, 1]. Since the
left side of (2.5) is differentiable at every e (0, 1) (Assumption A) and the
right side of (2.5) is not differentiable at # if ¢, £ (0, 1) (Assumption B), it must
be that

(2.6) [oR(s, t)o(s)ds = aR(t,0) + bR(t, 1) = aR(0,t) + bR(1, t).

Let f(¢) denote the left side of (2.6). From Assumptions A and B we can differ-
entiate f twice and obtain (see (3.6) of [2] and Assumption C)

(2.7) F(8) = —a(t)e(t) + (R (-, 1), ).
Differentiating the right side of (2.6) twice yields
aRx(0, t) + bRu(1, 1) = (RL'(+, 1), aR(-, 0) + BR(-, 1)) = ®RH'(-, 1), ).

This, together with (2.7), implies that a(¢)¢(Z) = 0 for all { £ [0, 1] and so contra-
dicts the fact that ¢ is not identically zero inasmuch as & > 0. The lemma, is thus
proved.

CoRrOLLARY. Under the conditions of Lemma 2.1, A = {{fi, f),1 £ 4,5 < J} is
a positive definite mairix.

ProoF. A is non-negative definite. If 0 = > .; AN, fi) = || 2.5 Afill%, then
> i Aif; is identically zero and \y = --- = A\; = 0.

Henceforth, for convenience, positive definite matrices will be called positive
and non-negative definite matrices will be called non-negative. If B and C are
non-negative, we will say B > C if B — C is positive and B = Cif B — C is non-
negative.

Suppose now that we have n observations Y (%), ---, Y({,) where 0 =
h <t < -+ <t, =1 and suppose that 8, - - - , 8, are all estimable. Let T =
{, -+, ta}, let By be the n X n matrix {R(¢:, ¢;)} which we suppose is
non-singular, let Rr (t;, t;) be the ijth element of Rs , let A7 be the J X J
matrix whose rsth element is > ri_1fo(t:)Rs "(t:, t;)f.(t;), and let  be the
J-vector whose rth coordinate is 1 fr(t:)Rs *(t:, ¢)Y(#;). Then the best
linear estimate of 8 is given by A, 'y and has covariance matrix 4, . Put into
the language of reproducing kernel spaces we can say that, if T is a finite subset
of [0, 1] and Py is the projection operator from F onto the subspace Fr of § which
is generated by {R(-, t);te T}, then Ar = {{Puf,, Psfs}. Of course, Ar as just
defined makes sense when 7 is an arbitrary subset of [0, 1]. The best linear esti-
mate of 8 is then obtainable as A 'p with the interpretation given following the
proof of Theorem 2.3 in [2] and the covariance matrix of the BLE of 8 is Ar_".
When T = [0, 1], Pzf, = f, and we denote Ay by A. We note here that A = A«
for T c [0, 1].
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The design problem we are concerned with can be crudely stated as follows:
D, ={T|T=1{4, 0,05t < -+ <, £ 1}, we wish to choose T ¢ D,
so as to make A, “small.” The first question is how to interpret “small.” To
this end we make the following definition:

DxrINITION. A criterion ¥ is a continuous real-valued function defined on the
non-negative matrices with ¥(0) = 0 and ¥(B) = ¢(C) if B = C. If
¢(B) > ¢(C) whenever B > 0, B = C and B # C, ¢ is called strict.

Given a criterion ¢ we can now formulate four ways of deciding when, for

—1 ¢

given n, a design makes A, = “small.”
(2.8) T* ¢ D,is said to be y1-optimum in D, if ¢(A7+) = infrep, Y(Ar ).
(2.9) T*eD,issaid to be y2-optimum in D, if y(Ar+) = suprep, ¥(Ar).

(2.10) T* ¢ D, is said to be ¥3-optimum in D, if
V(A7 — A7) = infrep, (A7 — A7),
(2.11) T* ¢ D, is said to be y4-optimum in D, if

Y(A — Ap) = infrep, Y(A4 — Ar).

Generally these four problems will not be equivalent. There will be ¥’s for
which some of them are equivalent. For example, if y(B) = det B then y1-opti-
mum is the same as ¢2-optimum. If M is a non-negative matrix and
Y(B) = tr (BM) (ir denotes trace) then y2-optimum is the same as y4-optimum
and Y1-optimum is the same as ¥3-optimum.

The difficulties encountered in [2] about finding exactly optimum designs are
also present here. The existence of optimum designs can be handled pretty much
the same as in Section 2 of [2] by use of the ‘“‘simple present” condition imposed
there. The difficulties in calculation of optimum designs leads us, as in [2], to
introduce the notion of asymptotically optimum sequences of designs which we

define as follows:
A sequence {T,*} with 7,,* & D, is said to be asymptotically ¢ 1-optimum if

(212) Ty linfren, ¥(Ar ™) — (A )IW(ATS) — (A = 1.

When
(213)  lipew [W(4) — SuPrep, WADIW(A) — W(Ar )" = 1,

then {T,*} is said to be asymptotically ¥2-optimum. When

(2.14) litporeo infrep, W(Ar " — A7) /Y(A7ye — A7) = 1
then {T,*} is asymptotically ¥3-optimum, and when
(2.15) Hm,, o infren, [W(A — Ar)/P(A — Ag)] =1,

{T.*} is asymptotically y4-optimum.
‘Let us now mention some specific criteria which will be of interest to us. If M
is a fixed non-negative J X J matrix, consider ¢ defined by ¥(B) = tr (BM).
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M may be written as M = [, 66’ du where u is a finite measure with support on a
finite number of points on the J-dimensional unit ball S;. Hence, we can also
write

(2.16) W(B) = [5,6/Bodp.

A particular case is M = 66’ for some fixed vector 6, so one optimization problem
here is that of minimizing the variance of 6'4.

Our results concerning more general y will hinge on representations in terms
of the trace functions above. For example, let ¢ be a strict, continuously differ-
entiable criterion. Let B and C be non-negative matrices with B > 0, B = C and
denote the jkth elements of B and C by b and ¢z respectively. Then

W(B — C) = ¢(B) — 2 74 (8%/3bp)en + o(|C])
where [CI = MaXi1<j k<t !Cjklo IfM = {6¢/ab,k, 1 é j, k = J},
(2.17) Y(B — C) = y(B) — tr (MC) + o(|C]).

Now if B is fixed and (2.17) holds for all 0 £ C = B, the assumptions on ¢
insure that tr (MC) > 0 for all sufficiently small non-zero-C and, consequently,
for all non-zero ¢ = 0. Hence M > 0. For B = Ay 'and C = A7 — A7, we
have from (2.17)

(2.18) (A7) — Y(A™) = tr M(A7" — A7) + o(JA- — A7),

Use of (2.18) will allow us to show for instance, that a sequence { T.*} which is
Y1 asymptotically optimum for ¢(B) = tr AB is also ¢1 asymptotically opti-
mum for ¢(B) = det B.

We shall also consider criteria of the form ¢(B) = supuey tr M B where 3
is a compact set of J X J matrices (i.e., 9 is a compact set in the usual topology
of J(J -+ 1)/2-dimensional Euclidean space). Several standard criteria arise by
making suitable choices of 9. As two examples, consider 9 = {f(¢)f( ) |0
<t < 1) withf(8)' = (fult), -~ , (1)), and 9% = {66’ | 2 716" = 1}. For this
kind of criterion also, we shall be able to relate asymptotic optimality to the
asymptotic optimality with respect to an appropriate trace function.

3. Basic asymptotic results. We shall suppose that Assumptions A, B and C
of Section 2 are in force and we shall only consider those f’s of the form

(3.1) f(t) = [SR(s, t)p(s) ds;  te[0, 1]
with ¢ continuous. If T = {to, ;05 < h < --- <ty £1} then
(3.2) If — Pof|? = [3(f — Paf)(£)e(2) dt.

Fori = 0,---,n — 1let W, be the symmetric kernel defined by

Wiz, y) = (2 — t:)(tia — 4)/(tin — &) for iS22y = tin.
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Lemma 3.1, If T is such that ty = 0 and t, = 1 then
(3.3) |lIf = Pofl® = 22055 [E+ [ii+ a(2)e(2)(y) Wiz, y) dudy
— 20 [ [Er o(a)(Bu( -, ¥), f — Po))W iz, y) do dy.

Proor. As noted in (3.42) of [2], f — Pif vanishes on T and is twice con-
tinuously differentiable on (Z;, f:1;). An integration by parts yields

(34) (f = Paf)(z) = —[ii* (f — Pf)" () Wz, y) dy.
Since, as noted at (2.7),
(3.5) (f = Pa)'(y) = —a(y)d(y) + Rul(-, y), f — Paf)

we obtain the result of the lemma, by using (3.4) and (3.5) in (3.2).
The essential properties of W; that will be used below are as follows:

(3.6) (a) For feLuft;, tsn] define W = [P 0(x)Wix, -) da.
Then W, is a positive, bounded, symmetric linear transformation from

Loft; , tis] — Lolt: , tia] and (W0, 7] f‘““ f"“ 8(x)n(y) Wiz, y) dx dy defines
an inner produet.

(b) Wiz, y) = (ten — ti)/4forallz, y e {t;, Loyl
(¢) [H [Hr Wiz, y) dedy = (tun — :)*/12.

We will be concerned with sequences {T, ; n = 1} of designs with T, £ Dpya
(see Section 2), i.e., Card T, = n + 1. The elements of T, will depend on n but
we shall usually suppress this dependence and write ¢; instead of ¢., for an element.
of T, . Given a sequence {7} we shall call {S,} an extension of {T,} if, for all n,
{0, 1} u T, 8. . Note that S, will often contain more than n -+ 1 elements.
For convenience we set f, = Pr,f and f, = Ps,f. Note that, since T, < S,

(3.7) If = £all* 2 1If = full®
If {T.} is a sequence of designs with {0, 1} C T, we put
(3.8) An(e) = [i+ [+ a(z)6(2)o(y)Wi(=, y) de dy,

Au(¢) = 2200 Aul9).
Lemma 3.2. If {0, 1} < T, for all n then there is a constant K, independent of ¢,
such that

(3.9) If = fll* < (1 + Kb,)An(l0])

where 8, = SUPo<i<n- (biyr — &i).
Proor. Let po(y) = (Raa( -, y),f — fu). Then, from Assumptions A, B, and C,

(3.6), and (3.8)
(W, pall < (Wi, S/ W ion , pal*
< Wb, o IWL, 11 [If — full supy [Rea( -, )|
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so that

2505 W, pall < cllf — full T30 [Wep, ¢) W, 1)}
cllf = fll (2023 W, $D)H T W1, 1))
NIf — fall A1) (A (o — 8)°)?
"8 [If — fall 4a1(I8])

where A4.,(|¢|) is obtained from Y [W.¢, ¢] by first dominating ¢ by |¢| and then
inserting a(z) which is bounded below. From (3.10) and Lemma 3.1 we obtain

(3.11) If = full* £ Au(I8]) + ¢"8u [If — full A:2(l0))

and (3.9) follows easily from this. Thus Lemma 3.2 is proved.
Let A be a continuous density on [0, 1] and let T, be defined by

(3.12) Jérh(m)yde = ifn;  i=0,---,n,

with the convention (in case of ambiguity) that f, = 0 and .. = 1. In other
cases of ambiguity (which will arise if » is 0 on some intervals) take any t:
which satisfies (3.12) e.g., the smallest such. The sequence {7, ; n = 1} so de-
fined will be called a Regular Sequence generated by h(RS (h)).

Lemma 3.3. If {T.} is RS(h) then

Hm infpaw 22 [|f — ful® = % [hs0 a(2)¢°(2) /h(z) da.

Proor. Let ¢ > 0. Let I} = {¢|[¢(z)| > ¢ and h(z) > efor all z ¢ [¢:, t4]
andlet I, = {0,1,---,n — 1} — I. Let S, D T, be such that

A

(3.10)

A 1A

A

(3.13) (a) if 7¢I, then thereisan r such that s =1, &u = tu,
(b) if ieI, then there are s,, Sq1, -+, S4m; such that s, = i;,
Srpmg = tin and  Smjp — Sy = va/n with v, — 0.

Because of (3.7) it is enough to show that #* ||f — f.]|* has the lower limit stated
in the lemma.

Denote by A;,(¢) the A; defined in (3.8) when S, is the design. If », + 1 de-
notes the cardinality of S, , let J1 = {j|s; = t:, 8jsa = tia for some ¢ ¢ I} and
letJo=1{0,- - ,vm — 1} —J1.Forjeds

(3.14) 1/n = [ii* h(z) do = [3 h(z) de = h(\) (sin — &) Z (8111 — 85).

Forjed:, sipn — 8; £ va/n. Thus 5, = sup; (sjy1 — 8;) — 0. For j ¢ Js there is a
constant ¢ such that

Ain(|9]) < e(spa — ) = ovan (sia — 85)
so that
(3.15) n’ D ier, Am(l]) = 0(1) as n— .

Tor j € J;, the continuity of ¢ guarantees that ¢ is of one sign on [s;, s;41] so
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that A;.(¢) = A;a(|¢]). Thus, by Lemma 3.1, (3.10), and (3.15),

(3.16) #’[If — full® 2 n’Au(l6]) + o(1) — wleda |f — full Ai(l0)).

If lim inf,.. n*4.(|¢|) > 0 then (3.16) together with the fact that 8, — 0
implies that C

(3.17) lim inf, .. n* ||f — full* = lim inf,,.n*A.(]¢]).

Thus, (3.17) holds generally.
As already observed

n'Aa(|9]) = n’ 20 Ain(8]) + o(1).
The mean-value theorem, (3.6(¢)), and (3.14) give, forj ¢ J1,
(3.18) A;n(l8]) = a(p)|o(m)]-16(6) (802 — 8,)/12

= a(u;)|o(p)]- [$(8) (') (s541 — s7)/12
for some y; , 6; & [s;, $;41]. Thus
(3.19) lim inf n*Aa([6]) = 25 [is1sen>e a(2)8"(2) (K(2)) ™ de

which upon use of (3.17) and the last remark in the first paragraph of the proof
yields
W infae 2” [If = ful® Z 25 Jisiserse a(@)e'(2)(K(2)) 7 da.

Letting ¢ — O finishes the proof of Lemma 3.3

We can improve Lemma 3.3 by replacing the integral over the set {# >0}by
the set {# > 0 or [¢| > 0}. This results from

Lumma 3.4. Let m denote Lebesgue measure, B = {z | h(z) = 0, $(z) # 0}, and
let {T,} be RS (R). If m(B) > 0 then n*||f — f.||* — o.

Proor. Let ¢ > 0 and define I; = {¢]|¢(z)| > efor all z & [i;, t;14]} and let
L =1{0,---,n —1} — I. Let S, J1, J2 be as defined in (3.13) using the
present definition of I; . Even though 8, may not — 0(supy, (s;11 — 8;) + 0) we
can conclude from (3.16) (which is still valid) that, for some positive ¢, ,

(3.20) i lf — fal® 2 conAa(l8]) + o(1).

If {n.} is a subsequence such that, along {n.}, sups, (sj1 — 8;) — 6 > 0, then
there is {jm} such that (sj,41 — 8;,) — 6 and A, (|¢]) = ¢'¢(sjp11 — 8;,)° =
¢’ > 0 for all m large enough. Thus, by (3.20), if 8,,, — & > 0,

(3.21) Lt 1 [[f = Frgl® = 0.

Suppose that {n.} is a subsequence such that 8,, — 0. Assume {n,} = {n} in
what follows. Let ¢ > 0 be such that m(h = 0, [¢] > €) > 0. Define, for y > 0,
Js = {7 | h(z) < n,|o(z)] > eallz e [s;, 8j14]} and observe that, with ag = inf a(z),

(3.22) 2oy Ain([8]) Z o€’ Ljers (5111 — 51)°/12
aiid, since 8; = &;, 8j41 = {1 for some tif je Js C Jy,
(3.23) I/n = [ h(z)dr < 5(spm — §5)
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for all j £ J3 . Thus ((3.22) and (3.23))
(3.24)  nA.([8]) Z 1 Diers Aim(l]) Z o™ Yjess (Sp11 — )
and, since 8, — 0,

2en (8in — &) > m(h <, 9| > &) > m(h =0,[¢] > e >0.

Using this in (3.24) and then letting » — 0 we obtain lim,.. N A, (|]) = o
if 8,,, — 0 and (3.20) and (3.21) then give the conclusion of the lemma.
The major fact that we would like to prove is that, if {7} is RS (&) then

(3.25) limyw n” |f — full* = 7 [ a(2)¢"(2)(K(2)) " do

for all continuous ¢ for which the right side of (3.25) makes sense where
é(z)/h(z) = 0if ¢(z) = h(z) = 0. We already know from Lemmas 3.3 and 3.4
that, if the right side of (3.25) is « then so is the left side. Unfortunately we are

unable to obtain such a result for all ¢ and any h. We have, however,
TeroreM 3.1. Let {T,} be RS (h).

(A). If f% (R*(2))™" < o then (3.25) holds for all continuous ¢.

(B). If ¢/h is continuous (¢(z)/h(z) = 0 if ¢(z) = h(z) = 0) then (3.25)
holds.

(C). If there is a K such that
(b — a) [2W(z) dz < K([5 h(z) dz)’

for all [a, b] < [0, 1], then (3.25) holds.

Remark. (A), (B), and (C) all give (3.25) if & is never 0. This case was ade-
quately treated in [2]. (B) is true if M(z) = vo}(z)¢¥(x) which is the example
of principal importance for the context of [2]. (A) and (C) will be adequate for
handling many different examples of h’s which may have zeroes but are regularly

behaved near their zeroes.
Proor oF THEOREM 3.1. Let us first prove (A). First observe that the con-

dition in (A) implies that m(h(z) = 0) = 0 so that, using a Holder inequality,
(tin — ) = [1i 1de = [ Bi(z)(h(z)) " da
< (Jir h(e) do)X([i5 du/B(2))}

or
(3.26) (tin — t:)° < 077 [0+ (B (%)) da.

Also since m(h(z) = 0) = 0 we must have 8, = suPogi<a—1 (tix — £:) — O.
Define I, = {i|h(x) > eforallz e [, ti]} and Io = {0, --- ,n — 1} — I, . In
the same way that (3.18) was obtained we get

(3.27) 1 2 ier, Ain([8]) — 15 [rse a(2)"(2) (K(2)) ™ da.

The uniform continuity of & and the fact that 8, — 0 implies that, for n large
enough, h(z) < 2efor x & [ty , tiya] for all ¢ & I, . Then, using (3.26), we have, for
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i¢e Iz )
(328) Dann’Adau(lé]) S &0’ sup. a(z) sups ¢°() D, (tu — 8:)°

Sc Ziﬂ_z i (B(2)) 7 dz S ¢ [rcae (B(2)) 7" da.
Thus ((3.27) and (3.28)) ‘

lim SUPs.w 2 An([8]) S % [ive a(2)(2) (W (2)) ™  do + ¢ [acoe (B (z)) ™" dx
and, letting ¢ — 0, this yields
(3.29) i SUDP,ae 2°A([¢]) < 1 [ a(2)¢’(x) (K (2)) ™" da.
Since 8, — 0, we can now use (3.29), Lemma, 3.2, and Lemma 3.3 to conclude (A).

For the proof of (B) let @, = {8 | 8 is continuous on [0, 1] and, for some e > 0,
6 = O on the set {h(x) = 2¢}} and let @ = {0 8is continuous and 6 = 0 on the set
{h = 0}}. @ C €, and if we topologize @; by || — 6] = supo<z<1 |61(z) — 8e(z)|
it is easy to see that €, is dense in @, .

For 6 £ @, with associated ¢, let ¢ = 6k and put I, = {¢|h(z) > e for some
xg[t;, t,,'.H]},Iz = {0, cer L, — 1} - Il,Is = {z|h(x) > 6f01‘3,11$8[t1‘,ti+1]},
I, =1, — I;. Since 1/n = fu,.,,,.“]mhx/z) h(z) dz it follows from the uniform

continuity of & that supir, (i1 — ;) = 61a — 0 as n — . Since ¢ vanishes on
[t;, tsn1] if 2 & I , the sums in (3.3) need only extend over ¢ ¢ I; . In the same way
that Lemma 3.2 was obtained we can conclude that

Zt‘en (Wi, pal < cbin ||f - fn“ An(ld’l)
so that, since 8, — 0,

(3.30) 1 SUPpace ? ||f — fall® £ lim sUPpaw 7°4.(|¢])
= 1im Suppaw #’ D1, Ain(|9])-

Now, just as we obtained (3.27), we can obtain

(3.31) limueon® Dir, Ain(I8]) = 5 [i>e a(2)¢'(2) (W(2)) ™" da
= 7% [0 a(2)¢'(z) (R (2)) ™ da.

(The last equality follows because ¢ = 0 on {h = ¢}.) For n large enough we
have, forallt e I, h(z) < 2eforall z ¢ [¢;, {i41] so that ¢ = 0 on [¢:, £:41]. Conse-
quently Aw(|¢]) = O for 7 e I, . This together with (3.30),(3.31) and Lemma 3.3
gives the result that, for ¢ = 6h with 6 ¢ @;, (3.25) holds.

To extend the result to ¢ = 6k with 6 £ @, , let 8. ¢ @, with |6 — 0] < e and
put ¢. = 6.k and let f. be the associated f (3.1). Then, according to the triangle
inequality,

(3.32) If = full S f = Fe = (F = fall + lfe — Faall-
Since 8. ¢ @; we know that
(8.33) liMpown? ||fe — funl® = & [ a(2)85(z) dz = & [0 a(2)8%(z) dz + 7.

where 7. — 0 as e — 0. Since § — 0. £ €; we have
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Al — &) = ¢ D200 (tin — &) Jert [+ (0 — 6.)(x)
(3.34) (60 — 0.)(y)W(2)W(y) dx dy
S cllo = el n ™ I (tea — 1) = o™ 0 — 6.
so that by Lemma 3.2 o
(3.35) lim $uPpew 0llf — fo — (f = f)all* < alld — 6"
(3.32), (3.33), and (3.35) yield, upon letting ¢ — 0,
i suPaae 'llf — ful® = & [o a(2)0"(2) (W(2)) ™ da
for ¢ satisfying the condition in (B). Now apply Lemma 3.3 to obtain (B).
For the proof of (C), let € = {(¢ = 0if 2 = 0 and [56°(x) dx < oo}.
©; is dense in @; with the topology on @; being the Ly topology. The proof just

given for extending the result of (B) from €, to €, can now be employed provided
we can verify something like (3.34). The condition stated in (C) yields, for

¢ = 0h7
W AL([]) = 00 205 (ben — )[4 8(2) () daf’

nleo D im0 (tipn — t5) [E+ () dx [4i+1 6%(x) da
n'Keo D120 [+ h(x) da)’ [1i+1 %(x) dx
e
where || || is now the L, norm. But this is exactly the version of (3.34) needed
and this gives (C) and finishes the proof of the theorem.

Turorem 3.2. Let f1, - -+, f» be p functions of the form (3.1) with associated
$1, -, ¢p. Letay, -+, a, be posttive numbers. If {T,} is any sequence of designs
then

(3.36) Hm infp.en® D P allfi — finll®
2 &([1a(2) (7 audi(2)) )’ = (120°) (say).

If h(z) = na(2)(2F asi(x)) and if (Tn*} is RS(h) then
(3.37) limpwn? 28 aullfe — fial® = (1205)7"
(fin denotes Profi).

Proor. For the proof of (3.36) we may as well suppose that {0, 1} < T, since,
otherwise, we can adjoin {0, 1} and reduce the left side of (3.36). We will follow
the ideas in the proofs of Lemmas 3.2, 3.2, 3.4. First put ¢(z, y) =
DT ad(x)dn(y) and let I = {i|¢(x, y) > e for all o, y e [t:, i)} and let
IL,=1{0,.---,n — 1} — I,. Define S,, J1, and J, as in (3.13) using the present
Il . Let

A A TIA

Bin(¢) = [t [ii* a(a)(, y)Wi(z, y) de dy,

éin(¢) = f‘:;:—H f:;:+l ‘P(x; y)WJ'(x; y) dxdyy
Bn(¢’) = ZiBjn(d’)'
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As in the verification of (3.15) we have

(3.38) (@) 0 Xjer, Bin(¢) = o(1),  (b) #° 2es, Cin(9) = o(1).
When j e Ji, ¥(x, y) > 0 for all T, ye [s;, 8jsa] so that

(3.39) aoCin(9) = Bj;(¢) < wli(e); jedu,

where ay = inf a(z), &y = sup a(z). Put Q. = 2 afi — finll’ and use the
methods in the proof of Lemma 3.2, (3.38) and (3.39) to conclude that

(3.40) nBu(¢) — CidanQun’B.(¢) + o( 1)} < n'Q.

Yvhere 3, = sup; (si1 — 8;). From (3.40) we can conclude that whether or not
o0, — 0

(3.41) n’Qn’ = cn’Ba(¢) + o(1).

Now just as was done in the paragAraphs following (3.20) we can conclude that
if {n.} is a subsequence such that 6,, — 6 > 0 then

(3.42) liMpsco M @, = 0.
If 5., — O then (3.40) can be used to obtain
(3.43) N Qe Z Mn Br(¢) + 0(1) as m — oo,

Let us work as if {n,} = {n}. Since, for j e J1, ¥(z, y) > 0 for z, y e s;, 81l
we have, using the mean-value theorem and a Holder inequality,

(344) n* 2 s Bim($) = Fn” D ser, a(0:)9(6;, 15) (851 — )’
Z2 (X er, O 65, w)(sin — ) /(A1)

where 6; , u; € [, sil. Since sup (s;31 — 85) — 0, ¥(0;, u;) = ¥(6;, 6;) + o(1)
=>7 axbit(6;) + o(1). Also, ZJI 1 £ n. It follows then from (3.44) that, if

Onm

(345) N D sn Binn(9) 2 ﬁ(fzawﬁ(z»eai(x)(zakfbf(x))%dx)s + o(1)

asm — . (3.42), (3.43), (3.45), and the arbitrariness of ¢ yield (3.36).

(3.37) is obtained from (B) of Theorem 3.1 by observing that ¢x(z)/h(z)
is continuous since hi(z) = copr () for a positive constant ¢o. This complete
the proof of Theorem 3.2.

Remark. When p = 1 Theorem 3.2 is the same as Theorem 3.1 of [2]. There
is a gap in the proof in [2] when ¢; can have zeros. Theorem 3.2 fills this gap.

v

—0

4. Asymptotic optimality. In this section we will deal with the criteria of
optimality discussed in Section 2. In Section 3 we have developed the necessary
machinery for obtaining asymptotically optimum sequences of designs for
several different criteria. We suppose, as usual, that we are in the context of
Section 2 so that (2.1), (2.2), ete. are in force.

Let us put ¢'(t) = (¢1(8), + -+, ¢s(¢)) so that ¢(t) is a column vector. We
shall also let £'(¢) = (fi(t), -+, fr(2)).
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TurorEM 4.1. Let y(B) = tr (BM) with M a non-negative J X J matriz.
Let B¥(t) = nal(¢)(¢'(£)Me(2))* where n is such that [3h*(t) dt = 1. If {T.%}
is RS(h™*) then {T.*} is asymptotically 2 and ¥4 optimal.

Proor. For this choice of ¥, 2 and ¥4 optimality are the same. From (2.16)
and (3.36) we can write, for some vectors 61, -+, 6,in S;, A, -+, A, positive
numbers, and any sequence {T,} of designs,

n*tr (A — Ar )M
(4.1) =0’ A0 (A — Ag)0: = 0° 2P NJ6SF — (8.9)°
([ () [ 207 M(6/6(¢)) 1 dt)® + o(1)
= 22([3 () (&' ()Ma(2))} dt)® + o(1).

Applying the other half of Theorem 3.2, namely (3.37), finishes the proof of

Theorem 4.1.
We note in passing that if ¥ is as defined in Theorem 4.1, and § & Range (M)

then

(42)  limewon’’(A — Ar,e)0 = 75 [3a(t)(0'6(£))(h*(8)) ™ dt.

This is a consequence of Theorem 3.1 (B) which is applicable because
o(0)/B (1) = (Mo, $)I/B" S c(M, ) (Mo, )Y/ (M9, ¢)}

which approaches 0 as (M¢, ¢) approaches 0 so that |6'¢|/A* is continuous. We
also have, if N = 0 and Range (N) < Range (M),

(4.3)  limpwn’ tr (A — Aro)N = 75 [3a()¢’ (NS (R*(8)) ™ dt.

TuroreM 4.2. Suppose ¢ is a strict and continuously differentiable criterion so
that $(A) — Y(Ar) = tr ((4 — Ae)M) + o(|]A — Ag]) with M > 0. Then
R¥(t) = na’(t)(¢'(t)Me(t))} generates a RS (h*), {T,*}, which is asymptotically
¥ 2-optimal.

Proor. Since ¢ is strict and M > 0 we need only consider sequences {7T',}
such that |4 — Ar,| — 0. Ifn’JA — Ar|isnot O(1) asn — « then

lim Supn.« n’[tr ((4 — Ar,)M) + o(|4 — Ar])]

; Co lim supn—>oo n2 tI‘ (A - AT“) = ©

v

o that lim Supn.. n7¥(4) — Y(Ar,)] = = and such sequences {7} can be
ignored since, as we will see, n’[y(4) — Y(Ar,+)] has a finite limit. In fact, from
Theorem 4.1 we have lim,.en’ tr (4 — Ar,«)M = (12¢°)™" < o and from (4.2)
we obtain [A — Ars = O(n™®). Hence lim,.. n’Yy(A) — ¢(Are.)] =
(1295)™" < . For sequences {T,} with [A — Ar| = O(n™?), we have with the
aid of Theorem 4.1, that

(44) lim inf,.. 2'W(A) — ¥(4r,)] = (124°)7

Since there is equality in (4.4) when {T.,} is replaced by {T,*} we have finished
the proof of Theorem 4.2,
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CoroLLARY. If W(B) = det B then h*(t) = 7} (8)[¢’(6)A7"¢(t)]' generates
a RS, {T,*}, which is asymptotically ¥2-optimum.

PROOF Theorem 4.2 and (2.17) with ¢(B) = det B.

TrarEOREM 4.3. Let 9N be a compact set of non-negative matrices and put
Y(B) = mingey tr (BM). Let M™ be such that the minimum over N of f% O
[0/ (YMe(t)} dt is attained at M*. Then

R*(t) = 9ad(8)[¢' (1) M ¥o(1)]}

generates a RS {T,*} which is asymptotically Y4-optimal,
Proor. For any {T,}, we obtain from Theorem 4.1,

(4.5) n*tr (A — Ar)M
= ([0 (Mo dt)* +o(1) = (124°)™ + o(1)

for each M ¢ 9%. It is not hard to show that the o(1) term is uniform for M &9,
Consequently,

(4.6) 7 infyan tr (A — Ar,)M = (127°)7 + o(1).
On the other hand, by Theorem 4.1,
(47) nlinfuartr (A — Ar )M S 07tr (A — Az )M = (129°)7 +0(1).

(4.7) and (4.6) imply the conclusion of Theorem 4.3.

We will use Theorem 4.3 to establish asymptotic ¥4-optimality when
Y(B) = det B, First we need the following lemma.

Levma 4.1, Let {T,} be any sequence of designs and let N, denote the smallest
etgenvalue of n*(A — Ar,). Then lim inf,.o\, > 0. Furthermore, there is a se-
quence {T,} such that the largest eigenvalue i, of n’(A — As,) satisfies

lim Supn.w in < .

Proor. Let @, be an orthogonal matrix such that, putting g.(f) = first co-
ordinate of Qu(F(2) — fa(t)), 7l g |> = M. If lim infs.w s = O then there is a
subsequence {n;} and an orthogonal matrix @ such that A\,, — 0 and
| Q. — Q| — 0. Then, by Theorem 3.2 (with p = 1),

0 = limpa ]| gy |I° Z 251f0 o(2)(Qa(2))oF df]’.

Thus 0 = (Qé(8))1 = 2_1iquei(t) for all £e[0, 1] which contradicts (2.2).
Thus lim inf,.« X, > 0.

For the other part of Lemma 4.1 note that w, < n* tr (4 — Ar,) and by
Theorem 4.1 (with M = I) there is a {7T,} with n® tr (4 — A#,) bounded for
all n. This finishes the proof of Lemma 4.1.

Tarporem 4.4, Let ://(B) = det B, Let 0 = {M |M > 0, detM = 1} and let
M¥ be such that f a“(t) ¢ (t)M¢(t)] dt is minimized over 9 by M™ (it is shown
in the course of the proof that such a mzmmum exists even though I 28 not compact).
Then K*(t) = na(2)[¢' ()M * o(1)]} generates a RS {T,*} which s asymptotically
Y4-optimal.
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Proor. If B > 0 then
(4.8) J(det B)""Y = mingy tr (B.M)

(cf [1], pg. 131). Let Ap, up denote the smallest and largest eigenvalues of B-
It is easy to verify that if 0 < N = As = up < po < o then the M which mini-
mizes the right side of (4.8) must satisfy Ay = No/uo -

For the sequence { 7} of Lemma 4.1 we have g. < ¢; so that det (n’(4 — Az,))
< ¢’ < ® and we may therefore limit ourselves, in establishing asymptotic

Y4-optimality, to sequences {T,} with
(4.9) lim sup,.. det (n’(4 — Ar)) < ¢,

For any sequence {T,}, A, = co(say) for all n large enough so that, for any
sequence {7} satisfying (4.9), u, = C; for all n large enough. Hence by (4.8)
and the discussion following (4.8) we can write, for {7,} satisfying (4.9) and
some ¢ > 0,

(4.10) Jldet (A — Az)]"" = ming, tr (n’ (4 — Ar,)M)

where 9, = {M|M > 0,det M = 1, Ayy = ¢}. Applying Theorem 4.3 with 9.
(which is compact) we obtain M.* such that

lim inf, . J[det n*(4A — Ag)]"
(4.11) 2 limg.od[det (n’(4 — Ar))"
= &[5 )" ()M Fe(t)) df*

where 7,* is generated by M.* in the same way T, is generated by M* in
Theorem 4.3.

Now, for M € 9 — 91, and {7} a RS generated by & = 7a’(¢'M¢)* we have,
using (4.10), (4.11) and Theorem 4.1,

A6 MP)T = limu.e tr (0P(4 — Az,)M) = &' (¢’ M)

so that M. minimizes fozé(zbleb)zr over 9. This and (4.11) gives the con-
clusion of Theorem 4.4 and finishes the proof.

THEOREM 4.5. Let ¥(B) = tr (BM), M non-negative. Let h*(t) = na'(¢)-
(' (DA MA ()] and let {T,*} be RS (h*). If T* = supportof hand Ay = Aps
is non-singular then {T,*} is asymptotically Y1 and ¥3 optimum.

Remarx 4.1. The non-singularity of Ar« is clearly essential in order for
Theorem 4.5 to have meaning. If M is positive then Ax = A (which is non-
singular) because the A* of Theorem 4.5 is the same as the ™ of Theorem 4.1
with M there replaced by A7'MA™ and since n° tr (A — Ap)A7MA™ =
n tr (M%A"I(A - AT,,*)A_IM%) is then bounded, it must be that Ay =
' limn_m ATn‘ = A.

If support of 1* = [0, 1] then, obviously, 4+ = A which is non-singular. If
fi, -, fr are linearly independent over T* (e.g., if they are linearly independ-
ent over every interval of positive length) then A is non-singular.
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ProoF oF TueoreEm 4.5. If Ar, is non-singular for n large enough then,
for such n,
(4.12) A7} — A7 = A7NA — Ag)A7 4+ AT(A — Ar)AT(A — Ar)AT

> A™NA — Ar)A™N
Hence, by Theorem 4.1,
n® tr (A;,l, — AWM
(4.13) >0 tr (ANA — Ar)A7M) = n* tr (A — Ar)A7MA™)
= (129)7 + o(1)

and
(4.14) nPtr (A — Az OATTMA™ = (129)7 + o(1).

Observe now that if B is positive then
(4.15) tr CBC" < up tr C'C
where ujp is the largest eigenvalue of B. Also, if B > 0,
(4.16) (Bs, Bo) = (B8, 9) tr (B)

where (, ) denotes the usual Euclidean inner product. Let ATMAT =
> 0.6 with 6, ¢ Range (A7'MA™") so that by (4.14) and (4.2)

(4.17) 0/ (A — Are)b; = O(n).

Now apply (4.15) with C = M*A™(A — Ar»), B = A" and then (4.16) with
B = A — Ar,. to obtain, with the use of (4.17),

tr (MPA™N(A — Ar)As (A — Ar) A7 MY
pazt 20 ((A — Ag)8:, (4 — Ar,)0))
< paprtr (A — AT".)O(n*Z)

so that, letting n — o« in (4.18) we obtain MPATN(A — Ax) = 0 or
A'M = A7'M. Then

tr (Are — ATOM = tr (Agpe — A M

(4.18)

IA

and we can replace A by Ax everywhere above. We may as well assume then
that A = A4 so that ATn. — A. It follows that tr (A — Ar,s) — 0 so that the
weft side of (4.18) is o(n™*) and remains so even with AT”. in place of A"
But this together with (4.12) and (4.14) yields

nPtr (A7 — ATHM = (12¢°)7 4 o(1)

so that by (4.13) {T,*} is asymptotically y1-optimal. Since, for the criterion of
this theorem, ¥1 and ¢3 optimality are the same, we have finished the proof of
Theorem 4.5.
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TrarorEM 4.6. If ¢ s strict and contmuously differentiable so that Y(Ar™") —

gb(A‘l) = tr (AT_1 — AOYM 4+ o(|Ar " — A7) for some positive M then
IO na%( Do’ () A™M A_1¢(t)] generates a RS {T,*} which is asymptotically
Y1-optimal.

Proor. M is positive so that, by Remark4 1,lim,,» A7+« = A. Using Theorem
4.5 and following the proof of Theorem 4.2 we obtain Theorem 4.6.

TueoreM 4.7. ( A) Let 9N be a compact set of non-negative matrices and y(B)
= tr (BM). Let M* minimize (over M) [5o'[¢’ AT MATG]. Then h*(t) =
ned ()[¢' (AT M*A7 ()] generates a RS {T,*} and of lim Ap. = Ay ds
non-singular then {T,*} is asymptotically ¥3-optimal.

(B) Ifow = {M|M > 0, det M = 1} and ¥(B) = det B, then there is an
M™ £ 9 which minimizes fo oo’ AT MAT$) over M and A* ) = nal(t)-
(0" (AT M* A7 ()] generates o RS {T,*} which is “asymptotically ¢3 optimal
(and, comparing with Theorem 4.4, y4-optimal).

Proor. Follow the arguments of Theorems 4.3 and 4.4, and use Theorem
4.5.

Tureorem 4.8. Let 9 be a compact set of non-negative J X J matrices and
let N denote its convex hull. Let y(B) = maxyey tr (BM) = maxeg+ tr (BM).
Let M™ mazimize (over ™) f% o' M)t and let K¥(t) = 70} () (&' ()M *o(2))?.
If, for oll M ¢ 91,

(419) n'tr (4 — A )M £ & [2a()' (OMe(t)(R™(t)) ™ dt + o(1)

where the o(1) term is uniform in M then {T,*) is asymptotically Y4-optimal.
A comment about (4.19) will follow the proof of Theorem 4.8).
Proor. From Theorem 4.1 we have, for any sequence {7},

(4.20) n® maxg+ tr (A — Ar )M = maxgp+ 1o (6'Me)' + o(1)
(127)™ + o(1).

IEM = M*let g(\) = [3a8[¢'(AM + (1 — \)M™)¢} for A £ [0, 1]. Then g is
continuous and has a maximum at A = 0. For0 < A < 1

g =3[’ Me — M I\ + (1 — NM*)g| ™ dt

Il

and
lim infa.og’(A\) = 3 [ a¢’Mo/h™ — % [ a¢'M¥6/B™.
Since g has a maximum at 0, lim infyLo¢'(\) = 0 and, therefore,
(4.21) Jat'M/R™ < [ ap'M¥¢/h™ = 47
so the right hand side of (4.19) is finite for all M ¢ 9. Now (4.19) and (4.21)
imply that
i SUppown’ supsy tr (A — A )M =< (129°)77

ahd use of (4.20) yields the theorem.
Remarx 4.2. Conditions guaranteeing the validity of (4.19) can be obtained
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from Theorem 3.1. Thus, if M * is positive, then &' Mé/R* is continuous and
(B) of Theorem 3.1 will give (4.19). Also, if 2* satisfies (A) or (C) of Theorem
3.1 then (4.19) will hold.

CoroLLARY. If Theorem 4.8 holds for S = {A7MA™ | M e} then T,* is
asymptotically Y3-optimal for the criterion Y(B) = supg tr (BM) provided
A 5+ 18 non-singular.

Proor. Use Theorems 4.5 and 5.8.

For the eriterion of Theorem 4.8 we wish to establish asymptotic ¢1 and ¢2
optimality. Let 91" be the convex hull of the compact set 91 and let o1, =
(M’ et | supg+ tr (AM) = tr (AM")}. Let {T,} be any sequence of designs
and let M, be any element in 91" such that supgg+ tr Ar,M = tr A, M, . Then,
lf ]lf 0€& fﬂll y

supgy tr (AM) — supg tr (4.,M)

(4.22) = supgy+ tr AM — supgy+ tr A, M
= tr A(My— M,) +tr (A — 47,)M,
= tr (A — Ar,) M.,

and

supgy tvr AM — supg tr Ar,M
(4.23) = infMosim',l [tr (A — AT,,)MO +trAr,(My — M,)]
infMoggml tr (A —_ AT”)M() .

As we shall see below there are sequences, {7} for which the left side of (4.22)
is O(n™?) so that we can limit ourselves to such sequences and conclude from
(4.22) that tr A(My — M,)— 0. But this means that infyen, [M, — M| — 0.
Fore> 0let N (e) = {M & M |infyer, [M — N| = €. Then, for n large enough
using Theorem 4.3,

(4.24) nPtr (A — Ar)M, = infg n’ tr (A — Ar,)M

2 4 infuamc (5 X (0) (&' (M) dt)* + o(1).
First let n— o and then let ¢ — 0 and obtain from (4.24) that
(4.25) Hm infa.e n? tr (A — Ar)M, = & infay, ([5 o'(¢'Me)?)".

Now let M* be any element of 5!}1 (which is compact) which minimizes the
right side of (4.25), let h* = 50’ (¢'M¥$)?, and let {T,*} be RS (h*), and
apply Theorem 4.3 to the right side of (4.23) and obtain

(4.26) ninfy, tr (A — Ar, )Mo = (127°)7" + o(1).

(4.26), (4.25), (4.22) and (4.23) yield

JTarorem 4.9. {T,*} as defined following (4.25) is asymptotically Y2-optimal
for the criterion ¢(B) = supgy tr (BM), where N is a compact set of non-negative
J X J matrices.

IA
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By use of Theorem 4.5 we can obtain a corresponding result for ¢1 optimality.
We omit the details.

The conelusions of Theorems 4.3, 4.4, 4.7, 4.8 and, to a lesser extent, 4.9 are
not as satisfactory as those of the remaining theorems of this section. To apply
these theorems, one must find 4 matrix M* which maximizes or minimizes
fa%((p'M #)' (or fa%( ¢'A™ MA7'$)) over some compact set of non-
negative matrices M. Even more, some of these problems require a knowledge of
A™! when A is more readily available (see (2.3)). We give two examples here
to indicate some of the difficulties which are present.

Suppose R(s, t) = exp [—[s — #]], f;(t) = 2¢,7 = 0,1, --+, J, and, without
loss of genecrality, suppose the interval of observation is [—b, b]. We then find «

is constant, ¢;(¢) = ¢ —j(j — D% j=0,1, ---,J, and
Ay = "G 4+ D) 0 (/G DR
(4.27) if 7 4 7 is even
=0 ifi+jisodd,0 £¢,j7 = J.

Consider the problem of minimizing the maximum variance of the BLE of
an estimable function with limiting variance 1, i.e., consider ¢1 (or ¢3) optimality
for Y(B) = Supwa-is—1 2 Bx. We would expect to find an asymptotically op-
timum sequence of designs by maximizing f (¢’A*MA™")* over the set
ot = {M = 0|tr A7'M = 1}. Equivalently, we could try to maximize
f(¢/M¢)% over the set T = {M = 0|tr AM = 1}. For the special cases
J = 0 and J = 1, the uniform density generates asymptotically optimum
sequences for all b > 0, but this is no longer true when J = 2. We show below
that if b is large, J is arbitrary and M™(b) is a maximizing matrix, then
(¢'M*(b)¢>)% is approximately uniform on [—b, b]. Since for large b the cor-
responding density will be positive, we may appeal to Theorem 4.7 and say that
the sequence of designs it generates is asymptotically ¥1 optimum for the prob-
lem posed above.

First let us note that if m7;(b) denotes the #jth entry of M *(0),0 £ 4,7 < J,
then m¥;(b) = 0 for i -+ j odd. If this werc not the case, we could find M **(b)
in ST with m¥(b) = mix(b), ¢ + j even, and w7 (b) = —mi;(b), ¢ + 7 odd.
But then 11/™(b) + M **(b) is also in " and

[ (&' BM*(b) + L M*(5))¢)' > 5 [ (¢’ M*(b)e) + 1 [ (¢'M™(D)o)’*
= [ (¢'M*(b)e)}

which contradicts the maximizing property of M *(b). The side condition on
M*(b) is
(4.28) 1 = tr AM*(b)

= Z’ 77'zfj(b>[bi+j+l/(i +7i4+ 1 + b 4 (/GG + 3§ — 1))b 7

where Y denotes the sum over ¢ + j even. It follows from (4.28) that miz(b)
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= 0" asb — » s0 let (b)) = b m¥(b). Suppose along a sequence
of b’s, we have #;;(b) — 7,;;. Then

(4.29) 1=te MH = . (i + 5+ 1)

Along the sequence of b’s, let us.now compute as follows:

(4.30) 307 [ (¢'M* (D)) = [3 12wl du + o(1)
< ([o 22" u™ il du) + o(1) = 1 + o(1)

where inequality will hold in (4.30) unless Y u*"%#;; is constant. On the other

hand, if M (b) is given by mee(b) = (b + 1), ms;(b) = 0 for (4, 7) = (0, 0).
tr AM(b) = 1 and

(4.31) 367 [ [0'M(b)g]' = 1 + o 1).

A comparison of (4.30) and (4.31) shows that mm, = 1 and 7; = 0 for (7, j)
(0, 0). Thus, mfi(b) = b_l(l + 0(1)) and m:5(b) = o(b™""™) and from this
it follows easily that (6M*(b)¢)? is approximately uniform on [— b, b] when b
is large.

We continue with the same set-up and investigate ¥3 asymptotic optimality
under the criterion ¢(B) = sup_s<:<sf(t) Bf(t). This criterion differs only by a
constant multiple (recall that f(t) = 2%, 4 = 0, 1, -+, J) from the criterion
¥(B) = supy+ tr BM where 9" consists of the moment matrices to order 2.J
of probability measures ¢ having support in [—b, b]. That is, the matrices in
question have the form M = (f_,, e de(z);0 £ 4,7 2 J).

We seek M* (or £*) so as to maximize f (¢ A_IM A"1<i>)é over 9", As before,
it suffices to consider just those M for which m;; = 01if 7 + j is odd, or, to con-
sider symmetric measures £ Now if ¢’A™" is denoted by (Mo(2), -+ -, A (2)),
£* is the symmetric probability measure on [—b, b] which maximizes

(432) [Pl erM(OME) [P de(z)] de
= [2 % (imoeni(t)z’)? d(2)] dt.

If we set ¢ = bs and z = bu in the above, the problem can also be viewed as
that of choosing £* on [—1, 1] so as to maximize

(4.33) LS (N ()u’) de(w)] ds

where A(s) = b\i(bs), 7 = 0,1, ---, J. Inasmuch as explicit use of A™" can-
not be avoided here, we will look only at the first few values of J.

For the one parameter problem J = 0, the appropriate density is, trivially,
uniform on [—b, b]. When J = 1, reference to (4.27) shows that (Ao(£), M(2))
is proportional to (b + b* 4 1b*), (1 + b)t). It is then easy to see in (4.32)
that £* should concentrate mass 2 at each of ==b. Accordingly, the (positive)
density on [—b, b] which provides an asymptotically optimal sequence of designs
is, proportional to ((b + b* + £b*)* + b*(1 + b)*)*.
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When J = 2, the situation worsens to the extent that (A(s), M(8), A(s))
is now proportional to

(14 b+ )E° + 6" -+ 25 + 2 — (1 + 4b)], (b + 1)(30* + b + $)s,
(1405 + )b + 1) — (30° +b° + 26 + 2)]).
As b — 0, we find that (D_\’(s)u’)?is proportional to (1 + %*)* 4 o(1) so a
maximizing £* at (4.33) should concentrate mass 3 at each of 1. Asb — o,
the same argument leaves us with the non-trivial problem of choosing £* so as
to maximize
LA =3 + b+ (3 — Hud)ds(u)] ds.

We will not pursue these matters further here,
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