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DETERMINANT EXPRESSION OF SELBERG ZETA FUNCTIONS (III)
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ABSTRACT. We will prove that for PSL(2, R) and its cofinite subgroup, the
Selberg zeta function is expressed by the determinant of the Laplacian. We will
also give an explicit calculation in case of congruence subgroups, and deduce
that the part of the determinant of the Laplacian composed of the continuous
spectrum is expressed by Dirichlet L-functions.

1. INTRODUCTION

The first discovery of the relation between the Selberg zeta function and the
determinant of the Laplacian was by physicists [3, 4, 7]. Sarnak [14] and Voros
[15] obtained the determinant expression of Selberg zeta functions for compact
Riemann surfaces with torsionfree fundamental groups. In those cases, all the
spectrum of the Laplacians are discrete. The determinant was defined via the
holomorphy at the origin of the spectral zeta function of Minakshisundaram
and Pleijel [13]. For noncompact but finite Riemann surfaces with torsion-
free fundamental groups, these results are generalized by Efrat [5]. In this case
there exist both discrete and continuous spectrum. He constructs the spectral
zeta function composed not only of eigenvalues but some values concerning
continuous spectrum, which are decided by all the poles of the scattering de-
terminant in the Selberg trace formula. The determinant of the Laplacian is
defined by the standard method with the holomorphy of the spectral zeta func-
tion at the origin. The aim of the present paper is to generalize his results to the
case with any fundamental group I" (§3) and to give some arithmetic examples
of the determinant of the Laplacians (§4). In §4, we restrict ourselves to the
case when I' is a congruence subgroup of PSL(2, Z). In this case the partial
spectral zeta function composed of only eigenvalues is also holomorphic at the
origin [11, Theorem 3.3]. Hence we have a decomposition of the determinant
into parts corresponding to the discrete and continuous spectrum. The scatter-
ing determinant is expressed very explicitly by Huxley [8] in terms of Dirichlet
L-functions L(s, x). Almost all the poles of the scattering determinant are de-
scribed by nontrivial zeros of L(s, x). The continuous part of the determinant
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can also be expressed by L(s, x), in which the arithmetic information of T’
appears, whereas the geometric information goes into the discrete part.

Another example of this type of the decomposition is in [10, §6], where I" is
some arithmetic subgroup of PSL(2, C) acting on the real three-dimensional
hyperbolic space.

In the general case, the decomposition of the determinant is unknown. We
need more information about the properties of the scattering determinant. The
background and the principle of the theory are described in [9].

2. THE THEOREM OF EFRAT
We start by reviewing the result of Efrat [5], for torsion-free I'. The Lapla-

cian ) R
2 0 1o}

A=y —t+t

ox ay

for the upper half plane H on Lz(l"\H) has both discrete and continuous spec-
trum. The latter is described by the scattering matrix ®(s), whose entries come
from the constant terms of the Eisenstein series. Let ¢(s) be the determinant
of ®(s). Then we list three types of sequences:

(1) Theset S, of s, € C such that 5,(1-s,) =4, , where 4, is the discrete

spectrum of A.

(2) The set S, of poles p,, = B, +i7,, of ¢(s) with B, < 1.

(3) The set S, ={n,,..., ny} of exceptional poles of ¢(s) in (3, 1].
The spectral zeta function {(w, s) is defined by

{w, )= (6(1-a)=s(1-s)7",
g€eS

where S =8, US, —§;. The determinant of the Laplacian is defined to be

det(A — s(1 — 5))% := exp (—% | ipeo S(w, s)) s

after proving the regularity of {(w, s) at w = 0. The Selberg zeta function of
a group I' (or of a Riemann surface I'\H ) is defined as

oo
z@s) =TI -NE)™™),
P n=0
where P runs through all the representatives of primitive hyperbolic conjugacy
classes of I', and N(P) := o’ if the eigenvalues of P are o and o (o] > 1).
The gamma-factor of Z(s) is the function from the identity term of the trace

formula:
Iy(s)'(2n)’
Z/(s)= (T
where I',(s) is the double gamma function of Barnes [1, 2]. Efrat’s theorem
gives the relation between the determinant of the Laplacian and the Selberg zeta
function.

b

) vol('\H)/2n
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Theorem 2.1. (Efrat [5]). When T is torsion free and cofinite, we have the
identity
A

det’ (A — s(1 — 5)) = $(s)Z(5)°Z,(s)’T (s + 1) "X (25 = 1)
x exp(B(2s — 1)* + C(2s — 1) + D),
where K is the number of inequivalent cusps and

vol(I'\H)
T 4n

20'(=1) - log \/E) + 2K log V271 — A log 2.

A=K —tr(D(1/2)), B=-

C = Klog2 D="—°m(
’ n

3. THE CONTRIBUTION OF ELLIPTIC ELEMENTS
We treat the case when I' may have elliptic elements. Also in this case
{(w, s) is regular at w = 0. We have the same definition of det(A—s(1-s)) as
that with T" torsionfree. The corresponding terms of the Selberg trace formula
have some effects on the gamma-factor of the Selberg zeta function. Their
contribution is computed by Fischer [6, Corollary 2.3.5] and the author [11,
(5.9)] by taking different test functions;

Z,(s) = HHr<s+l

Z':l_"x
R =0 )

b

where v, is the order of R and R runs through all the primitive elliptic
conjugacy classes. We can describe Efrat’s theorem in the case when I' may
contain elliptic conjugacy classes.

Theorem 3.1. When T is cofinite, we have the identity

det? _ 2 2 2 1\
et (A—s(1—5)=d()Z(s) Z,(s) Z(s)T | s+ 5)
x (25 — 1)*exp(B(2s —= 1)’ + C(2s - 1) + D),

where K, A, B, C are the same constants as in Theorem 2.1, and

vol(F \H)

D="""(20'(-1) — log V27) + 2K log V2m — 4 log 2

4n
-2 _3
+2<4 log 2 + 9 log3) ,
where n, and n, denote the number of the elliptic conjugacy classes of order 2
and 3, respectively.

Proof. According to the method of Sarnak [14, §2.2], it suffices to examine the

asymptotic behavior of logZ E(s)2 as § — oo. Now all the elliptic elements in
I' c PSL(2, Z) are of order 2 or 3. From Stirling’s formula, the behavior of
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log Z E(s)2 is shown to be
4 4
log Z(s)? = 2 (% + —gl> log 5 — 2 (%log 24 %mg 3) +o(1).

As the constant D is the sum of the constant term in this expansion, the con-
tribution of the elliptic factors is

4
2 (% log 2 + —-;’—3 log 3) . QED.

4. THE CONTRIBUTION OF THE CONTINUOUS SPECTRUM

We treat the case when I' is the image of one of the typical congruence
subgroups below in PSL(2, R):

Ty(N):= {(‘c’ b) €SL(2,Z); ¢ = 0(mod N)} :

d
rl(N):={<‘c‘ 3)EFO(N);aEd—31(modN)},
I,(N) :={(‘; Z)GFI(N); bEO(modN)}.

These groups have elliptic elements in general. In these cases the scattering
determinant is obtained by Huxley.

Theorem 4.1. (Huxley [8]). The scattering determinant for I';(N)(i =0, 1, 2)
is expressed by a product over even Dirichlet characters modulo N ;

S ((TA-9\* (F\'"P e L2-25,7)
(4.1) #(s) = (-1) ( 0] ) (n_K) 1;[ L(2s,x)

where K, := —tr ®(), which is equal to the number of x such that L(s, x)
has a poleas s=1.

In this theorem the conditions on y are described in [8], and the number of
x isequalto K. If x isin the product, so is ¥ . The number F is a positive
integer composed of prime factors of N . Put

L(s) := (Fa Xy T[T(s/2)Ls, 2).
X

Then our scattering determinant is expressed as
K-k (225
#5) = () EE2,

which leads us to the explicit form of the continuous part of the determinant of
the Laplacian. The set S, is the sequence of all the nontrivial zeros of L(2s, )
and §; = {1} with multiplicity K,. We define the spectral zeta function for
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each sequence by
=D (e(l-0)=s(l=5)7", (i=1,2,3).
gES;
We have the regularity of {,(w,s) at w =0 by the following theorem.

Theorem 4.2. The discrete part,
=Y (6(1-0)-s(1-5)7",

gES,
of the spectral zeta function has the analytic continuation to the whole w-plane
except at the pole at w = 1 of order 1 and the poles at w = % -n (n=
0,1,2,...) oforder 2.
Proof. As 0 and 1 — o give the same eigenvalue,

Lw,s)=2Y (4, -s(1-9)7",

n=0
whose analytic continuation is proved in [11, Theorem 3.3] based on the method
of Kurokawa [12, Theorem 3(1)]. Here we recall the proof briefly. We take the
test function h(r2 + 1) in the Selberg trace formula as

h (r2 + %) = exp (—t (r2 +i+s(s- 1))) ,
with s > 1, ¢ > 0. It suffices to have the analytic continuation of the Mellin
transformation of the term concerning discrete spectrum in the trace formula.
All we have to do is to examine all the other terms in the trace formula. The

contribution of the continuous spectrum and parabolic conjugacy classes is the
sum of the following three terms:

1 X K-k 1\?
CP (1) = (mlogzKF 7] )exp (——t(s——i) ) ,

A(n x(n) 1\?> (logn)’
CP,(t \/_ZZ exp( ( 5) —T),

X n=1

CPy(1) = 'EKE/_OO (W@ +in+ v+ m)exs (=t (7 + (s-)°)) dr,

where A(n) is the von Mangoldt function and y = I /T". The key point is the
treatment of CP;. Its Mellin transformation is

[ (P 6= 1) Retwi1 +20m) - og 2) ar,
0

up to gamma-factor. If we divide this integral into 05 ~12 and f 12 he
former is finite for all w € C. The latter is equal to

/Olyw-3/2(y+ )™ (Re (v/ (1 + 2s\/)—, )) tog 2) v
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up to constant, by r = (s — %) y'l/ 2. The Stirling-Binet formula [16, 12.3,
p. 252] shows that

N
Re(w(1+ir) =log r+ 3 :’T +Ry(r) (o, €R),

n=1

with |R,(r)| < M,,/er’Ll (r>14), where a, are constants expressd via
Bernoulli numbers. Moreover, we can apply the binomial expansion formula to

get
_ i —-w
e+ =% ()
k=0
where

<—’LU) _ { —w(—w—l)};~!~(—w—k+l) (k > 1)’
1 (k = 0).
Then the above integral [ j2 can be written as

i(—w>/1yw+k—3/2 _logy_{_f: % LR <2s—1> dy
=\ k) Jo 2 T zs-nr MU vy ’
where o :=log(2s — 1) . The remainder term is holomorphic in Re(w) > -N.
An elementary calculation shows that the integral is entire in the whole w-plane
except at double poles at w = % -k (k=0,1,2,...). Next we treat all the
other terms in the trace formula. Possible poles of the Mellin transormation
come from the behavior of each term as ¢ — 0, because h(r2 +1) is exponen-
tially small as ¢ — oo. The hyperbolic term and CP, do not make poles, for
they are exponentially small as ¢ — 0. We can expand other terms using the
expansion of the exponential function around the origin. Consequently, their
behavior as ¢t — 0 is expressed as

Z a,t" + ant"_ / (a,, b, €R).
n=0

n=—1

The Mellin transformation tells that it has simple poles at w =1, % , 0, —% ,
-1, —% , ... , among which the poles at nonpositive integers are those of the
gamma-factor. Q.E.D.

The result of Efrat and Theorem 4.2 show that we can define the discrete
and the continuous part of the determinant of the Laplacian separately. The
continuous part of the determinant of the Laplacian is defined by

deca=s1-9) = TGS

where P
det;(A —s(1 —s)) := exp (—% lweo Ci(w, S)) .

We deduce the following theorem.
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Theorem 4.3. For the present T', the continuous part of the determinant of the
Laplacian is expressed by
2
det (A-s(l—s))" =
with some constants d and d' .

Proof. The function (2s(2s— 1))K°L(2s) is entire and has the following expres-
sion as an infinite product;

(2s(2s — 1))°L(2s5) = pe T] (1 - i) e’
PES, p
with some constants p and «. Replacing s by 1 — s tells us that

(2 - 25)(1 = 28)YL(2 = 25) = 19 [ <1 _ ﬂ) e

pAHd'ss=1) 2K,
b

'L(25)L(2 - 25)(2s — 1)

PES, P
Now we have the identity
d 1 d
535145 log detz(A—s(l—s))
d 1 d 1y2Ko K,
=T53s—1ds log L(2s)L(2 —2s5)(2s — 1)""°(s(s — 1))°.

Indeed, a little calculation shows that both sides are equal to

2s —1
—Z (p—s)p—(1-5))7*

pes, (

On the other hand, it is easy to compute that

dety(A — s(1 - 5))" = (s(s — 1))".
Then the proof is accomplished. Q.E.D.
Proposition 4.4. The constants d and d' in Theorem 4.3 are

vol(T'\H) 42n a~
T+2K10g P +2\/Elog2KF+

-K
Oni+2niZ,

de - 3

and
d = vol(I'\H)
—

Proof. The discrete part det, is the same as the discrete part defined in [11],
in which we have the identity

det, (A —s(1 —s))L(2s) (s — %)—Qﬂ ec+c’s(s_1)
= Z0Z,()Z5()27 " (s - 1) r s+ H7F,

volI\H) (log2zx ... \\ (1, 4ny
€ o ( > 20 ( 1)) (4logZ+ 9 log 3

where

K
+K log\/_ +\/7?log27,t<—F +2miZ,
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and
+ vol(T'\H)
¢=—0
By comparing the coefficent of s(s — 1) and the constant term in the logarithm
of this and Theorem 2.1 into which we substitute the result of Theorem 4.3, we

get

.

vol(T'\H)
- b/

d -2 =
and
d-2ce - w (%+log\/ﬁ—2C'(—l)) + 2K log 2V2n

4 K-K
+2 (%log2+—%log 3) +——2-—Q7Ii+27tiz.

Hence we get the conclusion. Q.E.D.
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