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In the second section of this paper we define n-determinants and derive a relationship between
n-determinants and recurrence sequences. We apply the result on a particular kind of n-
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Abstract

We examine relationships between two minors of order n of some matrices of n
rows and n + r columns. This is done through a class of determinants, here called
n-determinants, the investigation of which is our objective.

As a consequence of our main result we obtain a generalization of theorem of the
product of two determinants.

We show the upper Hessenberg determinants, with —1 on the subdiagonal, belong
to our class. Using such determinants allow us to represent terms of various recurrence
sequences in the form of determinants. We illustrate this with several examples. In
particular, we state a few determinants, each of which equals a Fibonacci number.

Also, several relationships among terms of sequences defined by the same recurrence
equation are derived.

Introduction

determinants to obtain an extension of the theorem of the product of two determinants.

In Section 3 we consider 1-determinants, which appear to be the upper Hessenberg deter-
minants. Some important mathematical objects may be represented as 1-determinants. This
is found to be the case for the Catalan numbers, the Bell numbers, the Fibonacci numbers,
the Fibonacci polynomials, the generalized Fibonacci numbers, the Tchebychev polynomi-
als of both kinds, the continuants, the derangements, the factorials and the terms of any
homogenous linear recurrence equation. We also find several 1-determinants, each of which

equals a Fibonacci number.
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The case n = 2 is examined in Section 4. We show that, in a particular case, 2-
determinants produce relationships between two sequences given by the same recurrence
equation, with possibly different initial conditions. In this sense, we prove a formula for the
Fibonacci polynomials from which several well-known formulas follow. For example, this is
the case with the Ocagne’s formula and the index reduction formula. Analogous formulas
for the Tchebychev polynomials are then stated. Also, we derive a result for the continu-
ants, generalizing the fundamental theorem of convergents. Another result generalizes the
standard recurrence equation for the derangements.

In Section 5, we consider 3-determinants which connect terms of three sequences given
by the same recurrence equation.

The obtained results are concerned with several sequences from [5].

2 n-determinants

In this section we define n-determinants and give its relationships with recurrence sequences.
We also consider a particular class of n-determinants which leads to a generalization of the
theorem of the product of determinants. Note that entries of the considered matrices may
belong to arbitrary commutative ring.

Let n and r be positive integers. We consider the following n +r — 1 by r matrix

P11 P12 Pir— Pir
P21 P22 - P2r—1 P2.r
pn,l pn,2 te pn,T—l pn,r
P = —1 Pny12 - Prn+i1r—1 Pn+1,r . (1)
0 -1 Tt pn+2,r—1 Prn+2r
0 0 o Pndr—2r-1 Pndr—27
0 0 e -1 Prtr—1,r

Note that entries (n+4,4), (i =1,...,7r — 1) in P equal —1.
Definition 1. If @ is a submatrix of order r of P, we say that det () is an n-determinant.

We connect matrix (1) with a recursively given sequence of vector-columns in the following

way: Let A be a square matrix of order n. We define a block matrix A, = [A|A, 1] |Antr]
of n rows and n +r columns (where A, ;, (j =1,2,...,7) are vector -columns) as follows:
n+j—1

n—i—] Z pz,] iy j - 1 2 ) (2)

We shall establish a relationship of n-determinants and minors of order n of A,.
For a sequence 1 <1 < jJo < -+ < j. < n+r of positive integers, we let M =
M(]l,jg, e ,jr) denote the minor of A, of order n, obtained by deleting columns ji, ja, ..., J,



of A,. We shall also write M(]AI, e ,jA,«, Ai, Ay, Ay) if we want to stress that M contains
1,19, ...,1; columns of A,.

Note that the last column of A, cannot be deleted.

The sign (M) of M is defined as

U(M) = (—1)”T+j1+j2+...+jT+w.

We let @ = Q(J1, ..., Jr) denote the submatrix of order r, laying in ji, jo, ..., j, rows of P.
Hence, det () is an n-determinant.
We now prove the following result.

Theorem 2. Let 1 < j; < --- < j. <r+mn be a sequence of positive integers. Then,
M1, ..., 5,) =o(M)-detQ - det A. (3)

Proof. The proof is by induction on r. For r = 1, we have 1 < j; < n, since the case j; > r
makes no sense. It follows that M = M(j;). Taking ¢ = 1 in (2), we obtain

n
An+1 - Z pm,lAm'
m=1

Hence, we obtain M (jAl) as a sum of n terms. It is clear that this sum reduces to a single
term, in which m = j;. We conclude that

M(j:) - pj1,1M<j;7 Ajl)v

where M(j1, A;,) denotes the minor of order n of A,, in which the jith column is shifted
at the nth place. In M (jAl, A;,), we interchange the last column with the preceding one and
repeat this until the j;th column takes the j;th place. For this, we need n — j; interchanges.
It follows that R

M(51) = (=1)"'pj, 1 - det A.

On the other hand, we obviously have det Q = pj, 1, and o(M) = (—1)""1, which proves the
theorem, for r = 1.

Assume that the theorem is true for 1 < k < r. The last column of the minor M ( J1een j;)
is column n + r of A,. The condition (2) implies

n4r—1

M(jla S 7jr> - Z pm,rM(jla s ajv"aAm)'
m=1

Note that the column A,, is the last column in each minor on the right-hand side of the
preceding equation. Hence, in the sum on the right-hand side only terms obtained for
Jm € {J1,---,Jr} remain. They are of the form:

S(t) :pjt,TM(jla"-7jt7~--j7‘>Ajt>7 (t = 1,2,...,7’),

that is,

-~

S(t) = (1" Iy MG A )

3



Applying the induction hypothesis yields

S(t) = (=) (M Gy, o Ay 5o Pjer Qs -3 Jtr -5 Gir) - et A

By a simple calculation, we obtain

~

()" g (M (Gr, .. Ay, - ge)) = (=1) o (M),
hence, R
S(t) = o (M)(=1)™'QUjt, -, Jor- - -+ i) - et A.
Summing over all ¢ gives

r

> 8(t) =o(M) [Z(_1>T+tpjt,rq;<j1, i Jtse o) | - det A

t=1

The expression in the square brackets is the expansion of det () by elements of the last
column, and the theorem is proved. O]

We now investigate a particular class of n-determinants, arising from an n +r — 1 by r
block-matrix P of the form

S
-3 @)
where
P11 P12 - DPir—1 DPir 10 ... 0 0
g p2',1 p?,2 ce pz,'r—1 p2',r T :
' ' ' ' 0 O -1 0
Pn1 Pn2 *°° DPnr—1 DPnr

Proposition 3. Fach n-determinant of the matriz (4) equals, up to the sign, a minor of S.

Proof. We obtain an n-determinant by deleting n — 1 rows of P. It follows that each n-
determinant must contain at least one row of S. Let 1 < j; < jo < -+ < Ji < < Jpa1 <
-+ < jp<n-+r, (k>1) be arbitrary, and consider the submatrix @ laying in ji, jo, ..., jr
rows of P. It has the following form
o=(2).
Q@2

where ()1 lies in rows j1, Jo, ..., Jr of S, and Q5 lies in rows jyo1 —n, ..., 5, —nof T. It k=1,
then Q = ()1, therefore det () is a minor of S.

Thus, we may assume that k& < r. We calculate det () by expansion across the rows of
()>. The matrix ()5 has a unique nonzero minor D of order r — k, which liesin k+1,...,r
rows of . Its value obviously equals (—1)"~*. The sum of the indices of rows of @, in which
D lies, is
(r—Fk)(r+k+1)

(k+1)4+(k+2)+---+r= 5




The sum of indices of columns in which D lies equals
Geor =)+ 4 G = 1) = a4+ o = (0 = B)n

We thus obtain that
det Q = (—1)" det Qu4,

where 7 = w + Jre1+ -+ Jr, and det Q4 is the complement minor of D, laying
in columns different from jjyq, ..., j,. Clearly, det ()4 is a minor of S, and the proposition is
true. [

As a consequence of Theorem (3) we obtain

Proposition 4. Let A be arbitrary matriz of order n, let B be arbitrary n by r matrix.
Consider the block matrixz A, = [ALAB]. Let 1 <ji <jo<- <jr <n<jpp < - <jr<
n+r, (k>1) be arbitrary. If M(j1,...,j.) has the same meaning as before, then

(—1)°M = det A - det Qy4, (5)
where o = 1“2_2# + 71+ Jo + -+ gk, and the submatriz Q4 lies in j1, ja, ..., jr TOWS, and
in columns different from jri1, jxr2,---,Jr of B.

Proof. Tt is easy to see that the matrix A,, corresponding to the matrix (4), has the form
= [A|AB].

After a simple calculation we obtain o = %ﬂ + 71+ 72+ - + Jk, and the assertion
follows from the preceding proposition. O]

Remark 5. Note that equation (5) is a generalization of the theorem of the product of two
determinants.

Namely, in the case r =n =k, and j; =4, (i =1,2,...,n), we have det Q = det B, M =
det AB, and (M) = 1, so that equation (5) becomes

det(AB) = det A - det B.

3 1-determinants

In this case, A is a matrix of order 1, that is, a single element. We also have =172 =
2,...,79, = r, hence, the minor M(]l,jg,...,jr) must be of the form: M(1,2,...,7). We
easily obtain that (M) = 1. The matrix P is as follows:

P11 P12 P13 P1r—1 Piyr
=1 pao po3z - P2r—1 P2
0 —1 p3s3s -+ Dp3r—1 D3
P = ) . . ) ) (6)
0 0 0 v Pr—1r—1 Pr—1r
0 0 o --- —1 Drr

We see that () = P. Therefore, each 1-determinant is an upper Hessenberg determinant.
Applying Theorem 2, we obtain the following result.

5



Proposition 6. Let ai,as,... be a sequence such that

,
A14r = E DirQ;.
i=1

Then,

ary1 = ap det P.

This result is known. For instance, it follows from Theorem 4.20,[1].

Remark 7. In the paper [3], we found a combinatorial interpretation for the coefficients of

the characteristic polynomials of some 1-determinants.

We give a number of examples for sequences given by the formula (7). Some of them are
well-known. In all examples, we take a; = 1.

1° Catalan numbers (A000108). We let ), denote the nth Catalan number. If we take
pij = Cj_;, then equation (7) becomes

.
A14r = § Or—iai'
=1

The Segner’s recurrence formula for Catalan numbers implies that a,.; = C,.. Hence,
a way to write the Segner’s formula in terms of determinants is

Co C1 Oy

-1 Cy 4
0 -1 Cy
0O 0 0
0O 0 0

Cr—2 Cr—l

Or73 Crfl

CT—4 Cr—3
Co Oy
-1 Gy

2° Bell numbers (A000110). If one takes p;; = ({7}) in (6), then (7) becomes the

i—1

recursion for the Bell numbers. Thus, a determinantal expression for the Bell number

B, is

The order of the determinant equals 7.

o) (70)
() ()
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Eigensequences for Stirling numbers (A003659). If {Z} is the Stirling number
of the second kind, and p; ; = {J_] } in (6), then (7) becomes the recursion for the so-
called eigensequence (FE4, Es, . ..) of the Stirling number of the second kind. Therefore,

I I D ST e B Ly
O A L R
P R R R A R
00 e () {7

-1 {7

Note that analogous identity holds for the unsigned Stirling numbers of the first kind
(A143805).

Factorials (A000142). Let k be a positive integer. Consider the following 1-determi-
nant D of order r > 1:

1 1 1 1 1 1

-1 k k k k k

0O -1 k+1 k+1 --- kE+1 k+1
D=0 0 -1 k+2 - k+ 2 k+ 2

0 O 0 e =1 k+r—-3 k4+r—-3

0 0 0 0 -1 kE+r—2

In this case, the formula (7) becomes

a1 =14 (k+i—2)a;

=2
Subtracting the equation

r4+1

Apyo = 1+Z(k+@-2)&l

=2
from the preceding easily yields
Qpq2 = (k + T)ar+17

which is the recursion for the falling factorials. Hence,

(k+r—1)!

D= k!
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5° Derangements (A000166). We let D, denote the number of derangements of r. The
recurrence equation for the derangements is

D2 = 1,D3 = 27 DT = (7’ — 1)(D7«_2 + Dr—l); (T Z 4)

Hence,
1 1 0 0 0 0
-1 1 2 0 0 0
o -1 2 3 0 0
D,y = 0o o0 -1 3 0 0
0 0 o -~ 0 r—1r
o o0 o0 --- 0 -1 r

6° Fibonacci polynomials. In this case, we consider the recurrence equation
ay = 1,a3 = 2, apy1 = ap_1 + vag, (k? > 2)

for Fibonacci polynomials. Hence, for Fibonacci polynomial F,;(z) we have

T 1 0 --- 0 O
-1 z 1 -+ 0 0
0O -1 « --- 0 O
Fria(z) = : S S
0 o o0 --- =z 1
0 o 0 - -1 x

The order of the determinant equals r. Taking x = 1,, in particular, we obtain the
well-known determinantal expression for Fibonacci numbers.

7° Tchebychev polynomials of the first kind. The recurrence relation for the Tcheby-
chev polynomials of the first kind is

To(z) =1, Ti(x) =z, Tp(x) = —Tp_o(x) + 22T, 1 (x), (k> 2).

Theorem 6 now implies the following equation:

x —1 0 -~ 0 0
-1 22 -1 --- 0 0
0O —1 2« --- 0 0
o o 0 - 2¢ -1
o o o0 - -1 2z

The order of the determinant is . A similar formula holds for Tchebychev polynomials

U,(z) of the second kind.
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8° Hermite polynomials. For the Hermite polynomials H,(x), we have the following
recurrence equation:

Ho(z) =1, Hi(x) =2z, H,\1(z) = =2rH, 1(x) + 2zH,.(z), (r > 2).

Applying Theorem 6, we obtain the following expression:

2¢ =2 0 --- 0 0
-1 2z —4 --- 0 0
0O -1 22 --- O 0
o 0 0 - 2z —=2(r—1)
o o0 0 - -1 2z

9° Continuants. Take in (7) prr = Pk, Prk—14 = 1, and p; ; = 0 otherwise. We obtain
the recursion:

ay = 1,p1, Gryp = ap—1 + prax, (k=2,...).

The terms of this sequence are the continuants, and are denoted by (p1, ps, ..., p,). We
thus obtain the following well-known formula:

p 10 0 0
0O 0 0 -+ p—1 1
o 0 0 -+ =1 p,
10° Linear homogenous recurrence equation. Let by,09,...,0; be given elements.
Consider the sequence 1, as, as, ... defined as follows:

r
ag = bl, vy Qg1 = bk, Ary1 = E DirQi, (T’ > ]{?)
i=r—k+1

We thus have a linear homogenous recurrence equation of order k. From Theorem 2

follows
-1 0 - 0 prg 0 0
O —1 0 pk:+]_72 pk_+2’2 R . O
Ar41 = 0 0 - 0 Dr+1gk—1 Pry2k—1 -+ - 0
0 0 - =1 Pryrg D N |
. . ) _ _ .
o ... 0
o - 0 v =1 pry




11° Generalized Fibonacci numbers. Taking in the preceding formula that each p; ;
equals 1, we obtain k-step Fibonacci numbers dependent on the initial conditions. The
standard k-step Fibonacci numbers FT(L]_?,f are obtained for b; = by = -+ = by =
0, b = 1. We thus have

1 1 10 - 0 0 O
-1 1 11 0 0 0
) 0 -1 11 0 0 0
r+k . ’
o o0 --- 00
0 O 00 -1 1

where the size of the determinant is r + k.

12° Fibonacci numbers (A000045) Consider the sequence given by

r—2

CL1:1, CL2:1, CLT:ZCM, (T>2>.

i=1

This, in fact, is a recursion for the Fibonacci numbers. To show this, we first replace
r by r 4+ 1 to obtain

r—1

Ary1 = E a;.

i=1

Subtracting two last equations yields
Ary1 = Qp + Qp_1,

which is the standard recursion for the Fibonacci numbers.

Proposition 6 implies

1 1 1 1 1

-1 0 1 1 1

0 -1 1 1 1
Fr,1 — .

0 0 0 - 0 1

0 0 0 -1 0

The order of the determinant equals 7.

13° Fibonacci numbers. We define a matrix @, = (g;;) of order r as follows:

—1, iti=j+1;
gij=1<1+7+1 mod?2, ifi<y;
0, otherwise.

10
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We find the recursion which, as in Proposition 6, produces this matrix. Obviously,
a1 =1, a,=1, a3 =1, a4y = 2, and

Qor = Q1 + + - + A2p_1.
Also,

Qor4o = A1+ + + A2p—1 + A2y 1.

Subtracting two last equation yields as, o = ag9,11 + ao,. Similarly, as,11 = ag, + ag,_1.
The recursion for the Fibonacci numbers is thus obtained. It follows that F,_; =
det Q,, (r>1).

14° Fibonacci numbers with odd indices (A001519). Define a matrix @, = (g¢;;) of
order 7 as follows:

-1, ifi=754+1,
)2, if i = j,
WYL i<y,
0, otherwise.

In this case, we have the recursion a1 = 1, as = 2, a3 =5, a,41 = 2::_11 +2a,., (r>2).
From this, we easily obtain the recursion

Ary2 = 3a7‘+1 — Qp.

The identity 7, proved in [2], shows that we have a recursion for the Fibonacci numbers
with odd indices. It follows that Fy..q = det Q,.

Note that we described in [3] a connection of this determinant with a particular kind
of composition of natural numbers.

15° Fibonacci numbers with even indices (A001906 ). For the matrix

1 2 3 -~ r—=1 r

-1 1 2 - r=2 r—-1

o -1 1 -+ r—3 r—2
@=L

0O 0 0 --- 1 2

o o 0 -+ -1 1

the corresponding recursion has the form:

T

ay =1, a3 =3, a1y, = Z(r —i+ Da;, (r>2).

i=1

Also,
r+1 r+1
Aoy = Z(r —i+ 1Da; + Z a;.
i=1 i=1

11
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Subtracting this equation from the preceding one, we obtain

r—+1

A2yy — Alyy = E ;.

i=1

In the same, way we obtain
r+2

34y — Q24 = E Q;.

=1

Again, we subtract this equation from the preceding one to obtain

A34y = 3a2+r — Q14p-

This is a recursion for Fibonacci numbers, by Identity 7 in [2]. Taking into count the
initial conditions, we have det Q), = F5,.
4 2-determinants

In this section we consider the case n = 2. We first investigate the case that p;, ; = 0, (j > 7).
Then, P has at most three nonzero diagonals, and may be written in the form:

by 0 O 0 0
Co b2 0 0 0
—1 C3 bg 0 0
0 0 : - ¢ b
0 0 & o —1 ¢

The corresponding 2-determinant det () is a lower triangular block determinant of the form:

Qu| 0
Q12 | Qa2
Here, ()1 is a lower triangular determinant lying in the first k rows and the first k£ columns
of ). It follows that Q11 = by - - - by. The order of Qoo is 7 — k and it is of the same form as

the determinant of the matrix P in (6).
As a consequence of Theorem 2, we obtain

. (10)

Proposition 8. Let (by,bs,...), (¢, ¢3,...) be any two sequences. Let

@, ey, .. ) (i=1,2)
be two sequences defined by the same recurrence equation of the second order:
al) = b,_yal”, + cr_lagll, (r>2), (i=1,2).

T

12



Then,

where

(1) (1)
g1 Qryo
(2) (2)
A1 Qry2

ORI

_ (_1)kb1 R bk . dr_k+1 ’ (12) (2)
al a/2

?

dy =1, dy = Cry2, di = bpyim1di—o + Cppidi—1, (1 > 2)..

We illustrate the preceding proposition with some examples.

10

20

Fibonacci polynomials. Take xgl) = F,(z), :L‘;l) = Fui(x), x&z) = F,(x), xéz) =
Fv+1(l‘), bz = 1, Cit1 = I, (Z = 1,2, o )

Note that, in this case, the 2-determinant equals the Fibonacci polynomial F,_x(z).
From Proposition 8, we obtain the following identity:

Fu—&-k(x) Fu-&-r(x)
Fv-‘rk(x) Fv-‘rr(‘r)

Several well-known formulas may be obtained from this.

= (-DFFE,_p(2) - . (11)

Taking u = 1,v = 0 yields
Fii(2)Fy(2) — Fi(x) B (@) = (1) Fog(@),

which is the Ocagne’s identity for the Fibonacci polynomials. Applying this identity
on the right-hand side of (11), we obtain

Fu+m<x) Fqur(x)

Fopm  Fopr(z) = (1) HE L (2) Fyu(2).

We now may easily derive the index-reduction formula for the Fibonacci polynomials.
Namely, replacing m by m — ¢ and r by r — ¢, we get

Fu+k—t($) Fu+r—t($)
Fv+k—t($> Fv+r—t($)

Comparing the last two equations produces

Fu—l—k—t(x) Fu—l—r—t(«r)
Fv+k—t($) Fv+r—t($)

which is the index reduction formula.

= (=D R (2)Fy_y ().

Fu—&-k(x) FU-H"(x)

- (_1)t Ffu-‘rk(l‘) v+r(x) ’

Note that such a formula for the Fibonacci numbers is proved in [4].

Fibonacci and Lucas polynomials. The Lucas polynomials L, (z) satisfy the same
recurrence relation as do the Fibonacci polynomials with different initial conditions. In
this case, also, the 1-determinant equals a Fibonacci polynomial. We state two equa-
tions, one for mixed Lucas and Fibonacci polynomials, another for Lucas polynomials:

Furn(®) Fuir(@) Fu(z) Fun(x)

Loiilw) Do) ~ VB @ [0 1)

Y

13
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and

Lusi(z) Lyir(x) 1\ z) - Lu(z) Lya(z)
rns | RSSO N s et

Tchebychev polynomials. Tchebychev polynomials of the first and second kind also
satisfy the same recursion with different initial conditions. Here, the 1-determinant
equals a Tchebychev polynomial of the second kind. We state the following three
identities, which are a consequence of Proposition 8.

Uu—i—k (ZL’) Uu+r (x) _ (27) Uu ((L’) Uu+1 (ZE)
Upk(2)  Uppr(z) T Up(x) Upyr(z)|’
Tusr(r) Tuyr(z) _ (z) Tu(z) Tuyi()
Toru(z) Topr(z) et Ty(x) Tppr(w)|’
Uu+k ('T) Uu—i—r (x) _ (17) Uu (LL’) Uu+1 ('T>
Torn(@) Torr(2) e To(x) Toa(z)

Continued fractions. Up until now, the division was not used. We might therefore
assume that the elements of the concerned sequences belong to any commutative ring
with 1. In this part, we suppose that they are positive real numbers. Let A, be the
identity matrix of order 2, and let (cq,co,...) be an arbitrary sequence of positive real
numbers. Form the matrix A, by the following rule:

Agip = A + A, (K=1,2,...,7).

It is easy to see that A, has the form:

10 1
AT_<O 1 C1

Ca
(Ch 02)

<C27 C3y ... 7CT)

(017027037 ... 707”)) ’

where (¢, 1, - - -, ¢p) are the continuants. The 1-determinant equals the continuant
o).

The fundamental recurrence relation for the continued fractions gives an expression for
the difference between two consecutive convergents. Equation 8 allows us to derive a
formula for the difference between two arbitrary convergents. The following formula

holds:

(Cht2, Chss, - - -

(C27C37"'Jck> (027037"'707“) o k+1
(017027037"'7ck) (617027637"‘7CT’) B ( 1) <Ck+2’6k+3"‘.’cr)’
or, equivalently,
(017027637"‘707“) B (017027037“'70k) _ _1 k+1 (Ck+27ck+37"'7c7")
(c2,¢35...,¢p) (cayc3y. 0 ych) (c2,¢3,. . ¢)  (ca,c3,...,¢)]

with the convention that for r = k + 1 the expression (cxi2, Crys, .., ¢r) equals 1.

If » < k+ 1, then the proof follows from Proposition 8. If r = k + 1, then we take
(Cky2,Clysy- -+, Cm) = 1, as then there is no matrix (2. Hence, our formula becomes
the continued fraction fundamental recurrence relation.

14
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5° Derangements. Take A = (1 1

) . Let the matrix A, be formed by the recursion

A2+7‘ - T(Al—i-'r + Ar)7 (T > ]-)

It is obvious that the rth element of the first row of A, equals D,_;. Also, the rth term
of the second row of A, equals (r — 1)!. It follows that

D, D,
Kool

M(k:+1,r+1):‘

We thus obtain the following identity:

k+1 k+2 0 0 0

1 k+2 k+3 0 0

0 -1 k+3 0 0

‘l;z'k 1:( — (—1)*k!| O 0o -1 0 0
0 0 0 eeor—1 7

0 0 0 - -1 7

In particular, for 7 = k + 1, we have the standard recursion Dy, = kDj + (—1)* for
the derangements.

The preceding identities are derived from homogenous recurrence equations of order two.
We shall now consider the case of a recurrence equation of order three.

Theorem 9. Let r be a positive integer, and let (a;), (biv1), (civ2), (i =1,2,...) be arbitrary
sequences. Let A be a matriz of order 2, and let the matriz A, be defined as follows:

Ag = blAl + CQAQ, A3+j = a]A] + ijrlAjJrl + Cj+2Aj+2, (1 < j <7r-— 2)

Then, the corresponding 2-determinant Q) is determined by two homogenous recurrence equa-
tions of order 3.

Proof. In this case the matrix P has the following form:

bl aq 0 0 0 0
Co b2 a9 0 0 0
-1 C3 bg 0 0 0
0 —1 ¢ 0 0 0
P=1 . . . :
0 0 o - Cr—1 br—l Qr—1
0 0 0 - =1 ¢ b
0 0 0 -+ 0 —1 ¢y
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The 2-determinant det () is obtained from P by deleting the (k + 1)th row of P, where
(0 < k < 7). We let D(iy,...,7;) denote the minor of P, the main diagonal of which is
(11,19, ...,1). Hence,

detQ = D(bl, c. ,bk, Cki2,y .- - 7Cr+1>-

In the expansion of det () across the first k rows all terms are zero, except eventually two.
Hence,

det Q = D(by,....b) D(Chiz, -, cren) + arD(brs . by DlChsn, o).

Furthermore, we have

b a bl aq 0
D(bl) - bl’ D<b1a b2) - C; b21 ’ D(b17 b27b3) =1|C2 b2 Az .
—1 C3 bg

Assume k > 3. Expanding D(by, ..., bx) by the elements of the last column, we obtain
D(bl, . ,bk) = ka<bl, c. 7bk_1) - ak_lckD(bl, c. ,bk_g) - ak_lak_gD(bl, ey bk_g). (12)
Also,

¢ b
D(ckt2) = crr2, D(Cri2, Chis) = k+12 e )
- Ck+3
and
Chy2 bry2 Grio
D(ckt2, Crrashva) = | =1 crrs bies|.
0 =1 Cpya
If k£ > 3, then by expanding D(ck42, ..., ¢-+1) along the first column, we obtain
D(cry2,- -5 Crp1)
= Cpy3D(Cryss - Crp1) + brr2D(Chya, -5 Crp1) (13)
+ appoD(Chys, -5 Crp1).

It follows that the 2-determinant det () is uniquely determined by the recurrence equations
(12) and (13). O

We illustrate the preceding considerations with two particular cases. We first assume
that all a’s, b’s, and ¢’s equal 1. Then,

D(bl) - 17 D<blab2) = O? D(b17b2763> = _27
and, for s > 3,
D(b1,bs, ... bs) = D(br, ... ,bor) — D(by, - bs_3) — D(by, .- bs_s).

This recursion designates the so-called reflected Tribonacci numbers (A057597). We
denote these numbers by RT; (i = 1,2,...). Also,

D(ci) =1, D(ci,¢2) =2, D(ci,c0,c3) =4,
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and, for s > 3,
D(ci,co,...,¢5) = D(cy, ... cs21) + D(cry .. cso2) + D(cyy ..., Cs—3).
Hence, if we denote by T;, i = 0,1,2,... the Tribonacci numbers (A000073) we have
D(ci,co,...,0) =Tsyo, (s=1,2,...).

Hence, our 2-determinant () consists of Tribonacci and reflected Tribonacci numbers. On the
other hand, if A is the identity matrix of order 2, then the first row of A, consists of the above
Tribonacci numbers. The second rows consists of Tribonacci numbers 7, (1=0,1,...) with
the initial conditions given by 7(0) = 1, T(1) = 0, T(2) = 1, (A001590). As a consequence
of Theorem 2, we have

Corollary 10. Let k < r be nonnegative integers. The following identity holds

Thy1 Trgo

Tk+1 Tr+2

RTy,y —RIT}

= (—1)
( Tr—k Tr—k—l

Assume now that the b’s are all equal zero and the a’s and the ¢’s are all equal 1. Then the

recursion (12) gives the sequence x1, s, ..., such that z,, = A077962(n). Also, the recursion
(13) produces the sequence yi,ys, . .., such that y, = A000930(n).
Next, the rows of A, form sequences a@, agl), ... (1 =1,2) such that, for n > 4 we have

at?) = A000930(n — 4), @i = A000930(n — 2). We thus obtain
Corollary 11. For integers 3 < k < r we have

Tr—1 — Tk
Yr—k  Yr—k—1

Yk—3 Yr—2

= (-1
Yk—1 Yr ( )

5 3-determinants

In this section, the order of the matrix A is 3. We investigate in detail the particular case
when p; ; = 0, (j > 7). Then, the matrix P is of order (r + 2) X r, may have at most four
nonzero diagonals, and has the form:

ag 0 O 0 0 0
bQ Q9 0 0 0 0
C3 b3 as 0 0 0
—1 ¢4 by 0 0 0
P=10 =1 c5 0 0 0
o o0 0 - ¢ b a,

0 0 0 - =1 ¢ br+1

0 0 0 -+ 0 =1 cus

17


http://oeis.org/A000073
http://oeis.org/A001590
http://oeis.org/A077962
http://oeis.org/A000930
http://oeis.org/A000930
http://oeis.org/A000930

The corresponding 3-determinant det () is obtained by deleting rows £+ 1 and m + 1 of P,
where (0 < k < m < r+1). The matrix @ is a lower triangular block matrix of the form
(10), with det Q11 = aq - ag - - - ax. The order of the matrix Qg is 7 — k.

We denote det Qa2 = Dg(s, ), where s = m — k. Note that s > 1. For the columns of A,
we have the following recursion:

Asyi = a;A; + b1 Ay + CipoAiga, (02> 1). (14)

It follows that the sequences in the rows of A, satisfy recurrence equations of order 3, with
the initial conditions given by the rows of A. The set {ji,...,J,} equals {1,2,... k k +
2,...,mym+2,...,r+2}. A simple calculation shows that o(M) = (—1)™***1 As a con-
sequence of Theorem 2, we have

Proposition 12. Let A be any matriz of order 3, let (a;), (bit1), (civ2), (1 =1,2,...) be any
sequences. Then,

Mk+1,m+1,r+2)=(=1)""*1g ...q detQ - det A.
We next prove the following Proposition 12.
Proposition 13. The determinant det Qoo is determined with three recurrence relations.

Proof. The matrix (22 has at most five nonzero diagonals. Assume that s > 3. 1) The main
diagonal of Qo5 is

—_—
bk.ﬁ,.?, . e 7bk2+87 k + S + 1, Ck+5+27 o .. 7C7’+27

where there are s — 1 of b'sand r+1 —k — s of a’s
2) The first superdiagonal is

—_—
Ak42y -+ -, Ak tg, k + s+ 1,bk+s+2 e ;br+17

where there are s — 1 of a’sand r — k — s of b’s.
3) The first subdiagonal is

Ck+37"'7ck+sak+/8\—|—17_17"'7_17

where there are s —2 of ¢’sand r+1—k — s of —1’s.
4) The second superdiagonal is

O,...,O,k‘—‘—/s\—‘—1,ak+5+2,...,ar,

where there are s — 1 of O’'sand r — k — s —1 of a’s.
5) The second subdiagonal is

1, —1,k+ts+1,0,...,0,

where there are s =3 of —1'sandr+1—k — s of 0’s.
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Case s = 1. We begin with

Cr+3 bk+3

Di(1,k) = 1, Dp(L k +1) = crpa, Di(Lk+2) = [ Chra

For t > 2, expanding Dy (1, k+t) by elements from the last row yields the following recursion:

Di(1,k+1)
= Chptr2Dp(Lk+t — 1) + bppe1 Di(1, k + 1 — 2) (15)
+ ap e Di(1,k+t — 3).
Case s = 2. We have

bita  Qpio

)
-1 crya

Dy(2,k + 1) = byyo, Dp(2,k+2) =

bpr2 apy2 O
Dk(2, k + 3) = -1 Ckt4 bk+4 .
0 =1 ckys

For t > 4, we calculate Dy (2, k +t) by the recursion (15).
Case s = 3. We now have Dy(3,k + 2) = byo,

b2 agy2 0

Dy(3,k +3) = el , Dip(3,k +4) = |cres brys  args|,
Chy3  brys R
btz apy2 0 0
_ |%+3 beys ares O
Di(3,k+5) = 0 —1 cres bpes|
0 0 —1 g

For t > 5, we calculate Dy (3, k + t) again by the recursion (15).
Case s > 4. The minors Dy (s, k+s—1),..., Dx(s, k+2s—1) may be obtained as follows:

bk+2 Ap42

Di(s,k + 5 —1) = bpya, Di(s, k+5) = Crt3  br+s

)

bpy2 ary2 0O
Dy(s,k+s+4+1) = |crs3 brgys ainys|.
=1 Crys brya

When 1 <t < s—1, we have the following recursion:

Dk<87 k+ s+ t)
= bt+k+2Dk(8, k +s+t— 1) — at+k+1ct+k+2Dk(s, k +s+t— 2) (16)
— at+k+1at+ka(S, k + S + t— 3)
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Next, we have

Dy(s, k4 2s) = csrproDi(s,k+2s — 1) + as 1 Dr(s, k + 2s — 2).

If s <r —k, then

Di(s,k+2s+1) = corpr3Di(s,k +25) + by proDi(s, k +2s — 1).

If s+ 1 <r—k, then for t, where s + 1 <t < r — k, we have the recursion (15).
The recursion with respect to k is backward. The minimal value that r can take is r = k.

Then,

Di(1,k) =1, Dy(2,k + 1) = Dy(3, k + 2) = byya.

Assume that s > 3. Expanding Dy (s, r) by elements of the first row, we obtain the following
recursion:

Dy(s,7) = bgsoDyy1(s — 1,7 — 1)
— Qpy2Cri3Dpia(s — 2,7 —2) . (17)

— Q204305 13(s — 3,7 — 3)

We have thus proved that det @ is uniquely determined by the formulas (15), (16), and

(17).

]

We state some particular cases.

10

20

30

All a’s equal 0. It follows from (12) that all minors M (k + 1, m + 1,7 + 3) are zeros,
except the case k = 0, when we have the same situation as in the preceding section.

All b’s equal 0, and all a’s and ¢’s equal 1. The formula (14) has the form:

Agpi = A+ Aigo, (i 2 1).

If A is the identity matrix, then the rows of A, make the so-called middle sequence
(A000930). For a fixed k the first three rows of the array det ()92 are obtained by the
recursion (15), hence they are also formed from the numbers of the middle sequence.
If s > 3, then the first s — 1 elements in row s are obtained by the recursion (16). The
remaining terms are again obtained from (15). Therefore, Proposition (12) gives an
identity for the numbers of the middle sequence.

All ¢’s equal 0, and all a’s and b’s equal 1. In this case, we have
Asyi=Ai+ A, (121),

which is the recursion for the Padovan sequence (A000931). From Proposition 12, we
obtain an assertion for the Padovan numbers.
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4° All a’s, b’s and ¢’s equal 1. The rows of A, are made of Tribonacci numbers, with
the initial conditions given by the rows of A. Proposition 12 produces an identity for
Tribonacci numbers.

Assume that A is the identity matrix of order 3. Let T3, 4, +,(n), (n =1,2,...) denote
Tribonacci numbers with initial conditions T}, 4, 1,(1) = t1, T3, 1045 (2) = t2, T}, 144(3) =
ts.

We then have
Proposition 14. Let 0 < k < m < r + 2 be integers. Then,

Tioo(k) Tioo(m) Tioo(r+2)
Toao(k) Toao(m) Toro(r+2)| = (=1)""*Dy(m —k,r).
Too1(k) Tooa(m) Thoa(r+2)

Note that the nature of numbers Dy(m — k,r) depends on values of k,m — k and r.
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