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SUMMARY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAprocedure  for   the  determinat ion  of   a i rp lane model s t r u c t u r e  from f l i g h t   d a t a  

i s  presented. The model is based on a polynomial   spl ine  representat ion  of   the  aero- 
dynamic coef f ic ients ,   and  the  procedure i s  implemented by use of  a stepwise  regres- 
s ion .   F i r s t ,  a form  of the  aerodynamic  force  and moment c o e f f i c i e n t s  amenable t o  
t h e   u t i l i z a t i o n  of   sp l ines is developed. Next, express ions  for   sp l ines  in   one  and 
two var iab les  are introduced. Then the   s teps   in   the   de termina t ion  of an  aerodynamic 
model s t r u c t u r e  and the  est imat ion  o f   parameters  are  d iscussed  br ie f ly .  The focus 
of  the  paper is on t h e   a p p l i c a t i o n   t o   f l i g h t   d a t a  of the  techniques  developed.  Here, 
the  parameters  estimated  from  large-amplitude  maneuvers are compared with a base l ine  
set of  parameter estimates from standard  small-amplitude  maneuvers and steady- 
s t a t e  measurements. The model i s  fu r ther   va l ida ted  by compar ing  the  predic ted  a i r -  
p lane  mot ion  wi th  actual   measured  t ime  histor ies.  It is thus shown that   the  proce-  
dure  represents  a fur ther   s tep  toward  the  determinat ion  o f  a global  model  of  an 
a i rp lane  from f l i g h t   d a t a .  

INTRODUCTION 

A procedure is out l ined  i n  re ference 1 for   the  determinat ion  o f   a i rp lane model 
s t r u c t u r e  from f l ight   data,   including  nonl inear  aerodynamic  ef fects.   This  procedure 
focuses on f ind ing   the  form  of  and  parameters i n  aerodynamic model equat ions  using 
a modif ied  stepwise  regression  and  several   decis ion  cr i ter ia.  The aerodynamic  func- 
t ions  are  approximated by polynomials i n  ai rp lane  response  and  input   var iab les.  The 
procedure  described w a s  successful ly  appl ied  to  small-ampli tude  maneuvers. When 
appl ied  to   large-ampl i tude  longi tud ina l   maneuvers,   the  data  were  f i rs t   par t i t ioned 
i n t o   s u b s e t s  as a funct ion of angle of a t tack .  Then, each  subset was analyzed  sepa- 
rately.  This  approach,  however,  has  only  l imited  appl icat ion. First, each  data 
subset  must  have a s u f f i c i e n t  number of da ta   po in ts   f o r   success fu l  model determina- 
t ion.   Second,  for   longi tudinal   maneuvers,   the  angle-of-at tack  intervals  for   indiv id-  
ua l   subsets  must not  be so smal l   that   the  funct ions  vary  so l i t t l e   t h a t   a c c u r a t e  
parameter  est imation would not  be  possible.  

In  large-amplitude  and  high-angle-of-attack  maneuvers  the  behavior of aerody- 
namic func t i ons   i n  one  region  of  angle of a t tack  may be q u i t e   d i f f e r e n t  from  and 
to ta l l y   un re la ted   t o   t he i r   behav io r  i n  another  region.  In  these  cases,  the  polyno- 
mial  approximation  for some aerodynamic  nonl inear i t ies would  be inadequate.  Polyno- 
mials are determined  everywhere by the i r   va lues  i n  any  in terva l ,  no matter how small .  
They can,   therefore,   fo l low a curve   in  one i n t e r v a l   b u t   d e p a r t  from a curve  or  even 
osc i l la te   w ide ly   e lsewhere .  Even i f  a higher-order  polynomial  approximates  the  aero- 
dynamic func t i on   su f f i c i en t l y ,   t he   i nc rease   i n   t he  number of   terms  can  lead  to  large 
covar iances  o f   the i r   est imates.  

To avoid  the  d isadvantages of the  po lynomia l   representat ion,   sp l ine  funct ions 
can  be  used.  Splines  avoid some d i f f i c u l t i e s  of  polynomials  because  they are def ined 
on p rese lec ted   i n te rva l s  and  because  the  low-order  terms may approximate  various 
non l i nea r i t i es   qu i te  w e l l .  The app l ica t ion  of s p l i n e s   t o   a i r p l a n e  model s t r u c t u r e  
determinat ion w a s  f i r s t   s u g g e s t e d   i n   r e f e r e n c e  2. Their u s e   i n  real f l i g h t   d a t a  
ana lys is  w a s  then  invest igated,   and  the  resul ts  are presented   in   re fe rences  3 t o  6. 



The purpose  o f   th is   invest igat ion w a s  t o  examine  the  use  of  polynomial  splines 
i n  one  and two var iab les   fo r   pos tu la t ing   the   aerodynamic  model equat ions  and  for  
determining a model s t r u c t u r e  by using a stepwise regress ion .  This r e p o r t  is 
an  extension of t he   research   repo r ted   i n   re fe rences  1 ,  5, and 6. The formulat ion  of  
aerodynamic model equat ions  and  the  def in i t ion  o f   po lynomia l   sp l ines are discussed,  
followed by a discuss ion  o f  model s t ruc tu re   de te rm ina t ion .  The ent i re   procedure is 
t e s t e d  on several  examples. 
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SYMBOLS AND ABBREVIATIONS 

c o e f f i c i e n t s  of  polynomial  P(x2) 

coef f i c ien t   o f -   po lynomia l   Q(x l )  

wing  span, m 

general  aerodynamic  force  and moment c o e f f i c i e n t  

c o e f f i c i e n t  of xh i n   s p l i n e   f u n c t i o n   o f  x 

c o e f f i c i e n t  of xhxS i n   sp l i ne   f unc t i on   o f  x1 ,x2  

rol l ing-moment  coeff ic ient ,  MX/qSb 

pitching-moment  coeff icient, My/$E 

yawing-moment c o e f f i c i e n t ,  MZ/qSb 

long t iud ina l - fo rce   coe f f i c i en t ,  FX/@ 

l a te ra l - f o rce   coe f f i c i en t ,  Fy/qS 

ve r t i ca l - f o rce   coe f f i c i en t ,  FZ/qS 

wing mean aerodynamic  chord, m 

c o e f f i c i e n t  of (x,  - x ) m  i n   sp l i ne   f unc t i on   o f  x1 
l i  + 

c o e f f i c i e n t  of 
m 

(x ,  - x l i ) + ( x 2  - x ) n  i n   s p l i n e   f u n c t i o n  of x1 ,x2 

1 2  

2 j  + 

D I D   I D  c o e f f i c i e n t s   i n   s p l i n e   f u n c t i o n  of Cz ( a )  , C Z ( a )  , and C ( a )  , a i  q i  6e, i respec t i ve l y  
Z 

9 6e 

F F - s t a t i s t i c  

FX,Fy,FZ forces  a long  longi tud ina l ,  lateral ,  and v e r t i c a l  body axes,   respect ive ly ,  N 

g number of unknown parameters 

h l ag  number 

k  number of  spl ine  knots  over  range of x1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
R number of spl ine  knots  over  range  of  x2 
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M maximum lag  number 

M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,M M ro l l i ng ,   p i t ch ing ,  and  yawing moments, respec t ive ly ,  N-m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx Y' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

m degree of po lynomia l   sp l ine   in  x1 

N number of da ta   po in ts  

n degree of polynomial   spl ine  in  x2 

P(x 1 polynomial i n   x 2  of degree n 

P r o l l  rate, rad/sec  or  deg/sec 

Q(x l )   po lynomia l   in  x1 of degree m 

9 p i t c h  rate, rad/sec  or  deg/sec 

2 

- 1 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9 = ypV , k ine t i c   p ressu re ,  Pa zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
RL squared   mu l t i p le   co r re la t i on   coe f f i c i en t  

r yaw rate, rad/sec  or  deg/sec 

S wing area, m 

s (x )   po lynomia l   sp l ine   in  x of degree m 

2 

m 

s (x , ,x2)   po lynomia l   sp l ine  in  x1 ,x2  of  degree m i n  x1 and  degree n 
mn i n  x2 

S est imated  var iance 

t time, sec 

V a i rspeed,  m/sec 

W(h) autocor re la t ion   func t ion  a t  l ag  h 

X general   independent  var iable  in  one-var iable  spl ine  approximat ion 

x ( i )   independent   var iab le  a t  time ti zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r 

Y genera l   dependent   var iab le 

y ( i )  dependent  var iable a t  time ti 

a angle of at tack ,   rad   o r   deg 

- 
a midpoint of the a- in te rva l  of subset of par t i t ioned  da ta ,   rad   o r   deg zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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. .. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAangle  o f   s ides l ip ,  rad or  deg 

6 a i le ron   de f lec t ion ,  rad o r  deg 

6 

6 rudder   def lect ion,   rad or deg 

E ( i  1 equat ion   e r ro r  a t  time t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 c o e f f i c i e n t  of  general  independent  variable x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
j j 

v(i) r e s i d u a l   v a l u e   a t  time ti 

P a i r   d e n s i t y ,  kg/m 

a 

e 
e leva to r   de f l ec t i on ,  rad or  deg 

r 

i 

3 

s tandard   e r ro r  of  aerodynamic  coeff icient 

supersc r ip t s  : 

h,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs degree  of a polynomial 

der iva t ive   w i th   respec t   to   t ime 

est imate 

Subscr ip ts  : 

c r i t   c r i t i c a l  

i or  j value a t  which spl ine  knots  occur 

max maxi m u m  value 

P p a r t i a l  

Abbreviat ions: 

ML maximum l i ke l ihood 

MSR modif ied  stepwise  regression 

Aerodynamic der iva t ives   re fe renced  to  a system of body axes  wi th   the  or ig in   a t .  
the  a i rp lane  center  of g rav i ty :  
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AERODYNAMIC MODEL  EQUATIONS 

For the  determinat ion  of  model s t r u c t u r e  and  est imat ion of aerodynamic param- 
eters, t h e   a n a l y t i c a l  form of the  aerodynamic model equations  must be postu la ted.  
The express ions  for   coef f ic ients   o f   aerodynamic  forces  and moments used i n   t h i s  
report are based  on  the  fo l lowing  pr incipal   assumptions: 

1 .  The instantaneous  aerodynamic  forces  and moments depend  only  on  the  instanta- 
neous  values  of  response  and  input  variables. That is, no  unsteady  aerody- 
namic e f f e c t s  are considered. 

2. The dependence  of   longi tudinal   and l a te ra l  c o e f f i c i e n t s  on response  and  input 
va r iab les  can be expressed as 

and 

(a = x, Z, or m )  

(a = Y, A, or n) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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3. The resul t ing  aerodynamic  coef f ic ients  are obta ined as sums of cont r ibu t ions  
due t o  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( a, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB ) ,  and p, q, r, 6,,  6,, and 6,. The second  group of these  
con t r i bu t i ons  is, in  general ,   a-dependent.  

Considering  the  preceding  assumptions,  the  aerodynamic model equations  can  be 
wr i t t en  as 

and 

The express ions for  the aerodynamic  coeff ic ients are similar to  those  used i n  
wind- tunnel   test ing  pract ice.  The f i r s t  terms on the  r ight-hand side of  equa- 
t i o n s  ( 1 )  and ( 2 )  represent  "stat ic" parts wi th   con t ro ls   f i xed  a t  zero   de f lec t ions .  
The remaining terms represent   con t r ibu t ions  of  dynamic s t a b i l i t y   d e r i v a t i v e s  and 
5on t ro l   4e r i va t i ves  and their   dependence on a. In   equat ions  ( 1 )  and ( 2 ) ,  no 
a and @ terms are expl ic i t ly   introduced  be5ause  of . their   near- l inear  dependence 
on the  remaining  var iables.  The e f f e c t s  of a and p are i nc luded  p r imar i l y   in  
cont r ibut ions  due to  angu lar   ve loc i t ies .  

The form  of  equations ( 1 )  and ( 2 )  i nd i ca tes   t ha t   each  term i n   t hese   equa t ions  
can be approximated by a s p l i n e   e i t h e r   i n  (a,B) va r iab les  or i n   t h e  a var iab le .   In  
l ong i tud ina l  maneuvers  with small l a te ra l  coupl ing,   equat ion (1 )  can  be  fur ther 
s imp l i f ied  by replacing  the  two-dimensional terms i n  (a,f3)  by two terms i n  a.  These 
equations  then  take  the  form 

Equations ( 2 )  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 )  represent   fa i r ly   genera l   formulat ion  o f   aerodynamic  coef f i -  
c i en ts .   I n   each   pa r t i cu la r  case, however, the  postulated  aerodynamic model equat ions 
shou ld   re f l ec t   any   ava i l ab le  a p r i o r i  knowledge,  based  on  wind-tunnel  and/or  theoret- 
i c a l  aerodynamic data. 

POLYNOMIAL SPLINES I N  ONE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAND TWO VARIABLES 

Spl ine   func t ions  are def ined as  piecewise polynomials of degree m. When con- 
t i n u i t y   r e s t r i c t i o n s  are considered,   the  funct ion  va lues  and  der ivat ives  agree a t  t he  
po in ts  where the  piecewise  polynomials  join. These po in ts  are cal led  "knots"  and are 
def ined by the   va lue   o f   the i r   p ro jec t ion   on to   the   p lane (or a x i s )  of independent zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 



va r iab les .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA polynomial   spl ine of  degree m with  cont inuous  der ivat ives  up  to  
degree m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 1 approximating a f u n c t i o n   f ( x )   f o r  x [x0,xmax],  can  be  expressed 
as 

where 

The values x1 , x2, . . . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI xk are knots  which  obey  the  condit ion, 
x. < x1 < x2  < ... < xk < xmax, and ch and Di are cons tan ts .  The spe- 
c i a l  case of equat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 )  f o r  m = 0 (a s p l i n e  of   degree  zero)  represents 
an  approximation by piecewise constants .  

The problem  of  multidimensional  splines is  addressed  in   re fe rence 7. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA space  of 
these  sp l ines  is  cons t ruc ted  by taking  the  tensor  product  of  one-dimensional  spaces 
of  polynomial  spl ines.  Because  of  the  tensor n a t u r e  of   the  resul t ing  space,  many of 
the  s imple  a lgebra ic   proper t ies of ord inary  po lynomia l   sp l ines  in  one  dimension are 
carr ied  over .  A s p l i n e   i n  two va r iab les  x1 and x 2 can be i n t roduced  fo r   the  
approximation  of a func t ion  f ( x1   I x2 )   f o r  x1 € [ ~ ~ ~ ~ x ~ ~ ~ ~ l  and  x2 [ ~ ~ ~ , x ~ ~ ~ ~ 1 .  
Then, as in  the  one-dimensional  case, t he  two ranges [ x , ~ , x ~ ~ ~ ~  1 and [X201X2max 3 are 
subdivided by sets of  knots  x l i   and x2i where 

x < x   < . . . < x   < x  
10 11 Ik 1 max 

x < x   < . . . < x   < x  
20 21 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 1  2max 

The points  (x l i ,x2i  ) p a r t i t i o n   t h e  above rec tang le   i n to   rec tangu la r   pane ls .  A poly- 
nomial  spl ine of degree m f o r  x1  and  of  degree n for   x2  wi th  cont inuous 
par t ia l  d e r i v a t i v e s   u p   t o  ( m  - 1 )  + (n  - 1 )  degree on the   rec tang le   de f ined by the  
intervals  [x,   O,xlmax 1 and [ ~ ~ ~ , x ~ ~ ~ ~  ] can  be  formulated as 

m n  k R 
h s  

mn h=O zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs=O i = l  

k R  
+ Dij(xl  - x l i ) +  (x, - x I n  2 j  + 

m 

i = l  j= l  

where  Pi(x2)  and Q j  ( x , )  are polynomials of degree n and m, respec t i ve l y ,  and 
chs  and Di are cons tan ts .  

7 



As zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAexamples  of   using  spl ines  in the approximation of aerodynamic  funct ions,   the 
v e r t i c a l - f o r c e   c o e f f i c i e n t  Cz and yawing-moment c o e f f i c i e n t  Cn are considered. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
In t h e  f i rst  case, t h e  form of CZ(a,q,6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) based on  sp l ines   can  be, according to 
equat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 1 ,  w r i t t e n  as e 

where 

Equation ( 7 )  i n d i c a t e s   t h a t  C,(a) is approximated  by piecewise l inear  polynomials 
( the   f i r s t -degree  sp l ine) ,   whereas   the   remain ing  two func t i ons  are approximated by 
piecewise constants   ( the  zero-degree  sp l ines) .  

In   the  second case, 

+ C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 0 1 )  rb/2v + C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(a) 6 + C (a) 6 
6a 

n 
r n a n r 6r 

Using  equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  fo r   x1  = a and x 2  = p,  and  se lec t ing  m = 0 and n = 1, the 
funct ion C n (  a, f$) can be approximated as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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where 

There is always a pos i t i ve   va lue   f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABj.  In   th is   approx imat ion of Cn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( a , @ ) ,  it is 
assumed t h a t  C n ( B )  is an odd funct ion.  The remaining  funct ions  in  equat ion (8)  are 
then  represented by s p l i n e s   i n  a. 

MODEL STRUCTURE DETERMINATION 

The determination  of  an  adequate model us ing  the  s tepwise  regress ion  inc ludes 
th ree   s teps :   the   pos tu la t ion  of terms which  might e n t e r   t h e   f i n a l  model, the  selec- 
t i o n  of an  adequate model,  and the   ve r i f i ca t i on  of t he  model se lec ted .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

AS shown in   t he   p rev ious   sec t i on ,   t he   genera l  form  of  aerodynamic  model 
equations  can  be  writ ten as 

y ( t )  = eo + e x + ... + e x 
1 1  9-1 9-1 ( I O )  

In   th is   equat ion,  y (t) rep resen ts   t he   resu l tan t   coe f f i c i en t  of  aerodynamic fo rce  or  
moment ( the   dependent   var iab le ) ,  eo t o  8g-1 are the   cons tan ts   in   sp l ine   represen-  
t a t i o n  of  the  aerodynamic  functions, and x1 t o  x -1 are the  a i rp lane  response and 
inpu t   va r iab les  and the i r   combina t ions   ( the   indepen8ent   var iab les) .  when the  aero-  
dynamic  model equat ions are postu la ted,   the  determinat ion  o f   s ign i f icant  terms among 
the  candidate  var iab les  (determinat ion  o f  model s t r u c t u r e )  and  est imation of corre-  
sponding  parameters  fol low. 

Assuming t h a t  a sequence of N observat ions of y and  of x a t  times 

where i = 1,  2, .. ., N, are re la ted  by the  fo l lowing set of N l i near   equat ions :  
tl’ t2, . I  tN has  been made, the  measured  values  denoted by y (  i) and x (  i )  , 

y ( i )  = e + 8 x (i) + ... + 8 x (i) + E ( i )  
0 1 1  9-1  9-1 

( 1 1 )  

where E ( i )  represents   the  equat ion error. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn adequate model for   the  aerodynamic 
coe f f i c i en ts   can  be determined by apply ing  the  s tepwise  regress ion.  The s tepwise 
regression  technique is desc r ibed   i n   re fe rences  1 and 8, and i ts main f e a t u r e s  are 
summarized in   the  appendix .  

When formulat ing  sp l ine  funct ions  in   express ions  for   an  aerodynamic  coef f ic ient ,  
the  degree  of  spl ine  and  the number and locat ion  o f   knots  must  be  specif ied. A 
set  of knots is f i x e d   i n  advance. The number of   candidate  knots   for   each  sp l ine 
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i s  l imi ted  on ly  by the  avai lable  computer memory. The stepwise regression  proce- 
dure  then selects only  the  knots  which are a s s o c i a t e d   w i t h   s t a t i s t i c a l l y   s i g n i f i -  
can t   parameters .   In   th is  way, a suboptimal number of   knots   and  the i r   locat ions 
are obtained. A more de ta i led   d iscuss ion  on the   app l i ca t ion  of s t a t i s t i c a l   v a r i a b l e  
s e l e c t i o n   t e c h n i q u e   t o   f i t   s p l i n e s  is conta ined  in   re ference 9. The se lec t i on  of 
degree  of  spl ine is in f luenced by the  form  of  an  aerodynamic  function  which is t o   b e  
approximated.  With little o r  no knowledge  of t h a t  form,  the model postu la t ion  can 
s t a r t   w i t h   s p l i n e s  of a low degree,   tha t  is, t he   ze ro   deg ree   o r   f i r s t   deg ree .   A f te r  
a t e n t a t i v e  model s t r u c t u r e  is determined,  the  procedure  can  be  repeated  with  higher- 
degree  sp l ines  for   bet ter   approx imat ion  o f   the  data.  

Because  of  the  combination  of  spline  representation  with  the  stepwise  regression 
technique,  the number of   knots  for   each  spl ine i n  the   pos tu la ted  model s t r u c t u r e  
is l imi ted  only by p rac t i ca l   cons ide ra t i ons ,   t ha t  is, t he   ava i l ab le  computer memory. 
The knots  can be pos i t ioned  a rb i t ra r i l y   w i th in   the   range  o f   independent   var iab les .  
The est imat ion  technique  then  se lects   on ly   those  knots   assoc iated  wi th   the  impor tant  
terms i n   t h e  model equat ion.  

A s  expla ined  in   re ferences 1 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, the   regress ion   ana lys is   fo r  model s t ruc -  
ture  determination  and  parameter  est imation  provides  the  opportunity  to use subsets  
of  measured da ta   ra ther   than  the  whole data  set.  This  approach  can,  for  example, 
s impl i fy  the  analysis  of   maneuvers  for   obtaining  the  lateral   parameters i n  equat ions 
f o r   t h e   c o e f f i c i e n t s  Cy, C and Cn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. The measured  data  can  be  part i t ioned  as a 
func t ion  of  a,  and it can  be  assumed tha t   fo r   each  subset   the   coe f f i c ien ts   a re   func-  
t i ons  of a = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 where Zi is the  midpoint of an   a - in te rva l   o f   the   i th   subset .  
Then, for   each  subset,   equat ion ( 2 )  can be s i m p l i f i e d   t o  

i '  

+ c ( 6 )  6, 
a 6r 

Thus, t he   sp l i ne   f unc t i ons   i n  two var iab les   (a , f3 )   a re   rep laced by s p l i n e s   i n  0, and 
the  remain ing  sp l ines  are  rep laced i n  a by constants .  

The l a s t   s t e p  i n  model structure  determinat ion  and  parameter  est imat ion i s  model 
v e r i f i c a t i o n .  The parameter  est imates must have r e a l i s t i c   v a l u e s  and should be com- 
pared  wi th  wind-tunnel   resul ts  and  theoret ical   predict ions.  Wherever poss ib le ,   the 
least-squares  est imates  should  be  also compared w i th   the   es t imates   us ing   d i f fe ren t  
techniques,   that  is ,  the  maximum-likelihood  estimation  method.  {Jltimately,  the model 
should  be a  good pred ic to r  of airplane  motion  within  the  region of i ts  assumed 
v a l i d i t y .  

EXAMPLES 

I n  the  fol lowing  examples  the  technique  for model s t ructure  determinat ion  and 
parameter  est imat ion was app l i ed   t o  measured da ta  of a single-engine, low-wing 
research  a i rp lane.  The bas i c   cha rac te r i s t i cs  of t he   a i rp lane  and  instrumentation 
system are presented   in   re fe rence I O .  This airplane  had  undergone  certain wing 
leading-edge  modification  which  allowed  the  airplane  to  be  trimmed a t  angles  of 
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at tack   up   to   approx imate ly  24O. The measured  data were a v a i l a b l e   i n   t h e  form  of 
input  and  output t i m e  h i s t o r i e s  sampled a t  0.05-second i n t e r v a l s .  The inpu t   va r i -  
ab les  inc luded  the  d i rect ly   measured  cont ro l -sur face  def lect ions.  The va r iab les  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ were measured  by  wind  vanes,  and the   a i rspeed w a s  measured by an anemometer. 
These  measurements were c o r r e c t e d   f o r   t h e  local a i r f low  and  o f fse t   w i th  respect to  
the a i r p l a n e  center of g rav i t y .  Tfie remain ing  output   var iab les  inc luded  angular  
rates and l i n e a r  accelerations. These var iab les ,   together   w i th   the  airspeed, were 
used to compute the  aerodynamic  coef f ic ients  ( ref .  I ) ,  for  which the angular acceler- 
a t i o n s  were obtained by d i f f e r e n t i a t i o n  of   sp l ine  f i ts   o f   measured  angular  rates. 
These data i n c l u d e d   b a s i c a l l y   t h r e e   d i f f e r e n t  sets of  maneuvers.  For  the f i r s t  set ,  
smal l -ampl i tude  longi tudinal   and lateral  maneuvers were e x c i t e d  by contro l -sur face 
de f l ec t i ons  a t  trimmed condi t ions  wi th in  the  range  of  a between 4O and 24O. From 
these  maneuvers local models of  aerodynamic  coeff ic ients were est imated. The second 
set i nc luded  the   da ta  from l ong i tud ina l   quas i -s teady   f l i gh ts .   These  f l igh ts  were 
represented by slow deceleration-accelerat ion  maneuvers  from  which stat ic parameters 
were determined.  Final ly,  the t h i r d  se t  of  data  consisted  of   large-ampl i tude  longi-  
tudinal  maneuvers  and  large-amplitude combined longi tud ina l   and la tera l  maneuvers 
wi th   the a var iat ion  between zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOo and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 0 ° .  The large-ampli tude maneuvers were ana- 
l yzed  for   determin ing  the  parameters  o f  an extended  model,  that is,  a model v a l i d  
over  an  extended  range of a. The combined  maneuvers were in tended  for   the  determi-  
na t i on  of t h e  parameters of a model  which  would be va1i .d  wi th in  the  f l ight   envelope 
conta in ing   p res ta l l   and  s ta l l  maneuvers. 

I n   f i g u r e  1,  t he   t h ree   impor tan t   l ong i tud ina l   s tab i l i t y   pa ramete rs   es t ima ted  
from 30 small-amplitude  maneuvers are plot ted  against   the  angle  o f   a t tack  correspond-  
i ng  t o  t h e  trimmed condi t ions.  A l l  t hese  maneuvers were analyzed by the  modif ied 
s tepwise  regress ion (MSR) descr ibed  in   re fe rence 1.  Although  the  def in i t ion  of  "best 
model" i s  subject ive  and  an  exhaust ive  search of a l l  candidate models is  proh ib i t i ve  
in   bo th   cos t   and time, experience  has shown t h a t   t h e  MSR gives  an  adequate  model. 
For   the   ver i f i ca t ion   o f   resu l ts   ob ta ined,   the  maximum l i ke l i hood  (MI,) est imat ion 
technique  of  reference 11 w a s  appl ied t o  nine test runs .   In   th is   ana lys is ,   the  model 
s t r u c t u r e  w a s  t h e  same as determined by MSR. The ML estimates are   rep resen ted   i n  
f i g u r e  1 by c losed circ les.  A l s o  p l o t t e d   i n   f i g u r e  1 are the  parameters  obtained 
from  quasi-steady  f l ight   using  expressions  f rom  reference 10. 

The values of t h ree  la te ra l  parameters obtained  from 30 smal l -ampl i tude  la te ra l  
maneuvers are given i n  f i g u r e  2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIn t h i s  case t h e  yawing-moment d e r i v a t i v e s  w e r e  
se lec ted .  These parameters e x h i b i t   l a r g e  scatter mainly i n   t h e  s ta l l  and   pos t - s ta l l  
region. mis scatter is caused by small exc i ta t i on   o f  yawing  motion  of t h e   t e s t e d  
a i rp lane .  The estimates of the  remaining la tera l  parameters are shown subsequent ly 
t o  be more cons is ten t .  As i n  the   p rev ious  case, some runs w e r e  also analyzed by the  
ML method, and   t he   resu l t s  are presented i n  f i g u r e  2. The estimates of l ong i tud ina l  
and l a te ra l  parameters from  small-amplitude  maneuvers w e r e  assembled as a data  base 
€or the comparison  with the r e s u l t s  from  large-amplitude  maneuvers. 

Parameters F r o m  Large-Amplitude  Longitudinal Maneuver 

A la rge-ampl i tude  longi tud ina l  maneuver w a s  analyzed  us ing  the  po lynomia l   sp l ine 
rep resen ta t i on  of aerodynamic force and moment c o e f f i c i e n t s .  The time h i s t o r i e s  
of the  input  and  response variables i n   t h i s  maneuver are presen ted   i n   f i gu re  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.  From 
t h e s e  t i m e  h i s t o r i e s  the aerodynamic  functions C and Cm w e r e  computed,  and 
they are plotted i n   f i g u r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 a g a i n s t  a ra ther   than tlme. I n   f i g u r e  5, t h e  varia- 
t i o n  of rate of p i t c h  q and   e leva to r   de f l ec t i on  6, wi th  a is also shown. Both 
f i g u r e s   i n d i c a t e  the range of dependent  and  independent variables a v a i l a b l e  for use 
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i n   the   regress ion   equat ions   and  the   d is t r ibu t ion   o f   measured  po in ts   w i th in   the  
a-range.   Th is   in format ion  can  he  u t i l ized  for   the  se lect ion  o f   knots   and  degree  o f  
s p l i n e s   i n   t h e   p o s t u l a t e d  model s t r u c t u r e .  

For  the  spl ine  approximat ion of a l l  three  aerodynamic  coeff ic ients,   the  form of 
equation ( 6 )  was used, f i r s t   w i t h   t h e   f i r s t - d e g r e e   s p l i n e   f o r  C,(a) ,  C z ( a ) ,  and 
C m ( d ,  and  then  with the zero-degree  spl ines  for   the  remaining terms. (See eqs. (7 )  
for  approximation  of Cz coef f ic ient . )   Seventeen  knots   for   each  sp l ine w e r e  pos- 
t u l a t e d  as al zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 O ,  a2 = 7O, ..., a17 = 22O. The r e s u l t i n g  estimates showed t h a t  
the  zero-degree  spl ine  approximat ion  of  q-terms w a s  ra ther   coarse.   Therefore,   the 
f i r s t -deg ree  and  second-degree  splines w e r e  i n t roduced  ins tead.  The second-degree 
s p l i n e  w a s  then  considered as the f ina l   approx imat ion.  A s  an example of  options  used 
i n   t h e  q- terms  representat ion,   the Cm ( a )  estimates are presen ted   i n   f i gu re  6. The 

d i f fe ren t   sp l ine   approx imat ions   o f  a l l  q-terms had only  a small e f f e c t  on t h e   f i t   t o  
the   da ta  and on the   es t imated  parameters i n   the   remain ing  terms. The f i n a l  estimates 
of  polynomial   spl ine terms represent ing  the  three  aerodynamic  coef f ic ients  are p lo t -  
t ed   aga ins t  a i n   f i g u r e  7. The aerodynamic  function estimates are compared wi th  
t h e  estimates from  small-amplitude  maneuvers  and show very good agreement  with  those 
r e s u l t s .  The f i t  of  the  polynomial  and  spl ine  models  to  the  data  and  the  usefulness 
of   the terms i n   t h o s e  models  can  be  revealed by the  comparison  of  standard  error 
of  aerodynamic c o e f f i c i e n t  and  the  squared  mul t ip le   corre la t ion  coef f ic ient  R ~ .  
(See  appendix  for more de ta i led   exp lanat ion .  ) The values  o f   both  coef f ic ients   are 
summarized i n   t a b l e  I. For small-amplitude  maneuvers,  the low values  of  and  high 
va lues of R2 correspond  to  low-angle-of-attack  regimes;  conversely, is l a r g e r  
and R2 smaller for   va lues  o f  a between 20° and 24O. 

q 

In   f igure 8, t h e   s p l i n e  terms of C,(a)  and Cm( a)  func t ions  are compared with 
t h e  measurement  of   these  relat ionships  in  the  quasi-steady  f l ight .   This  measurement 
r e s u l t e d   i n  a double-value  function Cz ( a )  and Cm( a)  fo r   va lues   o f  a between 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO o  

and 2 2 O ,  depending on increas ing  or   decreas ing  va lues  o f  a. This phenomenon can 
be  caused by the  aerodynamic  hysteresis  and by the   hys te res i s   i n   t he   con t ro l   sys tem.  
Because  of t h e   r e l a t i v e l y  small d i f fe rences   in   bo th   b ranches   o f  Cz ( a )  and C m ( a )  
curves  wi th   respect   to   the  accuracy  o f   these estimates, t h e   h y s t e r e s i s  w a s  not  
modeled i n   equa t ion  ( 6 )  . 

Even i f   the  agreement  between  the  resul ts  f rom small- and  large-amplitude maneu- 
vers  is very  good,  the  resul t ing model is f u r t h e r   v e r i f i e d  by s imu la t i ng   t he   a i rp lane  
longi tudinal   response.  This is done by using  the  extended model  approximated by 
sp l i nes  and by us ing   the   e leva tor   de f lec t ion  time h i s t o r y  from a selected  independent  
maneuver. The time h i s t o r i e s  of  input  and  response  variables are p r e s e n t e d   i n   f i g -  
u re  9, and  the  response  var iables V, a, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq are compared  with  those  predicted 
by the  model. The comparison  reveals good p r e d i c t i o n   c a p a b i l i t i e s   f o r   t h e  model. 

Parameters From Large-Amplitude Combined Maneuvers 

The time h i s t o r i e s  of  one  of the  combined  maneuvers are g iven   i n   f i gu re  10. The 
response  var iab les   exh ih i t  a p e r s i s t e n t l y   e x c i t e d  l a te ra l  motion  due to   t he   rudder  
and  a i le ron   and  long i tud ina l   mot ion   due  to   e leva tor   de f lec t ions  and  coupling  between 
lateral  and long i tud ina l  modes. From t h i s   p a r t i c u l a r  maneuver,  the  variat ion  of 
aerodynamic  coeff ic ients  wi th a is shown i n   f i g u r e  1 1 ,  and  the   var ia t ion  of la tera l  
va r iab les  is shown i n   f i g u r e  12.  Roth f i g u r e s   i n d i c a t e   t h e  amount  of exc i ta t ion   o f  
dependent  and  independent  var iables  in  regression  equat ions.  
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I n   t h e   f i r s t   s t e p  of da ta   ana lys is ,   s imp l i f ied  models f o r   t h e   l a t e r a l   c o e f f i -  
c i e n t s  were formulated. For the   coe f f i c i en t  Cn, the  aerodynamic model equat ion had 
t h e  form 

Cn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= C ( a )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB + Cn (a )  pb/2V + Cn ( a )  rb/2V + C ( a )  ha + Cn ( a )  6r 
"B  

n 
P r 6a 6r 

with  zero-degree  sp l ines  for  
a s im i la r  form.  In the   nex t  
va r iab le   sp l i nes   i n  a and 

a l l  terms  included. The equat ions  for  Cy and C l  had 
s t e p  of the   ana lys is ,  more complicated  models  with two- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 were  used.  This  formulation is expressed by equa- 

t i ons  (8) and ( 9 )  f o r   t h e   c o e f f i c i e n t  Cn. The main d i f f e r e n c e s   i n   t h e   r e s u l t s  of 
t h e  two approaches  were  found in   parameters of the yawing-moment equation.  This 
might   ind icate  that   the  most   pronounced  nonl inear i t ies   in  B are i n   t h e   c o e f f i c i e n t  
Cn. Figure  13  presents  the  est imates  of  C within  the  range  of B from - 4 O  

t o  4 O  from the   th ree  combined  maneuvers. Each maneuver covered a di f ferent   range  o f  
a and  used a ( a )  and Cn(  a, f3) s p l i n e   i n   t h e  model.  Both sets of es t imates   a re  

compared with  those  obtained from  small-amplitude  maneuvers. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs shown i n   f i g u r e  13, 
the  second  approach  gives more cons is ten t   es t imates  which a lso   agree   be t te r   w i th   the  
data  base  than  the  resul ts   o f   the  f i rs t   approach.  The only  dif ference  remains i n  the  
region of a from 16O t o  2 4 O .  I n  th is   area,   the  sp l ine  approx imat ion of C,(a,  p )  
r e s u l t e d   i n   d i r e c t i o n a l   i n s t a b i l i t y ,  whereas  the  small-amplitude  data  have  essen- 
t ia l l y   pos i t i ve   va lues .   Exc lus ion  of the  two-dimensional  spl ine C n ( a , $ )  from the  
model a l s o  had  an e f f e c t  on the  remaining  parameters,  mainly  the  damping  in yaw C . 
The est imates of th is   parameter   are  g iven i n  f igure  14. The second  model  improved 
the  consistency of the  est imates and the  agreement  wi th  the  resul ts of small- 
amplitude  manuevers. 

"B 

cn B 

nr 

The estimates  of  three  parameters i n  the  rol l ing-moment  equation  with  the  spl ine 
C a, B) i n  the model a r e  shown i n   f i g u r e  15.  Consistent  resul ts were obtained 
for  parameters C and C ,  , but  some s c a t t e r  is  apparent i n  the  est imates of C . 

,B P Ir 
From the  remaining  lateral   parameters,   the  values  of  C , and C 

6r 6a "6 r 
were estimated  with good conf idence,   bu t   ra ther   la rger   sca t te r  w a s  observed i n   t h e  
est imates of the  other  parameters.  

For   the   ver i f i ca t ion  of p rev ious   resu l ts  and fo r   ob ta in ing  more accu ra te   es t i -  
mates  of lateral   parameters,   the  measurements from 1 2  combined  maneuvers  were  joined 
together   in to  one set of  data. The resul t ing  ensemble of about  13 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA000 data   po in ts  
was then   pa r t i t i oned   i n to  22 subsets   accord ing  to   the  va lues  o f   a .  The modeling 
of t he   l a te ra l   pa ramete rs  w a s  conducted  mostly on lo  subspaces  of   the Oo t o  30° 
a-space. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs an  example,  the model f o r  Cn was pos tu la ted  as 

+ C rb/2V + C, 6, + Cn 6, 
nr 6a 6r 

( 1 4 )  
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where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 denotes the midpoint  of  an  a-interval.  The kno ts   o f   t he   sp l i ne   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$ were 
s e l e c t e d  a t  4 O  , 8 O ,  1 2 O  , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 6 O  , and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0 ° .  The estimates of parameters from p a r t i t i o n e d  
da ta  are presen ted   i n   f i gu re  16. In   genera l ,   these estimates are more consis-  
ten t   than  those from ind i v idua l  maneuvers  and are c l o s e r   t o   t h e   r e s u l t s  from small- 
amplitude  maneuvers. The non l inear   var ia t ion   o f   the  lateral  coe f f i c i en ts   w i th  @ 
f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = a,  and  with  the  remaining l a te ra l  va r iab les   equa l   t o   ze ro ,  is demonstrated 
i n   f i g u r e  17 fo r   t h ree   d i f f e ren t   va lues   o f  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE.  Final ly ,   the  va lues  o f  C n ( a , @ )  f o r  
$ > 0 and a l l  remain ing  independent   var iab les  equal   to   zero are p l o t t e d   I n   f i g -  
u re  18. The r e s u l t s  from the  part i t ioned  data  have  conf i rmed  the  previous  conclu- 
s ion  about   the  most   pronounced  nonl inear i t ies   in  Cn wi th  @ and about  the small 
non l i nea r   va r ia t i on  of the remaining two coe f f i c i en ts   w i th   t h i s   va r iab le .  

- 

For the  addi t ional   comparison of r e s u l t s  from small- and  large-amplitude mane:- 
v e r s  and  from ind i v idua l - runs  and par t i t ioned  da ta ,   the   va lues   o f   s tandard   e r ro r  0 

and  squared  mu l t ip le   cor re la t ion   coe f f i c ien t  R2 f o r  a l l  cases are summarized i n  
t a b l e  11. For  small-amplitude  maneuvers  and  partit ioned  data  the minimum values  of  

and maximum value of R2 correspond  to low va lues :f a ,  and  the  other  values 
correspond  to  h igh  values  of  a. From the   va lues  of 0 and R2, it could be con- 
c luded  tha t  a t  high  angles of a t tack  on ly   the model f o r  Cn was not  able t o   f u l l y  
exp la in  a l l  t h e   v a r i a t i o n   i n   t h e  measured  data. This conc lus ion   i nd i ca tes   t ha t  some 
add i t i ona l  terms i n   t h e  model should be considered. Models f o r  Cn used i n   l a r g e -  
ampl i tude  maneuvers  wi thout  part i t ioning  brought some improvements i n  R2 and ; 
over   the same values  from  previous  maneuvers. 

The combined  maneuvers were pr imar i l y   in tended  fo r   the   es t imat ion   o f  l a te ra l  
parameters. However, an  at tempt w a s  a l s o  made t o  estimate t h e  parameters i n   t h e  
pitching-moment  equation  from  these data. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA p o s s i b i l i t y  of aerodynamic  coupling w a s  
considered  and  the model was postu la ted  as 

+ cm qc/2v + cm 6, 
q 6e 
4 

where 

f 

) B  - @ , I +  = B - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPi I' 
The estimates of the  most s i g n i f i c a n t  parameters i n   t h e  model are p r e s e n t e d   i n   f i g -  
u r e  19. Their  comparisons  with  the estimates from small- and  large-amplitude  longi- 
t ud ina l  maneuvers i n d i c a t e  good estimates of Cm and C terms. Some discrepan- 

m6e 
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c ies   w i th   p rev ious   resu l t s   a re   v i s ib le  i n  the  estimates of Cm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. For the  values  of 

Cm from pa r t i t i oned   da ta ,  R2 varied  between zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA63 percent  and 37 percent.  This i nd i -  
c a t e s  a s t r o n g   p o s s i b i l i t y  of   model ing  error  in  equat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 1  5 ) .  The low values  of R2 
are i n   con t ras t   w i th   va lues   o f  R2 i n   t a b l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI fo r   bo th  small- and  large-amplitude 
longitudinal  maneuvers. 

9 

For   the   ver i f i ca t ion  of the  est imated  lateral   parameters,   the  aerodynamic model 
from pa r t i t i oned   da ta  was used. The equat ions  of   mot ion  for  a = 22.5O were i n t e -  
grated  wi th   the i n i t i a l  cond i t ions  and con t ro l  time h i s t o r i e s  from a f l i g h t  trimmed 
a t  a = 20°. The cont ro l   inpu t   fo r   th is   independent  maneuver consisted  of a doublet  
i n   a i l e ron   f o l l owed  by a doublet   in   rudder .  The predic ted  t ime  h is tor ies are p lo t ted  
a g a i n s t   t h e   a c t u a l   f l i g h t   d a t a   i n   f i g u r e  20. The comparison  of  these time h i s t o r i e s  
shows  an  acceptable  agreement  between them. 

CONCLUDING REMARKS 

The application  of  polynomial  spl ines  and  stepwise  regression  for  the  determina- 
t i o n  of a i rp lane  model s t r u c t u r e  from f l ight   data  has  been  demonstrated. First, a 
form  of the  aerodynamic  force  and moment coef f ic ients   compat ib le  w i t h  t h e   u t i l i z a t i o n  
o f   sp l i nes   i n  one  (angle  of  attack)  and two (angles  of   at tack and s i d e s l i p )   v a r i -  
ab les  w a s  developed. Then, the model pos tu la ted   fo r   the   ana lys is  of f l i g h t   d a t a  from 
large-amplitude  maneuvers was discussed. The procedure of model determinat ion was 
used i n  several  examples. Whenever poss ib le ,   the   resu l t ing   parameters  were v e r i f i e d  
by comparison  with a base l ine  formed by the  estimates  from  small-amplitude  maneuvers 
and steady-state  measurements. The airplane  equations  of  motion,  employing  the model 
obtained,  were  numerical ly  integrated  to  s imulate  the  a i rplane  responses  to  actual  
f l i g h t   i n p u t s .  These  responses  were  then  compared  with  the  measured f l i gh t   t ime  
h i s t o r i e s  of response  to   tha t   inpu t .  

The  main conclusions from the  research  reported  can  be summarized as  fo l lows: 

1 .  In   order   to   obta in  a global  aerodynamic model  from f l i g h t   d a t a ,  it was advan- 
tageous  to  use  large-ampl i tude  longi tudinal  and  combined  maneuvers i n  which the  lon- 
g i t ud ina l  and l a t e r a l  motion  were excited  over  an  extended  range of angle  of   at tack.  

2. When postulat ing  the  aerodynamic model with little or  no a p r i o r i  knowledge 
of i ts form,  the  approximating  spl ines  can  be of  low degree   ( ze ro   o r   f i r s t ) .   A f te r  
a t e n t a t i v e  model s t r u c t u r e  is  determined,  the  procedure  can be repeated  with  higher- 
degree  sp l ines  for   bet ter   approx imat ion of the   da ta .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3 .  Because of the  combination of sp l ine  representat ion  wi th   the  s tepwise  regres-  
sion,  the  knots  can be pos i t i oned   a rb i t ra r i l y   w i th in   t he   range  of independent  var i -  
ab les.  The number  of candidate  knots   for   each  sp l ine is l imi ted  only by the   ava i l -  
able  computer memory. 

4. A set of  one-dimensional   spl ines  in  the  angle  of   at tack can closely  approxi-  
mate  uncoupled  longitudinal  maneuvers. For the combined  maneuvers,  however,  two- 
d imens iona l   sp l ines   in   the   ang le  of a t tack  and s ides l i p   mus t ,   i n   genera l ,  be  con- 
s idered.  To avoid  the  complexity  of  two-dimensional  splines,  the  data  from  combined 
maneuvers  can  be  part i t ioned  into  subsets  according  to  the  values of angle of at tack .  
The la te ra l   pa ramete rs  from pa r t i t i oned   da ta  were more cons is ten t  and c l o s e r   t o   t h e  
base l ine   than  resu l ts  from individual  large  maneuvers. 

15 



The procedure  presented  represents  another  step towards the  determination of 
a global model  of an airplane from f l ight   data.  It can provide  valuable  informa- 
tion  about aerodynamic forces and  moments acting upon the  airplane i n  large-amplitude 
maneuvers and/or maneuvers i n  high-angle-of-attack  regions. 

Langley Research Center 
National  Aeronautics and Space Administration 
Hampton, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVA 23665 
January 17,  1983 
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APPENDIX 

STEPWISE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAREGRESSION 

This  appendix  descr ibes  the  basic  pr inciples  and  features  of   the  stepwise 
regress ion which is used to  determine  aerodynamic model s t r u c t u r e  from f l i g h t   d a t a .  
This  procedure  begins  with  the  assumption  that  there  are no va r iab les   i n   t he   pos tu -  
la ted  regress ion  equat ion  o ther   than  the  b ias  term zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0,. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn e f f o r t  is  then made t o  
f i n d  an  optimal  subset  of  variables by inser t ing   independent   var iab les   in to   the  model 
one a t  a time. The f i r s t   i ndependen t   va r iab le   se lec ted   f o r   en t r y   i n to   t he   equa t ion  
i s  the  one tha t   has   the   la rges t   cor re la t ion   w i th   the   dependent   var iab le  y.  Suppose 
t h a t   t h i s   v a r i a b l e  i s  xl.   This is a lso   the   var iab le   tha t   p roduces   the   la rges t  
value of t he   F -s ta t i s t i c   f o r   t es t i ng   t he   s ign i f i cance  of regression. The var iab le  is 
e n t e r e d   i f   t h e   p a r t i a l   F - s t a t i s t i c   e x c e e d s  a p r e s e l e c t e d   c r i t i c a l  F-value 

where g1 i s  the  est imated  parameter   assoc iated  wi th   x1 and s 2 ( i l )  i s  the   var i -  
ance  est imate of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8, . 

The second  var iable  chosen  for   entry is  the  one t h a t  now has  the  largest   corre-  
la t ion   w i th  y a f t e r   a d j u s t i n g   f o r   t h e   e f f e c t  on y of t h e   f i r s t   v a r i a b l e   e n t e r e d ,  
x i n  t h i s   case .   These   co r re la t i ons   a re   re fe r red   t o   as   pa r t i a l   co r re la t i ons .   I n  
genera l ,  a t  each  s tep,   the  independent   var iab le  hav ing  the  h ighest   par t ia l   corre la-  
t ion   w i th  y is  added t o   t h e  model i f  i ts par t i a l   F -s ta t i s t i c   exceeds   t he   p rese -  
lec ted  Fcri t. A t  each  s tep of the  procedure, a l l   v a r i a b l e s   e n t e r e d   i n t o   t h e  model 
p rev ious ly   a re   a lso   reassessed by examin ing   t he i r   pa r t i a l   F -s ta t i s t i cs .  A var iab le  
added a t  an e a r l i e r   s t e p  may be redundant  hecause  the  relat ionship  between i t  and the  
remaining  var iables now in  the  equat ion  has  reduced i t s  value of Fp t o   l e s s   t h a n  
FCrit. If th is   happens,   the   s ign i f i can t   var iab le  i s  de le ted  from the  regress ion 
model. The procedure  terminates when a l l   s i g n i f i c a n t  terms  have  been  included i n  the  
mode 1. 

1 

As a new va r iab le   en te rs   t he  model, seve ra l   use fu l   quan t i t i es   a re   ca l cu la ted  a t  
each  stage of the  s tepwise  regress ion.  All these  quant i t ies   shou ld  be  examined f o r  
t h e   f i n a l  model se lec t i on .  First, the  user  can  consider  the  total   F-value  for  a 
given model  of Q var iab les   ca lcu la ted  as t h e   r a t i o  of the  mean square due t o   t h e  
r e g r e s s i o n   t o   t h e  mean square  o f   the  res idual .   Th is   ra t io  is given as 

N 

i = l  

where 
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This number usua l l y   i nc reases   t o  some  maximum va lue   as  new var iab les   en ter   the  
regress ion ,   bu t   then  decreases   s l igh t ly   as   the  new terms a r e  less e f f e c t i v e   i n  
reduc ing   the   res idua ls .   Heur is t i ca l l y ,   the  maximum F-value  represents a model  which 
b e s t   f i t s   t h e   d a t a   w i t h  a minimum number of  parameters.  Second,  the  squared  mult iple 
c o r r e l a t i o n   c o e f f i c i e n t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR2 is ca lcu la ted .  This number, expressed  as a percentage, 
is a measure  of the  usefulness  of   the terms, other   than zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeo, i n   t h e  model. The value 
of R2 would  be 100 percent   fo r  a  model t h a t   p e r f e c t l y   f i t   t h e   d a t a .   T h i r d ,  a t  each 
s tage,   the   par t ia l   F -va lues  Fp for   each  parameter   are  pr in ted.  The user  should 
look  for   cons is tency  in   the  va lues of Fp. For  example, i f  one  value  of F i s  only 
s l i g h t l y   g r e a t e r   t h a n  Fcrit and a l l   o t h e r   v a l u e s  of F a r e  much greater:   the  user 
may not  want  to  include  the  var iable  wi th  the small value  of Fp i n   t h e  model. The 
f o u r t h   a i d   i n  model s e l e c t i o n  is the  est imated  normal ized  autocorrelat ion  funct ion 
fo r   the   res idua ls .  The est imate   o f   the   au tocor re la t ion   func t ion   a t   lag  h is  given 

P 

by 

(h  = 0, 1 ,  ..., M) 

where  h is the   lag  number and M is the  maximum l a g  number,  which i s  usual ly  
10 pezcent  of N. The normal ized  autocorrelat ion  funct ion is ca lcu la ted  as 
W(h)/W(O). This funct ion  should  approach  that   for   whi te   no ise  wi th  a value of 1 a t  
zero   lag  and  values  of 0 a t   l a g   f o r  1 t o  M. I n  app l i ca t i ons ,  when the  value  of F 
f o r  a parameter makes the  u t i l i t y  of an  independent  variable  questionable,  the  con- 
t r i bu t i on  of t h a t   v a r i a b l e   t o   t h e   a c t u a l  model s t ructure  can  be  assessed by observing 
t h e   e f f e c t  of the   var iab le  on the   au tocor re la t ion   func t ion  of res idua ls .  The f i f t h  
number tha t   a ids   the   user  is the  s tandard  er ror  i n  t he   res idua ls  â, which is pr in ted  
a t  each  stage of the  regression. 

P 

One l earns  from exper ience   t ha t   no t   a l l  of t h e   f i v e   c r i t e r i a   l i s t e d  above are 
"op t ima l ly "   sa t is f ied   fo r   any   s ing le  model.  However, the  stepwise  regression  and i t s  
assoc ia ted   i n fo rma t ion   c r i t e r i a  do s ign i f i can t ly   reduce  the  number of possible  models 
from  which the  user must choose.  Moreover, as   the  model s t r u c t u r e  is determined, 
so are  the  parameter  est imates.   Final ly,   ambigui ty  in  the model se lec t ion   can   a lso  
be resolved by requi r ing  that   the  est imated  parameters make sense  phys ica l ly   and  that  
the   se lec ted  model  have  good p red ic t i on   capab i l i t y .  

The se lec t i on  of  a set of candidate model va r iab les  from  which the  s tepwise 
regress ion  can  bu i ld  a model should r e l y  on the   use r ' s  a p r i o r i  knowledge of the 
physical   system  that  is t o  be modeled.  For the  a i rplane,  such  assumptions  as  the 
most i n f l u e n t i a l   v a r i a b l e s  and  symmetry considerat ions  have  led  to  the  fo l lowing 
l og i c   f o r   se lec t i on  of  candidate model va r iab les   f o r  a sp l i ne   ana lys i s  of the  longi-  
t ud ina l  maneuver.  (See  eqs. (6 )  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 7 )  f o r  Cz.) Though i t  appears  lengthy and 
awkward, th is   fo rmula t ion  of the  FORTRAN code  al lows  for   s imple  delet ion,   addi t ion,  
and/or  change i n  candidate model var iab les .  

DO 910 1=1 ,NPTS 

x(2,I)=C/(2*VEL(I))*Q(I) 
X(3,I=DELE(I) 
DO 91 1 I I I=4,39 

I F ( A L P H ( I ) . G E . x K N O T ( ~ ) )  X ( 4 , I ) = A L P H ( I ) - X K N O T ( l )  

X ( I  , I )=ALPH( I )  

911 x ~ 1 1 1 , 1 ~ = 0 .  

IF (ALPH( I ) .GE.XKNOT(~) )  X(5, I )=x(2 ,1)  

18 
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IF(ALPH(1)  .GE.XKNOT(2)) X(6,I)=ALPH(I)-XKNOT(2) 
IF(ALPH(I).GE.XKNOT(2)) X(7,I)=X(2,1) 
IF(ALPH(1)  .GE.XKNOT(3)) X(8,I)=ALPH(I)-XKNOT(3) 
IF(ALPH(1)  .GE.XKNOT(3)) X(9,I)=X(2,1) 
IF(ALPH(1)  .GE.XKNOT(4)) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX(lO,I)=ALPH(I)-XKNOT(4) 
IF(ALPH(I).GE.XKNOT(4)) X(Il,I)=X(2,1) 
IF(ALPH(I).GE.XKNOT(5)) X(12,I)=ALPH(I)-XKNOT(5) 
IF(ALPH(1)  .GE.XKNOT(5)) X(13,I)=X(2,1) 
IF(ALPH(I).GE.XKNOT(6)) X(14,I)=ALPH(I)-XKNOT(6) 
IF(ALPH(I).GE.XKNOT(6)) X(15,I)=X(2,1) 
IF(ALPH(I).GE.XKNOT(7)) X(16,I)=ALPH(I)-XKNOT(7) 
IF(ALPH(1)  .GE.XKNOT(7)) X(17,I)=X(2,1) 
IF(ALPH(I).GE.XKNOT(8)) X(18,I)=ALPH(I)-XKNOT(8) 
IF(ALPH( I) .GE.XKNOT(8)) X(19,I)=X(2,1) 
IF(ALPH(1)  .GE.XKNOT(9)) X(2O,I)=ALPH(I)-XKNOT(9) 
IF(ALPH(I) .GE.XKNOT(~)) x(21,1)=x(2,1) 

IF(ALPH(I) .GE.XKNOT(~~)) x(23,1)=x(2,1) 

IF(ALPH(I).GE.XKNOT(~~)) x(25,1)=x(2,1) 

IF(ALPH( I) .GE.XKNOT(  IO) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) X( 22,I)=ALPH(  I)-XKNOT 

IF(ALPH(I).GE.XKNOT(ll)) X(24,I)=ALPH(I)-XKNOT 

IF(ALPH(I).GE.XKNOT(l2)) X(26,I)=ALPH(I)-XKNOT 
IF(ALPH(I).GE.XKNOT(l2)) X(27,I)=X(2,1) 
IF(ALPH(I).GE,XKNOT(13)) X(28,I)=ALPH(I)-XKNOT(13) 
IF(ALPH(I).GE.XKNOT(13)) X(29,I)=X(2,1) 
IF(ALPH(1)  .GE,XKNOT(14)) X(3O,I)=ALPH(I)-XKNOT(14) 
IF(ALPH(I).GE.XKNOT(l4)) X(31,I)=X(2,1) 

IF(ALPH(I).GE.XKNOT(15)) X(33,I)=X(2,1) 
IF(ALPH(1)  .GE.XKNOT(lG)) X(34,I)=ALPH(I)-XKNOT(16) 
IF(ALPH(I).GE.XKNOT(l6)) X(35,I)=X(2,1) 
IF(ALPH(1)  .GE.XKNOT(17)) X(36,I)=ALPH(I)-XKNOT(17) 
IF(ALPH(I).GE.XKNOT(17)) X(37,I)=X(2,1) 
IF(ALPH(I).GE.XKNOT(7))  X(38,I)=X(3,1) 
IF(ALPH(I).GE.XKNOT(13)) X(39,I)=X(3,1) 

IF(ALPH(1)  .GE.XKNOT(15)) X(32,I)=ALPH(I)-XKNOT(15) 

9 10 CONTINUE 

In zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe  preceding  pr in tout ,  VEL(1) = Airspeed V a t  ti, Q = Pi tch  rate q, 
NPTS = Number of da ta   po in ts  N, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC = Wing  mean aerodynamic  chord c ,  and 
X( J,I) = Value  of j t h  model var iab le  a t  ti. The symbols XKNOT( ) i nd ica te   kno ts  
f o r   s p e c i f i c   v a l u e s  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa. The tab le   ac tua l l y   g ives   the   log ic   €or   c rea t ing   the  
(39 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX N) matr ix   conta in ing  the t i m e  h i s t o r i e s  of  each of the  39 candidate  independent 
var iab les .  The 17 kno ts   i n   ang le  of a t tack  can be set a t  any  value  the  user deems 
adequate  for   the  data by s e t t i n g  XKNOT(1) i n   t h e  program  with I = 1,17. Changing 
the   cand ida te  model va r iab les   can   eas i l y  be  accomplished by s u b s t i t u t i n g   t h e  new 
var iab le   fo r   any  of the  39 cand ida tes   l i s ted .  The number of   candidate  var iab les i s  
l im i ted   on ly  by t h e   s i z e  of the  computer memory. 

- 
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TABLE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI.- COMPARISON OF STANDARD  ERRORS AND SQUARED  MULTIPLE  CORRELATION 
C O E F F I C I E N T S  FROM D I F F E R E N T  MANEUVERS FOR  LONGITUDINAL  DATA 

A e r o d y n a m i c  
coeff icient 

cX 
C Z  
‘m 

S m a l l - a m p l i  tude 
maneuvers zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(3 

Min. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.001 1 

.0064 

.0052 

Max. 

0.020 
.042 
.028 

~ 

Min. 

71.5 
88.3 
89 .I 

R2 

Max. 

99.9 
99.9 
99.5 

maneuvers 

0.014 
.039 
.033  93.5 

TABLE 11.- COMPARISON OF STANDARD  ERRORS AND SQUARED  MULTIPLE  CORRELATION 
C O E F F I C I E N T S  FROM D I F F E R E N T  MANEUVERS  FOR  LATERAL  DATA 

Small-amplitude 
m a n e u v e r s  

Min. 

1.0026 
.0014 
.0008 

A 

Q 

I 
I 

Max. 

0.01  20 
.0062 
.0040 

Large-amplitude 
m a n e u v e r s  

1 Separate runs  

R2 1 ^a I R2 

94.3 

.0032  99.3 60.6 

.0049 96.5 88.9 
0.0072  99.9 0.0390 

96.4  88.9 .0057 
94.5 93.7 .0084 
99.1 96.4 

Par t i t i oned  I data 

Min. 

0.0066 
.0026 
.0027 

~ _ _  

Max. 

0.0360 
.0095 
.0064 

I 
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Figure 1.- Estimated  longitudinal  parameters  from  quasi-steady and small-amplitude 

maneuvers. 
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Figure 2.- Estimated  lateral  parameters from small-amplitude maneuvers. 
Transient data. 
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50 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc 

v, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.- Time h i s t o r i e s  of measured  long i tud ina l   var iab les   in   la rge-ampl i tude 
maneuver. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Q, deg zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 4.- Time h i s t o r i e s  of  longitudinal  aerodynamic 

coef f i c ien ts   in   la rge-ampl i tude maneuver p l o t t e d  
aga ins t   ang le  of a t tack .  
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Figure 5.- Var ia t ion of two longi tud ina l   var iab les  wi th   angle of a t tack  
in  large-amplitude  maneuver. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 6.- Estimated  damping-in-pitch var ia t ion  wi th   angle of a t tack  from large-  
amplitude maneuver using sp l ines  of d i f f e ren t   deg rees .  
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Figure 7.- Comparison  of longi tudinal   parameters estimated from d i f f e r e n t  
maneuvers. 
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Figure 7 .- Continued. 
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Figure 8.- Comparison  of ver t ica l - force  and  p i tch ing-moment   coef f ic ient   in   s teady-  
s ta te  condi t ions  est imated from d i f f e r e n t  maneuvers. 
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MEASURED 

COMPUTED zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

20 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
q, 
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0 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 12 16 20 2Y 2B 32 36 10 

Time,  sec zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Figure 9.- Time h i s t o r i e s   o f   m e a s u r e d   l o n g i t u d i n a l   f l i g h t  data and 

those  computed by us ing   parameters   ob ta ined by stepwise r e g r e s s i o n  
w i th   sp l ine   approx imat ion .  
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Figure 10.- Time h i s t o r i e s  of measured input   and  response  var iab les   in   la rqe-  
amplitude maneuver. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 11.- Time h i s t o r i e s  of  aerodynamic 
c o e f f i c i e n t s  i n  large-ampli tude maneuver 
p lo t ted   aga ins t   ang le  of a t tack .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 11  .- Concluded. 
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Figure 16.- Comparison  of l a t e r a l  parameters  estimated from small- and large- 
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Figure 16.- Continued. 
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Figure 16.- Concluded. 
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Figure 17.- Steady-state  values of lateral  coefficients  estimated from large- 
amplitude maneuvers. Partitioned  data. 
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Figure 18.- Steady-state  values  of  yawing-moment coe f f i c i en ts   es t ima ted  from la rge-  
ampli tude  maneuvers.  Part i t ioned  data. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 19.- Comparison  of long i tud ina l  parameters estimated from d i f f e r e n t  
maneuvers. 
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Figure 20.- Time h i s t o r i e s  of measured l a t e r a l   f l i g h t   d a t a  and those computed by 
using  parameters  obtained by s tepwise  regress ion  f rom  par t i t ioned  data.  
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