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ABSTRACT-We present a procedure for measuring the dy
namic fracture-initiation toughness of materials. The method 
is based on three-point bending tests at high loading rates, 
performed in an experimental device which is a modification 
of the classical split Hopkinson pressure bar. Coupled with the 
loading device, a high-speed photography system was used 
to measure the crack mouth opening displacement (CMOD) 
directly on the specimen. The stress intensity factor was cal
culated by three different simplified methods and the time to 

fracture was obtained from an appropriate specimen instru
mentation. To evaluate the results derived from the simplified 
methods, a two-dimensional full-numerical analysis of the dy
namic bending fracture test was made. The model includes 
the specimen, the input bar, the impacting projectile and the 
supporting device and takes into account the possible loss of 
contact during the experiment between the input bar and the 
specimen and between the specimen and its supports. From 
the tests and numerical results, it can be concluded that the 
CMOD procedure, together with the knowledge of the time to 
fracture determined using crack gages, seems to be the best 
method for measuring dynamic fracture-initiation toughness. 

KEY WORDS-Dynamic bending test, stress intensity factor, 

numerical analysis, high strain rates 

Introduction 

Material fracture properties are often required for estimat

ing the failure safety and damage tolerance design of struc

tural components. As these components may be subjected 

to dynamic loading, the fracture properties should be mea

sured at strain rates close to those that will be encountered in 

service. 

The instrumented Charpy test has been widely used to 

evaluate the dynamic fracture properties of materials, the 

maximum loading rate (stress intensity factor (SIP) load

ing rate, K I) achieved during the test being about K I = 
105 MPa Jill s -1. Por higher strain rates, different authors 1-3 

have described special arrangements of the split Hopkinson 

pressure bar (SHPB) apparatus for dynamic bending tests in 

such conditions. 

Among fracture properties, the dynamic fracture-initiation 

toughness, KId (the SIP at which a crack begins to grow) is 

of special importance. To obtain KId experimentally, both 
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the temporal evolution of the SIP during the specimen load

ing process and the instant at which the crack begins to grow 

must be determined. Thus, KId may be obtained as the SIP 

value at crack growth initiation time, tl, i.e., 

(1) 

To calculate the SIP in dynamic bending tests, different 

optical4
- 6 and photoelastic 7 techniques have been proposed, 

but all require very complex equipment. Other authors, using 

the Euler-Bernoulli8 or Timoshenk09 beam theories, derived 

simple formulae for the dynamic SIP of three-point bending 

(TPB) specimens. To use these formulae, the applied load 

on the specimen and its natural frequencies must be known. 

Nishioka and Atluri 10 computed the dynamic SIP from the 

crack mouth opening displacement (CMOD), assuming that 

the relationship deduced for static condition apply to the dy

namic one. Bacon et al.3 rearranged the formula of Nishioka 

and Atluri 10 to obtain the dynamic SIP from the load point 

displacement. Recently, Popelar et al. 11 proposed a dynamic 

test method in which the fracture toughness is estimated from 

the crack opening displacement (COD). The COD is evalu

ated from CMOD (which is measured by means of a gage) 

using a simple quasi-dynamic model. The results of these 

models would be strictly applicable if pure TPB test condi

tions were maintained during the experiment, with no loss 

of contact between the specimen and the support device nor 

between the specimen and the input bar. However, Nishioka 

et al. 12 first reported the evidence of this loss of contact in dy

namic fracture tests, on the basis of numerical simulations. 

To take into account this possible loss of contact, different 

numerical approaches have been proposed to calculate the 
temporal evolution of the SIP in the TPB impact test? 12, 13 

In this paper we propose an experimental procedure to 

measure the dynamic fracture-initiation toughness, KId. The 

test device, based on a modification of the conventional 

SHPB, allows dynamic fracture tests on TPB specimens at 

high loading rates (KI = 106 MPa Jill s-l). The experi

ments were conducted on TPB specimens of AA7075-T651 

aluminum alloy. Once the input load, the load point displace

ment and the CMOD are experimentally obtained using the 

appropriate instrumentation, the SIP is calculated by differ

ent simplified methods. To measure the CMOD, a high-speed 

photography system was used, coupled to the modified SHPB 

device. 

Two-dimensional finite element analysis of the modified 

SHPB TPB test (including projectile, input bar, specimen and 
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supporting device) was carried out to compare the dynamic 

SIF values obtained from the different simplified procedures. 

Experimental Device 

The experimental device, based on the classical SHPB, 

consists (see Fig. 1) of a striker bar (projectile), an input bar, 

a specimen supporting device and an appropriate data acqui

sition system. The projectile and the input bar are cylindrical, 

22 mm in diameter and 330 mm and 1 m long, respectively. 

The end of the input bar initially in contact with the speci

men is geometrically similar to the nose of the hammer of the 

Charpy pendulum. The input bar is instrumented by strain 

gages (MEM Micromeasurements model CEA-06-1250N-

350 with a resistance of 350 Q and a gage length of 3.2 mm) 

located on its surface at the mid-span section. This system, 

which consists of four strain gages, placed in a bridge circuit, 

allows the strain time-history to be measured at the input bar. 

The output signals measured by the strain gages are recorded 

at a sampling rate of 1 [1S and stored in a digital oscilloscope. 

This device allows TPB specimens, whose geometry and 

dimensions accord with ASTM E399 Standard, 14 to be tested. 

To follow the specimen deformation throughout the dy

namic TPB test, a high-speed photography system was cou

pled to the experimental device. The photographic equipment 

consists of four coupled CCD cameras with which to take 

images of a common objective (a 50 magnification lens) and 

from the same specimen zone. The specimen was illuminated 

from the side opposite to that from which the photographs are 

taken, so the images visualized the shadow of the specimen. 

Figure 2 shows the complete experimental setup with the rel

ative position of the cameras, specimen and lighting system. 

To synchronize the cameras with the mechanical test, a 

signal of a strain gage placed on the surface of the input bar 

near to the end impacted by the projectile was used. Only 

the first signal recorded at the strain gage is sent to the cam

eras. With this system it is possible to take up to 40 (10 per 

camera) different photographs of the specimen deformation 

process, but due to the time interval in which the initiation 

of crack propagation takes place (less than 50 [1s) and the 

magnification selected for the images, the effective framing 

ratio is one photograph every 3 [1S, approximately. Then the 

photographs were computer treated to obtain enhanced im

ages from which direct measurement of displacements, such 

as CMOD, can be made with errors less than 0.02 mm. 

To evaluate the time to fracture, the specimens were instru

mented in two different ways. Several were instrumented with 

a small strain gage (with a gage length of 0.3 mm) bonded 

near the crack tip at a distance of approximately 2 mm from 

the crack path, as shown in Fig. 3(a). In others, a crack gage 

was placed just at the crack tip (see Fig. 3(b )). 

Test Procedure 

The specimen was placed on the TPB device and the sys

tem was carefully aligned to guarantee that the crack surface 

and contact line of the input bar with the specimen were in 

the same plane. 

The impact of the projectile at the desired velocity, Vo, 
generates a longitudinal traveling compressive pulse, E; (t), 

in the input bar. Part of this pulse energy is transmitted to the 

specimen and the supporting device, while the rest is reflected 

back to the input bar as a tensile pulse, Er (t). From the one

dimensional elastic wave propagation theory, the input load, 

P (t), and the displacement of the bar edge initially in contact 

with the specimen, u(t), can be calculated as 1,2 

pet) = EA(E;(t) + Er(t)) 

t 

u(t) = Co f (E;(t) - Er(t))dt, 

o 

(2) 

(3) 

where A and E are, respectively, the cross-sectional area and 

the material Young's modulus of the input bar, and Co is the 

sound speed in the bar (co = If, p being its mass density). 

To directly measure the CMOD, images were captured 

throughout the test by the high-speed photography system 

and stored in a computer for their subsequent processing. 

The signal recorded from the specimen instrumentation was 

stored in an oscilloscope to determine the time to fracture. 

Kid Determination 

The evaluation of the dynamic fracture-initiation tough

ness of the material involves two key items: first, the calcu

lation of the temporal evolution of the. SIF; and secondly, the 

time to fracture measurement. For the first, three different 

approaches (based on the input load, load point displacement 

and the CMOD, see Fig. 4) were used. 

The SIF may be computed8 from the applied load, pet) 

t 

K/(t) CD1 f -- = -- P(t)sinCD1 (t - t)dt 
K/s pet) 

(4) 

o 

where CDl is the fundamental frequency of the simply

supported cracked beam. K / s is the static SIF corresponding 

to the load pet), written as 15 

3 P(t)~ va 
K/s = 2 B.JW (1 + 2a)(1 _ a)3/2 f(a) (5) 

with 

f(a) = (1.99 - a(l - a) (2.15 - 3.93a + 2.7(2
)) 

where a is the ratio between the crack length, a, and the 

specimen width, W. 

For the specimen tested, the parameter ~ (defined as the 

ratio between the specimen span, S, and its width, W) was 

4, so the shear and rotary inertia effects had to be taken into 

account in the calculation of the fundamental frequency, CD 1. 

Rubio et al. 16 evaluated this parameter considering these ef

fects. A closed expression for CD1 is given in Appendix 1. 

Another way to calculate the SIF is that derived from the 

load point displacement, up(t). Assuming that the relation

ship deduced for static conditions is applicable to the dynamic 
one,3 it can be written as 

3 ~ up(t) 
K/(t) = -----kp.(a) 

2 B.JW C(a) I-' 

(6) 
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Fig. 1-Modified split Hopkinson pressure bar device 

Fig. 2-0verall view of the test setup 

( um ':111100. I Sln"n G.1~C 

(a) 

(b) 

Fig. 3-Specimen instrumentation: (a) conventional strain 
gage, (b) crack gage 

pet) 
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Fig. 4-Schematic view of the deformation of the TPB 
specimen 

where C(a) is the compliance of the cracked specimen (its 

expression is given in Appendix 2) and k~ (a) is a non

dimensional function depending on the variables a and ~. 

Its expression can be found in Guinea et al. 17 and, for the 

case ~ = 4, in Appendix 3. Por simplicity, the load point 
displacement, Up (t), was assumed to be equal to that of the 

edge of the input bar, Ut. However, these displacements are 

only equal if there is no contact loss between the input bar 
edge and the specimen during the test. 

Alternatively, the SIP may be evaluated from the CMOD 

values, WM(t), again assuming that the relationship of the 

static case applies to the dynamic one.! 0 In this case K I (t) is 
written as 

(7) 

In this last equation, k~ (a) is the same function appearing 

in eq (6) and v~ (a) is a non-dimensional function depending 

on a and ~ values, and its expression can be found in Guinea 
et al. 17 Por the case ~ = 4, v~ (a) is given in Appendix 3. 

Therefore, from the knowledge of either the input load 
(eq (4», ortheload point displacement (eq (6», or the CMOD 
(eq (7» time-histories, the SIP at any time of the test can be 
evaluated. 

In addition, from the analysis of the signals of the strain 
gages or the crack gages placed on the specimens, the time 
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to fracture was measured. Once KI(t) has been determined 

by one of the three simplified procedures given above, and 

once the time to fracture is known, KId may be obtained by 

eq (1). 

Experimental Results 

The experiment was conducted on TPB specimens ma

chined from an AA7075-T651 aluminum alloy plate. The 

chemical composition and the static mechanical properties 

of the material at room temperature are listed in Tables 1 

and 2, respectively. The relative dimensions of the speci

mens are: width, W = 20 mm; thickness, B = 10 mm; 

length, L = 90 mm. The specimens were notched in the 

T -L direction I4 and fatigue pre-cracked in a 100 kN servo

hydraulic machine (Instron 8506) to obtain a crack length 

of about 50% of the specimen width. A fixed support span 

(S = 80 mm) was used in all the tests. 

Table 3, summarizing the experimental results, contains 

the following information: specimen number; initial crack 

length, ao; the impact velocity of the projectile, Vo; the time 

to fracture, tf; the kind of strain gage used to measure the 

time to fracture, conventional strain gage (CSG) or crack 

gage (CG); the values of KId evaluated from the input load, 

Pet), K;, from the displacement u, K:; and finally, from 

c:MOD, K~MOD' 
As an example, the experimental results of a particular test 

(specimen number 9) are presented in detail. Figures 5(a) and 

5(b) show, respectively, the time-histories of the applied load, 

P (t) (eq (2» and the displacement of the bar end initially in 

contact with the specimen, u(t) (eq (3». Photographs taken 

by the four cameras during the test are shown in Fig. 6(a) 

and the corresponding computer-treated images in Fig. 6(b). 

In these figures, several photographs can be recognized in 

the frames corresponding to each camera, in particular: six 

photographs for camera number one in the time interval t = 

10-35 [1S; six photographs between t = 12-60 [1S for camera 

number two; six photographs for camera number three in the 

time interval t = 13-73 [1S; and finally, five photographs 

from t = 27-87 [1S taken by camera number four. From the 

images of Fig. 6(b), CMOD was directly measured. From 

the experimental results of the SIF, time-histories using the 

simplified procedures can be seen in Fig. 7. In these figures, 

the axis time origin corresponds to the instant at which the 

incident wave reaches the specimen, i.e., 98 [1S after passing 

through the strain gage at the mid-span of the incident bar. 

The time to fracture was obtained from the signals of the 

specimen instrumentation. Figures 8(a) and 8(b) show typical 

signals from the conventional strain gage (see Fig. 3(a» and 

from the crack gage (Fig. 3(b». In both cases, the time to 

fracture corresponds to the time at which the maximum of the 

electrical voltage curve versus time is reached. In particular, 

Fig. 8(b) corresponds to the signal recorded by the crack gage 

placed on specimen number 9. In this case, the signal of the 
gage located on the specimen is recorded from the instant at 

which the incident wave reaches the strain gage of the input 

bar. 

Numerical Simulation 

To compare different simplified methods of obtaining the 

dynamic SIF, a numerical simulation of the impact bend
ing fracture test, corresponding to specimen number 9, was 

60,0 ,-----------------------: 

50,0 

40,0 

.g 30,0 

.3 
20.0 

\0,0 

10 20 30 40 50 
Time, ~s 

(a) 

0,5 ,-------------------

0.4 

§ 0,3 

;:l 
0,2 

0.1 

10 15 20 25 30 35 40 45 50 
Time,lls 

(b) 
Fig. 5-Experimental results for specimen number 9: (a) 
input load time-history, (b) displacement of the end of input 
bar time-history 

performed using the finite element method commercial com

puter code, ABAQUS. 18 The finite element model included 

the projectile, the input bar, the specimen and its supporting 

device. The simulated specimen had a fatigue crack of length 

a = 0.54 W. Due to symmetry, only one half of the spec

imen, input bar and projectile, and only one support were 

modeled. The mesh of the specimen consisted of 1244 nodes 

and 1180 four-node plane-strain bilinear reduced-integration 

elements. To take into account the stress and strain concen

trations at the crack tip, the mesh was refined at that zone, 

with the smallest element side size being 45 [1m. The input 

bar mesh consisted of 1972 nodes and 1570 elements, and 

that of the projectile had 624 nodes and 495 elements. In this 

case, four-node plane-stress bilinear reduced-integration ele

ments were used. The thickness of these elements was chosen 

in such a way that the total bar cross-section was preserved. 

The supporting device was modeled by a half-roller 8 mm in 

diameter. To simulate the rest of the support, 18 special ele

ments called "infinity elements" (CINPE4) provided by the 
ABAQUS finite element package I 8 were added. This kind of 

element is often used in boundary value problems defined in 

unbounded domains, or for problems in which the region of 
interest is small in comparison with the surrounding medium. 

In this dynamic analysis, the infinity elements were chosen 

for their ability to transmit energy outside the finite element 
mesh, without trapping or reflecting it. This transmission is 
optimized when the boundary between finite and infinite el

ements is orthogonal to the direction from which the waves 
will impinge on this boundary. IS 
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TABLE 1-CHEMICAL COMPOSITION OF THE AA7075-T651 ALLOY 

Si Fe Cu Mn Mg Zn Ti AI 

0.100 0.160 1.620 0.050 2.620 5.870 0.036 Bal 

TABLE 2-MECHANICAL PROPERTIES OF THE AA7075-T651 ALLOY 

Young's Modulus Yield Strength Ultimate Strength 

E (GPa) (J0.2 (MPa) (JUTS (MPa) 

72 524 587 

TABLE 3-EXPERIMENTAL RESULTS 

Specimen ao Vo Strain 

Number (mm) (m S-I) Gage 

31 11.33 13.1 CSG 
28 11.54 12.8 CG 
30 11.23 12.9 CG 
32 11.76 12.7 CSG 
9 10.81 13.1 CG 
8 11.79 13.0 CSG 
7 11.03 12.9 CG 
10 10.73 13.2 CSG 

Mean values 
Standard deviation 

It is worth noting that, by means of this analysis, the pos

sible loss of contact between specimen and input bar or/and 

specimen and supports is properly taken into account. 

Figure 9 shows the meshes of the specimen, the end of 

the input bar, and the support used in the analysis. Linear 

elastic behavior was assumed for all the materials involved. 

The elastic properties of the projectile, input bar and support 

material were of elastic limit silver steel with Young's mod

ulus E = 200 GPa and Poisson's ratio v = 0.3, and a mass 

density of p = 7850 kg m - 3
. The elastic properties and mass 

density of the specimen material correspond to those of the 

AA 707 5-T651 aluminum alloy and are given in Table 2. The 

projectile impact velocity considered was 13.1 ms-I. 

In this analysis, we used the Hilber-Hughes-Taylor direct

integration method, implemented in the ABAQUS code. IS It 
is an implicit method, unconditionally stable for linear sys

tems. In all the analyses, a time increment of Il-1s was taken 

for the integration process. 

The SIF can be obtained from the general path

independent dynamic J integral, J', derived by Nishioka and 

Atluri l9 (see also Nishioka20
). For a mode I stationary crack 

(as in our case) the SIF may be derived as19,20 

EJ{(t) 

1 - v2 ' 
(8) 

From the numerical results, corresponding to the first 

100 I-1S of the test, the temporal evolution of the following 
variables was obtained: the difference between the displace

ments of the specimen loading point and the end of the input 

bar (Fig. 1O( a», the displacement ofthe point of the specimen 
initially in contact with the support (Fig. lO(b)), and finally 

the SIF deduced from eq (8) and those derived from the input 

load (eqs (2) and (4», the displacement on the input bar end 

(eqs (3) and (6» and the CM OD (eq (7)) (see Fig. 11). 

Poisson's Ratio Elongation Mass Density 

v 8 ("le) P (kg m-3 ) 

0.3 12.7 2800 

ft Kp K': u KCMOD 
(l-1s) (MPa m1/2 ) (MPa m1/2) (MPa m1/2) 

28 30 25 29 
32 34 29 33 
31 34 29 34 
29 37 26 37 
25 25 22 26 
25 29 21 32 
32 36 30 31 
25 33 20 28 
28 32 25 31 
3.1 4.0 3.9 3.8 

Discussion 

From the experimental results (Fig. 7), the SIF evaluated 

from the input load is lower than that obtained by other proce

dures in the first 20 I-1S of the test. For times longer than 30 I-1S, 

the SIF values calculated from the displacement clearly differ 

from those calculated by the other two methods. This may be 

because around this time the crack starts to grow (the time to 

fracture measured for this specimen is 25 I-1s) and contact is 

lost between the specimen and the end of the bar. 

For the determination of the time to fracture (Table 3), it 

may be deduced that the mean value of the time to fracture ob

tained with the conventional strain gage (four tests) is 27 I-1S, 

whereas the corresponding values obtained from the crack 

gage (four tests) is 30 I-1S. Since the crack gages are placed 

just at the crack tip, the measurement of the time to fracture 

with this kind of gage is more precise than with conventional 

gages. 

The numerical results (Figs. lO(a) and lO(b)) show that 

during the first 15 I-1S, the specimen was subjected to a pure 

TPB test. In the time interval between t = 15-50 I-1S, the 

specimen behaves as subjected to a one-point bending test 

because of the contact loss between specimen and supports, 

and in the interval between 50-55 I-1S the specimen moves 

freely without any contact with the input bar or with its sup

ports. Between t = 55-60 I-1S, the specimen is in contact 

with the supports, but not with the input bar. Finally, after 

t = 60 I-1S, the conditions are again those of a pure TPB 

test. The same phenomenon was first elucidated by Nisioka 
et al. 12 

Since the time to fracture experimentally measured for the 

given specimen is 25 I-1S, it is SUbjected to a one-point bending 
test at the onset of crack propagation. However, Fig. 11 shows 

that, throughout the test, only the SIF values numerically 

obtained from the CMOD were very close to the numerical 

values calculated by eq (8). This indicates the possibility of 
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(b) 
Fig. 6-Photographs taken by the CCD cameras. (a) As
obtained: camera 1 (six photographs from t = 10-35 fJ,s); 
camera 2 (six photographs from t= 12-60 fJ,s); camera 3 (six 
photographs from t= 13-73 fJ,s); camera 4 (five photographs 
from t = 27-87 fJ,s). (b) Computer-treated 
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Fig. 7-Experimental determination of the SIF by three 
different procedures 
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Fig. 8-Time to fracture determination: (a) conventional 
strain gage signal, (b) crack gage signal 

Fig. 9-Meshes used in the numerical analysis 

obtaining the SIF from the CMOD using the relationship 

that applies in the static conditions for TPB specimens, even 

when the actual test is a one-point bending test. The same 

conclusion was found by Nishioka and Atluri. 10 

Figure 12 shows a comparison between the SIF obtained 

experimentally with the three different procedures and the 

SIF numerically calculated by eq (8). Since all the analyses 

considered non-crack propagation, the results after the time 
to fracture are not representative. As shown in this Fig. 12, for 

the case considered, in which the measured time to fracture 

is 25 fJ,S, the values of KId obtained with the different proce
dures were practically coincident. These results were similar 
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Fig. 10-Numerical results: (a) relative displacement be
tween the specimen and the input bar, (b) displacement of 
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Fig. 11-Numerical determination of the SIF by different 
procedures 

in all the specimens tested (see Table 3) and it can be seen that 

the loading rates reached were about KJ = 106 MPa.Jill s-I. 

The values of KId and KJ coincide with those reported by 

Yokoyama.2 

Summary and Conclusions 

We have presented a procedure to evaluate dynamic 

fracture-initiation toughness. It is based on dynamic frac

ture tests performed on TPB specimens, in conjunction with 

a high-speed photography technique which provides direct 

measurement of the CMOD. This experimental technique al

lows high loading rates (KJ = 106 MPa.Jill s-I). The dy-

120.0 

100.0 

S 80.0 
8 

~ 60.0 

g; 40.0 
VJ 

20.0 

--From CMOD (Numerical) 
.... From P(t) ( Experimental) 

- - - - - From u(t) (Experimental) 

• From CMOD (Experimental) 

10 20 30 40 
Time (Jls) 

.-

50 60 

Fig. 12-Comparison between numerical and experimental 
determination of the SIF 

namic fracture-initiation toughness is determined as the SIP 

at the time to fracture . 

The dynamic SIP was calculated by three different simpli

fied methods and the time to fracture was obtained by an ap

propriate instrumentation of the specimen. To evaluate these 

different procedures, a two-dimensional numerical analysis 

of the dynamic bending fracture test was performed. The 

model included the specimen, the input bar, the impacting 

projectile and the supporting device, and took into account 

the possible loss of contact between the loading bar and the 

specimen and between the specimen and its support system 

during the experiment. 

Prom the tests and numerical results, it can be concluded 

that the best way to estimate dynamic fracture-initiation 

toughness is to determine the SIP from the CMOD, and the 

time to fracture from crack gages bonded on the specimen. 

Appendix 1. Fundamental Frequency of the Cracked 
Specimen 

The value of (01, appearing in eq (4) can be calculated by 

the following expression l6 

where 

1 
h(a) = ~m(a). (10) 

mea) is a function of a (a = w) and the section geometry. 

In the case of a rectangular section, the function m (a) can be 

expressed as l5 

where 

m (a) = 2 (_a_)2 f (a) 
I-a 

(11) 

f (a) = 5.93 - 19.69a + 37.14a2 - 35.84a3 + 13.12a4
. 

The constants kl, k2 and k3 are given by 

(12) 
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(13) 

(14) 

with 

= 2(1 + \J) 1 (~)2 
Yl K A L 

(1S) 

(16) 

\J is the Poisson's ratio of the material and K is the shear 

coefficient (S /6 for a rectangular section). 

Appendix 2. Compliance of the Cracked Specimen 

The compliance of the cracked specimen is given by 

C(a) = Co + Cc(a) (17) 

where Co is the compliance of the specimen with any crack 

that can be calculated as 

C = ~ (1 24(1 +\J) _1_). 
o 48E1 + K AL2 

(18) 

Cc(a) takes into account the effect of the crack in the com
pliance of the specimen and its expression is 17 

with 

0.29 + 1.39a - 1.62a2 

hI (a) = -0.378a
3

ln(l - a) + a2 
2 

1 + 0.S4a - 0.84a 
(20) 

h2(a) = l.1a3ln(l - a) 

2 -3.22 - 16.4a + 28.la2 - 11.4a3 

+ a (l _ a)(1 + 4.7a _ 4(2) (21) 

h3(a) = -0. 176a3 In (1 - a) 

2 8.91 - 4.88a - 0.43Sa2 + 0.26a
3 

+ a (1 _ a)2(1 + 2.9a) (22) 

Appendix 3. Expressions of Functions k~ (et) and 

v~ (a.) 

The expressions of k0 (a) and v0 (a), for the particular case 

of 0 = 4, are17 

y'a 
k0(a) = (1 - a)3/2(1 + 3a) 

(1.9 + 0.41a + 0.Sla2 - 0.17(3) (23) 

2 3 0.66 
v0(a) = 0.76 - 2.28a + 3.87a - 2.04a + 2' 

(1 - a) 

(24) 
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