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Two independent approaches, the box counting and the sand box methods are used for the
determination of the generalized dimensions (D, ) associated with the geometrical structure of
growing deterministic fractals. We find that the multifractal nature of the geometry results in
an unusually slow convergence of the numerically calculated D,’s to their true values. Our
study demonstrates that the above-mentioned two methods are equivalent only if the sand
box method is applied with an averaging over randomly selected centres. In this case the
latter approach provides better estimates of the generalized dimensions.

Fractal measures characterized by an infinite hierarchy of exponents have
attracted considerable interest recently (for reviews see refs. [1-6]). Objects
with such multifractal properties have been shown to be relevant to a variety of
physical processes, including turbulence [7, 8], chaos [9], conduction in random
resistor networks [10], and growth of aggregates [11-13].

In many cases physical processes generate singular distribution of the
corresponding measure on a support which is a fractal. Here we will be

A ith th T - 1 1 1
concerncd with the casc when the measure is uniformly distributed on the

support, but the geometry of the latter exhibits multifractal behaviour. In fact,
the question whether such multifractal structures exist in nature or they can be
obtained only by mathematical methods has not been satisfactorily answered
yet. A few very recent numerical results suggest that the mass distribution
within clusters generated by growth models and laboratory experiments on
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diffusion-limited growth corresponds to a “‘monofractal” geometry rather than
to a fractal measure [14]. On the other hand, in an analysis of sedimentary rock
[15] the distribution of mass was described in terms of multifractality and
similar results were found for aggregation models from a small cell renormali-
zation group approach [16]. Anomalous behaviour of the number of boxes of
size r containing a given number of particles was found in a study of the mass
distribution within diffusion-limited aggregates [17]. Recent studies suggest,
however, that the cluster sizes used in the numerical investigations were likely
to be too small to see the true behaviour [18].

In order to clarify some of the controversial points about geometrical
multifractality we shall study deterministic cluster growth models using the
definitions and formalism published in ref. [19]. In ref. [19] we argued that
anomalously large structures have to be generated to see the asymptotic
regime. As an incependent and quite surprising result we found that the fractal
dimension of the above mentioned deterministic constructions determined
from the usual expression M(R) ~ R” was inconsistent with the value obtained
from self-similarity considerations. (Here M(R) is the number of particles
within a circle of radius R centered at the origin of the construction, and D is
the fractal dimension.)

In general, two basic methods are used to determine fractal dimensions. For
growing fractal structures the scaling of the mass within a rcgion of size L is
investigated as a function of L. Here we study an extension of this approach
which is sometimes called “‘sand box method”. In the case of fractals with a
fixed size and infinitely small details, the dimension of the objects is de-
termined from the scaling of the number of non-empty boxes of decreasing
size. In this “box counting” method the structure is covered by a grid with a
mesh size equal to / and a box or lattice unit is considered as occupied if its
intersection with the fractal is larger than zero. In this paper we address the
question of equivalence of these approaches in the case of geometrical (often
called also mass) multifractals.

Let us define geometrical (mass) multifractality of growing clusters according
to ref. [19]. We shall assurr 2 that the structure is defined on a lattice and its
linear size and mass are L and M, respectively. Furthermore, a denotes the
diameter of the particies the ciusters are made of (the unit of the iattice on
which the cluster is growing) and [ is the lattice spacing (box sizc) of the giid
which is put onto the cluster to determine its fractal dimension. Then one can
define M, as the mass (the number of particles) of the ith box (i=212,..).
Knowing the set of M, values one can determine the quantity N(M) which is
the number of boxes with mass M. Assume that we plot In N(M) versus
In M/M, for various I. If these histograms fall onto the same universal (size
independent) curve after rescaling both coordinates by a factor In(//L) [4]. the
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structure is a geometrical multifractal [19]. Obviously, the above property
should hold if

—e
and
N
N ~(£) @)
where a is the mass index,
In M/M,
= 3)

N(a) is the number of boxes with mass index «, and (//L)—0. The D,
generalized dimensions [20] can be obtained from the scaling

1\ a-DD,
) (4)
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in the limit //L—0.

Before we discuss our results concerning the generalized dimensions of the
growing asymmetric Cantor set we briefly review the definitions of the methous
which will be used.

Box couniing

As it was already mentioned, in this method the object is covered with a
lattice of unit size / and the number of non-empty boxes N(/) is determined.
The fractal dimension is obtained from N(g) ~ &2 for ¢ — 0, where ¢ = I/L.
Let us introduce tiie box counting dimension

_In N(¢)

D, (e) = 5

5)
Inl/e (
for arbitrary £ <1. Then we can investigate the conditions under which D
approximates the true D, well cnough. We shall calculate the quantity D™
corresponding to the generalized dimensions D, from

In(YX(M,/M,)") 1

be —
D"(s)- Ine qg—-1"~

(6)

The definition (4) is recovered in the £ — 0 limit.
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Sand box method

The main quantity used in this approach is the mass M(R) (the number of
particles) within a region of radius R centered on the fractal (typically on its
origin). It is widely accepted that for growing fractals in the R—> o limit the
expression M(R) ~ R”" determines the fractal dimension, where R is the actual
length of the fractal, R= L, M(L)= M,. However, as we shall show on a
simple example, this statement does not hold, at least, for some geometrical
multifractals. In fact, the generalized dimension defined by M(L) ~ L” exists,
but its value is equal to D _,, different from D, if the centre is the origin of the
fractal.

If we chose an arbitrary point belonging to the fractal as the centre of the
sandbox (instead of its origin), because of eq. (1) the quantity In(AM/M(R)) for
R < L approaches the local mass index a characteristic for the position of the
given centre. Both « and the actual form of the function In M(R) versus In R
depend on the choice for the centre. In order to obtain well defined dimensions
independent of the local behaviour, we shall study the average value of the
masses M(R) and their powers over randomly distributed centres on the fractal.
Thus, we are interested in the question how { M?(R)) scales with increasing R.
Rewriting (4) we find

» (%)"—' M~(L)("—1)Dq. 7)

t M() MU L

Since M,/M,, can be considered as a probability distribution on an approximat-
ing fractal, we get

(G - ®

where the average is taken according to the distribution P, = M,/M,. When
instead of a grid of lattice unit / one uses randomly centred sand boxes of
radius R< L, it is expected that

</1_‘4_QL)\"_1\,_ (R\W7DP .
\'m, / /7\L) )

holds if the averaging is made according to the same distribution. This means
that the centres on the approximating fractal have to be chosen with a uniform
distribution on it. We note that because of (9) {( M(R)) ~ R”2 and in general
D,=D,. Eq. (9) is a special case of a relation valid for fractal measures and
often is used in connection with chaotic attractors [21]; up to our knowledge,
however, it has not been applied to growing fractals.



T. Tél et al. | Determination of fractal dimensions for geometrical multifractals 159

We define the sand box dimension of order g as

In{[M(R)/M,]*"') 1
n(RIL)  g-1" (10)

sb —
DY(RIL)=

with the appropriate averaging discussed above, for any R betweena and L. In
the following we shall make use of a deterministic geometrical multifractal to
investigate how D3’ is related to D, and D".

Let us define the growing asymmetric Cantor set as shown in fig. 1. In the
first step the (seed) structure is made of three particles placed at the first, third
and the fourth sites, respectively. In the next step the twice enlarged version of
the first configuration is added to the seed between the 9th and 16th sites.
After the nth step of the construction the linear size of the structure is 4", and
it is made of 3" units. The fractal is obtained in the n—  limit.

The D, spectrum can be determined for this fractal exactly. The general
equation given in ref. [19] for our case can be solved explicitly leading to

" -1+\1 +4(3/4)")
-

D, = 21—1;—1. lni /- (11}
From here
p =05+ D g6, p.=23) 59
0 In2 : =~ W(1/2)
and (12)
D_.= :‘;Eiﬁ; ~0.7924 .

It is easy to check that M, scales with L according to D_..

The results concerning ch and D;b were obtained numerically for the
asymmetric growing Cantor set. During the application of the box couniing
method we put a grid on the fractal and gradually decreased the grid size from

n=1 0
n=2 o0 ©O CXO

n=3 oco o o o oo [eves) [sessacsy]

Fig. 1. The first three steps in the construction of the growing asymmetric Cantor set.
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the largest possible size L to that of the particles. We determined the number
of particles (M,) in each box by an exact recursion relation. In this way it was
possible to study relatively large systems (corresponding to L =4°") using a
personal computer. Figs. 2a and b show D3°(s) as a function of the box size ¢.
The q values were changed between —8 and 8. The curves we obtained have a
region where they approach the value corresponding to the true D, calculated
from (11). The length of this region strongly depends on both g and the size of
the object. For larger q values the numerical results fit the exact one better. On
the other hand, for g = —8 there is only a relatively narrow region (between
2°* and 2*°), where the box counting method gives reasonable results. Fig. 2b
demonstrates that for smaller objects the convergence to the exact values is
considerably worse.

The sand box method was applied using many randomly chosen centres. In
this case the number of particles was determined within a region of length R,
where R was incremented from one particle size (a=1) to W, the latter
denoting the distance between a given centre and the most distant point
belonging to the fractal. To understand the results obtained after averaging
over the centres we first studied the M(R) curves for a few fixed centre
positions. In fig. 3, we plotted the quantity M,/M(R) versus L/R for n=38.
The small value of n is due to the fact that it was not possible to find a
recursion relation for M(R) similar to that we could use for the calculation of
the M, values.

(i) When the centre is at x = 0 the plot is made of two parts having different
slopes (fig. 3a). On the interval (2", 2*") the slope is D, which is just the mass
index a, corrcsponding to that point of the fractal. On the interval (2° 2") the
slope is trivial (equals to 1). (ii) For the centre position x = L one obtains a
stepwise function touching from above a straight line of slope D__ (fig. 3b).
(iii) For a single randomly selected centre the behaviour is more complex. For
example, if the centre is at x =3 X 2*"~" we obtain a function which on the
interval (2°2°""") is similar to the case shown in fig. 3a, while on
(2*"7",2*") the plot becomes parallel to a straight line of slope D_ (fig. 3d).
In general, for a single randomly selected centre one obtains a behaviour which
is a mixture of various regimes.

As expected, averaging over many centres gives *vell defined scaling. In this
case we plotted ((M,/M(R))?"")/(q—1) versus L/R for various g (fig. 4).
Our numerical test suggests that the slope of these curves is in good agreement
with the D, values given by (11). The error is less than +3% even for =g =8
and n = 8. Note that for a structure of the same size box counting gives worse
results (fig. 2b).

In conclusion. we have demonstrated that for geometrical multifractals the
the standard methods of determining fractal dimensions have to be applied
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Fig. 2. The generalized dimension Df:‘(s) determined trom the box counting method versus the
box size €. (a) corresponds to the case n =30 (1¢. to L =2""). while (b) shows the analogous
results obtained for n =8 (L =2
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Fig. 3. Results obtained for M,/M(R) as a function of L/R from the sand box method applied
without averaging to the structure corresponding to n = 8. Depending on the position of the centre
differ.nt bebaviours could be observed. (a) x =0, (b) x =L, (c) x=2% and (d) x=3x2"
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Fig. 3 (cont.).
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Fig. 4. ‘Estimation of the generalized dimensions D, for g = -8, —3,3 and 8 ((a), (b), (c) and (d),
respe.ctlve‘ly) from the slopes of the plots ([M,/M(R)]* ') /(g —1) versus L/R on a double
logarithmic scale. The averaging was made over 75 randomly positioned centres.
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with some precaution. In particular, the box counting algorithm gives reliable
results only for cluster sizes much larger than those usually obtained in
numerical simulations. During the application of the sand box algorithm it is
essential to average over many randomly selected centres. Our results indicate
that for geometrical multifractals the sand box method provides better esti-
mates of the generalized dimensions, however, because of the necessary
averaging this method requires considerably more computing time.

References

(1] G. Paladin and A. Vulpiani, Phys. Rep. 156 (1987) 147.

[2] P. Meakin, in: Phase Transitions and Critical Phenomena, C. Domb and J.L. Lebowitz, eds.,
vol. 12 (Acadcmic Press, New York, 1987), p. 365.

[3] P. Meakin and H.E. Stanley, Nature 335 (1988) 405.

[4] B.B. Mandclbrot, in: Random Fluctuations and Pattern Growth, H.E. Stanley and N.
Ostrowsky, eds. (Kluwer, Dordrecht, 1988), p. 333.

[5] T. Tél, Z. Naturforsch, 43a (1988) 1154.

[6] T. Vicsek, Fractal Growth Phenomena (World Scientific, Singapore. 1988).

{7] B.B. Mandelbrot, J. Fluid. Mech 62 (1974) 331.

[8] U. Frisch and G. Parisi, in: Turbulence and Predictability in Geophysical Fluid Dynamics and
Climate Dynamics, M. Ghil, R. Benzi and G. Parisi, eds. (North-Holland, Amsterdam,
1985).

[9] T.C. Halsey, M.H. Jensen, L.P. Kadanoff, I. Procaccia and B. Shraiman, Phys. Rev. A 33
(1986) 1141.

(10] L. de Arcangelis, S. Redner and A. Coniglio, Phys. Rev. B 31 (1985) 4125.

[11] C. Amitrano, A. Coniglio and F. di Liberto, Phys. Rev. Lett. 57 (1986) 1016.

[12] P. Meakin, A. Coniglio, H.E. Stanley and T.A. Witten, Phys. Rev. A 34 (1986) 3325.

[13] Y. Hayakawa, S. Sato and M. Matsushita, Phys. Rev. A 36 (1987) 1963.

[14] F. Argoul, A. Arneodo, G. Grasseau and H.L. Swinney Phys. Rev. Lett. 61 (1988) 2558.

[15] J.P. Hansen, J.L. McCauley, J. Muller and A. Skjeltorp, in: Random Fluctuations and
Pattern Growth, H.E. Stanley and N. Ostrowsky, eds. (Kluwer, Dordrecht, 1988), p. 369.

(16] T. Nagatani, preprint.

[17] P. Meakin and S. Havlin, Phys. Rc '. A 36 (1987) 4428.

[18] P. Meakin, private communication.

[19] T. Tél and T. Vicsek, J. Phys. A 20 (1987) L835.

[20] H.G.E. Hentschel and 1. Procaccia, Physica D 8 (1983) 435.

[21] P. Grassberger, Chaos, AV. Holden, ed. (Manchester Univ. Press, Manchester, 1986). p-
291.



