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Abstract. The dependence of the fracture energy and the effective process zone length on the specimen size as well
as the crack extension from the notch is analyzed on the basis of Bazant’s approximate size effect law. The fracture
energy and the effective length of the fracture process zone is defined on the basis of the extrapolation to an infinite
specimen size, for which the definitions are independent of the shape of the specimen or structure. Both of these
material properties are expressed in terms of the size effect law parameters and the function describing the
nondimensional energy release rate. Bazant’s size effect law for the nominal stress o, at failure is reformulated in
a manner in which the parameters are the fracture energy and the effective (elastically equivalent) process zone
length. A method to determine these material properties from ¢ -data by linear and nonlinear regressions is
shown. This method permits these properties to be evaluated solely on the basis of the measured maximum loads
of specimens of various sizes and possibly also of different shapes. Variation of both the fracture energy and the
effective process zone length as a function of the specimen size is determined. The theoretical results agree with
previous fracture tests of rock as well as concrete and describe them adequately in relation to the inevitable random
scatter of the tests.

1. Introduction

The fracture resistance of many heterogeneous aggregate materials such as rocks, concretes
and various ceramics, as well as some metals, is increased by a toughening mechanism which
is due to shielding of the crack tip by a nonlinear zone of distributed microcracking or void
formation. In such materials the fracture energy requires a more careful definition and does
not represent the sole material characteristic of fracture behavior. Another essential charac-
teristic is the size of the nonlinear fracture process zone at the crack tip.

The size of the fracture process zone in which microcracking or void formation takes place
is essentially, although not exclusively, a property of the material. It is determined by the size
of the inhomogeneities in the microstructure, such as the maximum grain size in rock or the
maximum aggregate size in concrete. If the size of this zone is negligible compared to the
specimen or structure dimensions, the fracture behavior approaches that of linear elastic
fracture mechanics. If the size of this zone encompasses all or most of the specimen or
structure volume, the failure is determined by a strength or yield criterion. If the size of this
zone is intermediate, the fracture behavior is transitional between the strength criterion and
the linear elastic fracture mechanics. It is this transitional behavior which is of interest for
many practical applications, and we focus on it in this study.

The nonlinear fracture process zone gives rise to a size effect which can be described by
a rather simple size effect law recently proposed by Bazant [1-5]. It has been shown that this
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law can be exploited to determine the fracture energy of the material merely by measur
ing the maximum loads of geometrically similar specimens of sufficiently different size
[6-9].

The principal objective of this paper (whose principal results were summarized in recen
conference preprints [10]) is to show that another basic material characteristic, namely th
effective length of the fracture process zone, can also be extracted from the size effect data
and that the size effect law can then be written in terms of the fracture energy and the effectiv
process zone length, i.e., the material fracture parameters. The second objective is t
demonstrate that the size effect law is applicable to fracture of various rocks. A new, simple
formula for the R-curve from the size effect will also be presented.

2. Review of size effect law

The size effect in failure of geometrically similar specimens or structures of different sizes cai
be described in terms of the nominal stress at failure

P . . L
Oy = c,,b—;} for two-dimensional similarity,
(hH
P . . L
oy = ¢, d—’z' for three-dimensional similarity,

in which P, is the maximum load (ultimate load), b = specimen thickness, d = characteristic
dimension of the specimen (e.g., its length or depth) and ¢, = a coeflicient introduced for
convenience [2] (in some of the previous works of BaZant et al., coefficient ¢, has been omitted
and incorporated into the definition of d).

Note that if the specimens are geometrically similar, then all the formulas of stress analysis
fall into the category of (1). For example, the elastic bending stress formula for a simply
supported beam of depth 4 and span / may be written as 6y = 1.5P,//bd* = ¢, P,|bd, which
is equivalent to (1) with ¢, = 1.5//d since //d = constant if the specimens are geometrically
similar. Likewise, if the nominal stress is defined by the plastic bending formula, one
may write o = P,l/bd* = c,P,/bd with ¢, = I/d. The nominal stress for the beam could,
of course, be defined by ¢, = P,/bl = ¢,P,/bd with ¢, = dJI, or by various other
formulas.

Making the hypotheses that the energy dissipated at failure is a smooth function of both
the specimen (or structure) size and the fracture process zone width and that the latter is a
constant, BaZzant [4] showed by dimensional analysis and similitude arguments that

on = B (Bl + B + AP + A + . 1T B = dld, 2

in which B, d;, A, 4,, . . . are empirical coefficients, f, = some measure of tensile strength,
and parameter B characterizes the relative structure size. Equation (2) represents an asymp-
totic expansion with respect to an infinitely large specimen. It was further demonstrated [9]
that for the size range of up to about 1: 20, the asymptotic series can be truncated after the



Determination of fracture energy, zone length and brittleness number from size effect 113

linear term. In that case (2) reduces to the size effect law proposed by BaZant [1, 2]:

d —1/2
O-N = Bf;l (1 + E) B (3)
0

which we will exclusively use in this study; B and d, = empirical coefficients. For d > d,,
(3) yields g, oc d~'", which is the form of the size effect exhibited by every formula of linear
elastic fracture mechanics. If d < d, then (3) reduces to oy = Bf,, which is the value of the
nominal stress at failure according to the strength (or yield) criterion. For the intermediate
values of size d, (3) describes a gradual transition from the failures governed by the strength
criterion (or the plastic yield criterion) to the failures governed by linear elastic fracture
mechanics. Equation (3) was shown [9] to be valid not only for specimens which are similar
in two dimensions but also for specimens similar in three dimensions (in which case o) is
defined differently, see (1)).

The size effect law, (3), has the advantage that it can be transformed to a linear regression
plot:

Y = AX + C, 4)
in which
X =d Y = (fiJlo,))s B = C'"" d = ClA (5

A represents the slope of the regression line of the measured o, -values in the plot of Y vs.
d, and C is the Y-axis intercept of the regression line. In this manner coefficients B and d,
can be easily determined from the measured values of the maximum load.

3. Verification of size effect law for rock

The applicability of (3) to concrete was amply verified for various specimen shapes by Bazant
and Pfeiffer [8]. To verify this equation for rock, the test results of Hashida [11] and Hashida
and Takahashi [12] for granite from the quarry at lidate, Fukushima prefecture, Japan, have
been analyzed. This rock is quite suitable for the present purpose since it is fairly coarse-
grained with the average grain size 1.3 mm. The tests were made on the compact tension
specimens shown in Fig. la, which were geometrically similar in two dimensions (except for
negligible imperfections of the notch length); the thickness was varied; however, the influence
of this should have been negligible.

The linear regression plot is shown in Fig. 2. It is apparent that as far as the statistical
scatter of the results permits it to be seen, the results are in good agreement with the size
effect law, (3). The regression analysis yields 4 = 0.00173/mm and C = 0.172, from which
d, = 99.4mm and B = 2.414. The coefficient of variation of the deviations of the data from
the regression line is wy,, = 0.128. The coefficient of variation of the regression line slope
is w, = 0.141, and the correlation coefficient of the regression is r = 0.971. For the
regression plot in Fig. 2, coefficient ¢, was defined as ¢, = 2(2 + «,)/(1 — o,)* in which
%, = a,/d where a, = the initial notch length. The modulus of elasticity of this rock was
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Fig. 1. Geometries of the compact tension and three-point bend specimens used in Hashida and Takahashi’s tests
of granite.
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Fig. 2. Linear regression plot for granite, compact tension specimens with average a, = 0.544.
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measured to be E = 29.4GPa, and its direct tensile strength f, = 4.8 MPa, as obtained by
uniaxial tension tests on cylindrical specimens of diameter 30 mm and length 50 mm.

The same authors have also made three-point bend tests with specimens of different sizes
(Fig. 1b). For beams ¢, was defined as ¢, = 3//2d (1 — o,)’. These specimens, however, were
not geometrically similar since they included different relative notch lengths and different
span-depth ratios. The specimens other than the largest one were cut from the largest
three-point bend specimen (512 x 508 x 1600 mm) after it had been tested.

l. Fracture energy from the size effect law

he total potential energy of a structure can always be written as U = F(@)UV, V = bd’,
I = (P[bd)*[2E in which U = nominal strain energy density, ¥ = nominal volume of the
:ructure, and F(x) = certain function of the relative crack length, x = «a/d, where a = the
rack length. The energy release rate, i.c., the energy released per unit thickness and unit

xtension of the crack length, may be calculated as G = — (QU/[da)[b = —(0U[0x)[bd. This
ields:

G = mjg(a) (x = ald), (6)
in which g(a) = — F’(a)/2 (the primes are used to denote derivatives), and load P is not

necessarily the failure load P,. All the formulas of linear elastic fracture mechanics have the
form of (6). Equation (6) is valid for the conditions of plane stress. In the case of plane strain,
E must be replaced by E/(1 — v*) where v = DPoisson’s ratio. Function g(«) depends only
on the specimen geometry, but not on its size. In linear elastic fracture mechanics it is shown
that G = K?/E where K, = mode I stress intensity factor. Thus, (6) is equivalent to

P

byd

in which f(«) = /g(x). Again this is the typical form of all the formulas of linear elastic
fracture mechanics. For many typical specimen geometries, the values of f(«) are listed in
handbooks [13, 14]. Function f(«) or g(«) can also be obtained by linear elastic finite element
analysis.

The crack propagates when K, reaches the fracture toughness K., or G reaches the energy
R required for further crack growth (in the J-integral method, R = J,, = critical value
of J)); R = KL/E.

As is well known, the values of R or K, for materials with a large fracture process zone
are highly size dependent if « in (6) or (7) is approximated as the relative initial notch or crack
length, o,. The J-integral method is somewhat less size-dependent but requires more
measurements and more sophisticated instrumentation. The size dependence can be reduced
by determining the actual crack length, . However, this is not an easy task since the crack
is not straight, does not run on a single line, and may extend discontinuously. Although
various indirect methods, e.g., the compliance method, can estimate the crack length, a
significant experimental error may occur for various reasons. Thus it seems attractive to

K f (@), )
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avoid the problem of determining the precise crack length altogether. This is made possible
by the size effect method.

As proposed by BaZzant [9], the fracture energy G, may be uniquely defined as the energy
required for crack growth in an infinitely large specimen. This value is, by definition,
independent of test specimen size although this is true only approximately since the size effect
law is not exact. Gis also independent of the specimen shape. This becomes clear by realizing
that in an infinitely large specimen the fracture process zone occupies a negligibly small’
fraction of the specimen’s volume. Therefore, most of the specimen is elastic, which implies
that the fracture process zone at its boundary is exposed to the asymptotic near-tip elastic
stress and displacement fields which are known from linear elastic fracture mechanics and
are the same for any specimen geometry. Here, the fracture process zone must be in the same
state regardless of the specimen shape.

For the size effect law to apply to similar notched specimens, the maximum load must be
reached before the fracture process zone detaches itself from the notch tip. This is guaranteed
only if we restrict consideration to those specimens for which g’(%,) > 0. Such behavior,
which precludes stable crack growth, according to linear elastic fracture mechanics, is true
for most geometries (exceptions are e.g., the double cantilever specimen, center-cracked
specimen loaded on the crack, chevron notch specimen, and slanted compact tension
specimen). Then, considering the limit ¢ — oo, one should also note that « — o, = a,/d
(a, = notch length or initial crack length) because the size of the fracture process zone must
remain of the same order of magnitude as the material inhomogeneities. If we substitute P,
according to the size effect law (3) into (6), we obtain

- . Plg(a) B’f} d :
G = MR =N = I g e, ®)
which yields
B . A
Gf = CZ—E uzd(lg(a) = CZAEg(aO). 9)

The last expression uses directly the slope of the size effect regression line [9].

Using (9) with a; = 0.544, one obtains from the test results of Hashida and Takahashi for
lidate granite the value G, = 94J m~2 Hashida measured the critical J-integral value by the
acoustic emission method on his compact tension and three-point-bend specimens. He
concluded that, for this method, J,, is size independent and has the value J,, = 107Jm™2

Abe, Hayashi and Hashida [15] also determined J, by analyzing the results of some
hydraulic fracturing experiments on very large specimens of the same rock (10.4m x
9.3m x 8.8m). The test results were analyzed by the modified boundary element method
in which the crack was assumed to expand as a semi-elliptical crack such that its K, is
constant along its periphery. It was found that the fracture toughness of this granite is
independent of the crack size and is 1.93 MPam'?, This corresponds to R = 126 Jm~2 The
differences among the aforementioned values are within the range of the experimental scatter

that one must expect. Among the experimental methods used, the size effect method is the
simplest.
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Fig. 3. (a) Size-effect method is inapplicable when the size range is too small compared to scatter; (b, ¢) size range
is sufficient.

The necessary range of sizes depends on the scatter produced by random variability of
material properties and experimental errors. The larger the scatter, the broader is the range
required. For the usual scatter obtained for rock or concrete, it seems that the size range of
1:4 is sufficient to obtain the mean values of material parameters, and the range of at least
1:8 is required to verify the applicability of the size effect law. When the range is insufficient
for the scatter experienced, the results may be meaningless, as illustrated in Fig. 3 taken from
Bazant and Pfeiffer [8].

Because the size effect law in (3) is only approximate, applicable to a size range up to about
1:20, the definition of G, as the energy required for infinitely large specimens should not be
interpreted literally. In practice, the infinite size means merely a size which is just beyond the
range of applicability of the size effect law for which this law has been calibrated. This seems
good enough for most practical purposes. However, for structure sizes that are orders of
magnitude larger than the end of the size range used in calibration, the values of the fracture
energy can be substantially different, and it would be necessary to take more terms in the
expansion in (2) or use for the size effect some other type of formula with more parameters.

5. Elastically equivalent crack length

The elastic stress and displacement fields surrounding the nonlinear fracture process zone
correspond to a certain effective (or elastically equivalent) crack length a. Let o = a/d =
relative crack length. For the maximum load, one may write

a = ag +c¢ o = o+ c/d, (10)

in which aj is the initial length of the notch or the crack, and %, = ¢,/d. Supposing that for
the corresponding linear elastic problem with crack length « the fracture growth under
constant loads is unstable, ¢ represents the equivalent length of the nonlinear fracture
process zone. Obviously the value of ¢ must be bounded as d — oo. This limit value, denoted
as ¢,, must represent a property of the material, since in an infinitely large specimen the
boundary geometry can have no effect on the elastic field surrounding the nonlinear fracture
process zone. Therefore, the limit effective length of the nonlinear fracture process zone must
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be a constant material property if it is defined as

¢ = lim (¢ — a,). (11)

d-

According to (9) and (6) with P = P, calculated from (3), we obtain

: d
6 -6 = Fizleer - e (12)

Since we must have G — G, when d — oo, it follows that
g(ay) (d + dy) = gla)d (13)

Function g(«) is continuous and smooth, and for « close to «, it may be approximated as
. , ¢
gla) = gla) + &) (@ — ) = gloy) + &%) 5’, (14)

in which (10) for ¢ — ¢, has been used. Substitution of (14) into (13) finally yields the
following expression for the effective (elastically equivalent) fracture process zone length:

g(x)

¢ = ==
/ g () !

(15)

It should be pointed out that the value of ¢,is more sensitive to experimental or numerical
error than G,. The reason is that ¢,depends not only on g(«,) but also on the derivative g’(x,)
(15) while G depends only on g(a,). The derivatives have larger errors than the values of
functions. The value of G,is determined primarily by equilibrium conditions, while the values
of g’(«), and thus also ¢/, is related to stability considerations [16].

The value of ¢,determined in this manner must also be independent of the specimen shape.
The reason is the same as already explained for G,.

From the test results of Hashida and Takahashi on the compact tension specimens of
lidate granite, (15) yields ¢, = 14.6mm = 0.154d,, on the basis of the values obtained by the
size effect linear regression. This value is about 11-times the grain size d, for this rock.

Nonlinear optimization of the fits of the maximum load data for these tests based directly
on (3) (with &, = 0.544 as the average value) yields slightly different values: G, = 88Jm™?,
and ¢, = 12.1mm. The reason for this difference is, of course, the fact that the objective
function differs from that implied in the linear regression analysis in the transformed
variables Y and X.

6. Size effect law with parameters independent of specimen shape

By inversion of (15) we have

g (%) c.
g(oy) a

dy = (16)
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Furthermore, from (5), B = C~'? = (d,4)"'"?, and substitution of 4 calculated from (9)
provides

_ 4 _EG .
b - 7;,<c,,-g'(a0>> ' (17)

Introducing these values into (3), we obtain

EG/- 172
= ~ ) 18
G-N Cn ( g/ (aO)C/ + g(ao )d) ( )

In this form of the size effect law of Bazant the parameters are true material parameters, G,
and ¢,. The effect of structure shape is introduced solely by g(«,) and g’(«,). Note that (18)
can also be written as o, = ¢,(EG/g(a)d)'"?, but this expression can be used only after « and
G are determined (which will be discussed later in connection with the R-curve).

In specimens with more than one crack tip, two or more crack tips could be in a critical
state simultaneously. Then either a single crack tip can propagate, or more than one crack
tip can propagate. For example, in the double-edge-notched bar under symmetric tension,
either both cracks can propagate symmetrically, which we call the main path, or only one
crack may propagate asymmetrically, which we call the secondary path. Experiments indi-
cate preference for the secondary path; for rock see, e.g., Labuz, Shah and Dowding [17].
The path which actually occurs after path bifurcation can be determined on the basis of (18),
in which the values of g(o,) are the same for both paths but the values of g’(«,) are different.
From the condition that the internal entropy increment of the specimen must be maximum
among all the paths, it has been shown [18] that the actual path (called the stable path) is
that for which the curve P(u) or o(u) has the mildest ascent (¢ = load-point displacement).
It follows that the peak value o, which actually occurs must be the lowest among all the
paths, and according to (18) this happens if g'(x,) is the largest. For our double-edge-
notched tension specimen with o, = 1/6 one obtains g’(¢,) = 4.1 and 6.3 for the symmetric
and asymmetric crack propagations. This means that one crack will propagate asymmetri-
cally from one side, with g’'(x,) = 6.3.

Note that (18) also implies the bifurcation to occur before the peak load, except when
¢/d — 0, in which case the bifurcation occurs at the peak load (this is the case of linear
elastic fracture mechanics).

Equation (3) can be used only for specimens of the same shape, because parameters B and
dy depend on the geometry of the specimen. Equation (18), by contrast, has the advantage
that it applies to specimens of all sizes and all shapes. Therefore, it can be used for a collective
nonlinear regression analysis of a large set of data from specimens of different sizes which
are not geometrically similar, and possibly have very different shapes. Such nonlinear
regression can be carried out by nonlinear optimization subroutines such as that of
Levenberg and Marquardt. However, the optimization results based on (18) would be biased
due to the fact that the definitions of d and g, are arbitrary. To overcome this problem, (18)
may be rewritten as

1/2 ’
= < EG; > , withr, = Y& V&) b D = £&) 4 (19

¢+ D 4 g'(a)

n
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Fig. 4. Size effect plot obtained by collective fitting of granite test results (CT = compact tension specimen,
3PB = three-point-bend specimen).

in which 7, and D represent the shape-independent nominal strength and the shape-
independent characteristic dimension of the specimen. Here «, = a,/d must of course be
based on the same d as g, (1).

For the compact tension specimens of Hashida and Takahashi (Fig. 1a), nonlinear
optimization of the fit of the test data with (19) yields G, = 91Jm~? and ¢ = 13.3mm.
From the data for the largest three specimen sizes of the three-point bend specimens
(Fig. 1b), the nonlinear optimization yields G, = 97Jm~* and ¢, = 9.4mm. Furthermore,
a collective nonlinear optimization of the fit of the test results for both the compact tension
and three-point bend specimens of Hashida and Takahashi yields G, = 91Jm~? and
¢, = 11.0mm. The size effect relation obtained by this collective analysis of all the test data
is plotted in Fig. 4.

Equation (19), just like (3), has also the advantage that it can be algebraically transformed
to a linear regression equation:

Y* = A*X* 4 C*, (20)
in which
1 a g(ay) 1 C*
Y = 5 = ., X* = D = T70d EG = —, ¢ = —. (21
o &%)y g () LA g

Here 4* represents the slope of the regression line.

The linear regression according to (20)-(21) gives slightly different results from the
nonlinear optimization of the data fits according to (19). The reason is that each type of
optimization implies a different weighting of the errors since it minimizes a different objective
function. For Hashida and Takahashi’s data on lidate granite, the results are summarized
in Table 1. The linear regression of compact tension test results yields G, = 97Jm~? and
¢, = 15.8 mm; the coefficient of variation of the deviations of ¥* from the regression line is
Oy ys = (Syexe)/ ¥* = 13.1%, where ¥* = mean of the experimental Y *-valuec
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Table 1. Results from Hashida and Takahashi’s (1985) Data for Rock (CT = compact tension specimen,
3PB = three-point-bend specimen)

Specimen Type By linear regression By nonlinear regression
G, ¢ w % G, ¢ w %
Jm ? mm Jm™2 mm
CT (average o, = 0.544) 94 14.6 9.16 88 12.1 8.92
CT (different ) 97 15.8 9.48 91 13.3 9.26
3PB 180 36.8 27.60 97 94 20.65
CT & 3PB (combined) 148 343 17.10 91 11.0 12.56

For the three-point-bend tests only three data points were available. The linear regression
results obtained for the three-point-bend tests separately and with the compact tension tests
collectively are not as accurate as nonlinear analysis. In Table 1, w = coefficient of variation
of the deviations of the test results from (19). For all the cases, the value of w obtained from
the nonlinear analysis is less, because the objective function in that case is the sum of the
squares of the deviations in 7.

Experimental data on the size effect that are more extensive than those which exist for rock
have been obtained by Bazant and Pfeiffer [8] for concrete and mortar-rock-like materials.
These data also included very different specimen shapes, in particular three-point-bend
specimens (with g(a,) = 6.07, g'(2,) = 35.2), eccentric compression double-edge-notched
specimens (with g(o,) = 1.47, g’(%,) = 6.57) and edge-notched tension specimens (with
g(a,) = 0.593, g’(ay) = 6.32; the latter value corresponds to assuming that only one of the
two cracks propagates, breaking symmetry). These specimens model the case of a pure
tensile force loading, a pure bending moment loading, and a combined compression force-
moment loading of the ligament section. This covers the entire range of loadings which can
be obtained for different specimen shapes.

For the same actual specimen dimension, the case of pure tensile loading is the farthest
from the linear elastic fracture mechanics because the fracture process zone is as large as the
ligament size; the shape-independent dimensions D range from 3.5 mm to 14.0 mm. The case
of compression loading, for which D = 8.4 mm to 67.2 mm, is the closest to the linear elastic
fracture mechanics, because the compression loading forces the fracture process zone to be
small relative to the ligament size. The case of bending, for which D ranges 6.5mm to
52.0mm, is intermediate. Figure 5 shows linear regression of these data. Despite these
differences, the size effect tests on all the three types of specimens yielded nearly the same
value of the fracture energy, and thus verified the applicability of the size effect method.

Although the aforementioned experimental study was extensive, it did not include data
analysis on the basis of (19)—(21). The linear and nonlinear optimization of BaZant and
Pfeiffer’s test results according to (19)—(21), made for all specimens sizes and all specimen
shapes, are summarized in Table 2. As it is seen from Table 2, the results for ¢,from different
types of specimens are not very different for concrete. But for mortar, the value of ¢, for the
notched tension specimens is much larger than for the other specimens. It must be pointed
out, though, that the size range of the notched tension specimens tested was less than for the
other specimens (1 :4 compared to 1:8), and the data points were all located on the curved
part of the size effect curve, far away from the straight-line asymptote for large sizes. This
must have caused a large random error in the results for the notched tension specimens.
Moreover, the collective optimization, consequently, implies a larger weight for the data
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Fig. 5. Linear regression plots for concrete and mortar (NT = notched tension specimens, 3PB = three-point-
bend specimens, EC = eccentric compression specimen).

Tuable 2. Results from Bazant and Pfeiffer’s (1987) Data for Concrete and Mortar (NT = notched tension
specimen, EC = eccentric compression specimen)

Specimen type By linear regression By nonlinear regression E
G, ¢ w % G, ¢ w % (mean)
Jm ? mm Jm™2 mm GPa
a. Concrete
3PB 37 13.5 5.56 32 9.4 4.04 27.6
NT 31 16.8 3.42 32 17.4 3.41 25.5
EC 39 10.3 5.21 43 13.2 4.68 29.0
3PB & EC 39 13.7 6.81 38 12.2 6.56 28.3
3PB & EC & NT 47 23.6 12.82 51 25.7 12.66 274
b. Mortar
3PB 20 1.9 7.11 20 1.2 6.73 329
NT 20 9.3 3.67 19 8.7 3.62 32.2
EC 20 1.8 6.60 20 2.2 6.54 328
3PB & EC 20 1.7 6.63 20 1.3 6.58 32.9
3PB & EC & NT 22 6.4 16.30 27 9.6 15.81 327

points in the curved part of the size effect plot, thereby making ¢, and G, larger for these
specimens. Aside from that, the competition of the symmetric and asymmetric propagation
modes might be an additional error-producing factor for the double-edge-notched tension
specimens.

Due to the fact that there are two crack tips, the crack propagation path bifurcates. The
stable path is that for which only one crack grows asymmetrically. This causes the value of
g (o) to be higher than that used in Bazant and Pfeiffer’s work [8]. In that work, however,
only G, was analyzed, and it so happens that, unlike ¢,, the value of G, does not depend on
g (%)

It may be noted that the bifurcation point marking the onset of nonsymmetry is size-
dependent in the case of R-curve behavior. However, due to the finite size of the fracture
process zone, the bifurcation is not sharply delimited but crack propagation should change
from symmetric to single crack gradually. This behavior may produce additional uncertainty
in the equivalent value of g’(«,) and make it size dependent.
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7. Brittleness number

To characterize the brittleness of the structural response quantitatively, various definitions
of the so-called brittleness numbers have recently been proposed by Hillerborg [19],
Carpinteri [20] and Bazant [9]. Only Bazant’s brittleness number £, however, is independent
of the geometrical shape of the specimen, which was justified experimentally in BaZant and
Pfeiffer [8]. This brittleness number is defined as § = d/d, and according to (15) and (19) its
value may be calculated as

g(xy) d _ 2
B g (o) C_/ - C/" (22)

in which D = dg(o)/g’(2,) = effective structural dimension. The functions of «, represent
the necessary correction of the ratio d/c, which makes 8 independent of the geometrical
shape.

When 8 > 10, the failure may be analyzed according to linear elastic fracture mechanics.
When f < 0.1, the failure may be analyzed on the basis of the strength criterion or plastic
limit analysis. For 0.1 < f < 10, nonlinear fracture analysis is required. The size effect law
in (3) or (18) makes it nevertheless possible to calculate the failure load within nonlinear
range on the basis of linear elastic fracture mechanics, provided the values of G, and ¢, are
known. This greatly simplifies practical applications.

Since various types of brittle failures of concrete structures, such as the diagonal shear of
beams, punching shear of slabs, torsion of beams, pull-out of bars, and beam and ring
failures of pipes are within the range of nonlinear fracture mechanics and have been shown
to follow Bazant’s size effect law, the use of the brittleness number can considerably simplify
failure calculations.

8. R-curves from size effect

For a fixed specimen geometry, and approximately also for a narrow range of similar
geometries, the dependence of the energy R required for crack growth on the crack extension
¢ from the notch can be considered to be a material property, called the R-curve, as proposed
by Irwin [21] and Krafft [22]. The usual methods of measurement of the R-curve rely on some
direct or indirect determination of the crack length. Recently, it has been shown by Bazant,
Kim and Pfeiffer [6] that the R-curve can be easily determined from the size effect. We now
analyze this subject in greater depth, focusing not only on the variation of R but also on the
variation of the effective length of the fracture process zone.

Consider the energy W (under isothermal conditions the Helmholtz free energy), which
must be supplied to deform the body and produce a crack of length ¢ = a — q;
W = U + b | R(c) dc. Fracture propagation at no change in loads is possible when
oW/b = —Gda + Réc = 0, in which G = —(@U/da)/b = G(a, d). From this, the
necessary condition for fracture propagationis G — R = 0, i.e.,

R(¢) = G(o, d), (23)
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in which « = a; + ¢/d. Failure occurs if fracture propagation is possible also for the next
adjacent state, which means that 0F(c, d)/0d = 0 where F(c, d) = G — R, because a
change in 4 implies a change in the crack length if «, is fixed. Since dR(c)/dd = 0, we obtain
for the failure states at various d the condition

0G(a, d)jod = 0. (24)

Geometrically, (23)-(24) mean that the curve R(c) is the envelope of the curves G(a, d) for
all specimen sizes d. This property was exploited for determining the R-curve by Bazant, Kim
and Pfeiffer [6].

Although the construction of the R-curve as an envelope is instructive, it would be easier
to have an explicit formula. Such a formula can be derived, as we now show. We have
P} = (oybd|c,)’ = (Bf,bdlc,)’ (1 + d|d,) where (Bf,)* = ¢2EG,|d,g(d,), according to (9).
If we substitute this into G = Pg(«)/Eb’d (6), we obtain for the critical states at maximum
loads

gl d
G, d) = R(¢) = G2~ ——. (25)
( ") d+ 4
Substituting this into (24), differentiating and noting that da/dd = da,/0d + 0(c/d)/
dd = —cld® = —(x — ay)/d (because «, = constant or du,/dd = 0 for geometrically
similar structures), we get

g(a)d,

d+d = 8P
* @ ~ %) @

(26)

Substituting this, along with the relations (x — a,)d = ¢ and d, = ¢,£'(2)/g(a,) (from
(16)), into (25), we obtain the following basic result:

g ¢

R(c) = 'r gTOto) C,r’

(27)
where ¢, represents the value of ¢ as d - oo (15). Furthermore, substituting this into (25),

we obtain the dependence of the effective length ¢ of the fracture process zone at maximum
load on size d:

d_g%) g

cC = Cy .
Td + dy g'(2) g(a)

(28)

To get further insight into the shape of the R-curve corresponding to the size effect law,
we may obtain from (27), (16), and (26) the following relations:

Rl _ Gg@)
[%lw"qzmr (29)

6R] _ 0 0
[%Qw_ - (30)
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Here «,, is a limiting value of « as d — 0. From (26) we find that

g(a,)
g (@,)’

(31

am = 0 +

which represents an implicit algebraic equation for «,, (the maximum value of a).

The value of the fracture energy required for further crack growth can also be evaluated
as R = G from (26) and (6). Based on the experimental maximum load value P, obtained
in tests, the corresponding R-value is:

2

P
R, = g (32)

Equations (27) and (26) define the R-curve corresponding to the size effect law parametri-
cally. To construct the R-curve, we must first determine G, and d, on the basis of the size
effect law. Then we choose a series of a-values. For each of them we evaluate d, get
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Fig. 6. Dependence of R and ¢ on size and R-curve for compact tension specimen (average o, = 0.544).
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¢ = (¢ — a,)d, and calculate R from (27). (The values of d in this calculation represent
specimen sizes for which the maximum load occurs at crack length ¢.) If ¢ is given, the
corresponding value of R must be solved from (26)-(27) by Newton iterations. The depend-
ence of the fracture toughness required for crack growth on ¢ and d can be obtained from
the relation K,, = (ER)". :

The foregoing derivation of the R-curve presumed the fracture process zone to remain
attached to the tip of the notch or initial crack. This ceases to be true after the peak load.
The fracture process zone becomes detached from the tip and thus its size should remain
approximately constant. Consequently, it should dissipate roughly the same amount of
energy per unit crack extension. Accordingly, the value of G after the peak load must be kept
in calculations constant and equal to the value that R(c) attained at the peak load
(experimental evidence to this effect is presented in [7]). So, the asymptotic value G, of the
R-curve can be reached only if the specimen size tends to infinity.

For the compact tension tests of Hashida and Takahashi with &, = 0.544, one obtains
a,, = 0.653. This means that for extremely small specimens the effective fracture process
zone length would represent 20 percent of the ligament cross section. Figure 6(a, ¢) shows
the scatter of the R, values obtained from the maximum loads and the smoothed curves of

1.0 —

From Bazant & Pfeiffer
(1987)

0.5

Kon

0.4

o 0.3

0.2

0.1

0.274
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o

Fig. 7. Dependence of R, ¢ and « on size and R-curve for BaZant and Pfeiffer’s specimens.
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R as a function of 4 and ¢, obtained from the size effect law. Figure 6b shows the variation
of ¢ as a function of d. It should be noted that the values calculated directly from the
experiments are very scattered. Clearly some theory, such as Bazant’s size effect law, is
necessary to smooth out the results.

Figures 7c and 7(a, b) show the R-curve and the variations of the fracture energy and pro-
cess zone length which were calculated for specimens used by Bazant and Pfeiffer [8] (NT =
notched tension, 3PB = three-point-bend, and EC = eccentric compression specimens).
Figure 7d shows the relative total crack length, «, as a function of d for different specimens.

9. Simplified variation of R and fracture process zone length

If the specimen is relatively large, the fracture process zone length may be neglected, i.¢., one
may set « = «,. Then, (6) yields the approximation

5

u

7pig 8 (%) (33)

Substituting for P, the value for the size effect law, (1) and (3), and expressing f, by means
of the fracture energy, (9), one obtains

R d i

R _ - . 34
G d+d 1 +F (34)

Figure 8 shows the test results of Hashida and Takahashi fitted by (34).
Using the relations K, = (ER)"? and K,, = (EG,)'”, one obtains from (34) the approxi-
mate variation of the apparent fracture toughness with the specimen size:

Kh. 3 d 12 B ﬁ 1/2
e (7)) - () -

given by Bazant and Pfeiffer [8].
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Fig. 8. Plot of fracture energy as a function of size (conventional method, ¢ = 0, average o, = 0.544).
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Fig. 10. Plot of relative crack length as a function of size for CT specimens (x, = 0.544).

As another type of approximation, one can assume that the energy R required for crack
growth is approximately constant, R(c) = G/, and that all the nonlinearity of fracture can
be attributed to the variation of the fracture process zone length, c¢. Equating (6) and (9) and
considering Bazant’s law, (3), one obtains

o cgl(o)
= 1@ - g@) (36)

For any value of «, d can be solved from (36), which then yields the value of ¢. For d —» o,
for which & — a4, the limiting value ¢ — ¢, is satisfied. When d — 0, then (36) yields o« — 1,
i.e., the fracture process zone encompasses the entire specimen.

Figure 9b shows the scatter of the points obtained from the test results around the line
R = G, as obtained for the compact tension tests of Hashida and Takahashi. Figure 9a
shows the corresponding dependence of ¢ on size d. In this case, ¢ varies faster than for the
case when both R and C are considered variable. Figure 10 shows the relative total crack
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length, «, as a function of d for the case where both R and C are considered to vary as well
as the simplified cases with either constant « or constant R. We see that these approximations
are rather different for very small sizes, but are close to each other as the size becomes large.

10. Conclusions

1. The limiting case of a specimen of infinite size can be used to define not only the fracture
energy but also the effective length of the fracture process zone. This definition is indepen-
dent of both the specimen size and the specimen shape.

2. The dependence of the elastically equivalent crack length on the specimen shape can
be expressed by means of the nondimensional energy release rate (obtained according to
linear elastic fracture mechanics) and its derivative with respect to the relative crack length.

3. The size effect law proposed by Bazant yields a formula not only for the fracture energy
but also for the effective fracture process zone length as a function of the specimen or
structure size and shape.

4. The size effect law can be expressed in a form in which the material parameters are the
fracture energy and the effective fracture process zone length. Regression analysis of test data
on the maximum loads of specimens of various sizes and shapes yields the values of both
these parameters. This represents a rather simple method for determining the fracture energy
and the effective fracture process zone length, for which only the maximum loads need to
be measured.

5. Bazant’s brittleness number, which characterizes how close the failure behavior is to
linear elastic fracture mechanics or to plastic limit analysis, may be calculated from the
effective fracture process zone length and the function expressing the nondimensional energy
release rate.

6. The size effect law and the corresponding theoretical results agree with the previously
reported fracture tests on rock, as far as the inevitable random scatter of the test results
permits it to be discerned. As shown before, they also agree with fracture tests of concrete
and aluminum.
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Appendix. — Previous studies of size effect in rock

The experimental evidence on the effect of specimen size on its strength has been reviewed
for a wide range of materials by Sinclair and Chambers [23]. They have noted that the size
effect does not follow the linear elastic fracture mechanics. The test results of Costin [24]
show that the strength as well as the fracture toughness of oil shale is size dependent.
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The same conclusion was made for Nevada tuff by Weisinger, Costin and Lutz [25] on the
basis of three-point bending tests. These tests showed that not only the fracture toughness
but also the critical value of the J-integral is size dependent.

Kobayashi, Matsuki and Otsuka [26] studied the size effect on Ogino tuff. They reported
that while the fracture toughness is almost independent of the specimen thickness and length
(perpendicular to the crack plane), it is dependent on the specimen depth (in the direction
of the crack). Schmidt and Lutz [27] tested Westerly granite and showed its fracture
toughness to be independent of the specimen thickness and dependent on the specimen size.
The critical J-integral value they found to be also size dependent, but to a lesser degree.

Zhen and Shi [28] tested seven kinds of rock. To determine the fracture toughness, they
used three different methods, one of which was based on the measured values of the
maximum loads. In agreement with Bazant’s proposition and the test results of Bazant and
Pfeiffer [8] for concrete, they concluded that determination of the fracture toughness from
the maximum load values for specimens of various sizes gives the most consistent results and
shows the least scatter, while at the same time the instrumentation needed is the simplest.
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Résumé. En se reposant sur la loi des effets dimensionnels approximatifs développée par Bazant, on €tudie la
liasion de dépendance entre la taille de I'éprouvette et I'énergie de rupture. la longueur de la zone de détérioration
ainsi que I'étendue de la fissure au départ d’une entaille.

On définit I"énergie de rupture et la longueur effective de la zone ou se produit un processus de rupture en se
basant sur une extrapolation & une éprouvette de taille infinie, pour laquelle les définitions ne dépendent pas de
la forme de I’éprouvette ou de la structure. Ces deux propriétés du matériau sont exprimées en fonction des
paramétres de la loi régissant I'effet dimensionnel et d’une relation exprimant de maniére non dimensionnelle la
vitesse de relaxation de ’énergie.

La loi de Bazant relative a la tension nominale a la rupture est reformulée de maniére a ce que les paramétres
en soient I'énergie de rupture et la longueur effective (ou son équivalent élastique) de la zone de déterioration.

On donne une méthode de détermination de ces propriétés du matériau a partir de données de. par régressions
linéaire et non linéaire. Cette méthode permét dévaluer ces propriétés sur la seule base du relevé des charges
maximum agissant sur des éprouvettes de diverses tailles et, éventuellement, de formes différentes.

On détermine Iévolution de I'énergie de rupture et de la longeur effective de la zone de détérioration en fonction
de la dimension de I’éprouvette. Les résultats théoriques sont en accord avec des essais entrepris précédemment
sur des roches et sur du béton, et en rendent bien compte, en dépit de I'inévitable dispersion propre aux essais.



