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Fig. 9. Potential well distributions. 

DISCUSSION 

Numerical simulations  shown  here can provide  understand- 

ing  of magnetic  distributions  in an implanted  garnet film with 

complex  geometry  and  thus  supply  a  useful  tool  for device 

design and  material  parameter  selection. The present  results 

are preliminary. One problem arising from  this  study is the 

grid resolution. The charged wall width  may be quite  narrow 

at high in-plane  anisotropy.  The  detailed  structure of the 

wall is lost  in  the  finite grid approximation. This problem is 

quite  cumbersome  and will  be studied further. 
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Determination of Magnetic Profiles in Implanted 
Garnets using  Ferromagnetic  Resonance 

Abstruct-Magnetic  properties  of the implanted  layer  in  thin  garnet 

films  can  be  obtained  from  ferromagnetic  resonance  experiments.  Ap- 

proximate  profiles of implantation  induced  anisotropy  can  be  obtained 

using perpendicular  resonance  alone. For maximum  information  and 

accuracy,  both  perpendicular  and parallel resonance  spectra are needed, 

and  measurements  should  be  made  on  a  number of samples from which 

varying amounts of the  implanted  layer have been  removed  by  ion mill- 
ing. For narrow  linewidth  materials  it  is possible to deduce  profiies of 

Hk, 4nM, and A and  to determine  the value of g in the  implanted 

layer. Methods  are  presented for  the  accurate  calculation of parallel 

ferromagnetic resonance (FMR) spectra with depth varying magnetic 

parameters.  This  method  of  analysis  has been successfully applied to  a 
yttrium iron garnet (YIG) film substituted with Gd,  Tm, Ga, and im- 

planted with He ions  at 140 keV with a  density  of 3 X 1OI5 cm-2. 
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I 
INTRODUCTION 

ON IMPLANTATION of  garnet films can be  used to form 

guiding structures  and to stabilize  performance  of  bubble 

memory devices. Because of  these  potential uses, an  under- 

standing  of  the process is of  practical as well as theoretical im- 

portance. Below the  implantation level that destroys  ferro- 

magnetism,  the  principal  effect of implantation  appears to be 

a negative change in uniaxial  anisotropy.  Variation  of  other 

parameters  is  expected but is not presently  understood  in  any 

detail.  In the  study  reported  here, implanted  garnet  films have 

been  measured in ferromagnetic  resonance  (FMR) in both  the 

perpendicular  and  parallel  configurations.  They were subse- 

quently  analyzed  theoretically to confirm  the  validity  of the 

differential  equations used for this analysis and to explore  the 

extent  to which the  depth variation  of all magnetic  properties 

can be  determined by FMR. Such  a study gives maximum  in- 
~ . 
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formation for a garnet with reasonably narrow  linewidth  and 

in which implantation has been chosen to give a large variation 

in anisotropy without producing  nonmagnetic regions. This 

insures a maximum number of  observable surface spin-wave 

modes  for  which both  mode  location and FMR amplitude  can 

be measured. In  this  study  we were fortunate  to have indus- 

trial  support which provided samples with various implanta- 

tion profiles. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA preliminary study of similar implantations 

encountered  difficulty in converging on magnetic profiles with 

satisfactory  accuracy. Earlier work [ l ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, [2] had shown the 

benefits  of  etching  in  reconstruction of profiles, but  the  un- 

certainty  in etching depth and lack of uniform  etching over 

the surface of a sample restricted the accuracy  attainable. This 

problem was circumvented in  part  by  the use of the  more 

accurate ion-milling. Fifteen samples were provided from  each 

implantation with varying amounts of the surface removed. 

The milling depth, which ranged from 0.08 to 0.9 pm, was de- 

termined by mechanical measurement  of  narrow unmilled 

stripes with a resolution  of  0.005 pm and estimated accuracy 

of k0.02 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApm. Since the  15th milling step completely removed 

all magnetic  material,  this provided an  absolute  measurement 

of thckness independent of  any calculations or uncertain  opti- 

cal data. 

The material selected was (1 11) oriented  yttrium  iron garnet 

(YIG) with  Gd,  Tm, Ga substitution giving a garnet with nearly 

zero value of  net uniaxial anisotropy and a basic linewidth of 

75 Oe at  9.5 GHz. Implantation was with He ions at  an energy 

of 140 keV and  with dose 3 X cm-2, This implantation 

induced  anisotropy changes to a depth  of  about 0.6 pm  with 

peak value of about 3000 Oe. In  what follows, the implanted 

region  will be called the surface layer,  and  the remainder of 

the film  will be called the  body  or bulk region. Ferromagnetic 

resonance in  the perpendicular configuration showed at least 

seven surface modes above the main body  mode and two  or 

three small lower-lying resonances presumed to  be primarily 

body spin-wave modes. Parallel resonance showed a spectrum 

consisting of a main body  mode  with  up  to seven lower-lying 

modes that could not be separated easily into categories of 

body, surface, or mixed modes. Table I gives the basic  mag- 

netic parameters quoted  by  the supplier and  their measured 

values  of ion-milling depth. 

Spectra in perpendicular and parallel FMR are shown in Fig. 

1 for  the unmilled sample and for a sample with  the  entire  im- 

planted  layer removed. The discussion and analysis of these 

spectra will be deferred until  later.  The  purpose in presenting 

them  at  this  point is to show the wealth of experimental data 

available and to  establish the motivation for  the discussion 

which follows. It is clear from a casual inspection  of  the  per- 

pendicular FMR  spectrum that  there is a large  change in  one 

or  more magnetic  parameters  within the implanted layer. 

From  theoretical  considerations  the  most likely candidate is a 

decrease in  the uniaxial anisotropy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHk of about 3000 Oe,  and 

the  structure observed in this  spectrum  must be primarily de- 

pendent  on  the variation of H k  with depth. What  is not clear 

is whether  concomitant variations exist in  the magnetization zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
M ,  crystalline anisotropy field H I ,  exchange constant A ,  damp- 

ing parameter (a) and gyromagnetic ratio zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(y); nor is it easy to 

TABLE I 
BASIC MAGNETIC PROPERTIES OF GARNET AND IMPLANTATION  SCHEDULE 

1 HOMINAL  COMPOSITION !Gd.7aTm.39Y.33)3 Fe7( 

4nM (gauss) 523 

Nominal Thickness (wn) .95 

Wall Energy .73 

Strip Width .95 

Implantation Energy 140 

Inplantation D se 3(10)'5 

(Kev )  

( H e  ionsfcm' ) 9 

Sample No 

0 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
17 
13 
14 
15 

Ga,13Fe.87)3 '12 

i 1 1  ing  Depth 

0 
,075 
,125 
,195 
. 78 
,355 
.405 
. 45 
,475 
,525 
,575 
. 65 
. 73 
.a05 
,855 
. 93 

(Jm) ______ 

PERPENDICULfiR 
'MR 

SAMPLE 0 

I 1 1 , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3000 4000 5000  6000 

APPLIED FIELD ( O e )  

Fig. 1. Ferromagnetic  resonance  spectra  for  implanted  garnet film and 
for one with  implanted  layer removed  by  ion-milling.  See  Fig. 7 for 
identification  of parallel FMR modes. 

see at first how  one might separate  the  effects of  such varia- 

tions. It will be seen in what follows that a surprising amount 

of evidence  is found in the FMR spectra if one is able to use 

etched  or milled samples and  include analysis of both perpen- 

dicular and parallel resonance configurations. 

It is  also a simple matter  to measure resonance at  other 

angles. For reasons both experimental  and  analytic,  such mea- 

surements are not useful except for determination of bulk 

properties  in  the  unimplanted  garnet.  The  experimental reason 

is that  the modes have a maximum  separation  for parallel and 

perpendicular configurations where they can be resolved most 

clearly and measured with  maximum accuracy. From  perpen- 

dicular resonance to  the critical angle where the  spectral lines 

merge to a single line, the number  of  modes observed and  the 

mode spacing both decrease with no  important change in mode 

structure. The same remark applied to measurements taken be- 

tween parallel resonance and  the same critical angle. The 

analytical reason relates to  the great increase in complexity  of 

analysis of  mode  structure. The major complication is the 

large deviation in direction of the  static magnetization through 

the thickness of the film due to  the large deviation (-3000 Oe) 

in anisotropy.  The  assumption  of a constant angle  is simply 

not sufficiently accurate  at  X-band frequencies where (o/y) 
is only 4000 Oe. 
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ANALYTICAL CONSIDERATIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Given the  depth  dependence of all magnetic  parameters, the 

mode  locations  and  shapes  can be calculated by solving a  two- 

point  boundary value problem.  In the case of  perpendicular 

resonance,  a single second-order  equation is involved. Satis- 

factory  methods  for solving this  equation are well-documented 

in  the  literature [ l ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- [ 2 ]  and are summarized  in  the  Appendix. 

A somewhat  simplified  form  of  this  equation  which is usefd 

for  qualitative  discussion is 

For  resonance with applied  field at any other angle, twocou- 

pled  second-order  equations  are  required. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs discussed earlier, 

only  parallel  resonance is useful  here.  To  date, no satisfactory 

method has  been  reported  for  calculation of parallel  resonance 

with space varying magnetic  properties.  Two  methods have 

been  developed in  the course  of  this  work. One is an in- 

principle  exact  numerical  method; the  other is a  much faster 

approximate method using only  one  second-order  equation. A 

detailed  discussion  of the  equations and  the two  methods of 

solution are also found  in  the  Appendix.  A simplified form  of 

the  approximate  equation  is 

where e is small  compared to  the  other terms.  In  these  equa- 

tions Ha is  the  magnitude  of the applied  static field and m is 
the  magnitude  of the radio  frequency  (RF)  deflection  of the 

magnetization  from  static  equilibrium. The gyromagnetic 

ratio zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy is, of course,  related to  the  g-factor (y = itOeg/2m,). 
All magnetic  parameters (M, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHk,  H1, A ,  and y) may be func- 

tions  of  the  coordinate z measured  normal to the  surface,  with 

some  limitations discussed in  the  Appendix. 

The  important  difference  between  (1)  and (2)  is the sign 

change in the  anisotropy term.  It is this  feature  which  puts  the 

surface  modes above the uniform body mode  in  perpendicular 

resonance  and below in parallel  resonance.. It also has  another 

important  consequence. The  implantation  profile  often  shows 

a  peak  in  ion  dose  inside  and well below the surface  of  the gar- 

net film. For example,  for  the  implantation  analyzed  here, 

this  peak  occurs  at  a  depth  of  about 0.4 pm.  It will be shown 

in  later  sections that  the principal  surface  mode  in  perpendicu- 

lar  resonance  probes the magnetic  parameters at  this  point, 

while the  first  principal  surface  mode  in  parallel  resonance 

probes the magnetic  parameters  at  the  surface. The impor- 

tance  of this difference  should  be  emphasized. None of  the 

higher  order  modes in perpendicular FMR  give direct  data  re- 

garding the  surface  conditions,  these higher modes being af- 

fected by  the  entire  profde. 

It was recognized  early  in the  study  that  it was not sufficient 

to match mode  location,  but  equally  necessary to  match mode 

amplitudes.  For  low loss insulator  ferromagnets, the mode 

amplitude in perpendicular  resonance can be  calculated using 

/ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr \2 

The relative  amplitudes  of all modes  can be  obtained  from  this 

equation  if  the  mode  shapes have been  obtained using (1). 
This  equation  can be generalized to resonance at any angle  if 

the  excitation  method is known.  It is convenient to establish 

resonance  with  the sample oriented in the microwave cavity so 
that  the exciting  magnetic field lies in  the  plane  of  the  sample. 

In this case the  mode  amplitude is 

In  this  equation, me and mm are the  polar  and  azimuthal com- 

ponents  of  the  RF  magnetization. The space-variation  of a, y, 
and M ,  as well as the mode  shape,  enter into  the calculation 

for  both perpendicular  and parallel FMR. 

As detailed in  the Appendix,  the  solution  of (1) gives the 

eigenvalue Ha as well as the  mode shape.  If  this  analysis can 

be used to fit  the  experimental data, it establishes the space 

dependence  of both (M/A) and [(Hk - 47rM) - $ H1 - w/y] . 
Regardless of  the  accuracy  which  might  be  attained,  there is 

no way to separate the individual  variation  of M from A ,  nor 

that  of (Hk - 47rM) from H I  or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw/y .  On the  other  hand,  a 

similar treatment  of  parallel  resonance can in  principle give the 

space variation  of (M/A) and [(Hk - 4rM) + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 H1 + 2 4 7 1 .  
Again the  individual  magnetic  parameters  cannot  be  separated. 

However the values of (M/A) must  be  consistent,  and  compari- 

son of  the  two  bracketed  quantities  permits  determination  of 

the  variation in  two of the  three parameters  if  one  can argue 

convincingly that  the variation of  the  third is negligibly small. 

This  separation  cannot  be  made  with  any  assurance unless 

parallel resonance is used. 

If the mode  amplitudes  from (3) and (4)  can  be  matched to 

experimental data, this  provides  some  measure  of  information 

regarding the variation of (a/yM). The relative values of a can 

be found  by  comparing  linewidths  of body and  surface  modes, 

and  calculation  of  resonance  locations as described  above gives 

information  about  the  variation  of y. Combining  these  data 

permits  an  evaluation  of the variation  of AI. Again combining 

this  with  the  earlier  knowledge  of (M/A) finally  permits  de- 

termination of A .  In  summary,  if  the  linewidth is sufficiently 

narrow to give a  number  of  measurable  modes,  and  if  one is 
successful in  obtaining  a  fit to  the experimental  data  with 

unique  plausible  profdes  one  can  successfully  separate  the  pro- 

fdes or space  dependence  of H k ,  A ,  and M, and in some cases 

even H1 and g. 

No optimum  method has been  found  for  deducing  these  pro- 

fdes of  the magnetic  parameters.  The  sequential  trial-and-error 

procedure used in  this study is documented in the following 

sections, However, two comments  are relevant here.  The  bulk 

properties are best  obtained  from  uniform  unimplanted  samples, 
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or  samples  from  which the  entire  implanted  area  has  been re- 

moved. As will be seen, this  eliminates all boundary  pinning 

conditions  and  permits  attention to be focused on  the single uni- 

form  mode  without  mode  shape  affecting  amplitude  or ex- 

change  shift  affecting  location. Here resonance  should be 

considered at all  angles so that  accurate  bulk values can be 

obtained for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(Hk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 4rM), H I ,  and g (or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy) [3]. For  surface 

layer  profde studies, it is advantageous to start  with perpen- 

dicular  resonance.  Not  only are the surface  modes  more 

widely  spaced, but more  modes are observed  experimentally, 

and  the surface  modes are not  intermixed  with  body  modes. 

This  can  be clearly seen in  the spectra of Fig. 1  where  the 

various  types  of  modes are identified. 

DETERMINATION OF BULK MAGNETIC PARAMETERS 

It is common  practice to identify  the  principal  resonance 

modes  of  implanted  garnets as bulk  uniform  modes in order to 

obtain values for y (or g) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(14, - 4nMj in the main bulk of 

the film. If the  unimplanted  region is thicker than  1  pm,  the 

exchange shift is  less than  4 Oe and  can be safely ignored.  For 

this series  of samples,  the  bulk region  is only  -pm  thick so that 

the exchange shf t  from the uniform  mode  can  exceed 60 Oe, 

and the above procedure  would be inaccurate. However the 

ion-milling of samples 10 through 13 has  removed the  entire 

implanted  layer,  and  only  a single resonance i s  seen in  perpen- 

dicular FMR,  with no surface  modes  above  nor  bulk  spin-wave 

modes  below (see Fig. 1). This  indicates that  the  mode  ob- 

served  is the uniform  mode  and that  there is no  constraint  on 

the magnetization at  either surface. In  other words  the spins 

are unpinned at  both  substrate  interface and  upper  milled sur- 

face. This  has  a significance beyond  the  identification  of the 

uniform mode, since it gives very  strong  evidence  that  this is 

also the  proper pinning  condition to be  used  at the  top surface 

of  the  implanted  and partially milled samples. If the ampli- 

tude  of  the FMR resonance is plotted versus  milling depth,  a 

straight line is obtained  which extrapol.ates to zero  at  a milling 

depth which is approximately  that of  sample 14. Data are 

available for three  nearly  identical  wafers,  each of which was 

separately  implanted  and  subsequently ion-milled. Careful 

examination of  the  three  number  14 samples  shows  no reso- 

nance for one,  and  for  the  other  two, very  small resonances 

with  amplitude about  1  percent  of sample 10. These  data 

plotted  in Fig. 2 establish the  total thickness of  the magnetic 

layer  at 0.855 * 0.02  pm, which is 10 percent less than  the 

nominal value  of Table I. 

If only  perpendicular  and parallel FMR are used to measure 

the  bulk  magnetic  parameters,  a significant error will  be made 

in the  determination  of y and (H, - 47rM) if H 1  is too large. 

For  this  material  the  magnitude  of H I  is nearly 200 Oe and  it 

must be included  in the analysis [3]. Using the  thickest  bulk 

sample  (number lo), resonance was measured as a  function  of 

the angle between the film normal  and  the  applied field. If 

the film is rotated  about  an  in-plane ( i i 2 )  axis, a  symmetric 

variation is obtained (this fact is  used in  the  laboratory to de- 

termine  the  (712) axis). If rotated  about an  in-plane axis per- 

pendicular to this (or at any  odd  multiple  of  30°j,  the  maxi- 

mum  asymmetry is obtained since, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgo pass directly 

through a (100) axis during the  rotation. Fig. 3  shows  a  best 

fit  of  the  experimental  data  from  which values were  obtained 
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for (a/?), (f?k - 47dM), and H1 with  a  probable error less than 

+lo Oe for  each: 

Hk - 47~M= 0 

H I  =-165 Oe 

o/y  = 3950 Oe. 

Since the  microwave  frequency is 9.49 GHz, the  bulk value for 

g is 1.717 k 0.010. 

Since no spin-wave modes are observed in  these  samples,  no 

estimate  can be made  of the exchange  constant A .  However, 

in  the spectra  of the thicker  samples,  body spin-wave modes 

are found below  the  uniform  mode  location.  Their  amplitudes 

are strikingly dependent  on  the  surface  magnetic  parameters, 

but’their  location is predominantly  determined  by  the value of 

A in  the unimplanted region. From  these  considerations, the 

value of A was found to be Abulk = 2.47 erg/cm. 

DETERMINATION OF SURFACE MAGNETIC PARAMETERS 

Samples 0 through  9  show  a varying number  of  surface 

modes  in  the perpendicular FMR spectra.  The  disappearance 

of all but  the uniform  mode  in  sample 10 and  beyond estab- 

lishes the maximum  implantation  depth  at  about 0.58 pm. A 
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major goal of  this  work was to determine  a  specific  depth 

variation  of  magnetic  properties  between the surface  and  this 

point  that would  predict the location  and  magnitude  of all ob- 

served modes  in the  ten samples. 

The  first  parameter that can  be readily determined is the 

relative value of  the damping  constant zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa. In all of the  perpen- 

dicular FMR spectra,  the main  resonance had  a linewidth  of 

75 Oe,  and  the  surface  modes  showed  a  minimum  linewidth  of 

about 90 Oe. Since the main  mode involves a  magnetic  excita- 

tion  primarily  in the bulk while the higher surface  modes have 

an excitation exclusively in the implanted  layer,  this  indicates 

that  the damping  parameter a is about  20 percent larger in the 

surface  layer. As discussed in the  next section,  there is an  un- 

certain  planar  variation in the  implantation  dose,  which will 

give rise to a  broadening  of the line when it occurs  within the 

area of  a  particular  sample.  The  samples used here  are small 

enough  (3-mm  square) so that  the minimum  linewidth can be 

attributed  to  the actual  damping  parameter.  Presumably  there 

should be  a variation  in a within the surface  layer. Since this 

variation has only  a  minor  effect on surface  mode  amplitudes 

and no effect on locations, it is a  satisfactory  simplification to 

adopt  the  constant value zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa,,f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1.2 Qbulk. 

For films in  which the  implantation  has  not  produced  non- 

magnetic  layers,  the  major  parameter  determining  the  mode 

structure is the  variation in anisotropy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH k .  Using this as the 

only variable, an  approximate  agreement  between  experi- 

mental  and  calculated  mode  locations was obtained but  with 

unacceptable  discrepancies  in  mode  amplitudes.  This  implied 

that variations in  the  other  magnetic  parameters was necessary, 

but because of  their smaller effect  poorer  resolution  would  be 

expected  in  their  profiles unless a  dependence on  the change in 

H k  could be established.  Unfortunately  there  is  neither  suffi- 

cient  understanding  of  the  implantation process nor  of  the 

ferromagnetism  of  strained  and damaged crystals to make  any 

confident  estimate  of  correlative changes in the magnetic  pa- 

rameters. The existence  of  some  correlation is obvious, since 

the Curie temperature  of  implanted  layers is usually  reduced, 

and  continued  increase  in  implant  density  ultimately  destroys 

ferromagnetism [4] , [5] . Changes in M and A are likely to be 

greatest where the  anisotropy change is greatest,  and  a  linear 

relationship  would  be  computationally  convenient,  but  there is 

no  firm basis for  such an assumption;  there  may well be  a 

threshold for which changes are minimal,  with  a high rate  of 

change  near  the  density  for  which  magnetism  disappears. 

Nevertheless, for initial  investigation, the most  straightforward 

assumption is that  the changes in both M and A are  propor- 

tional to  the change in H k .  Should  this prove to be  unsatis- 

factory,  other assumptions  can  be tested. Since the changes in 

M and A generally have a smaller effect on  the  spectrum, such 

refinement may  not be meaningful  and it may not be possible 

to resolve the question. 

The  initial  synthesis  of  profiles  of H k ,  M ,  and A was under- 

taken using perpendicular FMR spectra  and  the  assumption 

that H 1  and y were unchanged in  the implanted  layer.  The use 

of progressively thicker samples to build up  the profiles was 

found  essential  in  obtaining  a  good fit  to experimental  data. 

The  implication  here is that we were not clever enough to con- 

verge on  a profile using only the unmilled  spectrum,  but  there 

are two  other  important features  of the milling experiment. 

First,  the use  of progressively thicker samples guarantees  a 

unique  profile, if a successful synthesis  can  be  accomplished. 

Second, the solution  of (1) or (2 )  gives local values  of (MIA&') 
where F is a  distance  parameter  related to thickness  locally. 

Without  an  absolute scale of  distance  there is no possibility  of 

separating A from 6 .  This  applies both  to  the bulk value 

and depth  dependent values in the implanted  layer.  Only 

through  the milling experiment  can  this  important  magnetic 

parameter  be  established  with  any  confidence. 

The synthesis  of  profiles of H k ,   M ,  and A was successful in 

the sense that each successive sample  only  required  adjustment 

of the  three parameters  for values of z beyond  the thickness  of 

the  previous  sample.  In the final  fit, the change  in  the  ratio 

(AIM) between  surface  and  bulk was about 5 percent. If 

nearly  constant values of A and A4 were used  consistent  with 

this  ratio, then  there were  relative  amplitude  errors  of  about 

70 percent  between  surface  and  bulk  modes.  Resolution  of 

this  discrepancy  through  (3)  required  a large decrease in M in 

the  surface  layer  or  a similar decrease in y. 
In  fitting  the  perpendicular FMR spectra,  it  had  been  tem- 

porarily  assumed that  there was no  significant  variation  in y. 

It was now  necessary to use the parallel  spectra to complete 

the  synthesis  and  confirm the  substantial decrease in M with 

negligible change in y. This conclusion that g is not sig- 

nificantly  affected by  implantation is important  from  the  theo- 

retical  viewpoint  and deserves further  discussion. The profiles 

chosen for H k ,  M ,  and A predicted all mode  properties  in  per- 

pendicular  resonance  and  correct mode amplitudes  in  parallel 

resonance. But in  the case of  parallel  resonance  mode  loca- 

tions,  a  small  but  significant  error  (about 60 Oe)  was found  in 

all surface  modes. It can be  seen  from (1) and (2) that this 

small shift  could  be attributed  to an increase inH1  of  100 Oe 

(from - 165  to  -65 Oe) or  an increase in o /y  of 40 Oe (1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.O 
percent  decrease in  y),  a shift so small that  it would  be point- 

less to look  for  a  profile of this  variation. 

It is not possible to distinguish  between  variations  in H I  or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
y (or  a  suitable  combination  of the two) unless resonance can 

be  accurately  measured  and  calculated at  another angle,  the 

most favorable direction  being  a (100) axis. Experimentally 

this is particularly  difficult  because the variation of Ha with 

angle p near p = 55" is so great that  the required  precision  may 

not  be  attainable.'  Computationally, it is also difficult  for 

reasons already  cited.  Without  such  a  measurement,  there re- 

mains  a small uncertainty  in  the value o f g  in the surface  layer. 

However, even  an unlikely change ofHl  of 100 percent  would 

not allow more than a 2 percent change in y. This  conclusively 

shows that there is no significant change in g in  the  surface 

layer. Any change must be at most  of the order  of  1  percent. 

DISCUSSION OF RESULTS 

Final  profiles of H k ,  4nM, and A are  shown  in Fig. 4, and 

other  magnetic  parameters are listed in Table 11. Profiles  could 

be suggested for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY and  for H I ,  but  the variations are so slight 

that  no experimental basis exists  for  these  profiles  nor  would 

it affect  the  calculated  mode  structure  in a significant  way. 

Note  this  problem arises  because of the very kuge  value of Hk in the 
implanted  layer. It does  not exist in the  bulk material, as can be seen in 
Fig. 3. 
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Fig. 4. Profiles of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHk,  47” and A as  function  of  depth in implanted 
layer. 

TABLE I1 

FMR SPECTRA 
MAGNETXC PARAMETERS OF IMPLANTED GARNET DEDUCED FROM 

71 Bblk  Data  Surface Data 
~ 

4nM 

Y 

A 

’1 

Hk 

a 

523 gauss 

1.506(10)7  (sec Oe).’ 

2.47(10)-7  (erg  cm-l  ) 

-165 Oe 

543 Oe 

.05 

523 t o  303 (see   F ig .   4 )  

1.506(10)7 * 

2.47 t o  1.41(10)-7  (see  Fig.  4 )  

-60 

543 t o  -2330 * (see F ig .   4 )  

.06 

* Equiva lent   va lues:  y = 1.491(10)7,  H = -165, ( H ~ ) ~ ~ ~  = -2360 

See t e x t  for d iscuss ion .  

P r o f i l e s  o f  4nM, A and Hk a r e   g i v e n   i n   F i g .  4 .  The ranqe o f  v a l u e s   i s  

g i v e n   i n   t h e   t a b l e  above. 

1  

_____ 

Comparison  of  experimental and calculated  mode  structure is 

given in Figs. 5 and 6. In  these figures the  calculated  mode  lo- 

cations  are shown by solid  lines as continuous  functions  of 

ion-milling depth. Experimental  data  are  shown by circles at 

the value  of thickness where the  experimental  and  calculated 

spectra were matched. Since the experimental values of ion- 

milling depth are not precise,  the match  point was allowed to 

deviate  slightly  from  the  experimental depth where  necessary. 

Cornparison with Table I shows a random  deviation  up to 

kO.02 pm, consistent  with the estimated precision of the  ion- 

milling depths. Where circles are absent,  the  experimental 

mode is either so small that  it could not be observed or  it was 

so close to a  large mode  that  its location  could not be  deter- 

mined even though  its  existence was evident. Mode ampli- 

tudes, both experimental  and  calculated, are shown  at the 

plotted  location  of  each  experimental  mode. The calculated 

mode  amplitude is also given at those  points  where  a  mode is 

predicted but not observed experimentally.  In  those cases 

where a missing mode is well separated  from the  other modes, 

the calculated  amplitude is always very  small (see, for  example, 

mode 6 for sample 0, mode 10 for sample 1 , and  mode 2 for 

sample 4 in Fig. 5).  Where a small mode lies within  a  linewidth 

of  a large mode,  it  cannot  be measured  experimentally even 

when as large as 5 or 10 percent  (for  example, see mode 7, 
sample 3 in Fig. 5 and  mode 4, sample 1 in  Figg. 6) .  

There is an  interesting  difference  in  mode  structure  between 

perpendicular  and  parallel FMR. For  the  perpendicular  con- 

figuration,  all  surface  modes  are  located  above  the unifom 

mode Hun and involve negligible excitation in the  bulk.  The 

body spin-wave modes  are  located below H,,,, and involve a 
significant  excitation in the surface  layer. The main mode is 

either  a  surface  mode  just above Hun or a  body mode  just  be- 

low Hun; or  frequently it is not  a single mode  but a closely 

‘One cannot logically define a surface  mode  as one which  is  “con- 
fined”  to  the surface  layer, since with  properly chosen  ion-milling one 
can get any degree of  penetration  into  the bulk layer. The  only logical 
definition  for  perpendicular  resonance is that  the  mode shape  in  the 
bulk  be  hyperbolic  for  surface  modes,  sinusoidal  for  bulk  modes,  and 
linear for  the  uniform  mode.  This  distinction is impossible in parallel 
resonance so that designation  of  surface or  body  mode is now  qualitative, 
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.2 0.4 0.6 
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Fig. 5. Comparison of location  and  amplitude of experimental  and  calculated  modes  in  perpendicular  resonance.  This in- 

cludes as-implanted film  and  eight  thinner samples with varying depths of  ion-milling. 

SAMPLE NUMBER 
0 1  3 4 5 6  8 9 1 0  

4000 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
v s 
n 
tr 

n 
w 

-I 

LL 

A 
a a 
a PERIMENTAL 

2ooo t - - -  I I 1 UNIFORM MODE AMPLITUDE 
BODY  MODE I I EXPERIMENTAL 

12 CALCULATED 

0 0.2 0.4 0.6 

ION MILLING DEPTH (,urn) 
Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 .  Comparison  of  location  and  amplitude  of  experimental and cal- 

culated  modes in  parallel resonance.  This  includes  as-implanted film 
and  eight  thinner samples with varying depths of  ion-milling. 
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spaced pair. Examples of all three can be easily found  in Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 where the uniform  mode  location is 3830 Oe. The number 

of surface modes is  seven for  the unmilled garnet,  and  this 

number decreases monotonically to zero when the ion-milling 

distance exceeds the implantation depth.  The  body spin-wave 

modes  are generally very small except for  the ion-milling dis- 

tance of about 0.4 pm where one of them becomes as large  as 

20 percent (both experimentally and  theoretically). 

In parallel  FMR the  structure is quite  different.  The highest 

mode is a body  mode, lying very  close to  the parallel uniform 

mode.  The exchange shift  here is only  about 25 Oe. The 

lower lying modes are initially predominantly surface or  body 

modes with negligible excitation in the  other region, but  be- 

yond  the  fifth mode, they are of a mixed  nature.  In Fig. 6, the 

third  mode is strictly a surface mode  for  the  unmilled sample 

and it moves downward as  milling  progresses, becoming the 

fourth  mode  and finally the  fifth  mode as it crosses below one 

or  another of the  body modes.  The fifth  mode is  also a sur- 

face mode  and shows similar behavior. 

To show the  character of these modes clearly, the calculated 

mode shapes of the  entire spectrum are shown  for the un- 

milled garnet in Fig. 7. The highest ten modes are shown in 

perpendicular FMR, and the highest eight modes in parallel 

FMR, since these encompass the modes seen experimentally. 

Actually,  mode 6 in perpendicular FMR  is not seen since its 

amplitude is zero,  and  mode 7 in parallel  FMR  can be seen but 

not measured. Even though its  theoretical  amplitude is 5 per- 

cent, it lies too close to mode 6 for an  experimental mea- 

surement. 

Mode 1 in perpendicular resonance and  mode 3 in parallel 

resonance demonstrate an  important  feature  mentioned earlier. 

In  the  first,  the mode is localized at  the region where the 

anisotropy  has the largest  negative value, and  in  the second it 

is localized at  the surface. This means that  the first mode mea- 

sures the uniform perpendicular mode  location  for  the  maxi- 

mum  anisotropy variation, less the exchange shift  due to  the 

local curvature of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm. The second measures the uniform paral- 

lel mode for the surface anisotropy, again  less the  appropriate 

exchange shift. These two modes  immediately give approxi- 

mate values for  the anisotropy at these two  points,  but  the par- 

allel resonance calculation is an essential part of the analysis. 

The determination of magnetic parameters described above 

may  sound like a complicated process, and  indeed it is, but  the 

development of suitable programs for a high-speed computing 

facility makes it a reasonable procedure. Unfortunately,  the 

accuracy of the result is directly  dependent  on  the accuracy of 

spectra  determination and  the  consistency of the samples. 

With linewidth of 75 to 90 Oe, it is an easy matter  to  deter- 

mine the  location of major surface resonances with a precision 

of 1 or 2 Oe  if a nuclear magnetic resonance (NMR) probe is 

used for  the field determination. However, the temperature 

coefficient of the exchange and the implantation  anisotropy 

produces a variation in surface mode  locations as large as 10 

Oe per degree C so that temperature  stabilization  of  the cavity 

is  necessary for high accuracy. Even worse, the implantation 

process is far from uniform over a wafer, and variations of 

more than 100 Oe in mode  location were  observed in sup- 

posedly identical samples. Variations of  this  magnitude  render zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

PERPENDICULAR  FMR  PARALLEL FMR 

i 

BODY SURFACE BODY SURFACE 

Fig. 7. Calculated  mode  shapes for seven surface  modes  and  first  three 
body modes in perpendicular FMR and  first  eight  modes in parallel 
FMR-unmilled garnet. 

correlation  in  the  profile  between various milled samples im- 

possible. However, with careful selection and elimination of 

faulty samples, those used here are  believed to  have uni- 

formity corresponding to  about 30 to 40 Oe in  mode  location. 

In  addition,  the resonant cavity used in  this work did not have 

temperature  stabilization.  The implication is that any devia- 

ations  between calculated and experimental  spectra which are 

less than 30 Oe are of no significance. 

In  spite  of  the above limitations,  the profile of (Hk - 47rM) 
can be  obtained  to  an accuracy of a few percent.  The effect 

of A ,  M ,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa variations on  the spectra is somewhat smaller, 

and similar accuracy in these profiles is impossible. However, 

with the simplifying assumption that  the profiles are similar 

(i.e., AA and AM are roughly proportional to AHk), then  the 

average or overall  value of A and M in the implanted region 

can be obtained  with  an accuracy of about 10 percent. 

SUMMARY 

If the FMR linewidth is sufficiently narrow,  an  approximate 

anisotropy  profile can be obtained  for  implanted garnet films 

using only the perpendicular FMR spectrum. If it is  desired to 

obtain  an  accurate profile for  the anisotropy as well as im- 

plantation  layer values for the  other magnetic  parameters  such 

as M ,  A ,  and g, then  it is necessary to measure FMR spectra of 

milled  samples  as  well  as to include parallel resonance spectra 

in the analysis. For some profiles, the principal surface mode 

in perpendicular and parallel resonance gives direct evidence  of 

the maximum  anisotropy deviation and the surface anisotropy, 

respectively, without resorting to a detailed analysis of  the  en- 

tire  spectra.  The  method developed herein  has been used to 

characterize the implanted layer of a Gd,  Tm, Ga substituted 

YIG, where implantation  with He ions at an energy of 140 

keV and at a dose of 3 X 10'' cm-'  gave  rise to a change in 
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Two methods have been  developed for calculating  the  paral- 

lel  resonance  mode  structure. One is exact in  the sense that  a 

numerical  calculation will produce  solutions  with  error  below 

any  preselected value or  tolerance.  The  other is an  approxi- 

mate  method which is computationally much faster.  For 

typical  garnets the  approximate  method gives mode  locations 

with  error  up to 4 or 5 Oe, a value which is generally of no 

significance experimentally. 

APPENDIX 
CALCULATION OF FMR SPECTRA 

Calculation  of  resonance in  a  thin layer is a  two-point  bound- 

ary value problem  which  in  its simplest form involves one 

second-order  equation  for  perpendicular  and two coupled 

second-order  equations for parallel  configuration. The eigen- 

value is usually the applied  field,  corresponding to  the experi- 

mental  situation where the frequency is held  constant  and  the 

applied  field is varied.  The  perpendicular case usually  responds 

well to  conventional  “shooting”  techniques  where  one  starts 

at one  boundary  and  integrates  the  solution  until it diverges 

seriously  or the second  boundary  is  reached.  The eigenvalue 

estimate  is  adjusted on successive iterations to converge on  the 

value that will satisfy  the  final  boundary  condition. The 

simplest convergence scheme involving halving of  intervals re- 

quires 10 to  15  iterations  to get accuracy  of 1 to 0.01 Oe. The 

principal  difficulty  in the  integration is describing  the z- 
dependence of the magnetic  parameters  since  this  dependence 

is an empirical  rather than analytical  variation. Most analysts 

use either  connected  straight  line  segments  or  a  step  function. 

Although the former  may seem preferable at first glance, there 

are many  distinct  advantages  in using a  step  function,  and if 

the  number of steps is sufficiently  large,  there is no deteriora- 

tion in accuracy.  For  this  work, the surface  layer was divided 

into  15 regions.  Test cases with 10  to 20 layers  showed no 

significant  deterioration  in  accuracy  for  the  modes in question 

when the number  exceeded 12. 

The basic equation  for  perpendicular  resonance is 

This  equation is essentially  correct if the losses are small (a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< 
0.1) and  only Hk varies with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz .  When M and A are functions 

of z ,  additional  terms must be  added  which involve (d2M)/ 
(dz2) and dA/dz. The  effect  of  these  terms is small,  but  one is 

never sure  of  the  resulting  accuracy  if  they  are omitted. In- 

clusion of these  terms is a  significant  complication  in the com- 

puter  program  and  computation  time. When a  layered  struc- 

ture  or  step  function is used,  the  boundary  condition  between 

layers  takes  care of the variation  in M and A in  a  much simpler 

way. This  boundary  condition is 

Furthermore,  with  a  stepped  structure,  the  solution in each 

layer  is  sinusoidal  or  hyperbolic,  and it is not necessary to use 

a  step-by-step  integration p r~cedure .~  The  result is a  much 

faster  computer  program,  coupled  with  a  better  treatment  of 

variation  of all magnetic  parameters. 

For  parallel  resonance the relevant equations are 

Again these  equations  are  correct if only Hk varies with 2 ,  and 

additional  terms  are  required if A and M are also functions of 

z .  Attempts to solve these  equations  by  a similar shooting 

technique have not been  satisfactory.  Solution  of the  equa- 

tions involves two eigenvalues-for example, the applied  field 

and (m+/me) the  ellipticity  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE at one boundary.  To  prop- 

erly  interpret  the divergences of  the  integration  and  choose 

new estimates  of  the eigenvalues, it was necessary to rewrite’ 

the  equations  in two new variables 

Y = (me + m d / 2  

d2y=E dz2 2A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA{ ( H a  - 7 t H e q ) y  +Heqx} 

dz2  2A  {(Ha + ~ + H e q ) x t H e q y }  

where 

This method is  satisfactory  when y is much larger than zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx (as  is 

the case for  garnet  materials) because it gives a  coherent  pat- 

tern  to  the observed divergence of the  integration. Whether 

the  first divergence occurs in x or y permits  a  correct logical 

procedure for  the  next estimate  of  the two eigenvalues. How- 

ever, the  required  accuracy of the  ellipticity eigenvalue in- 

variably exceeded the precision  of  the  digital  computer (even 

in  double  precision)  and special treatment was necessary to 

prevent  x-divergences  (ellipticity  uncertainties)  from  vitiating 

a  solution. 

Our attention was drawn to a  relaxation  technique  advocated 

by Keller [ 6 ]  to solve very general boundary value problems. 

A particularly  effective program called PASVA (variable step) 

has  been  developed by  two of  his colleagues, Pereyra  and 

Lentini [7] . When this  method is used for  a  system of equa- 
tions  with  a few finite  discontinuities,  a  multiplexing  scheme 

principle, the same scheme  could be used with  connected  line seg- 
ments  provided M and A were  independent of z. In  each  layer the so- 
lution  would  be a  sum  of the  two Airy  functions. However, the diffi- 
culty  of calculating the Airy functions  and  their derivatives  makes this 
procedure slower than step-by-step  integration if many  intervals are  in- 
volved. Further,  it  is  not applicable  when MandA are  depth  dependent. 
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TABLE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA111 
COMPARISON OF EXACT AND APPROXIMATE SOLUTIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIN 

PARALLEL RESONANCE 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMAGNETIC  PARAMETERS I 

1 = 3960 Oe Layer   t h i ckness  

H -4rM = 18 Oe 
-‘r-- 

Asurf = 2.30(10-7  erg/cm 

C s u r f  E abul  k 

0.04 
0.04 

-2146 

- 656  0.04 
- 846 0.0% 
-1066 0.04 
-1  286 0.04 
-1521 0.04 
-1 776 0.04 
-2046 

Hk = ( s e e   t a b l e  
on r i g h t )  

Hk = ( s e e   t a b l e  
on r i g h t )  

I.”. 

0.0% 
0.04 

-2146 
-2046 
-1 776 
-1521 
-1  286 

- 846 
-1066 

- 656 

-- 
~ 

Mode 
No. 

J- 

5 

0.04 
0.04 

’ - 486 

0.04 
- 326 
- 186 

________. 

Mode Amp: i tude  

. ~. ..- 

3901.8 3902.1 t 0 . 3  100 100 

3704.9 

I 3705.7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt0.8 1 6 . 4  16.5 

3466.4 3466.6 t 0 . 2  76.6 76.2 

3348.3 3318.0 ’ -0.3 ’ 13.5 13.6 

3113.4 3115.5 ti .1 
~ 62.1 ~ 61 .8 

6 2918.3 2921 .o 
7 

2837.3 1 t 3 . 0  1 22.0 ~ 22.2 

t 2 . 7  1 37.8 I 38.2 

8 
2615.4 , 2620.0 

t 4 . 6  15.0 ~ 15.0 ~ 2834.3 1 
E x a c t :   S o l u t i o n   o f  Eqs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 6 ,  A7 u s i n g  PASCAC. 

A p p r o x :   I t e r a t i v e   s o l u t i o n   o f  D q .  AB. 
The  magnetic  parameters s e d  i n  t h i s   c o m p a r i s o n   a r e   s l i ~ h t l y   d i f f e r e n t  

f rom the f i n a l   v a l u e s  I n  Tab le  11. 

___ 

~ 

can be used to eliminate the  discontinuities, i.e., to remove 

them to  the boundaries.  The  multiplexing required for a struc- 

ture  with  many  steps proved completely  intractable since ex- 

cessive memory was required and  computation  time became 

unreasonably long. To solve this  problem in a satisfactory 

way,  it was  necessary for  Pereyra and  Lentini to develop a new 

version of PASVA to allow discontinuous  functions. This 

version, called PASVA4 [SI has been highly successful in 

solving either (A3) and (A4) or (A6) and (A7). The  solution 

is, in  principle,  exact  in  the sense that  the program will pro- 

duce a solution  with error less than  any prescribed value (un- 

less limited  by  the  number of significant digits in  the com- 

puter).  For  the  present  study  any  mode can  be found with  an 

accuracy of 0.01 Oe in 3 to 10 s of central processing unit 

(CPU) time with an IBM 370-3032 system. Needless to  say, 

this represents a very long computation,  but  it is orders of 

magnitude shorter  than  the earlier procedure. 

If one  notes  that x << zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy in (A6) and (A7), it follows that 

the principal driving term in (A7) which determines x is 

(He,y) and (d2x/dz2) is very small. An  approximate  solution 

to  the  two equations can be obtained by  setting  the second 

derivative d2x/dz2 to zero, solving (A7) for x and  substituting 

t h s  in (A6): 

This equation can now be solved by  the  methods used for  per- 

pendicular FMR. 

The principal concern  here is of course the validity of the 

approximation. Fortunately,  one can use  PASVA4 at any  time 

to  check the  accuracy,  but can retain  the speed and conve- 

nience of this  approximation in searching for profiles that give a 

fit to experimental  spectra. Test cases  have been used through- 

out  the range of this study and have in all  cases  given accuracy 

better  than 1 Oe in the low order modes  and better  than 5 Oe 

in  the highest order modes. An example is  given in Table 111. 

In view of the experimental  uncertainties,  errors of 5 Oe are 

considered insignificant. Needless to say, when the  two  meth- 

ods are used in perpendicular FMR, they give identical solu- 

tions since no approximation is  involved in  either case. 
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