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Abstract

In previous works, the imaginary surface and (or) the imaginary volume
depths of the optical potential were parametrised as linear functions of the
projectile’s incident energy and neutron-proton asymmetry (N − Z)/A of the
target nucleus. However, the obtained asymmetry strength parameters were
not robust nor unique. In this work, we determine values for the strength
parameters by simultaneously fitting 38 angular distribution data sets corre-
sponding to neutron elastic scattering off chains of isotopes. For each isotopic
chain, we considered the data sets that are measured at the same energy. This
minimises the effect of the known energy dependence of the optical model and
projects the dependence on the asymmetry term, which in turn leads to more
reliable values of the strength parameters. To demonstrate the significance
of the obtained strength values, we use the model to predict elastic angular
distributions for neutron scattering off nuclei not considered in the χ2 anal-
ysis. Our theoretical angular distributions are in good agreement with the
measured data and are also comparable to the predictions of local global mod-
els. In addition, our predicted total elastic and total reaction cross sections
are in fair overall agreement with experiment. An additional result of this
work is the determination of a global set of nonlocal parameters that describe
neutron elastic scattering off nuclei that fall in the mass range 24 ≤ A ≤ 208
corresponding to incident neutron energies between ≈ 10− 30 MeV.
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1 Introduction

The conventional phenomenological optical model has been successfully used in de-
scribing the nucleon-nucleus scattering process [1] - [3]. One important aspect of the
model is that it reduces the nucleon interaction with the complex many-body nuclear
system into a simple two-body problem. However, the model’s parameters are energy
dependent, which is taken as a sign that the nucleon-nucleus scattering process is
endowed with nonlocal effects [4]. The nonlocality in the optical potential is, partly,
due to the fact that the underlying NN interaction is nonlocal and energy depen-
dent. One source of nonlocality is a consequence of the Pauli exclusion principle, and
is accounted for by antisymmetrizing the total wave function as in the Hartree-Fock
theory [5]. In addition, in the Hartree-Fock equation, a spatially variable mass can
be used to express the nonlocality due to exchange effects [6]. Coupling of the ground
state to inelastic excitation channels is an important source of nonlocality. However,
the large number of possible excitation channels renders the process of rigorously
accounting for this nonlocality a very difficult task. Consequently, the effects of
channel coupling on the scattering process are usually accounted for by numerically
coupling the ground state to few, important low-lying exited states [7] and [8]. For
example, the angular distributions corresponding to neutron scattering off a range
of nuclei from 6Li to 208Pb were fitted using the phenomenological optical model
with channel coupling (CC). The resulting potential parameters showed a noticeable
reduction in their energy dependence [10]. In a more recent work, a semimicroscopic
optical model with channel coupling was also used to fit the angular distributions and
polarization data for neutron scattering off a range of nuclei falling in the mass range
12 < A < 208. The real volume part of the potential was determined by folding the
NN potential over the density of the nuclear target. The obtained parameters of
the model showed a weak energy dependence compared to the case without channel
coupling [11].

Another well known nonlocality is that proposed by Perey and Buck (PB) [9]. The
nonlocal kernel of the potential was assumed to be separable into a potential form
factor multiplied by a Gaussian nonlocality. The constant parameters of the model
were determined by fitting the elastic angular distributions corresponding to neutron
scattering off 208Pb at 7.0 and 14.5 MeV. This nonlocal model successfully predicted
the elastic angular distributions for neutron scattering off nuclei from 27Al to 208Pb
over the 0.4 to 28 MeV energy range. In addition, the fixed parameters of the model
were used to predict the elastic angular distributions for neutron scattering off nuclei
ranging from aluminium to lead. A more recent source of nonlocality was proposed
to be due to a change in the mass of the incident nucleon as a result of its interactions
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with other nucleons inside the target nucleus [12]. The model reproduced the neutron
elastic angular distributions off the light 12C nucleus. Subsequent works showed the
effectiveness of this velocity-dependent optical model (VDOM) in describing the
elastic angular distributions corresponding to neutron and proton elastic angular off
light 1p-shell, intermediate and heavy nuclei. In addition, the model’s predictions
of the polarization data were in good overall agreement with the experimental data
[13] - [15].

One might expect that the explicit inclusion of nonlocalities in the optical model
may removes the energy dependence of the model’s parameters. In fact, recent works
have shown that although accounting for nonlocal effects in the optical model reduces
the energy dependence of the parameters, this dependence was still needed to fine
tune the elastic angular distribution fits [10] and [11]. In addition, Tian, Pang and
Ma (TPM) used the nonlocal potential of Perey and Buck (PB) [9], which explicitly
includes a Gaussian nonlocality, and fitted experimental angular distributions corre-
sponding to nucleon elastic scattering off nuclei from 27Al to 208Pb within the 10 -
30 MeV energy range. Two fixed global sets of parameters were determined; one for
protons and the other for neutrons [16]. In a subsequent work, investigation of neu-
tron elastic scattering off intermediate and heavy nuclei (40Ca, 90Zr and 208Pb) over
the ≈ 5 - 40 MeV energy range, showed that the inclusion of a Gaussian nonlocality
does not fully remove the energy dependence of the potential [17]. In fact, following
the global model of Becchetti and Greenlees (BG) [2], Lovell et. al. expressed the
imaginary surface depth (Ws) of the nonlocal potential as a linear function of energy
and asymmetry (N − Z)/A, while the imaginary volume term (WI) was expressed
as a function of energy only:

WI = a1E + c1. (1)

Ws = a2E + b2(N − Z)/A+ c2, (2)

The five parameters ai and bi were simultaneously fitted to 24 neutron elastic
angular distribution data sets. The potential parameters were initialized to those
of PB values. Since the PB model does not contain an imaginary volume term,
the TPM parameters were used for the imaginary volume term. This resulted in
b2 = 0.74 ± 0.46 MeV, which is much smaller than the absolute value of 12 MeV
of the BG global model. In addition, the relative error is clearly large. The χ2

analysis was repeated but all the potential parameters were initialized to the values
of TPM. This resulted in b2 = 4.5 ± 0.5 MeV, which is still smaller than the BG
value. The authors showed that the inclusion of a Gaussian nonlocality does not fully
remove the need for energy-dependent potential, but the asymmetry dependence is
not robust nor unique. Although the considered nuclear targets cover a wide mass
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and asymmetry ranges, the data sets did not constrain the value of the asymmetry
parameter. A subsequent work considered proton elastic scattering off 40Ca, 90Zr
and 208Pb. But, in addition to the imaginary surface depth, the imaginary volume
depth was also expressed as linear functions of energy and asymmetry as [18]:

WI = a1E + b1(N − Z)/A+ c1. (3)

This resulted in more robust strength values for the asymmetry terms; namely b1 =
45.75±3.51 MeV and b2 = 11.86±3.88 MeV. Two more recent works also considered
neutron [19] and proton [20] scattering off light 1p-shell nuclei. For neutrons the
resulting strength parameters for the asymmetry terms are b1 = −4.416±1.778 MeV
and b2 = 9.564 ± 0.981 MeV. The proton case was slightly more complicated. Two
global sets of nonlocal parameters were needed to describe the elastic scattering data.
One for the lower 10 - 39 MeV energy range for which b1 = 27.533± 0.612 MeV and
b2 = 27.533±0.612 MeV. While for the higher 40 - 70 MeV range, b1 = 41.766±3.002
and b2 = 11.441± 0.642 all in units of MeV [20].

Clearly, the varied values of the asymmetry parameters b1 and b2 indicate the need
for further analysis to determine more accurate values for the asymmetry strength
parameters. Since each of the depths WI and Ws is expressed as a linear function
of energy and asymmetry, the energy dependence can easily mask the effect of the
asymmetry term, which does not help in determining the values of strength param-
eters bi. In this work our aim is to overcome this problem by considering neutron
elastic scattering off long isotopic chains and, for each chain, fit the potential depths
to angular distribution sets that are determined at the same (or nearly the same)
energies. This should minimise the effect arising from the energy dependence of the
potential depths while at the same time highlight the role played by the asymme-
try term. All the experimental angular distribution sets considered in this work are
taken from the EXFOR library [22].

Our analysis is based on the nonlocal model of Perey and Buck. The detailed
derivation of the model is found in the PB paper [9]. Here we just present the integro-
differential Schrödinger equation that corresponds to the PB nonlocal potential:[
h̄2

2µ
∇2 + E

]
Ψ(r) = − [(Uso + iWso)S(r)L · σ] Ψ(r)+

∫
V (r, r′)Ψ(r′)dr′+VC(r)Ψ(r),

(4)
where VC(r) is the coulomb potential, Uso and Wso are the depths of the local real
and imaginary parts of the spin-orbit term and the form factor S(r) is given by

S(r) =

(
h̄

mπc

)2
1

asor
exp

(
r −Rso

aso

) [
1 + exp

(
r −Rso

aso

)]−2

. (5)
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The authors assumed the following separable form for the nonlocal kernel:

V (r, r′) = U(p)
1

π3/2β3
e−[r−r′]2/β2

, (6)

where β is a nonlocality parameter and

p =
1

2
|r+ r′|, (7)

while the form of U(p) is similar to that adopted for local potentials; namely

−U(p) = VRfR(p) + iWIfI(p) + iWsfs(p), (8)

with

fj(p) =

[
1 + exp

(
p−Rj

aj

)]−1

, j = R or I (9)

and

fs(p) = 4exp
(
p−Rs

as

) [
1 + exp

(
p−Rs

as

)]−2

, (10)

where Ri = riA
1/3 (with i = R, I, or s) and ai are the nuclear mean radius and

diffuseness parameters respectively.
Clearly, the PB nonlocal potential contains an imaginary volume and imaginary

surface depths WI and Ws. The imaginary parts of the optical model are known to
account for the removal of flux from the elastic channel and, therefore, are related
to nonlocal effects. This relation stems from the fact that nonlocality can be viewed
as the removal of flux from the elastic channel at position r1, which reappears later
at another position r2. For example, a neutron can be scattered out of the elastic
channel at r1, then propagates to another position r2 where it is scattered back into
the elastic channel by another interaction. The distance it travels from r1 to r2 is a
measure of the distance over which the nonlocal effect is important. The nonlocality
parameter β in equation (6) is a measure of this distance. The imaginary surface term
accounts for absorption of incident flux at the nuclear surface and is mostly important
at low energies. As the incident energy increases, the absorptive interactions that
take place deeper within the nuclear volume acquire more importance. The (N −
Z)/A asymmetry dependence may arise from the isotopic spin dependence of the
nucleon-nucleus interaction dependence which is proportional to ±τ ·T, where τ is
the isospin of the nucleon, while T is the isospin of the target nucleus. Further, the
plus sign is for protons and the minus sign is for neutrons. This implies a sign change
in the strength of the asymmetry term depending on the incident nucleon being a
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proton or a neutron. The underlying NN interaction may also result in the presence
of the asymmetry term in the optical model, and does not necessarily impose a strict
sign change of the strength parameter depending on the type of the incident nucleon.
The absence of the strength parameter sign change in the previous work of [17] to
[20], and the present work is an evidence in support of the NN interaction giving
rise to an asymmetry term in the nucleon-nucleus scattering process.

The PB nonlocal potential given in equation (6) contains one nonlocality param-
eter β , which is common to the real and imaginary parts of the potential. However,
when the dispersive optical potential is extended to include nonlocal effects, leading
to a nonlocal dispersive optical model, a nonlocality parameter is needed for each of
the real and imaginary parts of the potential [23]. Furthermore, the values of the
ranges of the nonlocality parameters are different from the value of β = 0.85 fm for
the PB nonlocal potential.

2 Results and discussion

Table 1 shows the chains of isotopes used in the fitting procedure, the neutron in-
cident energies and the references for the 50 angular distribution data sets that
correspond to neutron elastic scattering off the 18 considered isotopes. For each iso-
topic chain we searched for experimental data sets which are measured at the same
energies like, for example, the case for 54Fe and 56Fe isotopes. We also tried to do the
same for elements belonging to different isotopic chains such as 24Mg and 32S at 14.8
MeV incident energy. This should help in highlighting the effect of the (N − Z)/A
asymmetry on the scattering process.

2.1 Individual energy fits

We have coupled the NLAT code [44] to SFRESCO [45] in order to fit the param-
eters of the nonlocal potential to the individual experimental angular distributions
of Table 1. For consistency, in the χ2 analysis, we always started from the TPM pa-
rameters. To reduce the number of the fit parameters, the same values of the radius
(rso) and diffuseness (aso) were used for the real and imaginary parts of the spin-
orbit interaction. The quality of each fit was judged visually and also qualitatively
by calculating the χ2 value per degree of freedom using the expression:

χ2
j =

1

Nj

Nj∑
i=1

(dσ(θi)
dΩ

)theo − (dσ(θi)
dΩ

)exp

∆(dσ(θi)
dΩ

)

2

, (11)
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Table 1: List of nuclei , energies and experimental data references used in the fitting
procedure. The χ2

tot values are also given.

Nucleus Energy (MeV) Reference χ2
tot Nucleus Energy (MeV) Reference χ2

tot

24Mg 14.8 [24] 1.970 60Ni 14.7 [31]
26Mg 24 [25] 1.190 18.5 [35]
32S 14.8 [24] 24 [34] 1.749

21.7 [26] 1.126 92Mo 11 [36]
34S 21.7 [26] 20 , 26 [37] 2.316

25.5 [26] 1.087 98Mo 11 [38]
40Ca 11.9 [27] 20 , 26 [37] 2.801

13.9 [28] 100Mo 11 , 20 , 26 [37] 5.014
16.9 [29] 0.936 116Sn 11 , 24 [39] 1.185

48Ca 11.9 [27] 118Sn 11 , 24 [39]
16.8 [27] 1.542 14.9 , 18 [40] 1.779

54Fe 11, 20, 26 [30] 124Sn 11 , 24 [39] 0.665
14.7 [31] 1.115 206Pb 11 [38]

56Fe 11, 20, 26 [30] 13.7 [41]
14.7 [31] 1.096 21.6 [32] 3.322

58Ni 14.7 [31] 208Pb 11 [42]
16.9 [33] 13.7 [41]
24 [34] 1.014 20 , 22 , 24 [43] 4.635
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where Nj is the number of degrees of freedom for data set j corresponding to a

given incident proton energy, while (dσ(θi)
dΩ

)theo and (dσ(θi)
dΩ

)exp are the respective the-

oretical and experimental differential cross sections at angle θi, and ∆(dσ(θi)
dΩ

) is the
corresponding experimental error. Furthermore, we calculated the total χ2 value per
degree of freedom (χ2

tot) for each target nucleus, which we define as:

χ2
tot =

∑
j Njχ

2
j∑

j Nj

, (12)

where j runs over all the angular distribution data sets included in the fitting proce-
dure for a given nucleus. In the χ2 analysis of this work, an overall error of 10% was
assumed for all data points of the differential cross sections. This is based on the
assumption that systematic errors in the measurements is larger than the statistical
errors typically included in the experimental papers [17].
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Figure 1: Best elastic angular distribution fits for neutron elastic scattering off 32S
and 34S isotopes using the NLOMP. Solid curves are obtained by fitting the individual
data sets. The dashed curves are obtained using the fixed geometrical parameters
in Table 2 and the energy-dependent depths which are given by the expressions in
Table 3.

Since we have fitted 50 data sets, including all the individual best fit parameters
would lead to a lengthy manuscript. Instead, we have indicated the goodness of the
fits by including the value of χ2

tot for each isotope as shown in Table 1. The low χ2
tot

values indicate that the nonlocal model has reproduced the angular distributions
well. The individual angular distribution fits for neutron elastic scattering off the
sulphur, iron and lead isotopes are shown by the solid curves in Figs. 1 - 3. The good
visual quality of the fits reflects the low χ2

tot values in Table 1.

3 Energy-dependent depths and fixed geometrical

parameters

In this section we started from the TPM parameters and simultaneously fitted all
the angular distributions belonging to each isotopic chain. This resulted in constant

9

Page 9 of 28

© The Author(s) or their Institution(s)

Canadian Journal of Physics



For Review Only

0 30 60 90 120 150 180

θ
c.m.

(deg)

10
0

10
4

10
8

10
12

10
16

10
20

dσ
/d

Ω
(m

b/
sr

)

EXFOR Data
Individual fits
ED-Depths

11 MeV

14.7 MeV

20 MeV

26 MeV

11 MeV

14.7 MeV

20 MeV

26 MeV

Fe

Fe

Fe

Fe

Fe

Fe

Fe

Fe

54

54

54

54

56

56

56

56

0

2

4

6

8

10

12

14

x10

x10

x10

x10

x10

x10

x10

x10

Figure 2: Best elastic angular distribution fits for neutron elastic scattering off 54Fe
and 56Fe isotopes using the NLOMP. Solid curves are obtained by fitting the individ-
ual data sets. The dashed curves are obtained using the fixed geometrical parameters
in Table 2 and the energy-dependent depths, which are given by the expressions in
Table 3.

sets of parameters for each chain as shown in Table 2. The real volume depth VR

and the corresponding geometrical parameters rR and aR show the least variation
with mass number A. However, the real and imaginary depths of the spin-orbit
term show noticeable and less systematic variation with mass number. One way to
reduce the energy dependence of the spin-orbit depths would be to fit polarization
and angular distribution data simultaneously, but the NLAT code does not calculate
the polarization observables.

Now we turn to investigating the energy dependence of the optical model param-
eters. Starting from the constant sets of parameters given in Table 2, we simulta-
neously fitted all the angular distributions of each isotopic chain. The geometrical
parameters were fixed at their values, but the potential depths were allowed to vary
with energy. The nonlocality parameter was fixed at its TPM value of β = 0.9 fm.
Apart from the real and imaginary depths of the spin-orbit term, we found it possible
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Table 2: Fixed nonlocal best fit parameters for neutron elastic scattering off each
target nucleus. Starting from the TPM values the angular distributions for each
isotopic chain were fitted simultaneously. The nonlocality parameter was fixed at
its TPM value of β = 0.9 fm. The optical depths are in units of MeV, while the
geometric parameters are in units of Fermi.
Parameters Mg S Ca Fe Ni Mo Sn Pb
VR 70.453 70.500 71.031 71.400 71.597 72.130 73.468 73.701
rR 1.214 1.296 1.273 1.259 1.262 1.238 1.236 1.226
aR 0.680 0.614 0.635 0.597 0.606 0.698 0.679 0.700
WI 2.962 2.929 1.023 3.203 1.124 2.969 3.125 3.120
rI 1.002 1.400 1.184 1.000 1.300 1.300 1.000 1.000
aI 0.400 0.600 0.600 0.600 0.600 0.400 0.593 0.401
Ws 20.457 21.002 18.475 18.193 20.331 22.605 21.607 15.539
rs 1.132 1.209 1.248 1.172 1.160 1.205 1.202 1.192
as 0.507 0.414 0.480 0.480 0.452 0.460 0.447 0.518
Vso 6.771 4.061 10.530 7.515 5.010 8.674 4.277 4.907
Wso -4.985 3.334 5.999 1.405 -1.384 -2.348 -4.592 -1.654
rso 1.071 1.206 1.046 1.000 1.101 1.190 1.184 1.148
aso 0.600 0.400 0.401 0.600 0.408 0.400 0.426 0.400
χ2
tot 3.656 2.336 6.465 4.352 3.672 9.215 3.920 5.798
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Figure 3: Best elastic angular distribution fits for neutron elastic scattering off 206Pb
and 208Pb isotopes using the NLOMP. Solid curves are obtained by fitting the individ-
ual data sets. The dashed curves are obtained using the fixed geometrical parameters
in Table 2 and the energy-dependent depths given by the expressions in Table 3.

to express the rest of the potential depths as linear functions of energy as can be
seen in Table 3. Since all the data sets of each isotope were fitted simultaneously,
the χ2

tot values are slightly larger than the case for the individual fits. However, the
corresponding best angular distribution fits shown by the dashed curves in Figs. 1
- 3 still show good agreement with the measured data. It is important to note here
that the real volume depth VR shows a weak energy dependence compared to the
imaginary volume and imaginary surface depths. We shall return to this point in
Section 3.2.

3.1 Global parameters

As we mentioned earlier, our primary goal is to determine reliable estimates of the
strengths b1 and b2 of the asymmetry (N − Z)/A term in the neutron-nucleus elas-
tic scattering process. However, the linear energy dependence of WI and Ws can
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Table 3: The Energy-dependent depths parametrized as linear functions of energy.
For each isotope we started from the fixed parameters of Table 2 and fitted the
corresponding individual data sets of Table 1. The resulting depths were expressed
as linear functions of energy. The geometrical and nonlocality parameters were not
included in the fitting procedure.
Nucleus Potential Depths (MeV) χ2

tot

VR WI Ws
32S -0.033E +72.02 0.25E - 0.76 -0.17E + 21.76 3.523
34S 0.076E +70.05 0.66E - 13.78 -0.49E + 32.55 2.087
40Ca -0.049E +73.66 0.33E - 3.42 -0.39E + 21.62 1.886
48Ca 0.028E + 69.12 0.49E - 5.28 -0.20E + 17.38 3.200
54Fe -0.029E +74.44 0.29E - 2.87 -0.36E + 28.11 3.825
56Fe -0.028E +72.85 0.24E + 0.18 -0.29E + 23.77 4.032
58Ni -0.031E +73.47 0.30E - 1.07 -0.18E + 19.32 3.135
60Ni 0.018E +69.17 0.21E + 0.12 -0.29E + 24.15 2.771
92Mo 0.008E +73.19 0.26E - 0.81 -0.29E + 23.92 6.434
98Mo -0.038E +72.78 0.17E + 0.62 -0.25E + 26.07 9.551
100Mo 0.012E +69.07 0.27E - 1.76 -0.16E + 23.82 7.584
116Sn -0.020E +74.58 0.15E + 1.31 -0.14E + 23.68 3.316
118Sn -0.015E +75.06 0.29E - 3.04 -0.46E + 28.48 4.254
124Sn -0.021E +73.50 0.19E - 1.62 -0.17E + 22.94 2.313
206Pb 0.081E +73.49 0.20E - 0.88 -0.27E + 18.93 8.531
208Pb 0.056E +72.42 0.24E - 1.92 -0.08E + 18.83 6.534

easily mask the dependence on the (N − Z)/A term. To minimize this effect and
highlight the importance of the asymmetry term, for each isotopic chain, we con-
sidered angular distribution sets which are measured at the same neutron incident
energies. Consequently, out of the 50 data sets of Table 1, we only included 38 sets
in the fitting procedure as given in Table 4. Starting from the TPM parameters we
simultaneously fitted all the 38 angular distribution data sets keeping the nonlocality
parameter fixed at its TPM value of β = 0.9 fm. The resulting nonlocal, fixed set of
global parameters is given in Table 5, which we shall refer to as the SJ set.

In reference [19], a fixed global set of parameters was obtained for neutron elastic
scattering off light 1p-shell nuclei. The imaginary volume term WI = 0.001 MeV
was obtained, which is much smaller than the value of 3.098 MeV of this work. This
might reflect the fact that for light 1p-shell nuclei, which mostly consist of diffuse
edges, the surface interactions play a more prominent role than those that take place
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Table 4: List of isotopic chains and the energies that correspond to the experimental
angular distribution data sets which were included in the χ2 analysis to determine
the global nonlocal potential parameters of Tables 5 and Table 6.

Nucleus Energy (MeV) Nucleus Energy (MeV)

24Mg 24 92Mo 11, 20, 26
32S 21.7 98Mo 11, 20, 26
34S 21.7 100Mo 11, 20, 26
40Ca 11.9, 16.9 116Sn 11, 24
48Ca 11.9, 16.8 118Sn 11, 24
54Fe 14.7, 20, 26 124Sn 11, 24
56Fe 14.7, 20, 26 206Pb 11, 13.7, 21.6
56Ni 14.7, 24 208Pb 11, 13.7, 22
60Ni 14.7, 24

Table 5: The SJ set of constant nonlocal parameters for neutron elastic scattering
off intermediate and heavy nuclei. The values of the parameters were determined by
fitting all the data sets of Table 1 simultaneously. The nonlocality parameter β was
fixed at its TPM value of 0.9 fm. The potential depths are in units of MeV while
the geometrical parameters are in units of Fermi.
VR rR aR WI rI aI Ws rs
72.840 1.245 0.646 3.098 1.000 0.700 19.664 1.182
as Vso Wso rso aso β χ2

tot

0.477 4.861 -1.606 1.165 0.303 0.900 10.733

within the nuclear volume. However, the surface absorption depths Ws are similar
for both cases, indicating the importance of inelastic surface interactions for light,
intermediate and heavy nuclei. As can be seen in Table 5, the χ2

tot value for all the
considered data sets is 10.733. In view of Eq. (12), this value indicates the small χ2

values corresponding to the fits of the individual data sets, which in turn shows that
the constant set of parameters reproduced the measured differential cross sections
to a good extent. Visual inspection of the solid curves in Figs. 4 - 6 shows that
even with an increased χ2

tot value, the measured data has been reproduced to a good
extent.
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Figure 4: Best elastic angular distribution fits for neutron elastic scattering off 26Mg,
32S and 34S nuclei using the NLOMP. Solid curves (SJ) are obtained using the global
fixed parameters of Table 5. The dashed curves are obtained using the SJ-E set of
parameters given in Table 6. Our best fits are compared to the dash-dotted curves
(KD) which are obtained using the local optical model of reference [3].

3.2 Energy and asymmetry parametrization of the potential
depths

Inspection of Table 3 shows that the energy dependence of the real volume depth VR

is at least an order of magnitude smaller than those for WI and Ws. Therefore, we
expressed it as a linear function of mass number A only by fitting the VR values in
Table 2 to a straight line according to:

VR = 0.019A+ 70.298, (13)

while, following Refs. [18] - [20], the imaginary surface and volume depths were
parametrized as linear functions of energy and the asymmetry as according to Eqs. (2)
and (3). Using the above parametrizations and starting from the parameters of
Table 5 we simultaneously fitted the 38 data sets of Table 4. Apart from VR, WI and
Ws, the potential parameters were held fixed at their initial values while β was fixed
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Figure 5: Best elastic angular distribution fits for neutron elastic scattering off 54Fe
and 56Fe nuclei using the NLOMP. Solid curves (SJ) are obtained using the global
fixed parameters of Table 5. The dashed curves are obtained using the SJ-E set of
parameters given in Table 6. Our best fits are compared to the dash-dotted curves
(KD) which are obtained using the local optical model of reference [3].

at its TPM value of 0.9 fm. The resulting best fit values for the ai, bi and ci values
are given in Table 6 and is referred to as the SJ-E set. Clearly, the value of χ2

tot is less
than the case for the fixed global parameters of Table 5, which is expected as the Ws

and WI depths were allowed to become energy dependent. The corresponding best
angular distribution fits are shown by the dashed curves in Figs. 4 - 6. Clearly, our
fits are in good agreement with the measured data, and also with the predictions of
the local global model of reference [3], which consists of energy and (or) asymmetry
dependent depths and mass number dependent geometrical parameters.

In reference [17] only the surface absorption depth (Ws) was expressed as a linear
function of both energy and the asymmetry term according to Eq. (2). Our value of
a2 = 0.095± 0.003 indicates a noticeable reduction in the energy-dependence of Ws

compared to the work of Lovell et al. who obtained a larger value of a2 = 0.200±0.004.
Our value is also smaller than value of 1.8220.005 obtained in Ref. [19]. We suggest
this reduction to be due to our choice of the angular distribution data sets that were

16

Page 16 of 28

© The Author(s) or their Institution(s)

Canadian Journal of Physics



For Review Only

0 30 60 90 120 150 180

θ
c.m.

(deg)

10
0

10
4

10
8

10
12

10
16

dσ
/d

Ω
(m

b/
sr

)

EXFOR DATA
SJ
SJ-E
KD

13.7MeV

11 MeV

21.6 MeV

11 MeV

13.7 MeV

Pb

22 MeV

Pb

Pb

Pb 

Pb

Pb
206

206

206

208

208

208

x10

x10

x10

x10

x10

x10

0

2

4

6

8

10

Figure 6: Best elastic angular distribution fits for neutron elastic scattering off 206Pb
and 208Pb nuclei using the NLOMP. Solid curves (SJ) are obtained using the global
fixed parameters of Table 5. The dashed curves are obtained using the SJ-E set of
parameters given in Table 6. Our best fits are compared to the dash-dotted curves
(KD) which are obtained using the local optical model of reference [3].

included in the χ2 analysis. As shown in Table 4, for each isotopic chain the angular
distributions for the different isotopes exist at the same energy. This reduces the
effect of the change in energy and helps in better evaluation of the strength of the
(N −Z)/A asymmetry term . In this work, the dependence on the asymmetry term
is more robust (b2 = 8.119 ± 0.614 MeV) compared to the value of b2 = 4.5 ± 0.5
MeV in Table II of reference [17]. It is worth noting that in the latter reference
neutron scattering was only considered off three nuclei namely; 40Ca, 90Zr and 208Pb.
Although the three nuclei cover a wide range of asymmetry between the numbers of
neutrons and protons, the effect of this term is masked by the dependence of Ws on
energy. Although the structure of the 1p-shell nuclei considered in [19] is different
from the intermediate and heavy ones, the value of b2 = 9.564 ± 0.981 fm is close
to our value. In the BG global local model [2], different parametrizations of the
potential depths were used. All the depths VR, WI and Ws were expressed as linear
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Table 6: The SJ-E set of best fit parameters obtained by fitting the angular distri-
bution sets of Table 4. The potential parameters were initialized to the SJ values of
Table 5. Only the imaginary surface (Ws) and imaginary volume (WI) depths were
allowed to vary according to equations (2) and (3). The nonlocality parameter was
fixed at its TPM value of β = 0.9 fm.
a1 b1(MeV) c1(MeV)
0.250 ± 0.007 2.277 ± 0.193 -0.227 ± 0.107
a2 b2(MeV) c2(MeV)
0.095 ± 0.003 8.119 ± 0.614 15.746 ± 0.117

β (fm) χ2
tot

0.900 9.676

functions of energy, but only VR and (or) Ws were assumed to have an asymmetry
dependence. In addition, in one of the different parametrizations the radius aI was
taken to be mass number dependent. In the different parametrizations used, an
absolute value of the strength parameter b2 = 12 MeV was obtained. Despite the
differences between the nonlocal model of this work and the local model of Becchetti
and Greenlees both models have resulted in close values for the absolute value of the
asymmetry strength parameter b2.

4 Predictions of the global nonlocal model

Although our main aim has been to obtain a better estimate of the strength pa-
rameters bi of the asymmetry term, here we shall investigate the effectiveness of our
determined fixed (SJ) and energy-dependent (SJ-E) nonlocal global parameters in
predicting the elastic angular distributions and total cross sections which were not in-
cluded in the fitting procedure. The agreement of such predictions with the measured
data should indicate how robust the model is, and in turn, indicates the accuracy
of the determined strength parameters. We used the SJ and SJ-E sets given in Ta-
bles 5 and 6 to predict the differential cross sections corresponding to neutron elastic
scattering off 28Si and 90Zr. The predicted angular distributions are compared to the
measured data in Fig. 7, while the neutron incident energies and the corresponding
individual and total χ2 values per degree of freedom are given in Table 7. Clearly,
our predictions are in very good agreement with the measured data and compare
well to those obtained by the global local model of Konning and Delaroche, where
the potential depths were parametrized in terms energy and (or) asymmetry while
the geometrical parameters were expressed in terms of mass number [3]. Inspecting
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Table 7 shows that the χ2
tot values corresponding to the energy-dependent SJ-E set

are smaller than those corresponding to the fixed SJ set of parameters. This asserts
the conclusions of previous works that the explicitly inclusion of nonlocality in the
optical model does not fully remove the need for energy-dependent potential depths.
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Figure 7: Predicted elastic angular distribution for neutron elastic scattering off 28Si
and 90Zr. Solid curves (SJ) are obtained using the global fixed parameters of Table 5.
The dashed curves (SJ-E) correspond to the fixed geometrical parameters in Table 2
and the energy-dependent depths which are given by the expressions in Table 6. Our
predictions are compared to the dash-dotted curves (KD) which are obtained using
the local optical model of reference [3]. The angular distributions are taken from
references [26], [36] and [46] - [47] .

Now we turn to the calculations of the total cross sections. Since the NLAT code
[44] does not calculate the total cross section, we calculated the required total elastic
(σel) and total reaction (σr) cross sections using the following expressions [51]:

σel =
π

k2

∑
l

[
(l + 1)|e2iδl+ − 1|2 + l|e2iδl− − 1|2

]
, (14)

and
σr =

π

k2

∑
l

[
(2l + 1)− (l + 1)|e2iδl+ |2 − l|e2iδl−|2

]
, (15)

where δl+ and δl− are the scattering phase shifts corresponding to total angular
momentum quantum numbers j = l + 1/2 and j = l − 1/2, respectively, for all
the partial waves that contribute in the scattering process. Clearly, the total cross
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Table 7: The individual and total χ2 values per degree of freedom for the predicted
distribution fits corresponding to elastic neutron scattering off 28Si and 90Zr.The
experimental data are taken from references [26], [36] and [46] - [47]
Nucleus E (MeV) χ2 χ2

tot

SJ SJ-E SJ SJ-E
28Si 14.1 8.551 10.625

15.4 8.346 3.585
21.7 3.777 2.942 6.454 4.843

90Zr 10 20.802 15.031
11 12.538 7.409
24 11.066 13.698 15.039 12.822

section σtot is the sum of the total elastic and total reaction cross sections. Since not
many measured total cross sections are available in the EXFOR library, in Figs. 8
to 10, we compare our theoretical values to the experimental values in addition to
evaluated cross sections which are available in the ENDF (Evaluated Nuclear Data
File) library [49]. Inspection of the figures shows that our predictions are in good
overall agreement with the experimental values and with those of other models. The
good predictions for the elastic angular distributions and total cross sections is an
indication that our determined values for the asymmetry strength parameters bi of
equations (2) and (3) are reliable.

5 Conclusion

In this work we have determined the values of the asymmetry (N − Z)/A strength
parameters by simultaneously fitting 38 elastic angular distribution sets that cor-
respond to neutron elastic scattering off chains of isotopes. The imaginary surface
(Ws) and imaginary volume (WI) depths were expressed as linear functions of energy
and asymmetry according to equations (2) and (3) respectively. To obtain reliable
estimates of the strength parameters b1 and b2 we considered data sets which are
measured at the same energy as shown in Table 4. This minimises the effect of the
energy dependence on the scattering process and, at the same time, projects the
effect of the asymmetry term. Our value b2 = 8.119 ± 0.614, for the asymmetry
strength of the imaginary surface depth, is more robust than the corresponding val-
ues of 0.74±0.46 and 4.5±0.5 MeV obtained in reference [17]. Furthermore, neutron
elastic scattering off light 1p-shell nuclei using the nonlocal model of PB was consid-
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Figure 8: Predicted total elastic cross sections for neutron elastic scattering off a
range of nuclei using the individual fit parameters of the nonlocal model. The total
elastic cross sections are taken from references [48] - [49] presented in the EXFOR
and the ENDF (Evaluated Nuclear Data File).

ered in reference [19] and resulted in b1 = −4.416±1.778 MeV and b2 = 9.564±0.981
MeV. Although the structure of such light nuclei is different from the intermediate
and heavy ones considered in this work, the values of b2 are close, but our value
b1 = 2.277 ± 0.193 is different and of opposite sign. In the local model of Becchetti
and Greenlees [2], the absolute value of the strength of the imaginary surface term
is 12.0 MeV, which is close to our obtained value but the sign is different. The BG
model is based on a local optical model, while we employed the nonlocal model of
Perey and Buck with a Gaussian nonlocality. The different natures of the two mod-
els might explain the opposite signs of the strength parameters b2. In fact, in the
BG work, the strength parameter b2 was assumed to be a consequence of isotopic
dependence of the form τ ·T where τ is the isospin of the incident neutron, while T
is the isospin of the target nucleus. This leads to a negative value of b2 for neutrons.
In fact, the asymmetry dependence in the optical potential may also arise from the
underlying NN interaction which is folded over the density of the nuclear target to
deduce the optical model potential terms. This does not necessarily introduce a sign
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Figure 9: Predicted total reaction cross sections for neutron elastic scattering off
a range of nuclei using the individual fit parameters of the nonlocal model. The
reaction cross sections are taken from reference [50].

difference depending on the incident particle being a proton or a neutron.
A successful optical model is judged by its ability to predict physical observables.

As a test of the effectiveness of the nonlocal model of this work, we used our pa-
rameter sets to predict elastic differential cross sections for energies and nuclei not
considered in the fitting procedure. The resulting theoretical angular distributions
are in good agreement with the measured data as can be seen in Fig. 8 and the low
χ2 and χ2

tot values of Table 7. Our predicted angular distributions are also compa-
rable to those of the local global KD model [3]. We also predicted total elastic and
reaction cross sections, which are in fair overall agreement with the experimental
data as can be seen in Fig. 9. The agreement of our predictions with the measured
values is an indication of the reliability of the determined potential parameters and
the asymmetry strengths.

Finally, an additional consequence of the χ2 analysis considered in this work is
the determination of a global set of nonlocal parameters for neutron elastic scattering
off intermediate and heavy nuclei falling in the mass range 24 ≤ A ≤ 208.
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