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Determination of the static scaling exponent of self-aftine interfaces
by nonspecular x-ray scattering
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We discuss the conditions that have to be met in a nonspecular x-ray experiment to extract the static
scaling behavior of a self-affine surface independently of a special height-height correlation function
chosen to model the data. It is shown that this task requires a sufficiently large parallel momentum
transfer of the scattering vector. In this respect, various scattering geometries are compared, and an
analytical approximation to the structure factor on the relevant range of the scattering vector is pro-
posed. The validity of the approximation is checked numerically.

I. INTRODUCTION

In a seminal paper, Sinha et al. have studied the x-ray
scattering cross section of randomly rough surfaces,
characterized by an arbitrary height-height correlation
function c (r), where r is the distance between two points
on the surface. ' They have derived the scattering cross
section at glancing incidence and exit angles within the
distorted-wave Born approximation (DWBA). The re-
sulting structure factor S(q) is an integral transform of
the function c (r) for which in general no analytical ex-
pression exists. Due to the statistical averaging inherent
to the scattering process, x-ray scattering is a well-suited
tool to deduce quantitative information on surface mor-
phology, and the DWBA has been applied many times to
analyze experimental data and to determine certain pa-
rameters of the height-height correlation function.

Special interest has been placed in the study of self-
aKne surfaces, which have been predicted theoretically to
result from various growth processes far from thermo-
dynamic equilibrium. In this case, the asymptotic
behavior of c(r) is governed by a fundamental scaling
law, i.e., for r much smaller than an upper cutoff length g
the function c (r) decays by a power law with an exponent
H referred to as the static scaling exponent or wandering
exponent. This exponent is determined by universal
properties like dimension, symmetry, and conservation
laws. Thus, in order to study the scaling behavior, a
scattering experiment has to be performed in a manner
that the region of reciprocal space probed is sensitive to
the range r «g in real space. This point will be elucidat-
ed in the present work, as well as the related question on
the choice of the correlation function c(r} to be used in
the structure factor when fitting experimental data. We
will further discuss an analytical approximation to S(q}
of self-afFine surfaces that is valid in the limit of weak
roughness, ~q,'o ~

&& I, where cr is the rms roughness of
the surface and q,

' is the normal component of the
scattering vector.

The paper is organized as follows: In Sec. I, a brief out-
line of the theory of kinetic roughening is given, follow-
ing closely the approach of Krug and Spohn. The ma-

terial presented in this section is not new. However, with
respect to the great significance for the following sections
and for. the sake of notational clarity, a coherent, short
summary of the underlying ideas might be helpful.
Several possible forms of the height-height correlation
function (also termed scaling function in the theoretical
context) are presented. Section II is concerned with the
structure factor of a rough surface as derived within the
DWBA. It is shown that S(q) decays by a power of y in
the range of parallel momentum transfer

q~~ &&2m/g.
From this exponent y the static scaling exponent H can
be determined independently of the detailed form of c (r},
as long as the asymptotic behavior is fixed. In the limit of
weak roughness the structure factor reduces to the
Fourier transform of c (r) and y =2+2H. The validity of
this approximation is checked numerically for various pa-
rameters. In Sec. III, difFerent scattering geometries con-
ventionally used for nonspecular x-ray measurements as
well as out of the plane of reflection-geometry are dis-
cussed. Section IV is concerned with the determination
of H in a multilayer system. Finally, a summary and
some conclusions are presented in Sec. V.

II. SEI.F-AFFINE ROUGHNESS

Let us consider a growing surface on a scale that is
much smaller than the macroscopic sample size and yet
large compared to the microscopic length scale of the sys-
tem, e.g., the interatomic distance a. The growth process
is defined by some microscopic mechanism that deter-
mines how the new material is deposited on the surface
and how it is incorporated into the aggregate. This will
be accompanied by random noise, e.g., in the Aux or ag-
gregation rates, and will thus lead to a roughening of the
surface. After subtraction of the average height, we can
parametrize the rough surface by a single-valued, con-
tinuous height function h(r, t). Starting from a perfectly
Aat substrate at time t=0, fluctuations wi11 build up of
growing lateral and normal extensions. Let us define

g~~(t) to be the largest present lateral correlation length of
such a fluctuation at a given stage of growth and let gj(t)
be the corresponding normal correlation length, i.e., the
typical length scales of the largest bumps or cusps that
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have developed.
Let us further assume that the stochastic process

defined by the growth introduces no additional length
scales, e.g. , no diffusion length. For lateral and normal
length scales smaller than

g~~
and g~, respectively, the sta-

tistical properties of the growing surface are then not ex-
pected to change after scaling the system, but should in-
stead depend only on dimension, symmetry, and conser-
vation laws, in analogy to the theory of critical phenome-
na. Thus, naively one is tempted to assume that the sur-
face "looks alike" on all length scales, i.e., a self-similar
or fractal structure. However, the substrate dimensions
(parallel to the surface) and the dimension normal to the
average surface are not equivalent and thus cannot be
scaled by the same factor. Instead of self-similarity, one
should assume self-affinity taking into account the
difference between the parallel and the normal dimen-
sions. If the lateral position vector r is scaled by a factor
b, h (r, t) by b, and t by b', the rescaled surface h

h(r, t)=b h(br, b't), (2.1)

should itself be a realization of the same stochastic pro-
cess, i.e., h and h should possess the same statistical ex-
pectation values. This is the basic scaling hypothesis.
The exponents H and z characterize the surface fluctua-
tions and are determined by the corresponding growth
process. In Eq. (2.1) we impose the condition z &0 and
0 & H & 1, which will be justified below.

To elucidate the implications of this scaling behavior,
let us consider the squared height difference correlation
function of an isotropical surface

g(~r —r'~, t)=([h(r, t) —h(r', t)] ) . (2.2)

g(r, t)=b ' g(br, b't),
and by setting b = 1/r

g(r, t)=r g(l, t/r')=:r g(t/r') .

(2.3)

(2.4)

This quantity is the average squared height difference of
two points r and r' on the surface separated laterally by
r:= ~r —r'~. Inserting Eq. (2.1) in Eq. (2.2) we obtain

of r ~ r '. We thus impose the following asymptotic
behavior of the scaling function g (x), Eq. (2.4):

x ~ for x&&1,
g(x)= const forx»1 (2.7)

with P=H/z. The crossover g(x =1) between the two
asymptotic regimes is given by t =r', see Eq. (2.4). Cor-
respondingly, the lateral correlation length at a given
time is determined by this condition to be r=t' '. At
g(x =1) the scaling function is generally not known. A
typical function g(r) fulfilling the asymptotic constraints
of Eq. (2.7) is plotted in Fig. l.

Summarizing Eq. (2.7), the lateral correlation length
grows as

g~~
el- t ' ', whereas the normal correlation length

increases according to g~ ~
g~~

~ t ', and the height
difference correlation function obeys g (r, t) ~ r for

until it becomes constant at r »
How does the existence of a finite sample size I.

influence this scaling behavior? The answer is simply
that growth will become stationary as soon as the max-
imum lateral correlation length g=L has developed. In
the following, by the correlation length g we will always
understand the lateral correlation length g~~. However,
before the sample size becomes relevant, for a real system
there may be a still smaller upper cutoff length that can
be introduced by the growth itself or be the result of a
macroscopic surface treatment. Finally, in an experi-
ment, the measuring technique itself can in some cases re-
strict the fiuctuations probed to be smaller than a value g,
i.e., by a finite coherence length in a scattering experi-
ment.

The scaling hypothesis and self-affine surface rough-
ness have been verified in a number of computer simula-
tions. They are the fundamental concepts in the theory
of kinetic roughening, by which the scaling exponents of a
rough surface can be predicted from the microscopic
features of a growth model. This task has so far only
been achieved for a restricted class of models, where the
normal velocity of the growing surface at a particular
point is governed by the local derivatives of the height
function. For this case, Kardar, Parisi, and Zhang (KPZ)

In the limit t ~ oe, g(r, t) is supposed to become station-
ary, and the height difference correlation will only be a
function of the length scale r on which it is measured,

(2.5)

Rough surfaces are characterized by O~H ~ 1. The lim-
iting case H =1 implies that the surface has no longer a
macroscopic orientation parallel to the substrate, as
&g(r)/r does not vanish for r~~. In the other limit
H =0 the power law of Eq. (2.5) is replaced by a logarith-
mic behavior

g(r t)

2o'(t, ) .-

2o (t,) .

~ 0 W%

g(r, t) o-ln(r) . (2.6) ((t,) ((t )

If the roughness fluctuations have not yet become station-
ary on a given length scale r', i.e., t is much smaller than
the time that is necessary to build up fluctuations on the
length r', the height difference correlation should in-
crease with time according to g (r, t) = t ~ independently

FICx. 1. The asymptotic regimes of the height difference func-
tion g (r, t) are shown as a function of r for two times t, ~ t~: At
r «g(t), g(r, t) increases by a power of 2II before saturating to
a value of 2cr (t) for r »g(t).
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have shown in a classical paper that the evolution of
h (x, t) is governed by the following Langevin equation:

G(R)
1.0

Bh(r, t) =vV h(r, t)+A[Vh(r, t)] +g, (2.8)

H=0.

H =0.

where v is an efficient surface stiffness, A, is the nonlinear
coefficient, and g a random white noise. For this equa-
tion, numerical studies have revealed an exponent
H =0.39 in 2+1 dimensions.

Now consider a self-affine surface, that has evolved in a
certain growth process and is assumed to stay in the cor-
responding metastable state. It can be characterized by a
roughness exponent H and an upper cutoff g »a. In this
case, a simple form of the height difference correlation
function would be

g ( r )=2o I 1 —exp [ (r—/g ) ] J . (2.9)

Clearly, for r «g this function fulfills the scaling as-
sumption, and for r & g the height difference correlation
saturates to a value of 2o. , where cr is the rms roughness.
However, in between the asymptotic limits, the scaling
hypothesis does not justify the specific choice of Eq. (2.9}
or any other functional form. In contrast to the universal
roughness exponents, the form of the function g(r) at
r =g is not predicted by theory. In principle, the scaling
function g (r) is expected to be a universal quantity, but
its exact form is not known. Thus, it is primarily its
asymptotic behavior that should be tested experimental-
ly.

By the identity

( [h(r) —h(r')] }= (h (r)i) + (h(r')2)

0.1 H=0.

H =0.

0.0
10 10 10 10

FIG. 2. The height difference function of Eq. (2.9) for values
of H=0. 3, 0.1, 0.05, in dimensionless units R:=r/g and
G(R):=g (R)/(2o ) . As can be seen, the power-law regime is
restricted to smaller and smaller R in the limit H~O and the
transition regime r=g becomes ill defined. Equation (2.12) is
thus not an appropriate correlation function for small values for
H in the sense of the scaling hypothesis.

manuscript the capital letters, R, G (R }, C(R ), and Q are
used for dimensionless quantities to be defined in the text.
As can be seen, the asymptotic region r & g where
g(r) ~r according to self-affine roughness is vanishing
in the limit H~O. This is a particular feature of Eq.
(2.9), which shows that this function is not appropriate in
the limit H ~0.

To overcome this drawback, the so-called K-
correlation function has recently been proposed to de-
scribe self-affine surfaces. '

—2(h(r)h(r') ) (2.10}
2Ho' rV 2H

I (1+H) 2g
r v'2H

(2.16)

and by translation invariance we obtain the height-height
correlation function corresponding to Eq. (2.9):

c(r):=(h(r)h(r'))=o exp[ —(r/g) ] .

Accordingly, we find for the two asymptotic cases

o [1—(r/g') ) for r «g,
0 for r »g'.

(2.1 1)

(2.12)

Due to its simple mathematical form, Eq. (2.11) has been
used to calculate the x-ray structure factor of a rough sur-
face. ' Other functions that have been studied in the con-
text of nonspecular x-ray scattering are

c (r) =o [1—tanh (r/g }],
c (r) =o [1—e '" ~' [2 cosh(r/g') —2]

c(r)=cr (1—[1—e '" ~' ] ) .

(2.13)

(2.14)

(2.15)

The functions, Eqs. (2.12)—(2.15) all fulfill the scaling re-
quirements of Eq. (2.4). However, they can only describe
surfaces with roughness exponents 0 &H ~ 1, but do not
contain the case of logarithm. ic roughness "H=O." For
H=O they become constant which is not physically
meaningful. The height difference function of Eq. (2.9) is
plotted in Fig. 2 for small values of H in dimensionless
units R:=r/g and G(R):=g(r)/2o Throughout th. e

where E~ is the Bessel function of second kind and of or-
der H, and I denotes the y function. This function has a
logarithmic behavior in the limit H —+0, ' i.e., is of the
form

c ( r )= A B lnr . — (2.17)

(2m. ) (1+uk g )'+ (2.18)

where L„L is the area over which Eq. (2.16) has been in-
tegrated, i.e., the illuminated area in a scattering experi-
ment. The constant u has to be determined from the im-
plicit equation

u = [ 1 —[1+u (n. /a } g ]
1

2H
(2.19)

The height difference function corresponding to Eq.
(2.16) is shown together with those of Eq. (2.13)—(2.15)
and with Eq. (2.9) for H=0. 5 in Fig. 3. Indeed, on the
log-log plot the asymptotic scaling behavior is found to
be the same for all curves, while in the linear inset
different forms for r =g are clearly visible.

A further advantage is the fact that Eq. (2.16) has an
analytical Fourier transformation, i.e., an analytical spec-
tral pouter density or roughness spectrum. For H+0 it is
given by
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FIG. 3. The height di8'erence functions corresponding to
Eqs. (2.13), (2.15), and (2.16) with the same asymptotic behavior
(H =0.5) are shown on a log-log scale and on a linear scale (in-
set), respectively. For H =0.5, Eqs. (2.12) and (2.16) are equal.
The difference between Eqs. (2.14), (2.12), and (2.16) is negligi-
ble.

2
=(L L~ ) 4 (1—n')'I T(k;)I'I T(kr)l's(q'),

dQ
(3.1)

where L„L is the illuminated area on the sample, T(k) is
the Fresnel transmission function and S(q') is the struc-
ture factor. The transmission functions

parallel to the average normal vector of the height func-
tion h (x,y), and let the plane of reflection be the xz plane.
If k; and kf denote the initial and the final vacuum wave
vectors, both of magnitude k =2m/A, , the scattering vec-
tor is defined by q =kf —k;, and the specular condition is
given by q„=q„=0,q, )0. In the medium, characterized
by a complex index of refraction n, the q, is changed to
q,

' according to Snell's law. Diffuse intensity is measured
with a parallel momentum transfer component q~~, that
can be q, q, or a superposition of both. In contrast to
specular rejfectivity, from which the average electron den-
sity profile along the interface normal can be deduced,
the disuse intensity contains information on the lateral
structure of rough interfaces. Sinha et al. have shown'
that within the distorted-wave Born approximation the
differential cross section for x-rays scattered from a
rough interface is given by

LxLy O2 '
(I (k)I') =

(2n) 1+uk g

where u is determined form

(2.20)

u =0.51n[1+u(m/a) g ] . (2.21)

III. STRUCTURE FACTOR
OF A ROUGH SURFACE

Nonspecular (diffuse) x-ray scattering is a technique,
where the intensity scattered from a rough interface is
measured at grazing incident and exit angles close to the
critical angle for total external reAection with the detec-
tor moved out of the specular position. Let the z axis be

I

If the ratio between upper and lower cutoff g/a is large,
u~1/2H. In the case H=O the Fourier transform of
Eq. (2.16) reads

2 slnag fT(k; r)=
sina;f+n sina,'f (3.2)

with a; f being the grazing angle of incidence and exit,
respectively, and a,'f the corresponding angles of refrac-
tion, describe how the incoming wave penetrates the
vacuum-medium interface before scattering and how the
scattered wave leaves the medium again after being scat-
tered from lateral roughness components. The maximum
of T(k; r) for a;f =a, gives rise to the so-called Yoneda
peaks in the diffuse scattering, "a, being the critical an-
gle of total external reQection. The Fresnel transmission
functions have a drastic effect on the measured intensity,
but are "optical" in nature and do not stem from interfa-
cial roughness. However, it has been argued that the
transmission functions have to be modified by the rms
roughness o according to T(k)exp[q, q,'tr ].' Informa-
tion on the height-height correlation function c (r) is con-
tained in the structure factor

exp[ —Re(q,') o ]
S(q.', q. , q )=,,

' f "«r [exp[lq.'I"(r)]—1]Jo(q~~r»
q,

' 0
(3.3)

where J denotes the Bessel function of first kind. Often the nonspecular intensity is integrated in one direction, e.g.,
along q„by means of a wide open slit directed parallel to the y axis. The structure factor as a function of only q„ then
takes the form

(3.4)
exp[ —Re(q,') o 2]

S(q,',q„)=, f dr I exp[lq, 'I c(r)]—1]cos(q„r) .
qz 0

We will examine this result with the following questions in mind: (1) How can the static roughness exponent H be de-
duced from S(q'), independently of a special functional form of c (r)? (2) Under which conditions can the integral of
Eq. (3.3) be approximated by a Fourier transform of c (r), i.e., when is the so-called approximation of "weak roughness"
valid? First, let us rewrite the structure factor of Eq. (3.3) in reduced variables, Q:=q~~g for the dimensionless parallel
momentum transfer, and R:=r /g for the dimensionless distance in real space,

S(Q,q,')=E(q,')g f dx x [exp[ —lq,'I o C(x/Q)] —1]Jo(Q), (3.5)
0
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S ( Q) ~ Q rQ—
&& 1 y =f(H q o' ) . (3.6}

Only in the case of a logarithmic correlation function,
i.e., Eq. (2.17), we know a general analytical expression
for the exponent y, i.e., the expression derived within the
Born approximation [Eq. (2.38) of Ref. 1]

} =2+2H —(~q, ~aP . (3.7)

Numerical calculation shows that Eq. (3.7} still holds
within the DWBA. Equation (3.6) can be checked by cal-
culating the structure factor for difFerent correlation
functions C(R). However, the results for y, and hence
for H, are found to be independent of the special form of

1.4

1.2

1.0—

O. S—

0.6—

0.4-

0.2—

0.0
0.2 0.4 0.6 O. S 1 1.2 1.4 1.6 1.S

ohio,

FIG. 4. The modulus of the complex, normal momentum
transfer ~q,'~ in a medium of index of refraction n = 1 8 iP in- —
dimensionless units as a function of incidence and exit angle
a:=a;=aI. Curves for values of P/5=0, 0.1, 0 2, 0.4, respe. c-
tively, are shown from bottom to top.

where x:=QR, C(R):=c(R)/cr, and the factor in front
of the integral in Eq. (3.3) has been abbreviated by F(q,').
As can be seen, the structure factor is proportional to the
square of the lateral cutoff g and to the factor
F(q,'):=exp[Re(q,') o ]/)q, ') . Hence, (q,'( has to be kept
small in order to get a large intensity. Figure 4 shows

~q,'~ as a function of a,. =a/. It is clear that a measure-
ment with the incidence and exit angles equal the critical
angle gives the highest difFuse intensity.

In general, there is no analytical solution to the in-
tegral of Eq. (3.5), and the numerical treatment with
C(R) given by Eqs. (2.11)—(2.15) and in particular Eq.
(2.16) is of very slow convergence, and moreover quite
unstable for some integration algorithms. Calculated
curves for four difFerent exponents H at constant q,

' with
C(R) according to Eq. (2.11) are presented in Fig. 5 on a
log-log scale. Quite similar to the Guinier and Porod re-
gion, respectively, of conventional small angle scattering,
the structure factor is essentially constant for Q 1 and
decays with a power of y for Q »1. Therefore, the value
of g can be experimentally determined from the change of
slope in the log-log plot of the structure factor. The stat-
ic scaling exponent H can be deduced from y, as y is a
function of H and of

~ q,
'

~ o,

I 0'

10

0' 10

10

10
0.01

H=0.2
H=0.4
H=O. 6
H=O. S8=1.O

FICx. 5. Structure factor S(~q,'~=const, Q) calculated from
Eq. (2.16) in the limit of weak roughness, (~q,'~o)i —+0, for
different values of H.

C(R), as long as the scaling behavior is correct. The
values of g determined by this procedure are found to be
approximately the same. As a consequence of this nu-
merical result, one must make sure to determine H from
data fitted at high Q and not at Q & 1 where the result
would depend on the exact form of C(R).

To answer the second question raised above, we have
calculated S(Q) for different values of (~q,'~o) using
C(R) as given by Eq. (2.16). We can compare the results
to the analytical Fourier transformation, Eq. (2.18},
which is an approximation to the exact structure factor
of Eq. (3.3). It has been pointed out that this approxima-
tion should hold for (~q,'~a ) &&1,' since in this case a
Taylor expansion of the exponential is justified. Howev-
er, not only ( ~ q,

'
~
o ), but also C (R }& 1 can reduce the ex-

ponential, and the approximation can thus be expected to
hold even at ( ~q,'~o } & 1. It was therefore of interest to
check the approximation numerically also in this range.
By a Taylor expansion to first order, the ( ~q,'~o ) depen-
dence of the integral in Eq. (3.3) vanishes and the ex-
ponent y will be independent of (~q,'~o) in this limit.
The numerical calculation of the Fourier transform ap-
proximation yielded in all cases y=2+2H, as expected
from the analytical expression, Eq. (2.18}. To obtain the
exact structure factor, Eq. (3.5) was integrated numerical-
ly for ( ~q,

'
~

o. ) =0.1, 0.5, 1, in the range 1 && Q & 100, and
on the range 10&Q 100 the results were fitted to a
power law S(Q}~ Q r. The numerical work was carried
out on a HP Apollo 715/33 workstation with typical
CPU times of about 20000 s per run. For H =0.3 values
of y=2. 591, 2.568, 2.549+0.001 were obtained for the
difFerent parameters of (~q,'~o ), respectively, see Fig. 6.
In the case of H=0. 5 the result was y=2. 994, 2.990,
2.988+0.001, respectively, and for H=0. 8, y=2. 602,
3.6128, 3.623+0.001. Thus, the Fourier transform is a
good approximation (i.e., the roughness is called weak}
for ( ~q,

'
~
cr ) & 0. 1, but can also be used for higher values if

H ~ 0.5, depending on the required accuracy in the deter-
mination of H. As an example, at o.=5 A, a;g ~0.5'
and A, =1.5 A the condition of weak roughness is clearly
fulfilled. Moreover, even at much higher values of o. this
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approximation is correct, if a;f -—a„as the normal
momentum transfer in the medium is minimized in this
case, see Fig. 4. A scattering geometry with a,.f —-a, will
be discussed in the next section.

Therefore it is of practical interest to make use of the
free choice in the form of c (r) and select the X-
correlation function with its analytical Fourier trans-
form, Eq. (2.18). Thus, in the "Fourier transform ap-
proximation, " the exponent y governing the intensity de-
cay and the roughness exponent H is given by the follow-
ing analytical expression:

(3.8)

Apart from the intensity decay with the parallel
momentum transfer Q, the static roughness exponent H
can also be determined from the diffuse intensity decay
along q, . At first sight, it may seem surprising that a
quantity describing lateral correlations enters in
S(Q =0,q,'). However, this is a manifestation of the fact
that S(q) in Eq. (3.3) is not exactly the Fourier transform
of c (r). Accordingly, at ( Iq,'Itr ) ~ I, where the approxi-
mation holds, S(q,', Q=0) is roughly constant, but falls
off with a power of 2+2/H (2+1/H in the case of wide
open slits) for ( I q,

'
I
o ) ~ 1. This can be checked easily,

e.g. , for the case of wide open slits, as the integrand in
Eq. (3.4) with c(r) given by Eq. (2.11) can be expanded in
a Taylor series for Q =0, every term of which can be in-
tegrated to give

10 F

S(Q =O, q,') = exp —Re(q,') tr
2/I (1+1/2H)

Iq.'I'

- (Iq,'I )'"
1/2H

n, !7l
(3.9)

10
~ ~ ~ ~ ~ ~ ~ I

10

-I0 I ~ ~ ~ ~ ~ ~
g

10' r

=0.3

H=0.5 q

H=0.8

=0.3

~ ~ ~ ~ ~ ~ I

10

which can be computed easily. The result is shown in
Fig. 7 for H=0. 3, 0.5, 0.8. However, it is not clear
whether the power-law decay of S(Q =O, q,') is indepen-
dent of the function c (r). Unlike for the exponent y in
Eq. (3.6) we do not have a fundamental theorem on the
asymptotic behavior of Fourier transformations at hand
to answer this question.

At the end of this section a few remarks should be
made concerning further contributions to nonspecular
scattering, that stem from lateral disorder other than in-
terfacial roughness. As known, amorphous structures
lead to isotropical scattering, that can be described by a
structure factor Sb„s,( IqI ), refiecting the atomic correla-
tion of the amorphous material. Sb„,„(IqI) rests finite
over the whole q range, converging to a constant value
for low Iql:

10 7 ~ ~ ~ ~ ~ ~ I

10' 10

H=0.5
H=0.8 Sb„s,(0)=k~ Tpyr, (3.10)

-210 I » I

10 I

c)
10'

10',

10

10
10

~ I

10

H=0.3
H=0.5

H=0.8

10'—

10

10

0.1

FIG. 6. Numerical calculation of the structure factor using
the correlation function according to Eq. (2.16) for diFerent
values of ( Iq,'Ia ) . The solid lines correspond to a least-squares
fit to the power y. (a) (Iq,'Io) =0.1, (b) (Iq,'Io) =0.5, (c)
( Iq,'I~)'=1.

FICx. 7. Structure factor S(Iq,'I, Q=O) at constant parallel
momentum transfer calculated from Eq. (2.12) as a function o
(Iq,'Io ) for difFerent values of H.
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where p denotes the density of scatterers and gT the iso-
thermal compressibility. ' It is an experimentally estab-
lished fact, that S(~q~ ) stays practically constant (within
a few percent) in the range 0 ~

~q~
~ q,„/4, if q,„ is the

position of the first amorphous rnaximurn. ' In contrast
to this smooth behavior of Sb„tt, ( ~q~ ), the structure factor
of a rough interface S(q) increases rapidly at low q~~, so
that the two different contributions can be distinguished
by their drastically different q dependence. ' At small an-
gles the scattering intensity due to the amorphous state is
a negligible background to the nonspecular intensity re-
sulting from interfacial roughness. However, this is only
true as long as there are no density fluctuations on long
length scales r ))a in the bulklike in porous media for ex-
ample. In this case, the two sources of nonspecular
scattering can be distinguished only by the intensity dis-
tribution as a function of q, .'

IV. SCA'I I'ERING GEOMETRY

As discussed in Sec. I, self-affine roughness is defined
by the scaling behavior of the height difference function
g(r) [or the height-height correlation function c(r)] for
spatial distances smaller than the cutoF length, r ~ g.
Consequently, if the spatial roughness exponent H is to
be determined from an x-ray scattering experiment, a re-
gion in reciprocal space sensitive to these correlation
length scales should be sampled. Otherwise the data
fitting will give a meaningless value that depends strongly
on the special functional form c (r) chosen to model the
data but does not characterize the scaling behavior of the
interface. As we have shown in the previous section, a
reliable determination of H requires measuring the diffuse
intensity at q, ~ 2n /o or

q~~
~ 2n /g.

The standard geometries to record nonspecular data
are the so-called rocking scan, the detector scan, and the
onset scan In .the rocking scan, the detector is held
fixed, while the sample is rocked around an axis normal
to the plane of reQection, so that the sum of the incidence
and exit angle is constant. In this case, a small change, in
a;=a+ha leads to the following change in momentum
transfer:

tion is intentionally offset by an fixed angle b,a, .
Recently, we have applied the geometry of grazing in-

cidence diffraction to the field of nonspecular scattering
from rough interfaces. ' However, in order not to con-
fuse this method with an actual diQraction experiment
where scattering is studied around a Bragg peak, ' we
refer to this geometry as the out ofp-lane scan, because
the detector is moved out of the plane of reQection by an
angle 2', while the incidence and exit angles a, and af,
respectively, are kept constant, as shown in Fig. 8. The q
vector is then given by

=2~q„= (cosaf cos28 —cosa, ), (4.5)

=2~
q = sin20cosaf, (4.6)

=2~
q, = (sinaf +sina; ), (4.7)

and a variation of 20 around zero gives

Aq =+ sin(628}=+ b,28 .2~ . 2~
(4.8)

At large angles 20, i.e., around a Bragg peak or a max-
imum of the amorphous structure factor, atomic correla-
tions can be probed, whereas in the range q~~

«1 A ' the
scattering intensity is expected to be dominated by the
structure factor of a rough surface, Eq. (3.3).

At small q~~, the nonspecular intensity close to the spec-
ular position is difficult to separate from the specularly
rejected beam. The incident beam of any real x-ray
source has a finite divergence that is rejected from the
rough surface to lowest order like from a planar mirror,
thereby contaminating the pure nonspecular scattering
due to the roughness. These intensity tails of the primary
beam have to be deconvoluted like it is usually done in
small angle scattering experiments to obtain correct re-
sults. For mornenturn transfer smaller than 0.006 A
corresponding to correlation lengths larger than
/=1000 A special conditions have to be met to suppress

4~ . . 4mhq„=k sina sin(b, a) =6 ab,a, (4.1)

4~
4q, = — [sina cos(&a) —sina]

PSD

a(b.a } (4.2) incident

2~ . 2K
4q = — sina sin(b, a) = — ab.a, (4.3)

In the detector scan the sample is held fixed, and the
detector position is varied around the specular. Chang-
ing the exit angle will mainly result in a change of q, and
only a very small change of q„according to

i
( substrate )

20]~g reflected

2& 2m
hq = — cosa sin(b, a)= — ha . (4.4)

The offset scan is essentially the same scan as that of
specular reAectivity a,.=af, except that the a; calibra-

FIG. 8. Scattering geometry of grazing incidence diffraction,
with a one-dimensional position-sensitive detector (PSD) orient-
ed parallel to the surface normal.
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scattering from air and imperfect slits to become neces-
sary, if the nonspecular intensity is not particularly high.
The primary beam should be tuned to be especially nar-
row by setting small perfect slits parallel to the scattering
plane and residual scattering by air should be suppressed
by evacuation of the beam path.

However, the scattering geometry can by itself have a
drastic inAuence on how well defined the primary beam
has to be. For scans in the plane of reAection like the
rocking or detector scan at grazing incidence a certain in-
crease in the angle of incidence Aa corresponds only to a
small increase in b,q„, see Eqs. (4.1)—(4.3), so that the re-
ciprocal space is "affected" by the tails of the specular
beam only in a very small range of q„around the origin.
Thus, in contrast to the transmission geometry that is
used in most small angle scattering experiments, much
larger real-space structures d =10 pm can be probed in
reQection geometry at small angles of incidence and exit.
That is the reason why most nonspecular experiments
can be performed without the usual small-angle require-
ments. This argument, however, does not apply to the
out-of-plane scan, where Aq changes rapidly with the
scattering angle, see Eq. (4.8). The out-of-plane geometry
is therefore best suited for the spatial length scales
10 A&1000 A, where the conventional geometries are
less appropriate, because they are strongly limited in the
accessible range of q~~. In a rocking scan, the incidence
and exit angles a; and af can only be varied within the
limits given by the sample surface. In a detector scan, af
can be increased without any constraint of the sample
surface, but a change in af gives only a slight increase in

q~~, while at the same time a strong intensity decay is ob-
served due to the quickly increasing q„see Eq. (4.8).

The restrictions due to the sample surface in the con-
ventional in-plane scattering geometries are sketched in
Fig. 9. The semicircles indicate the limits due to the sam-
ple surface, that are typical for scans in the plane of
reQection. Experimentally, the high-q, region is difticult
to measure due to the strong decay in intensity, see Eq.
(3.9). It is therefore of advantage to measure at low q, .
The

q~~
range accessible in the out-of-plane scattering

1.20

a)

0.80

0.40—
M

M
0.00

0 0.2 0.4 0.6
(X; [Deg]

0.8

1.20

geometry is indicated as the darkly hatched area.
It is of further disadvantage in the conventional

geometries that the Fresnel transmission functions, Eq.
(3.2), strongly influence the measured intensity (e.g. ,
Yoneda peak), whereas they enter the out-of-plane
geometry solely in the form of an overall scaling factor.
Thus, data evaluation is more straightforward in this case
and experimental errors can be kept smaller.

For comparison, the nonspecular intensity as measured
in a rocking, detector, and out-of-plane scan are shown
for the same set of parameters A, =1.55 A, o. =5 A,
(=5000, 500 A, and H=0. 3, 0.5, 0.8, in Figs. 10—12,
respectively. The refractive index in the medium is given
by n =1—1.5X10 —i7.5X10 . In all cases the spec-
ular condition is given by o, ; =af =0.5', but the specular
peak has been omitted as to discuss solely the nonspecu-
lar intensity. The curves have been calculated using c (r)
as given by Eq. (2.11) and have been normalized to their
maximum values, respectively. For the in-plane scans the
intensity has been integrated over the out-of-plane direc-
tion, which corresponds to the so-called open slit mea-
surement. As can be seen, the rocking curves for
/= 500 A are not at all sensitive to the parameter H. The
corresponding curves of the detector scan start to split up

0.80

z

0.40

CJ

0.00
0 0.2 0.4 0.6

ni [Degl
0.8

FIG. 9. The Ewald semicircle: Only the lightly hatched area
is accessible if the detector is kept in the plane of re6ection, i.e.,
at small angles of incidence and exit angles the parallel momen-
tum transfer

q~~
is significantly limited by the sample surface.

The darkly hatched area shows the area probed in reciprocal
space by a single out-of-plane scan with a PSD.

FICx. 10. Simulation of the diffuse intensity (normalized to its
peak value) of a rough surface with cr =5 A, and (a) /=5000 A,
(b) /= 500 A for H =0.3, 0.5, 0.8 (from top to bottom), respec-
tively, as measured in a rocking scan at af =0.5 ' on a linear
scale. Two Yoneda peaks at a;f =a„respectively, are ob-
served. In (a) the curves corresponding to different 8 can be
distinguished, while in (b) all three curves lie on top of each oth-
er.
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FIG. 12. Same as Fig. 10 for an out-of-plane scan on a log-
log scale. Here, in both (a) and (b) the curves have an obviously
diferent slope. Note the lack of any Yoneda peak due to the
constant incidence and exit angles.

FIG. 11. Same as Fig. 10 for a detector scan on a semilog
scale, at a; =0.5 . (a) At high values of af a good sensitivity on
H is observed. Note the order of magnitude of the intensity de-

0

cay before the curves split. (b) For /= 500 A only a slight sensi-
tivity on H is observed.

slightly at large af. This is due to the limited range in
q~~

in these scans. In fact, in the detector scan the parallel
momentum transfer is limited to 0.0023 A at af =2',
i.e., Q:=qlg=1. 16 and Q=11.58, for /=500 A and

0
)=5000 A, respectively, whereas the out-of-plane scan
reaches a value of

q~~
=0.14 A ' at 20=2'. In a rocking

or detector scan one will therefore probe the p/ateau of
the structure factor, but not the part of the power-law de-
cay which is significant for the determination of H, unless

g is sufficiently high. In the case of g'=5000 A the rock-
ing curves can be distinguished only in the central part,
where the nonspecular intensity might be hidden under
the slopes of the specular beam, if the divergence (as mea-
sured on a logarithmic scale) is not particularly small.

In summary, the out-of-plane scan is capable of prob-
ing real-space correlations in the whole range down to
atomic distances, whereas the maximum value reported
in an in-plane geometry was 0.06 A for a multilayer
sample measured in a rocking scan with the specular po-
sition at the fifth Bragg peak. On the other hand, in the
plane of reAection the resolution in q

~~

is much higher and

large correlation lengths /=10000 A can be determined
easily. As we have discussed in the previous sections, the
determination of H requires measuring c(r) at r g, i.e. ,
measuring at

q~~
~2rrlg, so that a suitable scattering

geometry must be chosen according to the value of g.

V. MULTILAYERS

Synthetic multilayers are made of alternating layers of
chemically different materials that are usually grown
from the vapor phase by elaborated techniques like
molecular beam epitaxy (MBE), electron beam evapora-
tion, magnetron sputtering, or laser ablation. Such sys-
tems with a nanometer periodicity d in the growth direc-
tion are of high interest for various applications in op-
toelectronic devices, in supermirrors for neutrons or
Bragg mirrors in soft x-ray optics. ' The performance
depends crucially on the roughness of the interfaces and
special efforts are made to control the relevant parame-
ters, e.g., substrate temperature, Aux, energy of sputter-
ing ions, etc., to suppress the kinetic roughening consid-
erably during the growth process.

In contrast to a single rough layer, additional correla-
tions across different interfaces must be expected, the so-
called height-height cross correlations
c;~(r):=(h;(r)hj(r')), where i,j denote two different in-
terfaces. A multilayer with perfect cross correlations,
i.e., where the fluctuations of one layer are copied
throughout the stack, is called conformal. If one
succeeds to determine these cross correlations experimen-
tally, access not only to the spatial, but also to the tem-
poral aspects of the growth process is obtained, as
different interfaces can be attributed to different times t
during growth. ' Recently, both the height-height self-
and cross-correlation functions determined by nonspecu-
lar x-ray scattering from a W/Si magnetron sputtered
multilayer have been shown to agree with those predicted
by the Edwards-Wilkinson growth equation. '

In this section, we want to focus on how the height-
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height self- correlation functions averaged over the top N
interfaces can be measured. N is limited by the usual
scattering depth of grazing incidence diffraction. ' For a
periodic multilayer made up of two materials A and B
with absorption coe%cients and layer thicknesses, pz,
p~, and d ~, d~ respectively, with both the incidence and
exit angles greater than the critical angle N will be given
by

2 lnO. 5

(p„d„+@ada )(sina, +sinaf )
(5.1)

as long as the Brag g condition of the multilayer
a;f =a„=arcsin(nA, /2d) is not fulfilled. In the latter
case the reflected amplitudes at each interface interfere
constructively and extinction can thus limit the penetra-
tion depth independently of absorption.

According to kinetic roughening theory, all N inter-
faces are assumed to have the same static roughening ex-
ponent. However, for the cutoff length of the ith inter-
face, g;, two different scenarios are possible: (a} The
growth has become stationary for all interfaces probed,
i.e., the g s are all the same. (b) g; is a growing function
of i, and by taking advantage of the proportionality be-
tween thickness and time, g; ~(id)'~' How. ever, also in
the latter case we can consider fluctuations of small
length scales that have already become stationary. Thus,
if we measure at lateral momentum transfer

q~~
&& I/g, ,

we see X statistically equivalent interfaces. If the rough-
ness of the different interfaces was uncorrelated, i.e., the
cross-correlation functions were zero, the scattered inten-
sity would add up incoherently, and in any scattering
geometry we would measure just N times the scattering
cross section of one such interface. The more general
case of partially correlated interfaces leads to a modula-
tion of the intensity along q, with the positions of the
maxima given by q, =2m/d, the so-called Bragg sheets.
The intensity scattered in these Bragg sheets stems from
correlated roughness components, whereas the intensity
in between two sheets results from uncorrelated fluctua-
tions.

The calculation of the multilayer diffuse scattering has
first been solved for the limiting case of weak rough-
ness, and later for the more general case of Eq. (3.1) in
the framework of the DWBA for the case of uncorrelat-
ed ' and correlated interfaces, respectively. In all cases
a semidynamical approach was chosen: The reflected and
transmitted waves in the multilayer stack were treated
dynamically by the application of a matrix method or
Parratt algorithm, whereas the diffuse scattering was
treated kinematically, i.e., multiple scattering was
neglected. This approximation is believed to hold as long
as the total amount of nonspecular intensity is small com-
pared to the specularly reflected intensity, which always
holds for small angles of incidence and exit. The im-
plementation of the calculation schemes cited above in a
computer simulation program allows one, in principle, to
analyze experimental data and to determine the rough-
ness exponent. However this requires the assumption of
a specific model for the cross correlations.

An alternative method that has been applied in Ref. 16

S(Qii)" f d
I(q, —q, )

Qr
(5.2)

where y is a function of both 8 and q„e.g., in the case of
a logarithmic correlation function y =2+(o.q, },see Eq.
(3.7).

VI. SUMMARY

We have discussed the method of diffuse x-ray scatter-
ing as applied to self-afine interfaces. The basic assump-
tions leading to the prediction of such interface struc-
tures have been summarized in order to elucidate the fact
that only the asymptotical behavior of the height-height
correlation function is predicted, rather than the entire
function. The properties of the correlation function for
distances much smaller than the upper cutoff can be mea-
sured at high parallel rnomenturn transfer. If the correla-
tion function decays by a power of 28 in this range, the
scattered intensity will also fall off by a power law with
parallel momentum transfer. From the corresponding ex-
ponent y the static scaling exponent can be deduced. We
have presented an analytical approxirnati. on for y valid
for the case of "weak roughness, " where the structure
factor can be approximated by the Fourier transform of

is the integration of the scattered intensity over one Bril-
louin zone of the multilayer hq, =2m. /d, in a way that
coherent and uncoherent contributions to the intensity
are equally probed, and the result is just N times the in-
tensity of one interface. In this case no model of specific
cross-correlation functions has to be assumed. Instead,
one can use the simple Eq. (3.1) derived for a single inter-
face to analyze the multilayer sample. Experimentally,
the integration along q, can be most easily implemented
by the use of a position-sensitive detector (PSD) directed
parallel to the surface normal in an out-of-plane scan. At
small exit angles, the variation of q with the detector
channels is then mainly one in q, and only to a negligible
part in q, see Eqs. (4.3) and (4.4). Let the PSD be cen-
tered on a Bragg sheet q, =n2n/d with the upper and
lower end of the PSD extending to the upper and lower
zone boundary n2n. /dkm. /d, respectively. The integrat-
ed intensity can then be plotted on a log-log scale as a
function of q~~(28) to determine the exponent y, just like
in the case of a single surface.

As was discussed in Sec. II, in the limit of weak rough-
ness ( ~q,'~cr ) &&1 the exponent y to be determined is in-
dependent of (

~ q,'~ o ) . Generally this is not the case and
the decay of the intensity with

q~~
depends on the particu-

lar q, position in the Brillouin zone. The integration will
hence introduce an error if the width of the Bragg sheet
is not small compared to the width of the Brillouin zone.
Let I(q, —q, ) be the normalized intensity distribution
along q, at a particular q~~. If the interface fluctuations of
the corresponding wavelength are correlated, this func-
tion will have a sharp peak at the position of the Bragg
sheet. If the fluctuations are uncorrelated, it will be flat.
In the asymptotic regime Q~~

~ 1, where y is to be deter-
mined, the intensity decay with

Q~~
is then proportional

to
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the correlation function. This approximation was
checked by numerical calculations and was found to hold
in a wider range than commonly believed. Therefore, fre-
quently experimental data need not be evaluated by tedi-
ous numerical fitting. This should be especially interest-
ing for multilayer samples where the necessary calcula-
tion time can easily exceed available CPU time. Different
nonspecular scan types were discussed with respect to
their sensitivity to H. It was found that for upper cutoff
lengths smaller than = 1000 A, H can only be determined
from the diffuse scattering as a function of q,

' at
q~~

-—0
(offset scan} or from the exponent y by means of an out-

of-plane scan. Finally, it was shown how the static scal-
ing exponent in an multilayer system can be determined
without any knowledge or model of the cross-correlation
functions between different interfaces.
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