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Abstract:

Adding small amounts of carbon nanotubes (CNTs) into the face sheets 

of sandwich structures can significantly improve their thermo-mechanical 

responses. However, the formation of CNT clusters, especially at high 

volume fractions of CNTs, dramatically affects the mechanical properties 

of the resulted nanocomposites, which is usually ignored. In this paper, 

by considering the formation of CNT clusters, we have investigated 

transient heat transfer and stress wave propagation in polymeric 

sandwich plates with two nanocomposite face sheets. The face sheets 

were made of clusters of CNTs embedded in a polymeric matrix. The 

volume fractions of CNTs and their clusters were assumed to be 

functionally graded (FG) along the thickness of face sheets. The 

proposed sandwich plate was subjected to thermal and impact pressure 

loads. Eshelby-Mori-Tanaka’s approach was applied to evaluate the 
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material properties of the resulted nanocomposite with components with 

temperature-dependent material properties. Reddy’s third order shear 

deformation theory (TSDT) and a moving least square (MLS) shape 

function-based mesh-free method were utilized for thermoelastic 

dynamic analysis. The effects of CNT cluster size, distribution and 

volume fraction as well as thermal load on the thermoelastic dynamic 

behavior of nanocomposite sandwich plates were investigated. It was 

observed that the distribution and cluster size of CNTs had significant 

effects on the amplitude and speed of thermoelastic stress wave 

propagation in the nanocomposite sandwich plates.
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2. Advanced Research Laboratory for Multifunctional Light Weight Structures, Department of Mechanical & 
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Abstract

Adding small amounts of carbon nanotubes (CNTs) into the face sheets of sandwich 

structures can significantly improve their thermo-mechanical responses. However, the 

formation of CNT clusters, especially at high volume fractions of CNTs, dramatically affects 

the mechanical properties of the resulted nanocomposites, which is usually ignored. In this 

paper, by considering the formation of CNT clusters, we have investigated transient heat 

transfer and stress wave propagation in polymeric sandwich plates with two nanocomposite 

face sheets. The face sheets were made of clusters of CNTs embedded in a polymeric matrix. 

The volume fractions of CNTs and their clusters were assumed to be functionally graded (FG) 

along the thickness of face sheets. The proposed sandwich plate was subjected to thermal and 

impact pressure loads. Eshelby-Mori-Tanaka’s approach was applied to evaluate the material 

properties of the resulted nanocomposite with components with temperature-dependent 

material properties. Reddy’s third order shear deformation theory (TSDT) and a moving least 

square (MLS) shape function-based mesh-free method were utilized for thermoelastic dynamic 

analysis. The effects of CNT cluster size, distribution and volume fraction as well as thermal 

load on the thermoelastic dynamic behavior of nanocomposite sandwich plates were 

investigated. It was observed that the distribution and cluster size of CNTs had significant 

effects on the amplitude and speed of thermoelastic stress wave propagation in the 

nanocomposite sandwich plates.

Keywords: Stress wave propagation; Transient heat transfer; Nanocomposite sandwich plate; 

Carbon nanotube clusters; Impact and thermal loads; Mesh-free method
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1. INTRODUCTION

Sandwich structures with one or two stiff face sheet(s) and a softer core usually enjoy 

several advantages such as high strength and stiffness along with low weight, high durability in 

harsh environments, fire protection (or flame retardant) and high thermal-acoustic insulation 

behaviors [1–3]. These advantages make them attractive for researchers and efficient candidates 

for different industries such as aerospace, automobile and transportation [4,5]. After Iijima 

discovered CNTs [6], it has been well established that CNTs have exceptional thermal and 

mechanical properties. Extremely high aspect ratio (usually >1000) and Young’s modulus of 

CNTs along with low weight make them ideal nano-filler materials to improve mechanical, 

electrical and thermal properties of the hosted matrix [7–9]. Therefore, the use of CNTs in face 

sheet(s) can remarkably improve sandwich structures and provide nanocomposite sandwich 

structures [10,11]. However, two important issues must be taken into account while using 

CNTs: (i) the formation of CNT clusters inside the matrix and (ii) cost. It has been demonstrated 

that the formation of CNT clusters, especially in high values of CNT volume fractions, 

dramatically reduces the mechanical properties of the resulted nanocomposites which is usually 

ignored to simplify modeling procedures [12,13]. Moreover, to reduce costs, the application of 

the concept of functionally graded materials (FGMs) for the distribution of CNTs would be 

beneficial. FGMs are a new class of composite materials in which the volume fractions of 

components vary continuously and uniformly through a specific profile(s) [14,15]. Considering 

this concept for CNT distribution can result in the optimal use of CNTs; in other words, using 

the minimum amount of CNTs in the resulted nanocomposite [16]. These nanocomposites are 

called functionally graded carbon nanotube-reinforced composites (FG-CNTRCs) and their 

application in sandwich structures offers wide potential engineering applications.

The estimation of the material properties of nanocomposites was has been the main focus 

of research in this area [17–22]; While, mechanical responses of nanocomposite structures have 

also attracted great attentions in recent years. Zhang and Xiao [23] studied the timeline vibration 

response of FG-CNTRC skew plates subjected to a sudden dynamic mechanical load using first 

order shear deformation theory (FSDT)-based element-free IMLS-Ritz method. Kolahchi et al. 

[24] proposed a viscoelastic FG-CNTRC plate integrated with two piezoelectric layers and 

studied wave propagation in the proposed structures using a refined zigzag theory. Moradi-

Dastjerdi and Momeni-Khabisi [25,26] proposed a mesh-free method based on FSDT to study 

stress wave propagation and forced vibration in FG-CNTRC plate and sandwich plates resting 
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on a two-parameter elastic foundation subjected to time-dependent mechanical loads. Bisheh 

and Wu [27,28] used FSDT and conducted stress wave propagation in CNT-reinforced and 

fiber-reinforced piezoelectric cylindrical shells considering rotary inertia. Tornabene et al. [29] 

investigated the static behaviors of nanocomposite shells and plates reinforced with CNTs 

clusters using generalized differential quadrature method (GDQM) and higher order shear 

deformation theory (HSDT). The free vibration behavior of rotating cylindrical shells coupled 

with different boundary conditions have also been performed [30,31]. Setoodeh and Shojaee 

[32] developed a transformed weighing coefficients DQM based on classical plate theory (CPT) 

to analyze nonlinear free vibration in FG-CNTRC quadrilateral plates. Ghorbanpour Arani et 

al. [33] applied nonlocal theory to consider size effect on the wave propagation behavior of 

non-classical FG-CNTRC plates integrated with two piezoelectric layers resting on a 

viscoelastic foundation. Furthermore, the vibration behavior of a non-uniform nanoplate [34] 

and 2D-FG nano-beams [35] were presented using nonlocal theory.

In previous works, the effect of thermal loads has been usually considered with two 

different approaches: (i) uniform thermal load (thermal environment) and (ii) thermal gradient 

load. Alibeigloo [36] conducted thermo-electro-mechanical analysis on FG-CNTRC cylindrical 

panels integrated with two piezoelectric layers using Fourier series, state-space technique and 

piezo-elasticity theory. The natural frequencies of FG-CNTRC plates and sandwich plates 

subjected to uniform thermal environment were characterized using a finite element method 

based on HSDT [37,38]. Asadi [39] utilized FSDT and Donnell shell theory to investigate aero-

thermoelastic flutter and buckling behavior of FG-CNTRC cylindrical shells subjected to 

aerodynamic loading and thermal environment. Sobhaniaragh et al. [40] considered ceramic 

cylindrical shells reinforced with CNTs clusters and reported their thermo-elastic responses 

using GDQM. Thanh et al. [41] studied the natural frequencies and deflection time histories of 

imperfect FG-CNTRC plates subjected to thermal environment and time-dependent mechanical 

loads using a method based on Airy stress function and HSDT. An axisymmetric model was 

developed to investigate the natural frequency and stress wave propagation responses of FG-

CNTRC cylinders subjected to thermal gradient and mechanical loads [42,43]. Fazzolari [44] 

studied critical buckling load and natural frequencies of temperature-dependent FG-CNTRC 

plates using higher order theories and Ritz method. Hosseini and Zhang [45] used Green–

Naghdi theory and generalized finite-difference method to present coupled thermoelastic stress 

wave propagation in FG multilayer graphene-reinforced nanocomposite cylinders. The 

transient heat transfer behaviors of FG-CNTRC cylinders [46], panels [47,48] and microbeams 
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[49] have also been investigated. Considering the formation of CNTs clusters, the free and 

forced vibration responses of nanocomposite sandwich plates with FG-CNTRC face sheets 

subjected to steady state thermal gradient loads were evaluated using a mesh-free method 

[50,51].

In this paper, the effect of CNT clusters on the mechanical properties of CNT-reinforced 

nanocomposites has been investigated using Eshelby-Mori-Tanaka’s approach, and transient 

heat transfer and stress wave propagation in polymeric FG-CNTRC sandwich plates have been 

presented. After deriving time history of temperature distribution, temperature-dependent 

material properties and thermal strain were calculated. Then, thermoelastic stress wave 

propagation in nanocomposite sandwich plates subjected to thermal and impact pressure loads 

was studied. In sandwich plates, the volume fractions of CNTs and their clusters were assumed 

to be functionally graded along the thickness of face sheets. Reddy’s TSDT was utilized to 

approximate the displacement field of sandwich plates and a mesh-free method based on MLS 

shape function was developed for thermoelastic dynamic analysis. The effects of CNTs cluster 

size, distribution and volume fraction as well as thermal load on the thermoelastic dynamic 

behavior of nanocomposite sandwich plates have been investigated.

2. Material Properties of Functionally Graded CNTs-Reinforced Composite

In the present work, we have considered simply supported sandwich plates consisting of a 

neat polymeric core and two polymeric FG nanocomposite face sheets reinforced with clusters 

of CNTs. Sandwich plates were assumed to be subjected to a mechanical impact load and a 

thermal gradient load with temperatures Tt and Tb at top and bottom surfaces, respectively, with 

initial sandwich plate temperature of T0. In the proposed sandwich structures, the length and 

width are a, face sheet thicknesses are hf and total thickness is h, as shown in Figure 1. FG 

distribution of CNTs along the thickness of face sheets (z direction) was assumed as:

 
   

 

( )

( )

((2 ) / (2 ) 1)

(1 (2 )

, / 2

0, / 2 / 2

, / 22/ ( ))

n

r f r max f

r f f
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r f r max f
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z

zz h h f h

f h hh

f z h h h

h

h

z hf





 



  
    










  

(1)

where n and  are the exponent and maximum (outer surface) values of CNT volume 
( )r maxf 

fractions, respectively. As proposed in Equation (1), the CNT volume fractions of inner surfaces 
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of outer layers were set at zero to show a continuous variation of material properties from neat 

polymeric core to FG nanocomposite face sheets.

For randomly oriented CNTs-reinforced nanocomposites, effective thermal conductivity 

coefficient  was proposed to be [52]:𝑘𝑒
11 11 11 22

11 11

3( / 1) [2(( / ) 1) ( / 1)( / 1)]

3( / 1) 2 ( / 1)

CNT CNT CNT CNT

e m r m m m

CNT CNT

m m r m

k k k f k k k k k k

k k k f k k

     


  
(2)

where  is thermal conductivity coefficient of matrix, and  and  are its corresponding 𝑘𝑚 𝑘𝐶𝑁𝑇11 𝑘𝐶𝑁𝑇22

CNTs value along axial and radial directions, respectively. Moreover, the same equation was 

utilized to predict the effective thermal expansion coefficient  of CNTRC.∝ 𝑒

Figure 1. Nanocomposite sandwich plate reinforced with CNTs and their clusters

Eshelby–Mori–Tanaka’s approach was used to consider the effect of the formation of CNT 

clusters in nanocomposites reinforced with CNT clusters. In this approach, a representative 

volume element (RVE) was considered and certain amounts of randomly oriented CNTs were 

assumed to be located inside and outside the clusters as shown in Figure 1. For this assumption, 
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they defined two parameters to indicate the volume fraction of clusters inside RVE µ and the 

volume fraction of CNTs inside clusters η as follows [53]:

, 0 , 1cluster
cluster r rV V V V       (3)

where V, Vr, Vcluster, and  are RVE volume, total CNTs volume of RVE, total cluster cluster
rV

volume, and total CNTs volume inside clusters, respectively. Based on Equation (3), η=1 

denoted that all CNTs were located inside clusters and µ=1 (or µ=η) indicated fully dispersed 

CNTs in matrix. For inside and outside clusters, Eshelby–Mori–Tanaka’s approach proposed 

the effective definitions of bulk modulus K and shear modulus G as follows [53–55]:

 
 

 
 

3 3
,   

3 2 3

r r m r r r m r

in m in m

r r r r m r

f K f G
K K G G

f f G

     
    

 
   

  
(4)

,
 

 
(1 ) 3

3 1 (1 ) (1 )

r r m r

out m

r r r
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f f

  
   

 
 

    
 

 
(1 ) 2

2 1 (1 ) (1 )

r r m r

out m

r r r

f G
G G

f f

  
   

 
 

     (5)

where subscript m is applied for matrix material and:
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(9)

where kr, lr, mr, nr, and pr are Hill’s elastic moduli of reinforcing phase (CNTs) defined in 

references [53–55]. Finally, Mori-Tanaka’s method estimates the effective mechanical 

properties of nanocomposite as:

1 1

1 , 1

1 (1 ) 1 1 (1 ) 1

in in

out out

out out

in in

out out

K G

K KG
K K G G

K G

K G

 

   

      
       

         
      

           
         

(10)
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with 

3 2 1 2(4 5 )
, ,

2(3 ) 3(1 ) 15(1 )

out out out out
out

out out out out

K G

K G

   
 

  
  

   (11)

3. Governing Equations

Assuming thermally isolated side faces and uniform temperatures for outer surfaces of 

sandwich plates gives one-dimensional heat conduction for the governing transient heat transfer 

equation. Transient heat transfer equation for FG nanocomposite sandwich plates can be written 

as [49]:

( , ) ( , )
( ) ( ) ( )e p

T z t T z t
k z z c z

z z t
        

(12)

where T(z,t) is temperature at time t and location (along thickness) z,  is specific heat pc

conduction and  is density for the proposed sandwich plates. Solving this equation gave the 

time histories of temperature distribution in nanocomposite sandwich plates. Using time and 

location-dependent temperature, mechanical dynamic equation could be solved.

The governing dynamic equation of sandwich plates subjected to time-dependent 

mechanical loads f(t) can be derived from total energy function U as:

 2 2 21
( )( ) ( )

2

T T

V A

U z u v w dV f t w dA        ε σ γ τ & & & (13)

where A is a part of solution domain V with external mechanical forces and based on plate 

theories, , ,  and  are the vectors of reduced in-plane stress, out of plane stress, in-plane σ τ ε γ

strain and out of plane strain, respectively. Also, u, v and w are the components of estimated 

displacement field along x, y and z directions, respectively.

In this work, Reddy’s third order shear deformation plate theory [56] was utilized to 

estimate the components of displacement as follows:
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3
0 1 0,

3
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y y y

u x y z u x y z x y z c w

v x y z v x y z x y z c w

w x y z w x y

 

 

   

   



(14)

where , u0, v0 and w0 are mid-plane displacements.  and represent rotations 2
1 4 3c h  x y

normal to mid-plane around y- and x-axes, respectively. Using Reddy’s TSDT, the relation 

between total structural strain  and displacement components were derived as  T

be e γ

follows:

     3 2
1 1 3 1 0, 1 3

T T

b xx yy xy xz yze e z c z c z        0e e κ κ γ γ (15)

where

0, , , 0,
0,

0 0, 1 , 3 , 0, 0
0,

0, 0, , , , , 0,

, , ,

2

x x x x x xx
x x

y y y y y yy
y y

y x x y y x x y y x xy

u w
w

v w
w

u v w

 


 


   

     
                                  

e κ κ γ  (16)

For thermoelastic problems, the in-plane part of total structural strain  consisted of be

elastic strain  and thermal strain  which are related by  and are defined as:ε Tε b T e ε ε

 , , ,
T

x y xy     ε  . , . ,0
T

T e eT T   ε (17)

where  is the difference of sandwich plate temperature and thermal strain free temperature T

(300 K).

Moreover, the relationship between reduced stress and strain vectors for temperature and 

location-dependent nanocomposite sandwich plates are given as:

11 12

12 22

66

55

44

( , ) ( , ) 0

( , ) ( , ) 0 ( , )

0 0 ( , )

( , ) 0
( , )

0 ( , )

x x

y y

xy xy

xz xz

s
yz yz

Q z T Q z T

Q z T Q z T or z T

Q z T

Q z T
or z T

Q z T

 
 
 

 
 

    
         
        
            
       

bσ Q ε

τ Q γ

(18)

where  are the components of stiffness matrix in the governing constitutive equation.( , )ijQ z T

4. Mesh-Free Numerical Analysis
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The utilized mesh-free method is based on MLS shape functions. Using these shape 

functions, displacement field d in total energy function and the equation of motion can be 

approximated as follows [57]:

0 0 0

1

ˆ ˆˆ ˆ ˆ ˆ, , , ,
NT

i i i xi yi i i

i

u v w d  


    d (19)

where N,  and  are the total number of nodes, virtual nodal values of displacement vector d̂ i

and MLS shape function for a node located at X(x,y)=Xi, respectively. The definition of MLS 

shape function is given as:

    
)11(

1
)()()()()(



  iii W XPXXXHXPX
T

(20)

where W, P and H are cubic spline weight function, base vector, and moment matrix, 

respectively, which can be defined as:

 , 2 2( ) [1, , , , , ]Tx y xy x yP X
1

( ) ( ) ( ) ( )
n

i i i

i

W


 
  

 
 Τ

H Χ Χ Χ Ρ Χ Ρ Χ (21)

Utilization of MLS Shape function and TSDT, displacement field (Eq. 14) and strain 

vectors (Eq. 15) can be rewritten as:

   3
1 1 3

ˆˆ ˆ ˆ ˆ
T

i i iu v w z c z   0u N N N d (22)

   3 2
0 1 1 3 1

ˆ ˆ, 1 3b sz c z c z    e B B B d γ B d (23)

where:

,

0 1 3 ,

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 , 0 0 0 0 , 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

i i i x i

i i i y i

i

   
   



     
            
          

N N N (24)

, ,

0 , 1 ,

, , , ,

, ,
,

3 , ,
,

, , ,

0 0 0 0 0 0 0 0

0 0 0 0 , 0 0 0 0 ,

0 0 0 0 0 0

0 0 0
0 0 0

0 0 0 ,
0 0 0

0 0 2

i x i x

i y i y

i y i x i y i x

i xx i x
i x i

i yy i y s
i y i

i xy i y i x

 
 

   

 
 

 
 

  

   
   

    
   
   
 

  
    

  
 

B B

B B

(25)

Moreover, is defined for the application of mechanical load along thickness as:wφ
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 0 0 0 0w iφ (26)

Using the relation of total structural strain ( ) and the substitution of equations (19) T e ε ε

and (22) - (26) into total energy equation (Eq. 13), give:

0 1 3 0 1 3

0 1 3 0 1 3

0 1 3

1 ˆ ˆ
2

1 ˆ ˆ
2

1 ˆ ˆ ˆ ( )
2

T T T T T

A

T T T T T

A

T T T T T T T T T
s s s s w

A A A

U dA

dA

dA dA f t dA

        

       

            





  

b

s α

d N N N M N N N d

d B B B Q B B B d

d B B Q B B d d B B B Q φ

&& &&

(27)

where 

3
1 2/2 /2

12 4
1 2 2 4

/2 /2 1 12 6
1

3
1/2 /2

2 4
1

/2 /22 6 3
1 1

1
1 3

, ,
3 9

.

1 1

( ) ,

.

h h

b s

h h

h h

b T

h h

z c z
c z

z c z dz dz
c z c z

Sym c z

z c z

z c z z dz z dz

Sym c z c z



 

 

 
  

    
    

  
   
   

    
   

   

 

 

b s

α

Q Q Q Q

M Q Q ε

(28)

Finally, by derivation with respect to displacement vector  (applying Hamilton’s d̂

principle), Equation (27) can be rewritten as:

ˆ ˆ  m TMd Kd f f
&& (29)

where, , , , and  are mass matrix, stiffness matrix, mechanical force vector and M K mf Tf

resultant thermal force vector, respectively, which are defined as:

0 1 3 0 1 3
T T T T

A

dA       M N N N M N N N (30)

0 1 3 0 1 3
T T T T T T T

s s s s

A A

dA dA                b sK B B B Q B B B B B Q B B (31)

 , ( )T
w

A

f t dA mf φ
0 1 3
T T T

A

dA    T αf B B B Q (32)

The time dependent system of discretized Equation (29) were solved using Newmark 

(central difference) method.

Utilization of the same trend, the mesh-free discretized equation of transient heat transfer 

in nanocomposite sandwich plates can be presented as:
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ˆ
ˆ

T
t


 


T

C k T q (33)

where

1 2
ˆ ˆ ˆ ˆ( ) , ( ) , , ....

T
T T T

p T T T T e T T T NA V A
c dV k z dV dA T T T         C Φ Φ k B B q Φ Q T (34)

with

 
T

N
T

T

NT
zzz 














 ...,... 21
21 BΦ (35)

It should be noted that, since MLS shape functions did not satisfy Kronecker delta property, 

essential boundary conditions were imposed by transformation method which regenerated 

Equations. (29) and (33) based on real nodal values of displacement  and temperature  d T

instead of virtual ones (  and ) [26].d̂ T̂

5. Results and discussions

The validation of the developed methods, transient heat transfer and thermoelastic stress 

wave propagations for the proposed FG nanocomposite sandwich plates have been presented in 

this section. The polymeric isotropic core of the proposed sandwich plates was made of PMMA 

and nanocomposite face sheets were assumed to be reinforced with armchair (10, 10) single-

walled CNTs (L=9.26 nm, R=0.68 nm, h=0.067 nm). Temperature-dependent material 

properties of CNTs are reported in Table 1 [16] and for other temperatures, they were estimated 

by the best fit third-degree polynomials as:

3 2
1 2 3 4P PT P T PT P    (36)

where P can be used for each property reported in Table 1 and Pi (i=1,2,3,4) is constant values 

of predicted polynomials. Moreover, the temperature-dependent material properties of PMMA 

were estimated as:

, (3.52 0.0034 )mE T GPa  645(1 0.0005 ) 10 /m T K     (37)

where at strain free temperature ( ), we have  and . Other KT 3000  2.5mE GPa 645 10 /m K  

material properties of PMMA and SWCNTs were considered to be as follows [16,43]:

PMMA: , ,  and 0.34m  31150m Kg m  0.247 /mk W mK 1466 .CNT
pc j Kg K
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SWCNT: , , ,  and 12 0.175CNT  31400CNT Kg m  11 3000 /CNk W mK 22 100 /CNk W mK

600 .CNT
pc j Kg K

Table 1. Temperature-dependent material properties of armchair (10,10) SWCNT [16]

T (K) 11 ( )CNE GPa 22 ( )CNE GPa 12 ( )CNG GPa 6
11 (10 / )CN K  6

22 (10 / )CN K 

300 5646.6 7080 1944.5 3.4584 5.1682

400 5667.9 6981.4 1970.3 4.1496 5.0905

500 5530.8 6934.8 1964.3 4.5361 5.0189

700 5474.4 6864.1 1964.4 4.6677 4.8943

5.1. Validation of models

In this section, the accuracy of the developed mesh-free method for both heat transfer and 

dynamic problems were examined.

For heat transfer problems, we assumed a square FG-CNTRC plate and a sandwich plate 

with h/a=0.01, hf/h=0.2, fr-max=0.2, n=10, Tt=450 K and Tb=350 K at initial temperature T0=300 

K. Figure 2 shows that temperature distributions along the thickness of the considered plate and 

sandwich plate were gradually converged to those obtained from steady state heat transfer 

problems. Excellent agreements were observed between the results obtained for steady state 

problems and the stationary results of transient heat transfer problems for both square plate and 

sandwich plate.
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Figure 2. Comparison of predicted temperature distributions along the thickness of square 

FG-CNTRC (a) plate and (b) sandwich plate with h/a=0.01, hf/h=0.2, fr-max=0.2, n=10, Tt=450 

K, Tb=350 K and T0=300 K at different times with steady state results

In order to examine the convergence and accuracy of the developed mesh-free method in 

terms of dynamic results, the vibration of an isotropic square simply supported plate subjected 

to an impact pressure load was compared with those reported in [58]. They used Navier solution 

and first order shear deformation theory to derive time histories of vibration for the plate with 

E=3 GPa, , , h/a=0.1, a=0.45 m and impact load as [58]:0.34  31200 /Kg m 

 max 1 / 0
( )

0 0 and

p p

p

P t t t t
f t

t t t

    
 

(38)

where  and . Figure 3 compares the results reported in [58] with those max 200P kPa 10t ms

of developed method with 5×5, 7×7, 9×9 and 17×17 node distributions. A very good accuracy 

was provided by 17×17 node arrangement. Furthermore, the increase of node numbers from 9 

to 17 had an insignificant effect on the accuracy of results which showed the convergence of 

results. 

0 2 4 6 8 10 12 14 16
t (ms)

-0.1

-0.05

0

0.05

0.1

0.15

0.2

w
0
 /

 h

Song et al. 2017

5 5

7 7

9 9

17 17

Figure 3. Comparison between the results reported in [58] and those obtained from the 

developed mesh-free method for central point vibration of isotropic plate
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It is worth noting that in the following dynamic analyses of sandwich plates, 15×15 node 

arrangement and 14×14 background cells were adopted for the integration of local mass and 

stiffness matrices with 4 Gauss points in each cell.

5.2. Transient heat transfer in FG-CNTRC sandwich plates

In this section, we have investigated the effects of volume fraction and distribution of CNTs 

on the time-dependent heat transfer of the proposed square nanocomposite plates and sandwich 

plates with h/a=0.01, Tt=450 K, Tb=350 K and T0=300 K. Figures 4 and 5 illustrate stationary 

temperature distributions and time histories of temperature at mid node of sandwich plates with 

hf/h=0.2 for fr-max=0.1 and fr-max=0.2, respectively. It was observed that the decrease of CNT 

volume fractions exponent n or increase of fr-max, due to the increase of the total volume of 

consumed CNTs, improved thermal conductivity of the sandwich plates. It meant that 

temperatures at nanocomposite face sheets with lower n or higher fr-max values were closer to 

their outer surface temperatures. Moreover, increasing CNT volume fractions reduced the time 

required for the stationary condition to be achieved.
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Figure 4. (a) stationary temperature distributions (b) time histories of temperature at mid 

node of sandwich plates with h/a=0.01, hf/h=0.2, Tt=450 K, Tb=350 K, T0=300 K and fr-

max=0.1
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Figure 5. (a) stationary temperature distributions (b) time histories of temperature at mid 

node of sandwich plates with h/a=0.01, hf/h=0.2, Tt=450 K, Tb=350 K, T0=300 K and fr-

max=0.2

In addition, Figure 6 shows the same results for nanocomposite plates with fr-max=0.2. This 

figure shows that CNT distribution had a significant effect on the temperature distribution and 

stationary time of FG-CNTRC plates such that decreasing n led to a more linear temperature 

distribution and the reduction of stationary time of nanocomposite plates. Moreover, comparing 

Figure 6 with Figure 5 showed that the stationary time of sandwich plates were much longer 

than plates with the same thicknesses.
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Figure 6. (a) stationary temperature distributions (b) time histories of temperature at mid 

node of plates with h/a=0.01, Tt=450 K, Tb=350 K, T0=300 K and fr-max=0.2
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5.3. Stress wave propagation in FG-CNTRC sandwich plates

In this section, we have investigated the thermoelastic vibration and stress wave 

propagations of simply supported square nanocomposite sandwich plates with h/a=0.05 and 

hf/h=0.1 subjected to a thermal environment and the same pressure impact load (Eq. 38) with 

tm=2 ms and P0=1 MPa. It should be mentioned that  was considered as the 3 4
0

ˆ 10 mq E h q f a

normalized value of deflections in the following simulations.

The effect of environment temperature on the thermoelastic dynamic behavior of the central 

node of the nanocomposite sandwich plates reinforced with uniformly distributed (UD) CNTs 

with μ =0.3, η=1 and fr =0.2 is shown in Figure 7. These figures showed that, due to decreasing 

the stiffness of sandwich plates, the rising temperature led to increase in the amplitudes and 

reduction in the speeds of wave propagations. Moreover, thermal environment caused lots of 

fluctuations in stress wave propagations. Furthermore, comparing the amplitudes of normal and 

shear stresses revealed that the values of normal stresses were much higher than the values of 

shear stresses, especially those were out of plane.
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Figure 7. Time histories of thermoelastic (a) deflection (b) normal stresses (c) in plane shear 

stress and (d) out of plane shear stresses in nanocomposite sandwich plates with h/a=0.05, 

hf/h=0.1, μ =0.3, η=1 and fr =0.2

Figure 8 explores the effect of cluster sizes, μ, and CNT volume fraction on the time 

histories of deflection and normal stress of the prepared sandwich plates at environment 

temperature of T=400 K. Although CNT volume fraction did not have a significant effect, it 

was observed that expanding of the size of CNT clusters led to a considerable reduction in the 

amplitude and remarkable increase in the speed of wave propagations. These observations were 

due to the effects of these two parameters on the material properties of the resulted 

nanocomposite.

The effect of CNT distribution on the stress wave propagation of the same FG-CNTRC 

sandwich plate was investigated when μ =0.3, η=1, fr-max =0.2 and T=400 K. Figure 9 shows 

that decreasing n, which indicated the increase of the amount of used CNT and accordingly 

improvement of the stiffness of resulted nanocomposite, increased the speeds and also 

decreased the amplitudes of wave propagations in sandwich plates.
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Figure 8. Time histories of thermoelastic (a) deflection (b) normal stresses in nanocomposite 

sandwich plates with h/a=0.05, hf/h=0.1, η=1and T=400 K
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Figure 9. Time histories of thermoelastic (a) deflection (b) normal stresses in nanocomposite 

sandwich plates with h/a=0.05, hf/h=0.1, μ =0.3, η=1, fr-max =0.2 and T=400 K

Figure 10 compares the dynamic behaviors of plates with sandwich plates (hf/h=0.1) with 

the same thickness (h/a=0.05) and CNTs volume fractions such that in sandwich plates fr =0.2 

and in plates fr =0.04. Furthermore, the effect of CNTs cluster states was explored by comparing 

the results obtained for μ =1 (fully dispersed CNTs) with those of μ =0.3 as shown in Figures 

10a and 10b, respectively. In the case of μ =1, Figure 10a shows that vibration amplitudes of 
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sandwich plates were much lower than plates which showed the successful performance of 

sandwich structures in damping vibrations. However, in case of μ =0.3, which meant the 

existence of CNT clusters, it was observed that the amplitude of vibrations in sandwich plates 

was higher than plates. The reason was the remarkable reduction of nanocomposite stiffness at 

higher fr values due to the formation of CNT clusters. 
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Figure 10. Comparison of central node vibrations of plates (fr =0.04) and sandwich plates 

(hf/h=0.1 and fr =0.2) with h/a=0.05, η=1 and (a) μ =1 (b) μ =0.3 

6. Conclusions

In this paper, after deriving the time histories of temperature from transient heat transfer 

problems, stress wave propagation in FG nanocomposite sandwich plates reinforced with CNT 

clusters were investigated using TSDT and a mesh-free method. The temperature-dependent 

material properties of nanocomposite were predicated by Eshelby-Mori-Tanaka’s approach. 

The effects of CNT distribution, cluster size and volume fraction as well as thermal load on the 

thermoelastic dynamic behavior of the nanocomposite sandwich plates were examined. Our 

findings included:

 Temperatures at nanocomposite face sheets with lower n or higher CNT volume 

fractions were closer to their outer surface temperatures.

 Increasing CNT volume fraction reduced the required time for stationary condition.
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 The effect of CNT distribution on the thermal behavior of nanocomposite plates were 

much higher than nanocomposite sandwich plates with the same thickness.

 The values of normal stresses were much higher than those of shear stresses in the 

sandwich plates subjected to thermo-mechanical loads.

 Increasing CNT volume fraction and/or cluster size reduced the amplitudes and 

increased the speeds of wave propagations.

 Rising environment temperature and/or increasing n, increase the amplitudes and reduce 

the speeds of wave propagations.

 The effect of CNT cluster size was much higher than CNT volume fraction on 

thermoelastic dynamic behavior.
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was observed that increasing the number of nodes in each direction from 5 to 17 led to more 

accurate dynamic results such that the use of 17×17 node arrangement provided a very good 

agreement with results reported in literature. In addition, the increase of node numbers from 

9 to 17 had an insignificant effect on the accuracy of results. Please see the description of Fig. 

3 in page 13. 

5. The results of meshless methods depend on the solution parameters such as the size of 

subdomains, support domains. There is no information about the meshless discretization of 

the problem.

Response:
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As mentioned in the response of third comment, we have utilized 15×15 node arrangement 

and 14×14 background cells with 4 Gauss points in each cell for the integration of local mass 

and stiffness matrices has been adopted.

This point was added to the revised manuscript. Please see page 14.

6. Which method is used for time integration of the discretized equations? Please explain more 

about the method and the chosen time step Dt.

Response:

We utilized Newmark (central difference) method for the solution of the discretized equations 

(Eq. 29). In this method, time step dt must be lower than the critical value which is equal to 

. Here  is the maximum value of natural frequencies. Meanwhile, 2 1 2
max( 4)

cr
dt dt    max
the accuracy of the utilized Newmark (central difference) method is in the order of dt2. We 

added the use of this method in the revised manuscript. Please see page 10.

7. It seems that the third equation of (1) must be written as fr=(1-(2z+h)/(2hf))n f(r-max)

Response:

Thank you for pointing out this mistake. We have corrected it in the revised manuscript.

8. According to equation 1, fr(h/2-hf)=fr(-h/2+hf)=0, although this distribution has not problem, 

but it is not general and limited volume fraction of one side of the interface to zero.

Response:

We wish to thank the reviewer for raising this point. We proposed Eq. 1 to show a continuous 

variation of material properties from neat polymeric core to FG nanocomposite face sheets. 

Moreover, in sandwich plates with UD nanocomposite face sheets, CNT volume fractions at 

inner faces are not zero. 

The justification of proposing Eq. 1 has been added to the article. Please see pages 4-5.

9. The presented numerical results are not sufficient and more figures tables can be added to the 

numerical results to show the impact of the work and give deep sense about the physical 

behavior of plate.

Response:

Thank you for this point. By adding Figs. 10a and 10b, we also investigated the effects of 

CNT cluster formation on the dynamic behavior of the proposed structures as well as the 
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differences between the dynamic behavior of plates and sandwich plates. Please see pages 18-

19.

10. What is the nature of fluctuations in the results? Please interpret the fluctuations. Do the 

fluctuations have physical nature or they are numerical fluctuations.

Response:

The authors thank the reviewer for raising this important point. 

As shown in Figs. 7-9, fluctuations were only appeared in the time histories of in-plane 

stresses of sandwich plates which were under both mechanical and thermal loads. The most 

important reason could be the constant values of thermal strain (Eq. 17) in all cycles. However, 

numerical issues could be another reason for these fluctuations. 

The authors wish to reiterate their gratitude to the reviewers for their insightful comments and 

taking time to carefully review our work. We feel that they have helped us improve the quality and 

content of our manuscript.

Sincerely yours,

Fulei Chu

PhD (Southampton)

Professor of Mechanical Engineering

Tsinghua University
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