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Abstract

This work is devoted to development of measurement of weber--ampere characteristic of electric devices
consisting of a magnetic core and a coil. In this method the coil of electric device is energized with sinusoidal
voltage of known amplitude and frequency, and harmonic amplitudes of passing current are measured. On the
basis of these data the inverse problem of harmonic balance is solved and the approximation coefficients of the
equation describing the required weber--ampere characteristic are determined. The influence of the degree of
approximating expression on measurement error is studied. The obtained results have demonstrated possibility of
application of the proposed method to measurements of weber--ampere characteristics of electric devices. The
measurement error of weber--ampere characteristic does not exceed 3 %.

Keywords: weber — ampere characteristic, electric device, measurement methods, harmonic balance, weber -
ampere characteristic of operating cycle

1. Introduction

The miniaturization trend and attempts to decrease materials consumption of up-to-date electric devices present
increased requirements to quality of their individual elements, which can be estimated on the basis of their
mechanical, electrical and magnetic properties. Each of the aforementioned groups of indices require for application
of dedicated methods and tools of testing of electric devices. This situation promotes searching for integral indices
of operation of electric devices, which can provide conclusions about quality of separate parts and operational
characteristics of overall product.

All electric devices (electric magnets, electromagnetic relays, motors) include moving and static parts of
magnetic core and at least one operating coil (Korotyeyev, Zhuikov, Kasperek, 2010). Within operation of an
electric device current flows through operating coil, working magnetic flow is generated in the static part of
magnetic core, put in motion its moving part. The value of magnetic flow is determined by design and mutual
position of part of magnetic core and operating coil, as well as the number of turns in operating coil and flowing
current. Within operating cycle of electric device the moving part of magnetic core travels with regard to the
static part, which also varies magnetic flow. All this suggests that the integral characteristic, providing
information not only about operating parameters of electric device but also about quality of its individual parts,
is weber - ampere characteristic of operating cycle. Weber--ampere characteristic of operating cycle is the magnetic
flow passing through operating coil of electric device as a function of current flowing via the coil. Herewith, the
moving part pf magnetic core of electric device executes typical operating movement. In order to obtain
weber--ampere characteristic of an electric device it is necessary to apply external varying magnetic field to
magnetic core and to measure magnetic flow in its cross section by means of special sensor (Singh, 2003; ASTM
International, 1970; Kiefer, 1969). In order to obtain weber--ampere characteristic of operating cycle electric
device in assembly is tested, thus, it is impossible to use sensors of magnetic field.

Now let us consider measurement tools of weber--ampere characteristic, where the source of internal magnetic field
is the coil of electric device, and the flow is determined indirectly.

For instance, substitution method, where the circuit of sinusoidal voltage source is alternatively connected either
with the coil applied on magnetic core of tested electric device, or known variable inductance L, and
non-reactive resistance 7. In addition, ammeter and variable inductance L and capacitor C are connected in series
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with the circuit of sinusoidal voltage source. Initially, with known value of output voltage U of the sinusoidal
voltage source it is connected with the coil of tested electric device and by means of variable inductance L and
capacitor C, the circuit is adjusted to resonance which is detected by maximum value of current / in magnetizing
circuit. Then the circuit, instead of winding of tested device, is connected with known variable inductance L,and
non-reactive resistance » and by means thereof the circuit is again adjusted to resonance. Herewith, by variation
of non-reactive resistance 7 the same value of current / in the circuit is obtained (the values L and C are not
modified). Within resonance the inductance of winding L,, applied to the tested device, equals to know variable
inductance L,. When it is known, inductance B or flow of magnetic field @ in the tested device are calculated as
follows:

_Lo'l'\/i
4w

) (1

where / is the current measured by ammeter, w is the number of coils of the tested device.

Another values of output voltage of the sinusoidal voltage source U are set, and measuring the values of current /
in magnetizing circuit the magnetic flow @ is calculated, thus obtaining the required number of points of
weber--ampere characteristic.

A drawback of this method is that acceptable accuracy is provided only with sinusoidal variation of magnetizing
current, in the region of small magnetic fields, and within saturation of the tested device, when current becomes
non-sinusoidal, the calculation by Eq. (1) results in high error.

Another method of measurement of weber--ampere characteristic of electric device involves connection of the
coil of electric device to the sinusoidal voltage source, then the voltage and current are measured on the coil of
electric device, and the coordinates of weber--ampere characteristic are calculated as the integral of difference
between the voltage supplied to the coil of electric device and voltage drop at its active resistance:

1
®= j (U-IR)dt 2)

where U'is the voltage at the output of sinusoidal voltage source, / is the current flowing through the coil of
electric device; R is the active component of circuit resistance of coil of electric device; & is the coefficient
determined by the number of windings of coil of electric device, length of median line and surface area of
transversal cross section of magnetic core of electric device. The active component of resistance R of coil of
electric device, including the active portion of resistance of the coil of electric device, resistance of current
instrument shunt and output resistance of sinusoidal voltage source are preliminary detected and then applied as
a constant within calculation of magnetic flow, however, during the measurements as a consequence of current
passing through the coil of electric device it is heated and its active resistance R increases. Hence, Eq. (2) works
incorrectly, which adds significant and accumulating within integration error to the measurements.

A drawback of the method is that it is based on integration, and the coil active resistance varies within its heating.
The necessity to eliminate these factors initiated several works, which more or less successfully solve this
problem Roller, 2012; Sakhavova , Shirokov, and Yanvarev, 2013).

Application of the existing methods for measurement of weber--ampere characteristic of operating cycle of
electric device has some drawbacks, thus, it is required to develop a method for measurement of weber--ampere
characteristic of operating cycle of electric device with sufficient accuracy and without the aforementioned
drawbacks.

2. Methodology
2.1 The Essence of Harmonic Balance

The problems of harmonic balance are applied for investigation into various non-linear circuits (Bessonov, 1978;
Song Xing, Suting Chen, Zhanming Wei, Jingming Xia, 2013). Direct problem of harmonic balance consists of
determination of shape of current passing through non-linear element at its known volt--ampere characteristic,
amplitude and shape of feeding voltage. The essence of the method is based on decomposition of periodical
functions of voltage applied to non-linear element and current flowing through it into Fourier series. In general
case the unknown variables in non-linear electric circuit are non-sinusoidal and contain infinite spectrum of
harmonics. The expected solution can be presented as the sum of main and several higher harmonics.
Substituting this sum into non-linear differential equation compiled for the required variable and setting equal
the coefficients preceding harmonics in the obtained expression (sinusoidal and non-sinusoidal functions) of the
equal frequencies in its left- and right-hand sides, we obtain a set of n algebraic equations, where # is the number
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of considered harmonics. Solving the set of equations we obtain the unknown variables. The developed method
is based on inverse problem of harmonic balance, which consists of determination of unknown volt--ampere
characteristic and non-linear element qith known shape of current flowing through it, shape and amplitude of
feeding voltage.

2.2 Computation Algorithm of Direct and Inverse Problems of Harmonic Balance

Let us consider solution of direct problem of harmonic balance for the case of non-linear circuit consisting orf
sinusoidal voltage source and non-linear resistance (Figure 1).

()= fF(UR)LZ())

uft )=U_smf et ) |::| Z(ih= f‘k“im

Mowl

Figure 1. Schematic presentation of problems of harmonic balance

Solution of direct problem of harmonic balance includes the following steps:

1. Equations of circuit (Figure 1) are written for instant values.

u(r) =i(t)- Z(@), 3)
where u(t)=U, sin(wt), i(¢) are the instant values of voltage and current; Z(i) is the total resistance, U, is the
voltage amplitude, @ is the angular frequency.

2. Expression of analytic approximation of non-linear dependence of total resistance of non-linear element on
current is written:

Z()= Y™ @
m=0

where k,,+; are the coefficients of approximating expression.

3. On the basis of preliminary analysis of circuit and non-linear characteristic (4) the equation of required value
in the form of finite Fourier series is set (Tolstov, 2012) with unknown at this stage amplitudes of current
harmonics /15,4, :

i(£) = 3 Ly sin (2m+ ), )

m=0
where I,,.+; are the amplitudes of current harmonics. Equation (5) contains no even harmonics of current and
components of cosine portion of decomposition into Fourier series due to symmetry of voltage--ampere
characteristic with regard to origin of coordinates.

4. Equations (4) and (5) are substituted into equation of circuit (3), trigonometric transformations are carried out
(Lopez, 1994) and the terms in the obtained equations are grouped according to numbers of harmonics:

U, sin(ot) =Dk, (1,,,.,, sin ((2m + 1)t ))**! DL, sin(2m+ot). (6)

m=0 m=0
A set of non-linear equations is compiled by substitution of various arguments (of) into Eq. (6). The obtained
set of equations is solved with regard to unknown amplitudes of current harmonics /5,,+; .

In certain cases it is necessary to determine not the current shape but analytic approximation of non-linear
dependence of total resistance of non-linear element on current, then we apply the solution of inverse problem of
harmonic balance. It differs in that the coefficients k,,.;in Eq. (4) are unknown, and the amplitudes of current
harmonics /,,,+; are known. therefore, the set compiled of Eq. (6) is solved with regard to k-,
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2.3 Application of Inverse Problem of Harmonic Balance for Determination of Weber--Ampere Characteristic of
Electric Device

Solution of direct problem of harmonic balance makes it possible to determine the shape of current i(¢), flowing
through the coil of electric device, given in the form of non-linear inductance (Enns, McGuire, 2000; Enns, 2010)
by means of decomposition into Fourier series:

i)=Y 1y sin (2m+ Do), )

where /11y is the amplitude of the (2m+1)-th current harmonic. Herewith, the shape and amplitude U, of
voltage applied to non-linear inductance are known:

u(t)=U sin(ax), (®)
as well as weber--ampere characteristic of non-linear inductance set by approximating equation:

D)= kg (€)

m=0
where @ is the value of magnetic flow through non-linear inductance, k.1, are the coefficients of
approximating expression of weber--ampere characteristic, m=(0,n) , (n+1) is the number of components in the
approximating expression, i is the current intensity through non-linear inductance.

The inverse problem of harmonic balance for determination of weber--ampere characteristic of electric device is
formed as follows. There exists non-linear inductance with unknown weber--ampere characteristic, the
regularities of variation of voltage (8) applied to non-linear inductance and flowing through it current (7) are
known. It is required to determine the coefficients k., of approximating expression of weber--ampere
characteristic (9).

Now let us write the equation of circuit with non-linear inductance involving active resistance R:
.. dd
u(t)=Ri+— .
dt
Let us rewrite it with consideration for known regularities of variation of current (7) and voltage (8):

d Y koo, (L gy sin(@m+ 1)) ™!

Usina=RY_ I, ., sin(2Qm+1)ot)+—2= - (10)
m=0

On the basis of known degree (2n+1) of approximating expression of weber--ampere characteristic we set the
(n+1) value of sine function argument in Eq. (10). The argument value is taken from the interval ]0;m/2].

Therefore, we obtain a set of (n+1) linear equations. The obtained set of equations contains known voltage
amplitude U, amplitudes of current harmonics /5,+1), values of active resistance R and circular frequency of
flowing current ®, since these parameters of circuit with non-linear inductance can be measured within testing of
electric devices. Solving this set of equation we obtain coefficients kp,:1y of Eq. (9) approximating
weber--ampere characteristic.

3. Results Discussion
3.1 Simulation Experiment

In order to implement the model it was necessary to perform certain requirements to the applied package of
general-circuit simulation: possibility to set the required weber--ampere characteristic by points, plotting of
spectra of periodic functions (current spectra), possibility of step-by-step reproduction of circuit, plotting of
several function in one plot. All aforementioned requirements are satisfied by the MicroCap simulator (Vester,
2009; Amelina, Amelin, 2007).

A peculiar feature of numerous electric devices is the existence of non-magnetic gap in their magnetic cores. The
model includes weber--ampere characteristic of magnetic core of material 3100V, for which two variants of
non-magnetic gap are preset: 0.4 mm and 0.9 mm, which leads to various slopes of weber--ampere characteristic.

The model of electric device contains connected in series non-linear inductance with 95 windings and active
resistance R of 0.15 Q and 0.1 Q for the aforementioned non-magnetic gaps, respectively. The electric device is
connected to sinusoidal voltage source with frequency of 50 Hz and amplitude U,of 1.65 V and 1.7 V for the
aforementioned non-magnetic gaps, respectively.
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Figure 2 illustrates the currents of B coils of electric device with selected non-magnetic gaps.
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Figure 2. Currents in the coils of electric device

In Figure 2 the currents flowing through the coil of electric device are of non-sinusoidal shape, which can be
attribute to the existence of non-linear element in the circuit.

Figures 3 and 4 illustrates the current spectra for selected non-magnetic gaps.
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Figure 4. Current spectrum for non-magnetic gap of 0.9 mm
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In Figs. 3 and 4 it can be seen that in addition to the first harmonic it is possible to determine higher harmonics
from the first to the thirteenth ones. Herewith, the harmonics of current flowing through electric device with the
gap of 0.9 mm have higher amplitude than the those through electric device with the gap of 0.4 mm.

Determination of calculated weber--ampere characteristics is carried out by means of the proposed method on
the basis of solution of inverse problem of harmonic balance, the results are illustrate din Figure 5, and the
number of considered harmonics is given in parenthesis.

examplary — —(1-3) =-=--- (1-11)

Figure 5. Weber--ampere characteristics of u electric device at preset values of magnetic core gap

3.2 Full-Scale Experiment

Now let us demonstrate the principle of determination of weber--ampere characteristic of electric device on the
basis of full-scale experiment. The following electric devices were tested: AC electromagnetic realy RPU-1,
asynchronous electric motor KD 1 — 2, and toroidal transformer STT - 12A.

The specifications of RPU-1 are as follows:
Operating coil has 5000 windings;
Coil-winding wire: PEV —2;
Dimensions (mm): 69x70x37.3;
Weight (kg): 0.25.
The specifications of asynchronous electric motor KD 1 — 2 are as follows:
Supply voltage (V): 127 ;
Operating coil has 3200 windings;
Coil-winding wire: PEV - 2
Power consumption (W): 13;

Dimensions (mm): 4x74x67.5;
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Weight (kg): 0.6.

The specifications of toroidal transformer STT - 12A are as follows:

Outer diameter (mm): 75;

Inner diameter (mm): 40;

Grade of magnetic core steel: E320;
Coil-winding wire: PEV —2;
Operating coil has 750 windings;
Weight (kg): 1.1.

The experiments were performed with the following equipment: laboratory autotransformer Wusley TDGC 8A,
two Fluke 289 RMS multimeters, Tektronix 2024b digital oscillograph, PC with the following characteristics:

Wausley TDGC autotransformer:
Power (kW): 2;
Input voltage (V): 220;
Output voltage (V): 0 —260;
Fluke 289 RMS multimeter:
Basic error (%): 0.025;
Voltage measurement range: 1 pV — 1000 V;
Current measurement range: 10 nA— 10 A;
Resistance measurement range: 0.01  — 500 MQ;
Memory: 10000 counts;
USB interface;
Tektronix 2024b digital oscillograph:
Transmission range (MHz): 200;
Memory per channel: 2500 samples;
Maximum discretization frequency: 2 GHz;
Maximum input voltage: 300 V;
Input impedance: 1 MQ;
Number of channels: 4;
Fast Fourier transform;
USB interface;
Memory: 4 oscillograms.

Flowchart of the assembly is illustrated in Figure 6.

Sinusoidal voltage of preset amplitude is supplied from the output of laboratory autotransformer L to electric
device, which is measured by means of multimeter M. Shunt R, is connected in series with the coil of electric
device. Current shape and harmonics are measured by means of digital oscillograph O. The data acquired by the
oscillograph and multimeter are transferred to personal computer PC, in order to compute weber--ampere

characteristic of electric device.
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R, o
1

Figure 6. Flowchart of the experimental assembly

PC

Ale

Reference weber--ampere characteristics of electric devices were measured by the ammeter--voltmeter method
(Komarov, Pokrovskii, Sergeev, and Shikhin, 1984). Measuring coils are applied onto the magnetic cores of
electric devices. A coil of electric device is connected to sinusoidal voltage source: laboratory autotransformer.
Voltage at the measuring coil and current in the circuit of coil and electric device are measured by multimeters.
The obtained results are applied for plotting of weber--ampere characteristic of electric device.

The obtained weber--ampere characteristics of electric devices ®,(/,), normalized by the values of maximum
voltage on the measuring coil and maximum current in the coil of electric devices are illustrated in Figure 7.

electromagnetic relay ~ ==-=-- electric motor ~ — — transformer

Figure 7. Reference normalized weber--ampere characteristics of electric devices

Calculated weber--ampere characteristics of electric devices are determined by the proposed method based on
the solution of inverse problem of harmonic balance. With this aim the amplitude and frequency of the applied
voltage, active resistance of coils of electric devices, and the amplitudes of current harmonics in the form of
spectrograms are measured.

The results are summarized in Table 1.
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Table 1. Results of preliminary measurements

Parameter U, B R, Om I, A L, A Is,A I, A Iy, A
Electromagnetic relay 260 488 0.49 0.012 0.00049  0.00042  0.00005
Electric motor 97 64.5 1.47 0.092 0.0018 0.0014  0.00015
Transformer 200 512 0.38 0.004 0.00038  0.00004 0.000039

Figure 8 illustrates the shapes of current in coils of electric devices.

electromagnetic relay

----- electric motor — — transformer

Figure 8. Shapes of current within testing of electric devices

In Figure 8 it can be seen that the current flowing through the coils of electric devices is of various degree of
unsinusoidality. The shape of current of toroidal transformer has the highest distortion.

Figures 9--11 illustrate spectrograms of currents in coils of electric devices. The calculations are based on the
current harmonics with attenuation not higher than 40 dB.
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Figure 9. Current spectrum within testing of electromagnetic relay
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Figure 10. Current spectrum within testing of electric motor
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Figure 11. Current spectrum within testing of transformer

The obtained results with the use of the first and the third and from the first to the ninth current harmonics are
illustrated in Figs. 12--16.

dn

1
0.8
0.6
0.4

0.2

exemplary — —1,3 ===-- 1,3,5,7,9

Figure 12. Weber--ampere characteristic of electric motor
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exemplary — —1,3 ===-- 1,3,5,7,9

Figure 13. Weber--ampere characteristic of toroidal transformer

exemplary — — 1,3 ==--- 1,3,5,7,9

Figure 14. Weber--ampere characteristic of electromagnetic relay

In order to analyze the obtained results it is necessary to calculate the error of determination of weber--ampere
characteristics of electric devices. The method of detection of this error (Antonov, Petrov, and Shchelkin,1986;
Golt, 2008) is illustrated in Figure 15.
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D)

(1)
AD

Figure 15. Method of detection of measurement error of weber--ampere characteristic of electric device

A set of points for calculation of the error is determined in reference weber--ampere characteristic @ (/). Then
perpendicular is plotted from the reference weber--ampere characteristic ®;(/) to the obtained weber--ampere
characteristic ®,(/), absolute errors for magnetic flow @® and current / are determined as projections to
appropriate axes. Estimated relative errors of determination of weber--ampere characteristic ®(/) for current /
and flow @, as well as total error are determined as follows:
Al AD
0, =—, Oy,=—, 0=46"+6,
()
The results of calculation of measurement error of weber--ampere characteristic of electric device with different

non-magnetic gaps: 0.4 mm (weber-- ampere characteristic 1) and 0.9 mm (weber-- ampere characteristic 2),
obtained by various number of current harmonics are summarized in Table 2.

Table 2. Errors of determination of weber--ampere characteristics of electric devices with non-magnetic gap

Maximum considered current harmonic 3 5 7 9 11 13
weber--ampere o; 5.3 2.8 1.3 1.4 1.1 09

S characteristic, gap 0.4 S0 4.5 2.4 2.8 2.4 2.1 1.8
o mm ) 7.0 3.7 3.1 2.8 2.4 2.0
E] weber--ampere o; 6.2 5.9 5.6 4.8 4.3 4.1
characteristic, gap 0.9 mm S0 2.1 1.3 0.9 0.9 0.8 0.8

’ ) ) 6.5 6.0 5.7 4.9 4.4 4.2

Table 2 summarizes the results of measurement error of weber--ampere characteristics of electric devices in
full-scale experiment.

Table 3. Errors of determination of weber--ampere characteristics of electric devices

Maximum considered

. Electric motor Transformer Electromagnetic relay
current harmonic
o, 21 9 18
° 3 do 14 7 12
o 1) 25 11 22
£ 8 2.5 2.1 1.2
= 9 do 1.8 1.5 0.9
) 3.1 2.6 1.5

In Table 3 it can be secen that the use of the first and the third current harmonics provides deviation from
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reference characteristic in overall interval of the weber--ampere characteristics, and the use of the current
harmonics from the first to the ninth makes it possible to achieve acceptable accuracy of det3ermination of
weber--ampere characteristics of electric devices.

The obtained results demonstrate that the successful application of the method considerably depends on correct
selection of the number of harmonics. In order to determine the required number of current harmonics involved
in the calculation of coefficients k,, of approximating equation of weber--ampere characteristic (9) we apply the
known approach (Lvovsky, 1988; Mason, Mukhopadhyay & Jayasundera, 2013; Freund, Mohr, Wilson, 2010).

Successively increasing the number of current harmonics we control the variation of residual dispersion:

S (@,-B,)
2 — i=1

n—qg-1
where n is the number of points, where the compared reference values of flow 5, and calculated @, were
measured, ¢ is the number of the used current harmonics.

Termination of addition of current harmonics was determined by verification of hypothesis about the absence of
difference between residual dispersions S7_. With this aim the Fischer criterion was applied, according to which

the calculated Fischer criterion is determined as follows:

Fy =
res(j+1)

and then is compared with the critical value of Fischer criterion for the following number of degrees of freedom
fi=n-L f,=n—q-1.
When the condition F, < F,_ is satisfied, the addition of current harmonics terminates.

§

The results of determination of the required number of current harmonics at confidence level o = 5 % are
summarized in Table 4.

Table 4. Determination of number of current harmonics

Parameter 2p+1 S2. p h f F, F,

3 0.091 2 18 16 ; -

weber - amoere 5 0.022 3 18 15 4.09 2.39
amp 7 0.0081 4 18 14 2.75 2.44
characteristic, gap 9 0.0031 5 18 13 2.67 2.51
0.4 mm 11 0.0012 6 18 12 3.00 2.6
13 0.00072 7 18 1 1.43 271

weber - ambere 3 0.063 2 18 16 ; -
amp 5 0.021 3 18 15 3.00 2.39
characteristic, gap 7 0.0084 4 18 14 2.50 2.44
0.9 mm 9 0.0058 5 18 13 1.45 2.51

From Table 4 it follows that for the first weber--ampere characteristic it is required to apply from the first to the
eleventh odd current harmonics, and for the second weber--ampere characteristic from the first to the seventh
harmonics.

5. Conclusions

The work analyzes known methods of measurements of weber--ampere characteristic of electric devices, their
unsuitability for determination of weber--ampere characteristic of operating cycle is revealed. In order to obtain
the set purpose it is proposed to apply solution of inverse problem of harmonic balance. Mathematical analysis
of solution of inverse problem of harmonic analysis has been performed, simulation and full-scale experiments
have been carried out using mathematical model of the Micro-Cap simulator and three types of electric devices
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(electromagnetic relay, electric motor, and toroidal-core transformer). The experimental results make it possible
to state that the proposed method of measurement of weber--ampere characteristic based on the solution of
inverse problem of harmonic balance facilitates obtaining of characteristic of electric device with the error not
exceeding 3 %. This method can be applied for testing of electric devices both within their fabrication and
operation.
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