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Ddcmil]ing Finite Volurnc Ekmcnts

for the 2D Na\-icr-Stoluxi Eqlmtions

lkmA,JmeY “ and Ihlriss S, Titim’t

Ahtrmt

\f’cconsklmtlwtiV Navicr-SLokes wlllatirJnnoll asqunre with pP-

riodic boundary conditions, Dividing the equare into ,%’ qunl sul)-

qunrrn, we show llml if the mynlptotic IAavior of the avorngc of

SOIIII km on LIWSP sulmquarmr (linite VOIUHWl’lmlwnts) is known, I hrm

1111~Inrg(* I illlp twhnvior of I IW nolulim itrwlf is roIIIl)lclrly dd.rrlllind,

providm] .V in Imrgr rIIOUglI, \\’v Rlrw rwlnblimhn rigormn ulqwr hound

fr)r ,Y mmlml to (Irtmnlinr t IW nolutionn to tlw NnvimShkon oqunt.irm

in lc!rnm of [ Iw pllynirnl prwhmhwrr of I IMI prrddfm.

....— . —-—

‘ I)l”lmrl Imwl of hlnllmmnlltnl I!nivr.rnil,yuf ( “nliforuim,Irvinr, ( ‘nlibrnin ‘12717.

t j!iIlhl-llln!ll.i’ll Sl,ltqll(lmR lllnli[lll@, ( ‘I)rlldl l:lllVlirMllV, Ilhnl’n, ~}’ lrlm?l~l
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1 Introduction

II is w’vll QSlill)1i5hNl that the long tin)c behavior of solutions to tile Xavier-S tokos hl(lIIiI-

Iiolls ( XSE). in l)oundcd domains, has a finite Ilunlhr of dfqwfs 0/ JrfdoIn. Scvoral

(Ic[ailml rigorous sludim support this assertion. I)or ex~llllplc, it is kllowrl tllilt Illc l)L’llirv-

ior as t — K of the solutions to tllc NSL is complctc!y determined by the Ijvllavior of tllvir

projection on Ille space SpaIIIId by the first In cigonfl:nctiom of the lillcmr Slobs ol)crillor.

for m sufliciclltly I;lrge, \lore precisely, if tll(? asymptotic ljclla~’ior of I lIc first rlt Itloflvs

of llvo solutions agree, Illen the Clllire solulions agrcw as t - m, [10]. ‘1’IIQ Correspon(ling

[I1O(!I?S iire ~il]ld d(’/CHni/lill$J I)lodpt$. ( )flSd dCIll~ t]l(?SC linCS S(U? [~.t] for a S]ightl~ w’~akpr

result. ) I. Jter, ill [9] an upper bound was establislld of the order fJ’( 1 + log(J) l/2 for

the uulllber of clcternlihillg rtlodes, wllcre G, the Gragllof ni~l~ll)~r, is t hc allaloguc~ of t 1117

RiIy IIol(ls numhr (sw section 2 I)(’low), It is also known that the Iargc tilnr l)ell:ivi~)r of

sollltious is de(crrllillc(l I)y t!ieir values ot] a cliscrclc ,wt of points [11], hlorc spccilical]y, if

I\VO st)lrltiol) 01”t]lt! NSE qgr{w OD a sufficicl]tly dense ( finite) set of poil~ts. ~illl(t(l a sot t)f

fif Ifrrrtillirlfj lIof/r,v, a!+ / - w, t]l(~n (Ilvy agrw Gv[lryw]lero ilS lirllc goos 10 irllillity. I,;ltttr

ill [23] it Was fourld llIal all upper lJ~JutId for t 110 [Iutlll)(’r of detvrtlli[lillg 110(IW4 is of III(I

tjr{lcr fi’( I + ]ogfJ’), hlormvor, it i!i WPII ~IIOWII thal 111(1N$E l)osswis ik rt)tlllmct KIOIHL]

21! rnrtor, ‘1’1111I)wt knowrl upppr imund for its l“rltClill w WPII RR ilti llfidOrfr (litll(’ll~iorr

is ()(’ I.110 l)r[lur (;ii:l( I + Iogf;)li:’, givt~n ill [J]. Nlorv rvrontl,v, it I):is IWII sll~m’lr [22]

Illnl l!lt~ SS1’~ llil~ nrl i~lfrli(ll /01’! 11, ‘1’IIAL is, !IIO Iiirgo.lirrlv 1)(’llilvior of I II(I N~lvi~lr-St~~klw

l}{ll)illil)l~s is f,ollll)lf,t(,ly {Iohf,rill{ql I)y ii fil~i[o [lillli,[lsil~ll;ll systll[ll (If ()[)1’:s,



Thoso mults arc also important frolll a practical ljoint of view. Tho exist[~ll~{) of a

finite number of determining nlmlcs inlp~ics tl~at t]l~ ]Iigll nlo~c.s arc ellslavc(i, itl Imst

asynlptolicall.v, by the Iow’er nlorl(~s, T]IUS, OIIC rna~ s(~P~ l]Ie existence Or a glol)al function

which gives lllc high modes of vvcry soluliol] in ternls of I II(1 lower mmlPs, asymptotically

in time. Such a function has ken shown to exist far several intcrcstinfl partial difrmmliitt

quations (see . for cxanlpl~, [’2] awl the rekrcnccs thcroin), The graphs, iu phasr space.

of such functions arc called fnerlid .Uflnijdds (I, hl, ), In general, an I.\l, is a smool h ( l,ip-

schilz) finilc dimmional manifold which is positively invariant u.ider IIN [knv, and tvllirll

at tracts every bounded subset in phase space at an mponcntial rate [1 I]. It is clear that

if 1he inertial manifokl cxisls, then it contains the glot)al attractor. K’urlhw, 1lw rwlwl ion

of the PDE to (IIC I,hl. gives a tinito dimensional ODE called an inertial form. ‘1’bough III(I

cxistcncc of nn Lhl, for the NSE is ~till open. however, as nmntioned above, tho NSE A-m

havo an incrlial form. In any case, tlmc ideas hiivc Huggmtd new num~ririll whmm I Ililt

lllil~ ho appropriate’ for approximating the glol)al attractor. far vxaIIlplc, they have Iwd

to tl:r inl roduclion of (~fqm~rinmlr inrrfid matli~dds nnd assmiatd wdinfflr (idrrkirt

m Ihwh [5], [(i], [N], [12], [’20], [27], [M], [34], and tlio rofm’nco.q thmdn. A si,nihr in-

If’rprdiltion is pomihlo for l!w ddmnining nmlw. IIdml, in raw lho PI)E Im alI I.\!,

il llilN lWOll HlloWll in [15] t 11111lhc imluml dynmnlicnl sylltvln of tllo nodd ValllwI of t 110

solutiom i~ ronjugnto (cquivdml ) 10 tlw dynamical sy~tom of tlw Pl)t,, In pnrtlruhr, it

ln;~,v ho pormihlo 10 Mprm, npl)roxinmldyt (IIC V;IIIIVH f~f tlw fidutitm Itt rvrluill p(dIIIH it)

terms I}( III(I vnlmw ;11otlmr poilit~ ( (IJ, [4], [ 1.5], [N], [:) I ], [32]). III oil Iwr riww I IIUMI roslllls

itlllirnlv Iilitt it IIIiI,V 1)0 ptmsilh’ ttj ili~pr(wv 1110nullu’rirhl silllulali(m (If llw ?iSl: for lfmK

Iitllv illlvrv:lls wilh(~ul. illrroilsillj( Iho uutlllwr [1( tIIIMl Iv4 lIs(~{l f)r ill(’rtvlhillg IIICI rowdlililm



of lhc computational grid.

In this piil)(’r wc invcs[igatc ano[hcr way to characterize the d,~grces of frrwdoln of

t])cSSE. and that is l]IC idea of D((crnlinil~g Finite I’rdurne Elemt nls, first intrmlucd

in [ 15], \\’c consider tlw ’223 XSE for a viscous illromprcssible fluid filling a square Q =

(0. L) x (O, L) with periodic boundary conditions imposed. The governing cquatirms are

\

~-vJu+(u I~)u+Vp=J in R2x(0, m)

T’. u= Oin WX(O, X)
t

U(rl, q,l) = U(rl, q+ L,/)

U(tl, q,t) = U(ZI + L,r2,1),
)

(1.1)

wlwro j = J(J, 1), lhc volume force, and u,

I)y u =- u(r, () the velocity vector. and p =

l’urthcr, wc assume that the integrals of u

have moan z~ro ill 0).

the kinematic viscosity, arc givvn. \Vr denote

p(z. t) the pressure which are th~ unknowns.

and J vanish on fl at all tinw (i. ~. u ad J

l\’P divide !1 into .Y equal fiquarcs of sidu 1 = L//Y, and Ial.d tile wluarw 1~.v



of order G’ for thC number of subsquares nccdcd for the finite volume elClll C1115 to hf’

determining.

Section -i is devoted to the large time behavior of solutions. It is shown that if the

I.whavior of the local averages of two solutions goes to zmo as time goes to infinity, for

su~lciently small subsquarea, then the two solutions agree everywhere as t - m. \\fe

also chow that the number of subsquares needed for the finito volume elements to be

determining, in this case. is of the order G 2. Notice that by using local averages instead

of point. wise values wc remove the logarithmic corrcwtion terms as found in the upper

hounds for the number of determining nodes ( rj. [23]). We remark that similar estimates

can be easily ohtairmd for the 3D NSE provided the latter has global strong solutions in

time, in particular, we know. in both the 2D as weil as the 3D cases, if iocal avcragm

of two stationary solutions agree on sufhientiy small subsquares, then the two soiutions

agree cvcrywilere in tlw domain,

In section .5 wc rxtmd our resuits to a reaction.dif’fwsion vquation. [n addition, we

show tilat the numi]er of dctcrrnining finilv volum(? Pimncnts is of tile same ordor as I iw

ditmmsion of t tic gioimi attractor in t hiti rasc.



2 hmctional setting and preliminary Results

\\fesot

v = {u : ~i b #?z, vector valued t rigonomctric polynomials

with period L, F’ . u = O. and J Udz = 0}.
n

Further, we set

If = the closure of V in (L2(Q))2,

1’ = the closure of V in (H1(Q))2,

where ]If(f)) (/ = 1,~ ,, , .) denote the usual L2-Sobolcv spaces. H is a I[ilbert spare

with the ihncr product and norm

(U, v)=
/

U(2) , V(x)dx, 14= (/ lu(+iz)”2,
n n

rrspcctivcly, and U(Z) I v(x) is the usual Euclidean scalar product, Thanks to the Poincar6

Lemma. 1’ is ills~ a Ililhert ~pace with inner product and norm



The XSE, ( 1.1), is cquiralent 10 the differential equation in N

du
~+v(ht+mt, u)=!, (~.1)

where from now OII J = f’f, and it is assumed that j satisfies J E Lx’((O, x): H). Tl)at is

Supf>o If( 1)1 < w. ( For details S(IP for example [1], [25] or [2!)], )

Let

F = Iimsup
(/ )

~ Ij(t, z)l%fz “2.
t-m

Following [9] we ddine the generalized Grashof number C’r as

F
Gr=—

L2F
~,”2 = ~“

The gcrmralizcd G rashof number will play an analogous role as the Reynolds number, and

will be our bifurcation paranletcr. In what follows all our cstimatm will be in terms of the

gcncralizcd G r~hof number. Notice that if ~ is time imlependcnt

number G = ##

I:or questions related to existence, uniqueness, and regularity

then Gr is the G rashof

of solutions the readm

is rcfcrrcd for instance to [1], [13], [17], [1!)], [21], [2.5], [29], and the references therein.

3 Stationary Solutions

11(’rt’ Wr nmumo thilt the forw, /, is time indopwd(mt find that fir = {; = lJ1/AIU2, If

(i’ is sullicionlly small tllpn tho dynan~irs of ( 1) i~ I rivial [U!), p,i’()], and in I his c;iso 1110

glolml al t rarlor crmsi~tfi of a uniqup r’xponmllially stiilh sl;ltiouary solut i(m, \\”O t IIrr(’f(m’

$’111)1)050 Illilt (1’ >> I , Ilmwwor. wv rw’;lll I Iml t Iwr o~ist~ VOIUIIIO f{~rrm 511(’11I 11:11I Ill’

(Iyll;ltllirs of I ho NSIII rotll;~ilw Irivi;ll imlop(’ndwll [)( ~; [’M],

7



Lemma 3.1 For ewry UI E D(.-l) WI

~(u’)= ,\y<xN /(w)QJ.
.-

trhcrr Cl = l!+

(3.1)

(3.2)

(3.3)

Proof. Applying the Poincard inequality to W(Z) gives (see the appendix)

After summing over the j’s wc obtain

IU)12 < L272(IU) + -&&l? (:1,4)

Now we interpolate in t his last equation, IIw112 ~ I wII.IuII, and apply Young’s illequa]it,y

to obtain (3,2), Equktion (3.3) is obtainrd in a similar fa~hion. To obtain (3,1 ) wr usr

AUllloll”s iwquality.

l:’,i 111Phound on rl

[lu~ll~ ~ r~llullA I(’I, and another application or Youngs”s illwlllillilyt

Sre[!l]n

(3.:))



( cJ, [l:. [29]). Differentiating this I=t expression with respect to w in the direction of u

wc Atain the useful identity

(D(u,u’),A w)+ (D(w, u). /luI)+(l3(uT, w), Au) = O

for all u, w E “D(.-l) (see [3]).

Theorem 3.2 Let u, L! be two statiunay solutions OJ thr 2ZI ,YSE satisfying

(u)~, = (u)~, Jor 1.< j < ,’V.

Thm u = v pmridd ;V ~ [(10+ 4fi)/%r]G.

Proof. Set u.’= u - LT. ‘I’hen w solves the equation

V,4W+ D(u, w)+ B(w, u) - L?(w,w) = 0.

Taking the inner product with Au’ and using (3.5) we obtain

UIAWIZ = -( D(W, W), AU).

L\’ow wc have the estimale

l(f3(w, uI), Au)l s @ul[m@lllAul (3,7)



It follows I.IuJI = O (i.e. u = v), provided

•1

4 Large Time Behavior

In this section we describe our results concerning the behavior for t - w of the solutions

to the NSE. if-e recall the following generalized version of G ronwall’s inequality, This

version was first used in [9] to estimate the number of modes needed to determine the

solutions to lhc NSE.

Lemma 4.1 Lcl a be a locally integmlde wal valued function on (O, m), satisfying lor

some O < T < w the rollou’ing condition~:

-1
t+T

li;ll $f ck(T)dr = ‘y >0t

I
t+T

lim sup ~-(r)dr= r < ~,f-m f

whrre 0- = max{ –a, 0]. Further, let @ be a IWl valued measumble function definrd on

(Ot x j such fhfd /j(t) - 0 as t goes to infinity. Suppose that ( is an abmlutcly mntintioua

-#< + ft( ~ J, (I.e. ofl (().=).

I o



Let u. v solve respectively the Navicr-Stokes equations

+ +1/..lu+ I?(u, u) = j

u(o) = UIJ,

ff[,
~+uAo+13(u, L’)=g

v(o)= 1’0,

where /,9 arc given forces in Lm(O, cc: H). Further, we suppose that lim~—~ If – gl = O.

Theorem 4.2 In addilion 10 the above assumpiionz suppse that

)lg((u)Q, - (V)*,) = o,

jkr 1< j <.7’. 1/ ;V ~ [(10+ .lJZ)2]2Gr2, then

~il}llu(”,l) - L“(”,l)[lLqfl] = O.

Proof. The proof is similar to the one given for the determining nodes in [23]. Jf’e

thcrcforc cml}r give a sketch here.

$2tw=Pl - U. Thee U) SOIVCSthe equation

d w
-J+ U.4W+ fl(u, lu)+fl(u’, u)- U(w, w)= j-o.

TiAing tho iuncr product of (2,1) with AuI and using Equationa (3.1), (3.5),(3.6), aml (3.7)



J(l) = c,mT(ll’)lllL’1 11.lul+ If - gll.-lu’l.

Using Llle fact that 1.4ul, I.-lul are bounded for ( > 1, [16], aml tlm assumptions on j. g

and u.r. w have that 3(I) -0 as t - X. Set

It iollows from n priori ml imatcs on the time average 0[ 1.-1UI (see [Z3] ), Ililrlli?ly,

for every T >0, that

/

t+T
Iim sup ct-(r)dr e cc,

f-m f

Similarly,

t+T
Iim inf 1

/l-~ ‘r ( ct(r)ffr >0

(-!.1)

(1.2)

holds ple .Jd ,Y ~ -lr2c’f G’r2. whorp c1 is as in l.~nlma 3.1. ‘1’hus Lomlua .10I ;Ipplicts

5 A Reaction-Diffusion Equation

( ‘t~lisi(lor on {1 = (0, 1,) x ((), /,) 1110two (Iilllollsion;ll ( ‘Il;lfm’-lnf;l nto wlll;lli[m

h. (IJU - l),li+l)~ll( l,r). fi(l, f)ll(l, r) =()
d f

u(O, ,r) = I~!)(~),

(:1,1)



where U(I. I ) E ~~ ml with periodic boundary conditions irnposcd, I[rrf’aflcl (i. 61. LJ. ( IC

rlcnom positive constants. For existence and ulliqucllcss of solutions to (.5. I ) We fi)r PX-

amph’ [ Is].

Theorem 6.1 Lcl u. LVsolve (5.1) be such that

Iiin ((u)~, - (L’)~, ) = !3.
l-xl

1:111I[u(., t) - 1’(”, t)ll~=(f]) = 0.
t-x



(“sing Equation (3.4) wc obtain

IJ LJIJl / lr~tl < 1, tlI( II dimA=U.

Pro(d’. Tt.1 SIIOW Ill@ IOWTI 1)01111(1 Iilwarizt’ I(lllill;oll (5.1 ) tibolll 1110 SIf’il(l} Stilll’ M)-

lutiGll u = 0. ‘1’lwII it ci}n IN shown Loro is a hyp(’rlmlir stfitionary Mdut ifm. and I Iw

.({g+!)’,,y,+l



I“llis illlp;ies Illill r; = 27/(2 + J2). \\”o Imvr also that

Remark 5.3 Sot ice t Ililt [lw Imunds for tlw Imwr dimension O( the at tractor. [ IW numlwr

of (Iolorlllilling fillitc~ VOIIIIII(* (dclll~n’ .111(1 1110 upper dilllcnsion of the at tractor are of t 110

S;IIIIC ord(~r as bl ),l/d - x.



6 Appendix

/

r

r(z)- l’(y)= 1“(:)(/:

u

over y and changing the order of integration onc finds

J
I

1(1’(Z)-(l’))= L“(:);(:)(/:,o

I: :~z
wllcrc ;(:) = and (1,) = } J; L,(r)dr. It follow after squaring boll, sides.

-- - 1:>1

Intcgrilting over r, and using llw C’auchy-Schwarz iquality that

To Olltilill III(’ two dimensional version h’t u(r,,f~) 6 (’~(flt~), Now apply tlw onr

dilncn~ionill vcrsirxr to u(zl, xz) holding rl fixed, Tlwn intogralo ovor r, to obtain
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