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1 Introduction

One of the most fundamental problems in optimization is that of maximizing
(or minimizing) a multivariate polynomial over the Euclidean ball or sphere.
Such a problem is certainly not foreign, as it captures the problem of find-
ing the spectral norm of a matrix, as well as the problem of deciding the
non—negativity of a homogeneous multivariate polynomial over the sphere, as
special cases (the latter is closely related to the classical Hilbert’s 17th prob-
lem in real algebraic geometry; see, e.g., [25,29,19]). More recently, sphere con-
strained polynomial optimization has also found applications in many different
areas of study. These include numerical multilinear algebra (see, e.g., [26,9,
10]), solid mechanics (see, e.g., [27,6]), signal processing (see, e.g., [15,20,31])
and combinatorics (see, e.g., [11]), just to name a few. Consequently, there has
been much research on the problem lately. From a computational complexity
perspective, the problem is already NP—hard in some very simple settings, such
as that of maximizing a cubic polynomial over the sphere [23] (see [13,8,9,21]
for related results). Many algorithms have been proposed to solve certain spe-
cial cases of the problem (see, e.g., [18,30,28,10]). However, almost all known
provable approximation guarantees are for problems that have a quadratic ob-
jective. In view of the above discussion, it is natural to ask whether one can
design efficient algorithms for a large class of sphere constrained polynomial
optimization problems with provable approximation guarantees.

As a first step towards answering that question, de Klerk et al. [14] con-
sidered the problem of optimizing a fixed degree even form (i.e., a homoge-
neous polynomial with only even exponents) over the sphere and designed
a polynomial-time approximation scheme (PTAS) for it. Later, Barvinok [1]
showed that the problem of optimizing a certain class of multivariate poly-
nomials over the sphere also admits a randomized PTAS. It should be noted
that the results of de Klerk et al. and Barvinok do not imply each other,
and they apply only when the polynomial objective function has some special
structure. The problem of optimizing a more general multivariate polynomial
over the Euclidean ball or sphere was not addressed until later, when Luo and
Zhang [22] designed the first polynomial-time approximation algorithm for op-
timizing a multivariate quartic polynomial over a region defined by quadratic
inequalities (which includes the Euclidean ball as a special case). Soon after-
wards, Ling et al. [21] designed polynomial-time approximation algorithms
for optimizing a biquadratic function over spheres. These results have set off a
flurry of research activities. In particular, He et al. [8,7] improved and extended
the results in [22] by designing polynomial-time approximation algorithms for
optimizing a multivariate polynomial or multilinear form over a region defined
by quadratic inequalities. On another front, Nie [24] obtained bounds on the
gap between the optimal value of a general polynomial optimization problem
and that of a certain SDP relaxation due to Lasserre [18]. However, Nie did
not discuss how to extract from the SDP relaxation a feasible solution to the
original problem and quantify the loss in objective value. Thus, the bounds
obtained by Nie are not approximation bounds in the usual sense.
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Although the aforementioned results do shed some light on the approxima-
bility of sphere constrained polynomial optimization problems, they are not
entirely satisfactory. On one hand, the approximation results developed in [14,
1] do not apply to general sphere constrained polynomial optimization prob-
lems. On the other hand, while the approximation bounds obtained in [22,21,
8] do apply to the general problem, the best among them is of order (1/ n)d/ -1
which is not known to be tight when d > 3 (here, n is the number of variables
and d is the degree of the polynomial). In fact, only fully polynomial-time
approximation schemes (FPTAS) have been ruled out for general sphere con-
strained, fixed degree polynomial optimization problems [13]. This raises the
obvious question of whether the bounds in [22,21,8] can be improved or not.

In this paper, we address the above issues and design polynomial-time
approximation algorithms for sphere constrained homogeneous degree—d poly-
nomial optimization problems, where d > 3 is assumed to be fixed. Our algo-
rithms are deterministic, which should be contrasted with the randomized algo-
rithms developed in [22,8,7]. Moreover, the approximation bounds we proved
have the form £2((logn/n)%?~1), which improves upon the bounds established
n [22,8]. Roughly speaking, our approach consists of two steps. First, we re-
late the objective value of our polynomial optimization problem to that of its
multilinear relaxation. Such an idea is fairly standard; see, e.g., [12,8]. Then,
we reduce the problem of maximizing a multilinear form over spheres to that
of maximizing a certain norm over the sphere, which, by standard duality
arguments, is equivalent to determining the Lo—diameter of a certain convex
body. The upshot of this reduction is that the latter problem can be tackled
using powerful results from the algorithmic theory of convex bodies [5,2]. We
remark that a similar reduction has already appeared in a work by Khot and
Naor [12], who used it to design a randomized polynomial-time approximation
algorithm for maximizing a trilinear form over binary constraints. However,
the approach we use for approximating the diameter is very different from
that of Khot and Naor. Instead of adopting the random sampling approach
described in [12], we follow the idea of Brieden et al. [2] and use certain poly-
topal approximation of the sphere to approximate the Lo—diameter. Under
this approach, it is still relatively straightforward to obtain an approximation
algorithm for maximizing a trilinear form over spheres. However, extending
this result to higher degree multilinear forms becomes much more challenging.
To achieve that goal, a natural idea is to apply our lower—degree results recur-
sively. Specifically, given a degree-d multilinear form F and any ' € R™, let
Ga1 (x!) be the value returned by our approximation algorithm when applied
to the degree—(d — 1) multilinear optimization problem

Ga-1(z") = max {F(z",2%,...,2%) : ||z'|s = 1 for i = 2,3,...,d}.

Clearly, if we can approximate the maximum value of G4_; over the sphere,
then we can approximate the maximum value of F' over spheres. One of the
main technical contributions of this paper is to show that under some mild
conditions, the function Gy_; defines a norm on R™ for each d > 3 (see
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Proposition 4). Consequently, the maximum value of the multilinear form F
over spheres can be approximated by the maximum value of the norm Gan
over the sphere, which by duality is equal to the Lo—diameter of the polar of the
unit ball of Gyq_1. In particular, we can apply our argument for the base case
to obtain an approximation algorithm for maximizing degree—d multilinear
forms over spheres. We remark that although our approach leads to a more
complicated construction than those in [12,22,8], it has the advantage that all
the resulting algorithms are deterministic.

To further demonstrate the power of our approach, we study the problem
of optimizing a multiquadratic form over spheres, which generalizes the sphere
constrained biquadratic optimization problem considered in [21]. We show that
our approach can be used to design a deterministic polynomial-time approx-
imation algorithm for the problem with a relative approximation guarantee
of 2((logn/n)?2~1). Tt should be noted that even in the case of biquadratic
optimization, our bound is sharper than that in [21].

The rest of the paper is organized as follows. In Section 2, we introduce
the notation that will be used throughout the paper. Then, in Section 3, we
study various sphere constrained polynomial optimization problems and de-
velop approximation algorithms for them. Finally, we end with some closing
remarks in Section 4.

2 Notation and Preliminaries

Our notation and definitions largely follow those in [16]. A tensor is a mul-
tidimensional array, and the order of a tensor is the number of dimensions.
Thus, for instance, a matrix is a tensor of order two. Let A = (a;,4y...5,) €
Rm™Mxn2xxnd he g tensor of order d. We say that A is non-zero if at least
one of its elements is non—zero, and is cubical if ny = ny = --- = ng. A cubi-
cal tensor is said to be super-symmetric if every element a;, ,...;, is invariant
under any permutation of the indices.

Now, let K and ji,...,jx be integers such that 1 < K <dand 1 < j; <
jo < --+ < jg < d. Furthermore, let 27 € R™«, where k = 1,..., K, be

id

given vectors. We use A(a’', 272, ... 27%) to denote the order—(d — K) tensor
that is obtained from the order—d tensor A = (a;,iy...;,) € RM*M2X XM by
“summing out” the indices ji,...,jx. For instance, if K = 2, j; = 2 and

jo = 4, then we have

na

2 4 4
A, )nmv@zd = Z Zamz T, T,

7,2 124 1

Given an order—d tensor A = (ajyiy...i,) € R™M*M2X X4 we can associate
with it a multilinear form F 4 : R™ x R" x ... x R™ — R via

1 E E 2 d
F_A (.T 7.7/' alllz ld 7,1 7,2 ”xid'

’Ll— Zd 1
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Furthermore, if A is super-symmetric with n; = no = --- = ng = n, then we
can associate with it a homogeneous degree—d polynomial f4 : R™ — R via

fA(‘T) :FA(I,JT,...,I) = Z Aijyjgiglig Lig =" Ty
1<iy,..,iqa<n

In fact, it is well known (see, e.g., [16]) that super-symmetric tensors are
bijectively related to homogeneous polynomials. We shall drop the subscript
A from Fy or f, if the meaning is clear from the context.

Now, let d > 3 be given. Let A = (a;,4,...i;) € R"* be an arbitrary non-—zero
super—symmetric tensor of order d, and let f : R® — R be the correspond-
ing homogeneous polynomial. In this paper, we are mainly interested in the
following sphere constrained homogeneous polynomial optimization problem:

7 = maximize fa(x)= Z @iyigigTiy Tiy - - Tiy
(HP) 1<iy,...,iqg<n

subject to  ||z|ls = 1.

Since problem (HP) is generally NP-hard, our goal is to design polynomial—
time approximation algorithms for it.

3 Sphere Constrained Homogeneous Polynomial Optimization

To begin, let us consider the following multilinear relazation of (HP):

o 1.2 d 1,2 d
maximize Fy (2", 27, ..., 2%) E QiyigvigTi, Ty " TG
(ML) 1<y, oyig<n

subject to ||zt =1 fori=1,...,d.

As observed in [8], one can relate the objective value of (HP) to that of (ML)
via the so—called polarization formula (see, e.g., [17]). Specifically, we have the
following proposition, whose proof can be found in [8, Lemma 3.5]:

Proposition 1 Let o', 22,..., 2% € R™ be arbitrary, and let &,&,...,&q be
i.i.d. Bernoulli random variables (i.e., Pr(§; = 1) = Pr(§ = —1) = 1/2 for
t=1,...,d). Then, we have

d d
E (Hfz) fA ijxj Zd!FA (ml,xQ,...,xd).
i=1 j=1

Armed with Proposition 1, it can be shown that the problem of approximating
(HP) reduces to that of approximating (ML). Specifically, we have the following
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Theorem 1 (He et al. [8]) Suppose there is a polynomial-time algorithm
g, that, given any instance of (ML), returns a feasible solution whose objec-
tive value is at least o € (0, 1] times the optimal value of (ML) (note that the
optimal value of (ML) is always non—negative). Then, there is a polynomial-
time algorithm <gp that, given any instance of (HP), returns a solution
Z € R™ with ||&]l2 =1 and

fa()
fal@)—v > a-d-d - (5-0w) for even d > 4, (2)

a-d-d %7 for odd d >3, (1)

v

where ¥ = Max|g|,=1 fa(z) and v = min,,=1 fa(x). Furthermore, if </pr
is deterministic, then so is @gp. The factor a in (1) (resp. (2)) is known as
the approximation ratio (resp. relative approximation ratio).

Thus, in the sequel, we may just focus on the problem (ML).

3.1 Sphere Constrained Multilinear Optimization

Let us first investigate the case where d = 3. Specifically, let A = (a;;i) €
R™1*"2XM3 he an arbitrary non—zero order—3 tensor, and assume without loss
of generality that 1 < n; < ns < ng. Consider the following optimization
problem:

nip n2 N3

Tmi(A,3) = maximize g E § aijkm}iﬂ?.’ﬂz

i=1 j=1 k=1
(3)

subject to ||zt |2 = |22 = [|23]]2 = 1,
{El c R"l,zl}2 c an,IS c R"3,

As shown in [8], problem (3) is still NP-hard. However, we can approximate it
in polynomial-time using an argument similar to that in Khot and Naor [12].
To begin, let

vl A(x )u

G, =

A all, =

max max
u€R"3:[|ul[2<1 llull2<1, [lvfl2<1

be the largest singular value of the ny x ng matrix A(z!). Clearly, we have

i (A, 3) = | AG@Y]], -

max
zleR™1:||zt||2<1

Observe that the function x +— ||z||4 = || A(z)||2 defines a semi-norm on R™.
However, in the context of problem (3), we may assume without loss that it
defines a norm on R™. To see this, consider the set £ = {x € R™ : ||z|| 4 = 0}.
Note that £ is the nullspace of the (ng X n3) X n; matrix A, where

Ay = aigr fori=1,...,n;;5=1,...,n5k=1,... n3. (4)
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As such, it is a linear subspace in R™. Moreover, since A is non-zero, we have

’Uml(A 3) 1<i<ng, 13]12}7(12,1<k< |aijk| > 0. (5)
This implies that any optimal solution (z!,z2,7%) € R™*12X13 to (3) must
satisfy z! € £+, where £ is the orthogonal complement of £ in R™*. Indeed,
suppose that Z' = y+z, where y € £+, 2z € £ and y, z # 0. Since Z' is feasible
for (3), we have ||y||3 + ||z[|3 = 1 by the Pythagoras theorem, which implies
that ||y|l2 < 1. Moreover, we have

ny n2 N3 niy N2 N3
—1 2
0 < Umi(A,3) E g E ik T; g g g aukyla: xk
1=1 j=1 k=1 =1 j=1 k=1

Now, consider the vector § = y/||y|l2 € R™'. By construction, (7,z2,7%) is a
feasible solution to (3), and

ni n2 ns3 niy n2 ns G l(A 3)
Zzzamk?jzx -Tk Zzzawkyzx l‘i = o > @ml(-A7 3)7

i=1 j=1k=1 ”ZJHQZ 1j=1k=1 ”yHQ

which contradicts the definition of v,,;(A,3). Hence, we have 2! € L+, a
desired. In particular, if £ # {0}, then we can reduce the dimension of A and
obtain a problem that is equivalent to (3).

Now, consider the unit ball of the norm || - || 4, which is given by

Ba={zeR"™:|zlla<1}.

The set B4 is clearly centrally symmetric and convex. The following proposi-
tion shows that it is also bounded and has a non—empty interior, i.e., it is a
centrally symmetric convex body. Consequently, we can use the ellipsoid algo-
rithm to answer various queries about B4 and its polar efficiently. This will be
crucial to the development of our approximation algorithms. In the sequel, we
use B (r) to denote the n—dimensional Euclidean ball centered at the origin
with radius r > 0.

Proposition 2 There exist rational numbers 0 < r < R < 0o, whose encoding
lengths are polynomially bounded by the input size of problem (3), such that
B3'(r) C Ba C B3*(R).

Proof Let ¢/ € R™ be the i-th basis vector in R™, where i = 1,...,n;.
Observe that for i = 1,...,ny, we have
na ns
0 < A2 <mi = ZZ |aijil-
j=1k=1

Hence, we conclude that

%-conv ({xe',...,2e™}) = {x eER™ :z]|; < :,} C By,
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where 7’ = maxj<;<n, ; and conv(S) is the convex hull of the points in S C
R™. In particular, since ||z[|; < y/n7-||z|]2 for any 2 € R™*, we have By' (r) C
By, where r = 1/([y/n1]-7") > 0 is a rational number, whose encoding length
is polynomially bounded by the input size of problem (3).

On the other hand, we have

ni

E AijkTq
i=1

where A is the (ny xn3)xn; matrix given by (4), and Apin (AT A) is the smallest
eigenvalue of AT A. Since £ = {0} and 1 < ny < ny < ng by assumption, the
matrix A has full column rank. In particular, we have Ai, (AT A) > 0. Thus,
it follows that B4 C B5*(R), where R = {\/ngng,/)\mm(ATA)-‘ is a finite
rational number. Moreover, the encoding length of R can be polynomially

bounded by the input size of problem (3); see [5]. This completes the proof.
O

Amin (AT A)
nonsg

lz|la > max

1<j<n2,1<k<ns

Mzl

By Proposition 2, we conclude that the polar of B4, which is given by
By ={yeR™ :mTyglforallxeBA},

is also a centrally symmetric convex body with By'(1/R) C BS C By*(1/r).
Moreover, we have

Umi(A,3) = max lz||la = max max 7y
o
R :||z]2<1 zeR™1:||z]|2<1 \ye€BY

= max max a2’y | = max ||y|
yEBY \weR"1:||z|2<1 yE€BY

1
= idiamg (B%), (6)

where diams(B9) is the Ly-diameter® of BS. Thus, we have reduced the prob-
lem of approximating the optimal value of problem (3) in polynomial time
to that of approximating diamy(B%) in polynomial time. The latter can be
achieved using the results in [5,2] if the so—called weak membership problem
associated with B9 can be solved in polynomial time. Before we formally state
our results, let us recall some definitions from the algorithmic theory of convex
bodies (see [5] for further details).

Let K be a centrally symmetric convex body in R™. For any ¢ > 0, the
outer parallel body and inner parallel body of K are given by

K(e) = K+ By(e) and K(—e)={z e R":z+ B}(e) C K},

respectively. We say that K is well-bounded if there exist rational numbers
0 < r < R < oo such that By(r) C K C BZ(R). The weak membership
problem associated with K is defined as follows:

1 Recall that the La—diameter of a set S C R™ is given by diamz(S) = sup, yes llz —yll2.
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WEAK MEMBERSHIP PROBLEM. Given a vector y € Q™ and a rational number
€ > 0, either (i) assert that y € K(e), or (ii) assert that y & K(—¢).

A weak membership oracle for K is a black box that solves the weak member-
ship problem associated with K. By combining the results in [5] and [2], we
have the following theorem:

Theorem 2 (cf. Brieden et al. [2]) Given an integer n > 1, one can construct
in deterministic polynomial time a centrally symmetric polytope P in R™ such
that (i) By (1) C P C BY(O(\/n/logn)), and (ii) for any well-bounded cen-
trally symmetric convex body K in R™, one has

0 ( loin> - diamg(K) < diamp(K) < diamy(K),
where diamp(K) is the diameter of K with respect to the polytopal norm || -||p
induced by P (i.e., for any x € R"™, one has ||z||lp = min{A > 0 : = €
AP}, and P is the unit ball of the induced norm). Moreover, if K is equipped
with a weak membership oracle, then for any given rational number € > 0,
the quantity diamp(K) can be computed to an accuracy of € in deterministic
oracle-polynomial time*, and a vector x € K(e) is delivered with |z|p >
(1/2) - diamp(K) — .

REMARKS.

1. Theorem 2 implies that if the weak membership oracle associated with K
can carry out its computation in deterministic polynomial time, then the
diameter of K can be approximated to arbitrary accuracy in deterministic
polynomial time.

2. The constant behind the O—notation depends on the number of facets in
P. Naturally, the more facets in P, the more accurate it can approximate
B (1), and hence the smaller the constant behind the O-notation. Fol-
lowing the derivation in [2], a rough calculation shows that when P has
at most n°T! facets (where ¢ > 2 is a constant), the constant behind the
O-notation is bounded above by /8 +3/c < 5/2.

Let us now return to the problem of approximating diamy(B%) in polynomial
time. By Proposition 2, both B4 and B¢ are well-bounded. Thus, in view of
Theorem 2, it suffices to prove the following

Proposition 3 The weak membership problem associated with B can be
solved in deterministic polynomial time.

Proof By the well-boundedness of B4 and the results in [5, Chapter 4], it
suffices to show that the weak membership problem associated with B4 can
be solved in deterministic polynomial time. This can be achieved as follows.
First, given a vector y € Q"\{0} and a rational number ¢ > 0, we can

2 An algorithm has oracle-polynomial time complexity if its runtime is polynomial in both
the input size and the number of calls to the oracle [5].
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compute in deterministic polynomial time a number S(y) such that S(y) <
[ylla < B(y) + €/llyll2 [5,3]. Now, suppose that 3(y) < 1. Then, we have
lylla <1+ €/|lyll2. We claim that y € Ba(e). Indeed, let 6 € R be such that

llyll2

0< ————
lyll2 + €

< & < min{e, |[y[|2},

and consider the point u = (1 — §/||ly||2)y. We have

5 € . .
ulla < (1—> <1—|—> < <1—> <1_|_> -1
l[yll2 lyll2 lyll2 + ¢ Tyl

This shows that u € B4, whence y = u + dy/||y|l2 € Ba(e), as desired.
On the other hand, if 8(y) > 1, then we have ||y||4 > 1, which trivially
implies that y & B.4(—e). This completes the proof. O

From equation (6), Theorem 2 and Proposition 3, we see that the optimal
value of problem (3) can be approximated to within a factor of £2(y/logny/n1)
in deterministic polynomial time. We now show how to construct a feasible
solution (z',z2,23) € R™*X"2X"3 to problem (3) that attains the stated ap-
proximation ratio. To begin, let € > 0 be such that

04 log ny
e< = - . max lasjxl,
4 Ny 1<i<ni,1<j<n2,1<k<ns

where v > 2/5 is the constant behind the 2-notation in Theorem 2 (see the
remarks after Theorem 2). Note that € < (vy/4) - \/logni/n1 - Umi(A,3) by
(5). Using the algorithm stated in Theorem 2 and Proposition 3, we com-
pute a vector § € BY(e) in deterministic polynomial time such that ||g||p >
(1/2) - diamp(B%) — e. Furthermore, let §' € BS be such that [|§'|l2 =
(1/2) - diamy(B%). We remark that such a g’ exists, since B is centrally
symmetric and compact. Now, by definition, we have

_ 1. 0 _
15llp < Sdiamp(BL) < [|gllp + e« (7)

Moreover, Theorem 2 implies that

1 n
Il < lalle < -\t el for amy = € B, (8)
1

Hence, we conclude that

_ _ logn _
17l > 17 1p =€ > (/=17 ]l2 — € 9)
ni
logn
=54/ ill.@ml(A,s)—e, (10)
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where (9) follows from (7) and (8), and (10) follows from the definition of ¢’
and (6). Upon setting

1 ] 2 -3 T A/=1y..3
T = T°,T°) = ar max )t A(z)x
o (z%,z7%) 8 o, X, ) A@)z®,

we see that (z!,z% 23) € R™*"2%"s ig feasible for problem (3). Moreover, by

(10) and our choice of €, we have € < ||3||2, which implies that § — eg/||7]l2 €

B¢ Hence, the solution (z',z?%,z%) satisfies

ni no ns
DD D i #w; = [ ]la = max(@)Ty
A

i=1j=1k=1

> (2" )y —e

v  Jlogny _
> o " Um 73 )
-2 ny v l(A )

where the last inequality follows from (10) and the definition of e. In other
words, the objective value of the solution (z!, 22, z3) is at least £2(y/logn /n1)
times the optimum. To summarize, we have proven the following

Theorem 3 There is a deterministic polynomial—time approrimation algo-
rithm for problem (3) with approximation ratio 2(\/logny/ny1). In particular,
there is a deterministic polynomial-time approzimation algorithm for (HP)
when d = 3, with approzimation ratio 2(+/logn/n).

To obtain a polynomial-time approximation algorithm for (ML) (and hence
for (HP)) when d > 4, a natural idea is to apply the above argument recur-
sively. Specifically, given a degree—d multilinear form F and any z! € R™, let
Gar (x') be the value returned by our approximation algorithm when applied
to the degree—(d — 1) multilinear optimization problem

Ga-1(z") = max {F(z',2%,...,2%) : |2’ =1 for i = 2,3,...,d}.

If Gy4_1 defines a norm on R™ , then we can repeat our earlier argument and
obtain an approximation algorithm for the problem max|,1|,—1 Ga—1 (x1). This
would then yield an approximation algorithm for the original problem

| m”ax Ga_1(zh) = maX{F(xl,xz,...,:cd) taflp =1fori=1,2,....,d}.
11 2:1

To implement the above idea, we need the following proposition, which forms

the heart of our construction.

Proposition 4 Let d > 3 be given, and let A = {a;iy...i,} € R *M2X 7 xnd
be an arbitrary non—zero order—d tensor. Let || - ||,, : R™+ — Ry be an
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arbitrary norm on R™  where i =1,...,d—3. Define the functions {Af’d}f:_f
inductively as follows:

A,d d— d—
AL (axl,xQ, e 2) = ||.A(J;1,x2,...,a: 2)”2,

A;A’d (l’l,x2,,,,,xi) = diamui |:{y € R™H A;‘}iztli (‘rl’x2""’xi’y) < 1} ]

fori=d—-3,d—4,...,1. Then, the following hold:

(a) Forj=1,2,...,d—2 and for any gt ... gkt gkl %0 where T €
R™ | the function /If,’cd :R™ — Ry given by

TAd Ad (- k- _ _j
AT (z) = 45 (xl, R L ,x])
is a semi-norm on R™ for any k € {1,...,5}.
b) Suppose that the (ny X --+ X ng) X n1 matriz A, where
pp ,
A(ig,...,id),il = Qiqigvigs (11)

has full column rank. Then, the function Af"d defines a norm on R™ .

Proof Let d > 3 be given. We prove (a) by backward induction on j. The base
case (i.e., j =d — 2) is clear, since we have

TAd _ I o
A2 (@) = |A @ ... 2 2 e lB
or k =1,...,d — 2. Now, suppose that j < d—2. Let k € {1,...,5} and
zl,... 7kl gkt %7 be arbitrary, where 7' € R™. Consider
Afw) = A (2t g e )

. o
= diam,, Hy € R+t :/lﬁ’fi (El,...,Ek_l,x7ik+l,...,;?3,y) < 1} ] .

By the inductive hypothesis, for any given x € R™*, the function

A,d (3—31"

—k—1 —k+1
i+ * ’

yr—= A , X, T ...,a‘:j,y)

ey

defines a semi-—norm on R™+!. Hence, the set

Bji(x) = {y € R"i+1 :Aﬁ‘i (fl,...,jk_l,x,fckﬂ, . ,i‘jﬁl/) < 1}

is centrally symmetric and convex. In particular, we have

_ 2
AA’d r)=—=—",
i ) = @)

where 7, (Bj x(z)) is the radius of the largest ball % with respect to the norm
| - [lo; that is contained in Bjx(x) (see [4]). We may assume that the center
of % coincides with the origin, since B, x(x) is centrally symmetric. We now
claim that z — /If,’cd(a:) defines a semi—norm on R™. Observe that the only
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non—trivial task is to establish the convexity of /If;cd. Towards that end, let

z,x’ € R™ be arbitrary, and set

v+ B B
2 7 =Ty, (Bj7k($))v = T'v; (Bj,k(xl))'

Consider the following cases:

xr =

Case 1: r =71' = o0.

Then, we have

Ad (=1 ~k—1 ~k+1 ~j
Aj+1(x R A 7...,anj,y)
_ AAd (=1 =k—1 ../ =k+1 7 —
—Ajﬂ(x,...,x T ,...,J:J,y)—O

for any y € R"+1. By the inductive hypothesis, the function

u > Aﬁﬁ (1‘71, Y LT ka,...,a_:j,y)
defines a semi—norm on R™*. Hence, we have
0< AN (.. 2 E L y)
< 1 NAd (21 k=1 . —k+1 —j
< 3 [ i (a: I AR A ,y)
+A7Y (5:1,...,fk_l,x’,rik+17...,§:j,y)] =0,
or equivalently,
AL (3. 2w L y) =0

(12)

Since (12) holds for all y € R™+!, we conclude that /If,;d(f) = 0, as required.

Case 2: ' > r > 0, with r < co.

Let i € Bj i(x) be such that [|g[|,, = 7. By the inductive hypothesis, we have

Ad (=1 —k—1 ~ ~k+1 =7 =
AT (:z: B s N 7 ,...,xj,y)
< 1 NAd (21 —k—1 . =k+1 iy
<35 jﬂ(a:,...,x T, T ,...,x,y)
Ad (-1 k=1 /1 ~k+1 —j
+/1j+1(x O A A ,...w%y)}.

Since § € B; (), it follows from the definition of B; ;(z) that

Ad (=1 k=1 . —k+1 —j -
Aj+1(a:,...,x ,x,aj"',...,x],y)gl.
Consider now the following sub—cases:

Case 2a: ' = oco.

(13)

(14)
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Then, we have AAJ;C{ (z',.... 2"t/ 2", 29 y) = 0. It follows from (13)
and (14) that
k-1 k+1

ajaj 7"'7jjag)gf-

A
2

Al LN

In particular, we have 2§ € B; (). Upon noting that [|2g]|,, = 2r, we obtain

7y; (Bj k() > 2r, which implies that
- 2 1 17 _
Az = — 2 <= {A%‘vd Aty }
Jik (l’) Ty, (Bj,k(-i')) = r 2 Jik (‘T) + Jsk (I) )
as required.

Case 2b: 1’ < co.

Since 7, (Bjk(z')) = 1/, we have r~'r'y € Bj (2'), or equivalently,
- r
AN (3. TR B a0 ) < l (15)

It then follows from (13), (14) and (15) that

r 4+
2!

ARG (3. R E R a ) < % (1+ %) =
Now, set y' = 2(r + /)1’y € R"+1. Then, we have

AL (3. 2R ) <,
ie., y' € B;,(Z). Moreover, we have ||y'[[,, = 2rr’/(r + '), whence

_ 2rr’
ry; (Bin()) = et

However, this implies that

) 9 1
AA’d T) = — < —.
(@) r (Bia@) — 2

1/2 2 174 -
=33+ 7) = sl + aien].

which completes the proof of (a).

We now proceed to prove (b). Note that A]A’d(m) = /If’ld(m) for all z € R™.

Thus, in view of (a), it suffices to show that A7"%(z) > 0 for all z € R™\{0}.
Suppose that this is not the case, i.e., there exists an z € R"*\{0} such that
Af"d(g’c) = 0. Since

A7(2) = diam,, H:cz eR™ : A3 (z,2%) < 1}0}
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and 22 A“Qd’d(ﬂ’c, 22) defines a semi-norm on R™2, it follows that Af’d(i, 2?) =
0 for all z2 € R"2. By using the definitions of A;l’d, e /1214_"12 and iterating,
we see that

A (7,0, 2%2) = A (2,22, a7 2)||, = 0

for any z° € R™, i = 2,3,...,d — 2. However, this implies that A(Z) = 0,
or equivalently, Z belongs to the nullspace of the matrix A. This contradicts
the fact that A has full column rank. Hence, we have Af’d(x) > 0 for all
x € R™\{0}, as desired. |

Armed with Proposition 4, we can now design a polynomial-time approx-
imation algorithm for the following multilinear optimization problem:

ni nd
— . . 1 2 d
Umi( A, d) = maximize g E QiyigrigTi, Ty * o * T
i1=1  ig=1

. (16)
subject to ||z*]lo =1 fori=1,...,d,

2 eR™ fori=1,...,d,
where d > 3 is a given integer. Specifically, we prove the following
Theorem 4 For any given d > 3, let 1 < ny < ng < ... < ng be arbitrary
integers, and let ||-||p, : R"-1-i — R, wherei = d—2,d—3,...,1, be polytopal
norms possessing the properties guaranteed in Theorem 2. Furthermore, let
A = (aiyiyiy) € RMZM2XX04 be gn arbitrary non—zero order—d tensor, and
let A be the (ng X -+ X ng) X ny matriz given by (11). Suppose that A has full

column rank. Then, the functions {A;‘"d ;»1;12, where Af’d : RraXmeXe-Xng
R, is given by

Af’d (ml,...,xj)

diamp,_,_; ({:c € R+t :Aﬁ’fi (:cl,...,zj,x) < 1} )
= forj=1,...,d—3,

[A (22, fori=d-2
satisfy
0 (Cl]_f W) (A, d) < %dmmpd_Q ({zerm: 4@ < 1})
AV
< (A, d),

and Af"d 18 an efficiently computable norm on R™ . Moreover, there exist
rational numbers 0 < r < R < 0o, whose encoding lengths are polynomially
bounded by the input size of problem (16), such that

B (r) C {:c e R™ : A (2) < 1} c BI(R).
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Consequently, the quantity diamp, , ({x e R Af"d(ac) < 1} ) can also be
efficiently computed.

REMARKS.

1. The assumption that A has full column rank can be made without loss
of generality, since vectors in the nullspace of A can never be part of an
optimal solution to problem (16) (unless 4 = 0).

2. When we say that a quantity is efficiently computable, we mean that it can
be computed to any desired accuracy by a deterministic algorithm whose
runtime is polynomial in the input size of (16) and the level of accuracy,
provided that d > 3 is fized.

3. Theorem 4 states that the optimal value of problem (16) can be approxi-
mated to within a factor of £2( H \/log n;/n;). Using an argument sim-
ilar to that in the paragraph precedmg Theorem 3, one can find a feasible
solution to problem (16) that attains the stated approximation ratio.

Proof We proceed by induction on d > 3. The base case follows from the results
of Theorem 3. Now, suppose that d > 3. Let ! € R™\{0} be arbitrary,
and consider the order—(d — 1) tensor A(x!) € Rm2Xns*xna Without loss

of generality, we may assume that the (n3 x --- x ng) X ny matrix A(z!),
where [A(z!)] Gisnvia)iin = [A(xl)}ms__ i,» has full column rank. Tlrien, by
the inductive hypothesis, the functions {AA("L )d—1 jl 3 where A;-A(w St

R72XXmi+1 — R, is given by

A;‘(Il)’dfl (xQ, .. ,gcj+1)

diamp, ,_; ({x € R"+2: Afﬁl)’d_l (z%,..., 27 2) < 1}0>
= for j=1,...,d —4,
[[A(=Y)] (22,22, d72)}|2 for j =d -3,

(1) onnen

satisfy

%dmmpd . ({x eR™ : A7) () < 1}0)
< Boa(A(z),d — 1), (17)

Now, define the functions {Af’d}?;f b,
/lf’d (z') = diamp, |, ({x e R™: A?’d(xl,x) < 1} ) ,

AN (2t 2?2 = Af,(?l)’d_l (z%,...,29) forj=2,...,d—2.
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Then, by construction, we have
/1214;‘12 (x17x2, cee xd_Z) = H [A (xl)] (xQ,x?’, .. ,xd_Q)

= ||.A (xl,xz, . ,xd_2)

I

I,

and

A;-A’d (:z:l,xQ, - ,xj)
1 . o
= diamp, , ; ({x € R™+ A;‘(”” )1 (a*,...,27 2) < 1} )

= diamp, ,_; ({:l: € R+t . A;‘Jﬁ (xl, ... ,xj,z) < 1} )

for j =d—3,d—4,...,1. Thus, by Proposition 4 and the fact that A has full
column rank, the function Af’d : R" — R, defines a norm on R"*. Moreover,
by the inductive hypothesis and the fact that d > 4 is fixed, the function
x — A;"d(xl,x) = Af(zl)’dfl(x) is an efficiently computable norm on R"2,
and there exist rational numbers 0 < r! < R! < oo, whose encoding lengths
can be polynomially bounded by the input size of the multilinear optimization
problem associated with A(x!), such that

B (rl) ¢ {x eR™ : A2t 2) < 1} c B™(RY).

Hence, by arguing as in the proof of Proposition 3 and applying Theorem 2,
we conclude that Af’d is efficiently computable.

Now, let BAiA,d = {x e R™ : Af"d(x) < 1} be the unit ball of the norm
Af"d. To show that B A I well-bounded, we first recall from (17) and the
definition of Af’d that

d—2
? <H2 W) “Omi(A(z),d —1) < %Af"d(a:) < O (A(x),d — 1)

for any x € R™. Let ¢! € R™ be the i-th basis vector in R™, where i =
1,...,n1. Then, we have

no ng
AN ) < 20 (A),d—1) <=2 Y arigeil-

ig=1  ig=1
Upon setting 7 = maxj<i<n, 7, we see that
L +e',...,te™}) = R™ : <2 B
P~conv({ el tem}) =1z € ”le—F C Bjaa.
In particular, we have B5*(r) C Bjaa, where r = 1/([y/ni]-r") > 0is a

rational number, whose encoding length is polynomially bounded by the input
size of problem (16).
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On the other hand, for any x € R™, we compute

E anlz iqLiy

Ui (Ax),d —1) >

= ma.
1<iz<na,. 1<zd<nd

= [|Az[|

Amin(ATA)

ng -+ Ny

Y

|zl

Since A has full column rank, we conclude that B A C B3*(R), where

R=0 |\ 5 Hlognz

can be chosen as a finite rational number. Moreover, the encoding length of R
can be polynomially bounded by the input size of problem (16). Now, by argu-
ing as in the proof of Proposition 3 and applying Theorem 2, we conclude that

the quantity diamp, , ({x e R™M A]A’d(x) < 1} ) is efficiently computable.

Finally, by maximizing the terms in (17) over x!, we have

d—2
logn; _ 1 Ad _
N | I . < Z m ATY < . 1
<i_2\/ n; ) il D) <5 el A1 (@) < T4 ). (18)

In particular, we have reduced the problem of approximating v,,;(A, d) to that
of approximating max,cpn1:|jz),=1 Af’d(x). Now, by mimicking the derivation
of (6), it can be shown that

A, L. o
max  AfM(x) = §d1am2 (BA;“*d) . (19)

zERML:||z|2=1

Moreover, by Theorem 2 and the definition of || - || p,_,, we have

logn . o 3 ° i °
2 ( " 1) diamy (Ba) < divmnr, , (B ) < diams (Bja) - (20)

It then follows from (18), (19) and (20) that

( \/@) (A, d) < dlade 2 ({l‘ e R™ :Af’d(x) < 1}0)

S ﬁml(Av d)

This completes the inductive step and also the proof of Theorem 4. a

Upon combining the results of Theorem 4 with that of Theorem 1, we have
the following
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Corollary 1 Let d > 3 be given. Then, there is a deterministic polynomial—
time approzimation algorithm for (HP) with approximation ratio (resp. relative

approximation ratio) o = {2 <log%71 n/n%_1 when d is odd (resp. even).

d/2—1)

The bound on « in Corollary 1 improves upon the 2((1/n) bound es-

tablished in [8].

3.2 Sphere Constrained Multiquadratic Optimization

The techniques introduced in the previous section can also be used to de-
sign a polynomial-time approximation algorithm for sphere constrained mul-
tiquadratic optimization problems. Szpeciﬁcally7 let d > 2 be a given integer.
Let A = (@i iginy 1is,) € R™MX X7 be a non—zero order-2d tensor that is
partially symmetric, i.e.,

Qiyin- i 1095 ioda—192d4 — Qi1ia-+in 1251 +i2d—1i24

forj=1,...,d and i9g_1,%2r = 1,...,ng, where k = 1,...,d. Without loss of
generality, we assume that 1 <n; <--- < ny. Let

f(xl,...,xd)

1.1 d d
E T § Qiyig-ving—1i2aTis Lig * " " Ligy_1Liggo

1<i1,i2<ny 1<izq—1,i24<nd

and consider the following multiquadratic optimization problem:
Umq = maximize f (;cl, e 7xd)
(MQ) subject to ||2?]a =1 fori=1,...,d,
2 eR™ fori=1,...,d.

Note that when d = 2, problem (MQ) is simply the biquadratic optimization
problem introduced in [21]. Similar to the approach we used for the homo-
geneous polynomial optimization problem (HP), we begin by studying the
following multilinear relaxation of (MQ):

maximize F (xl, . 7x2d)
(MQL) subject to ||zt =1 fori=1,...,2d,
¥l 22 c R fori=1,...,d,
where
1 2d\ _ 1,2 2d—1,.2d
F (‘r REREEY ) - Z e Z aili?"'hdfli?d‘rilxiz e Ii2d71xizd'
1<iq1,i2<n1 1<izg—1,i24<nq

Clearly, we have f(xl,...,acd) = F(xl,xl,...,xd,xd) for any z' € R™,
i = 1,...,d. Similar to Proposition 1, the following polarization—type for-

mula establishes the relationship between the objective values of (MQ) and
(MQL). We relegate its proof to the appendix (see Appendix A).
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Proposition 5 Let 2271, 2% € R™, wherei = 1,...,d, be arbitrary vectors.
Let &1, ...,&24 be i.i.d. Bernoulli random variables. Then, we have
2d 2 4 2d
E (Hfl> f (ngZm > 5x> =21F (z1,...,2%).
1=1 i=1 i=3 i=2d—1

Proposition 5 allows us to focus on the multilinear optimization problem
(MQL), for which a deterministic polynomial-time approximation algorithm is
available by the results in the previous section. Now, by adapting an argument
of He et al. [8] and using Proposition 5, we can prove the following

Theorem 5 Let d > 2 be given. Then, there is a deterministic polynomial—
time approzimation algorithm for (MQ) with relative approzimation ratio 279 -

0 (Hf;f (log n; /m)) .

REMARK. When d = 2, the approximation bound we obtain is £2(logni/n1),
which improves upon the 2(1/n3) bound established in [21] (recall that n; <
ng by assumption).

Proof Define the functions H : R"*X"i — R and h : R™ X X4 s R, by

d
H (ml,x2, o 7902(1—17x2d) _ H (in—l)T (xQz) ’
i=1

d
h(ml,...,md) = H(xlvxla"'7wd7md) = HH‘TZH%
i=1

Note that H (resp. h) is a multilinear (resp. multiquadratic) form. Now, let
z* € R™ be such that [|Z*]]s = 1 for ¢ = 1,...,d, and define the function
G :R™* X" 5 R by

G(xl,x27...,x2d*1,x2d)
= F(xl,xz,...,a:Zd*l,de) —f (i"l,...,i"d)H (a:l,x2,...,x2d71,m2d) .

Consider the following auxiliary optimization problem:

Vgue = maximize G (.Z‘l, z2, .. a2t x2d)
(AUX) subject to [|zf]a =1 fori=1,...,2d,
221 22 e R fori=1,...,d.

Since (AUX) is a sphere constrained multilinear optimization problem, by The-
orem 4, we can find a feasible solution {#}?¢, to it with

d—1

1 2d—1 logn;
G(xl,xz,...,x2d 1,x2d)204~17aw, Wherea:(2<|| shi )
. n;
i=1
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Now, let v,,, be the optimal value of the problem obtained from (MQ) by
changing the word “maximize” to “minimize”. Consider first the case where

f@ 2 v, < % (Vmg = Vimg) - (21)
Since |H (il,:ﬁz, e ,zﬁzd’l,i%” < 1 by the Cauchy—Schwarz inequality, we
have
F(.’i’l7 AQ, ",%Qd—l’ac:Zd) ~ Upng H(ﬁjl’fﬂ2’, i,2d—l’§72d)

=G (24,2%..., 222 + [f (2., 2%) —u,,) H (2',...,3)

Z - @auzr [f (-’El) 7jd) - qu]

>a [ — f (24 .., 7%)] —%(@mq—gmq) (22)

Z g ('qu - qu) ] (23)

2

where (22) follows from (21) and the fact that the optimal solution to (MQ)
is feasible for (AUX), and (23) follows since

« [0

F(@ 7)< SO+ (1—1)%

by (21). Upon letting u? = Z?i:ziq ;49 fori=1,...,d and using Proposition
5, we have

20 [F (2',2%,...,8%7 1, 2% — v, - H (2",2%,...,2° ", 2]

=E

<11:[§l> [f (ul,uz,...,ud) — Upng h(ul,uz,...,ud)]l

2d d
=Pr (H& = 1) -E lf (ul,u2,...,ud) ~ Vg * H |u?(2
=1 i=1

2d
Hfl = 1]
=1
2d
—Pr (Hgl = —1> ‘K
=1

d
f (ulau27 s 7ud) _qu ’ H ||UZH§
i=1

24
H & = —1]
=1

< E

N =

d
f (ulau27 s 7ud) _qu ’ H ||UZH§
i=1

2d
&= 1] ;
=1

where the last inequality follows from the fact that the solution {u’/||u’||2 }jzl
satisfies the constraints in (MQ), and hence

d
f (u17u2,...,ud) “Upng” H lu’[[3 > 0.
i=1
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In particular, we see that there exists a vector B € {—1,1}2¢ such that
2d
[[[Z, 60 =1and

1 2 ) 4 ) 2d , d 2% ) 2
| (oo et 3 aa) -n 11 3
=1 =3 i=2d—1 1=1[|j=2i—1 9
>a-2¢70. (17mq — qu) . (24)

Moreover, since d > 2 is fixed, such a vector can be found in constant time.
Upon setting

2j 2j
=" B > gidt|| forj=1,....d

i=2j—1 i=2j—1 )

and noting that HZ?in_l 52561” <2for j=1,...,d, we conclude from (24)
2
that

f(gﬁl,...,ﬁcd)—quza-Q_d-(ﬁmq—v ),

“mgq

as desired. Now, suppose that the condition in (21) does not hold. Then, we
have

~1 —d o —d (=
f(as,...,sc)—qu>z(vmq—qu)2a.2 .(vmq—qu),
and the claim in the theorem statement is trivially satisfied. This completes
the proof. 0O

4 Concluding Remarks

It has been known that the approximability of various polynomial optimization
problems is closely related to the approximability of their multilinear relax-
ations. By reducing the problem of optimizing a multilinear form over spheres
to that of determining the Lo—diameter of a certain convex body, we were
able to utilize powerful results from the algorithmic theory of convex bod-
ies to develop deterministic polynomial-time approximation algorithms for a
host of sphere constrained polynomial optimization problems. Moreover, our
algorithms have the best known approximation guarantees to date. We believe
that our approach will find further applications in the design of approximation
algorithms for other norm constrained polynomial optimization problems.

Acknowledgements The author would like to thank the reviewers for their comments and
suggestions.
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Appendix

A Polarization—Type Formula for Multiquadratic Optimization

In this section, we prove Proposition 5. For the reader’s convenience, we reproduce the
statement here:

Proposition 5 Let 220~ 1, z2¢ € R™i, wherei = 1,...,d, be arbitrary vectors. Let £1,. .., &aq
be i.i.d. Bernoulli random variables. Then, we have

2d 2 4 2d
E <H£u>f Z&IZ,ZfZIl,, Z &:13Z :2dF(zl,..‘,932d).
u=1 i=1 =3

i=2d—1

Proof Let 8 = {(i1,i2,...,i2a—1,924) € Z°* : 1 < iz <mas...;1 <dpgo1,iza < na}. By
definition, we have

2 4 2d _
FAD et gt > &t
i=1 i=3

Since

i=2d—1
o ) 2j—1 27 . 2j—1 27
E , iy ing H (523—1%23-,1 +§23$izj,1> (521—1%23- +52ﬂ3i2j :
(i1,i2,.--,924—1,%24) €S Jj=1
) 2j—1 27 . 2j—1 27
(52]—1-1'1'2].71 +£2~7$i2j—1) (52]—11'1'23. +§2]xi2j
2j
_ ¢ ¢ B2j—1_B2j
= § : Baj—1 ﬁzjmigj,l zigj ’

B2j—1,82;=2j—1
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it follows that

2 4 2d
FIY &at,> Gat, ., > &t
i=1 1=3 1=2d—1
d 2 B B
— . . . 2j—1 27
= E : Qiyig---igg_1i24 H E : 532]‘71552]"/”1‘2]‘_1 Li,
(41,42, 24 —1,i24) €S Jj=1 \B2j—1,B2;=2j—1

B1, B2 . B2d—1_Baq

2d
- > oy (M)
1<p1,82<2  2d—1<B4-1,B24<2d L \v=1
otk

Aiyig-igg—1i2aTiy Lig iog—1 Ving
(i1,i2,.--,924—1,124) €S

2d

>

1<B1,82<2 2d—1<B94-1,824<2d <“

£Bv> F <1ﬁ17zﬁ2’.”’zﬁ2d> .
1

In particular, we obtain

2d 2 ] 4 ) 2d )
B (H@)f OLTI ST S
u=1 i=1 1=3

i=2d—1

2d 2d
S T F<$ﬁ17mﬁ2’“.7xﬁ2d)E[Hﬁu-Hﬁgv:|
u=1 v=1

1<B1,82<2 2d—1<Boq-1,824<2d

Z Z F(xﬁl,xﬁ2,...,x52d> (25)
1<B1#B2<2  2d—1<Pq_1#B24<2d

20F (ml, z2,. .. ,xzd) R (26)

where (25) follows from the fact that

2d 2d . .
0 if Bgj_1 = B2; for some j =1,...,d,
2o e | {7 Gt ™
u=1 v=1

1 otherwise,

and (26) follows from the partial symmetry of the tensor A. This completes the proof. O



