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Deterministic K-identification (DKI) is addressed for Gaussian channels with
slow fading (GSF), where the transmitter is restricted to an average power
constraint and channel side information is available at the decoder. We de-
rive lower and upper bounds on the DKI capacity when the number of iden-
tifiable messages K may grow sub-linearly with the codeword length n. As
a key finding, we establish that for deterministic encoding, assuming that
the number of identifiable messages K = 2 1°8™ with x € [0, 1) being the

2(n logn)R

identification target rate, the codebook size scales as , where R is
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1 | INTRODUCTION

Modern communications within the scope of future generation wireless networks (XG) [1,12] require the transfer of extensive
amount of data in wireless communication, including smart applications for internet of things [3], cellular communication,
sensor networks, etc. One of the basic and abstract models for wireless communication systems is the fading channel [4,15].
Unlike the fast fading setting, where the coherence time of the channel is small relative to the latency requirement of the
application [5,16], in the slow fading regime, the latency is short compared to the coherence time [5,/d]. In some appliances,
the receiver may acquire channel side information (CSI) by instantaneous estimation of the channel parameters [7, |8].

Numerous applications of future generation wireless networks (XG) [1,12] are linked with event-triggered communication
systems. In such systems, Shannon’s message transmission capacity, as studied in [9], is not the appropriate metric for the
performance evaluation, instead, the identification capacity is deemed to be an essential quantitative measure. In particular,
for object-finding or event-detection scenarios, where the receiver aims to determine the presence of an object or determine
the occurrence of an specific event in terms of a reliable Yes/No answer, the so-called identification capacity is the key
applicable performance measure [10].

The original coding scheme for the identification problem introduced by Ahlswede and Dueck [[10] employs a randomized
encoder, where the codewords are tailored according to distributions. The codebook size for randomized identification (RI)
grows double-exponentially in the codeword length n, i.e., ~ 22" [10], where R is the coding rate. Realization of Rl codes
entails high complexity and is challenging for the applications; cf. [11]. Ahlswede and Dueck were inspired to introduce

RI by the work of JaJa [[12] who considered an deterministic identification (DI) in communication complexity [13-15]. This
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problem can be also considered in the communication setting. Here, the codewords are selected via a deterministic function
from the messages. DI may be preferred over Rl in complexity-constrained applications of MC systems, where the generation
of random codewords could be challenging. The DI for discrete memoryless channels (DMCs) with average power constraint
is studied in [16,117] where the codebook size grows exponentially in the codeword length [10, [16]. Furthermore, the DI
for continuous alphabet channels including Gaussian channels with fast and slow fading and the memoryless discrete-time
Poisson channel (GSF) is addressed in [17-19] where a new observation regarding the codebook size is reported, namely, it
scales super-exponentially with the codeword length n, i.e., ~ 2(log )R,

In the (standard) identification problem [[10], the receiver is interested in a single message which we refer to as the
target message in the rest of the paper. However, for the K-identification problem [20], the receiver aims to determine
the presence of a single message within a set of messages referred to as the target message se. The K-identification
scenario may be understood as the generalization of the original identification problem within this interpretation: the target
message (singleton) is substituted with a set of more than one element with size K. The first result for K-identification is
derived by Ahlswede for a DMC W with randomized encoder setting as follows: Assume that K = 2", then the set of all
achievable coding and target identification rate pairs, i.e., (R, k) with a codebook of double exponentially large, i.e., M =
227112’ contains {(R7 k):0< R,k; R+ 2k < Crr(W, M, K)}, see [20, Th. 1]. To the best of the authors’ knowledge,

the fundamental performance limits of DKI for the Gaussian channels has not been studied in the literature, yet.

1.1 | Contributions

In this paper, we consider identification systems employing deterministic encoder and receivers that are interested to accom-
plish the K -identification task, namely, finding an object in a target message set of size K where K = 218" for s, € [0,1)
scales sub-linearly in the codeword length n. We assume that the noise is additive Gaussian and the signal experiences slow
fading process. Further, we assume that the channel side information (CSI) is available at the decoder. We formulate the
problem of DKI over the GSF under average power constraint which account for the restricted signal energy in the trans-
mitter. As our main objective, we investigate the fundamental performance limits of DKI over the slow fading channel. In

particular, this paper makes the following contributions:

¢ Generalized Identification Model: In several identification systems, often the size of target message set K can be
large, particularly when one by one comparison is not demanded due to the delay constraint. In addition, the value of
K may increases with the codeword lengths n. To do so, we consider a generalized identification model that captures
the standard channel (i.e., K = 1), identification channels with constant K > 1, and identification channels for
which K increases with the codeword length n. To the best of the authors’ knowledge, such a generalized deterministic
identification model has not been studied in the literature, yet.

¢ Codebook Scale: We establish that the codebook size of DKI problem over the Gaussian channels with slow fading
for deterministic encoding scales in n similar to the DI problem (K = 1) [17,118], namely super-exponentially in the
codeword length (~ 2(7108™)F) even when the size of target message set scale as K = 27198 for any k € [0, 1),
which we refer to as the target identification rate. This observation suggests that increasing the number of target
messages does not change the scale of the codebook derived for DI over the Gaussian channels [18].

¢ Capacity Bounds: We derive DKI capacity bounds for the slow fading channel with constant K > 1 and growing
size of the target message set K = 271987 respectively. We show that for constant K, the proposed lower and upper

bounds on R are independent of K, whereas for growing number of target messages, they are functions of the target

" For instance, the K -identification scenario may be used whenever a person aims to determine whether a winner is among their favourite teams or

within the context of lottery prize; when people seek to know if a lottery number is among their collection of numbers.



identification rate k.

¢ Technical Novelty: To obtain the proposed lower bound, the existence of an appropriate sphere packing within the
input space, for which the distance between the centers of the spheres does not fall below a certain value, is guaranteed.
This packing incorporates the effect of number of target messages as a function of . In particular, we consider the
packing of hyper spheres inside a larger large hyper sphere, whose radius grows in both the codeword length n and
the target identification rate k, i.e., ~ n%. For derivation of the upper bound, we assume that for given sequences
of codes with vanishing error probabilities, a certain minimum distance between the codewords is asserted, where this

distance depends on the target identification rate and decreases as K grows.

1.2 | Organization

The remainder of this paper is structured as follows. In Section[2] system model is explained and the required preliminaries
regarding DKI codes are established. SectionBlprovides the main contributions and results on the message K -identification
capacity of the slow fading channel. Finally, Section [ of the paper concludes with a summary and directions for future

research.

1.3 | Notations

We use the following notations throughout this paper: Blackboard bold letters K, X, Y, Z, ... are used for alphabet sets.
Lower case letters z, vy, z, . . . stand for constants and values of random variables, and upper case letters X,Y, Z, ... stand
for random variables. The set of consecutive natural numbers from 1 through M is denoted by [M]. The set of whole numbers
is denoted by Ng £ {0,1,2,...}. The set of real and non-negative numbers are denoted by R and R, respectively. The
distribution of a real random variable X is specified by a cumulative distribution function (cdf) Fx () = Pr(X < z)
for z € R, or alternatively, by a probability density function (pdf) fx (z), when it exists. Lower case bold symbol x and
y stand for row vectors. A random sequence X and its distribution Fx(x) are defined accordingly. All logarithms and
information quantities are for base 2. The gamma function for non-positive integer z is denoted by I'(x) and is defined as
I(z) = (x—1)!, where (z — 1)! £ (. —1) x (£ —2) X - - - X 1. The £a-norm and £oc-norm of vector x are denoted by||x||
and||x|| ., respectively. Furthermore, we denote the n-dimensional hyper sphere of radius  centered at xo with respect to
the £2-norm by Sx, (n,7) = {x € R} :||x —xo|| < r}. Weuse 0 = (0, ...,0) to represent coordination of the origin.
The closure of a set A is denoted by cl(A). We denote the GSF with K number of target messages by Ggjow-

2 | SYSTEM MODEL AND PRELIMINARIES

In this section, we present the adopted system model and establish some preliminaries regarding DKI coding.

2.1 | System Model

We consider an identification-focused communication setup, where the decoder seeks to accomplish the following task:
Determining whether or not an specific message beIongsH to a set of messages called target message set; see Figure[ll We

assume that the signal experiences an additive Gaussian noise and slow fading process.

2 \We assume that the transmitter does not know which specific K messages the decoder is interested in. This assumption is justified by the fact that

otherwise, entire communication setting is specialized to transmission of only one indicator bit between Alice and Bob.
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FIGURE 1 End-to-end transmission chain for DKI communication in a wireless communication system modelled as a GSF. The transmitter maps
message ¢ onto a codeword ¢; = (¢j,1, - . . , Ci,n ). The receiver is provided with an arbitrary target message set K = {j1,...,jk },and

given the channel output vector Y, it asks whether the sent message 7 belong to set of K messages {j1, . .., ji } or not.

To attain this objective, a coded communication between the transmitter and the receiver over n channel uses of a
Gaussian channel with slow fading is establishe(ﬂ. We consider the slow fading channel Ggoy, Which arises as a channel

model in the context of wireless communication [5] where the input-output relation is given by
Y: = Gar + Z¢ (1)

where Gt = G ~ fq is a continuous random variable ~ fg(g), and the noise sequence Z i N(O, %) where 02Z >0
is bounded away from zero. We assume that G has finite expectation and variance var(G) > 0. Further, assume that the
values of G belong to a set G where ~ o cl:réfg |G|, that is, the set G has a constant infimum or equivalently, the fading
coefficients are bounded away from zero, i.e., |G¢| > v, Vt € [n] with probability 1.

The average power constraint on the codewords is
12
; IIXII S Pavgy (2)

, where P,yg > 0 constrain the energy of codeword over the entire n channel uses.

2.2 | DI Coding For The GSF

The definition of a DKI code for the GSF G0y is given below.

Slow Fading DKI code An (n, M(n,R), K(n, k), e1,e2) DKI code for a GSF Ggjoy under average power constraint of
Paye, and for integers M (n, R) and K (n, k), where n and R are the codeword length and coding rate, respectively, with
CSl at the decoder is defined as a system (C, J ), which consists of a codebook C = {c; };cary C R, such that

1
7||Ci||2 S Pavgy (3)
n
Vi € [M] and a decoder
Tk=JTjg, 4
jeK

3 The proposed performance bounds works regardless of whether or not an specific code is used for communication, although proper codes may be

required to approach such performance limits.
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FIGURE 2 lllustration of a deterministic 3-identification setting with target message set K = {2, 3,4}. In the correct identification scenario,
channel output is observed in the union of individual decoder T ; 4 where j belongs to the target message set. Type | error occurs if the channel
output is detected in the complement of union of individual decoders for which the index of codeword at the lest belongs to. The case where the
index of codeword at the left does not match to any of the individual decoders for which the channel output belongs to the their union, is referred to

as the type Il error.

where T , C R”, forj € [M],g € G,and K € (ZI\?)B Given a message ¢ € [M], the encoder transmits ¢;, and the
decoder’s aim is to answer the following question: Was a desired message j € K sent or not? There are two types of errors
that may occur (see Figure[2): Rejection of the true message for ¢ € K (type 1), or acceptance of a false message for ¢ ¢ K

(type I1). The corresponding error probabilities of the DKI code (C, k) are given by

Pe,1(i) = sup [Pr (Y €I |x= Cz>:| =sup |1 —/ fz(y — gei)dy ®)
geg i€K geg Tk icK
Pe2(i, K) = sup {Pr (Yea|x= ci)} —sup | [ faly ~ gedy ©)
9€g igk  9€G |J gk 2K

where

fz(z) = fz(y — gci)
=11 fz(ve — gcie)

t=1
— f[ 1 e—z?/2o‘%
bale (27r(r%)1/
1 2 2
—l=zl%/2¢0
Gro2) 2 e z, (7)

(see Figure[T) and satisfy the following bounds P. 1(7) < e1, Vi € Kand P 2(i, K) < ea, Vi ¢ K, where K € (%) and

every e1,e2 > 0.

* We recall that (}f) is the family of all subsets of [M] with size K and DKI code definition applies to every possible choice of set K with K

arbitrary messages from the original message set [M].
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Arate R > 0 is called achievable if for every e1, e2 > 0 and sufficiently large n, there exists an (n, M (n, R), K(n, k),
e1, e2) DKI code. The DKI capacity of the GSF Ggoy is defined as the supremum of all achievable rates, and is denoted by
CDI(QSIOW? Mv K)

Remark 1 If the fading coefficients can be zero or arbitrarily close to zero, i.e., 0 € cl(G), then it immediately follows that the
DKl capacity is zero. To see this, observe that if 0 € cl(G), then

Pe,1() + Pe,2(i, K) = sup {1 - /9 fz(y —gci)dy

geg
{1—/ fz(y—gCi)dy} + / fz(y—gcl')dy}
Tk 9=0, Tk g=0,
icK igK

=1. (3

+ sup { fz(y — gci) dy}
geG | J Fy

v

3 | DKICAPACITY OF THE GSF

In this section, we first present our main results, i.e., lower and upper bounds on the achievable identification rates for the

GSF. Subsequently, we provide the detailed proofs of these bounds.

3.1 | Main Results

The DKI capacity theorem for GSF Gy, is stated below.

Theorem 1 Consider the GSF Gg)oy, and assume that the fading coefficients are bounded away from zero, i.e, 0 ¢ cl(G).
Further, assume that the number of target messages scales sub-linearly with codeword length n, i.e., K (n, k) = 2%1°8"  where
K € [0,1). Then the DKI capacity of Gslow Subject to average power constraint of the form||c;||?> < n.Pae and a codebook of

super-exponential scale, i.e., M (n, R) = 2(nlogn)R s hounded by

11—k

< Cpr(Gsiow, M, K) <1+ k. )

Proof The proof of Theorem [ consists of two parts, namely the achievability and the converse proofs, which are provided

in Sections32and B3] respectively.
Remark 2 The result in Theorem[dl comprises the following three special cases in terms of K :

¢ Unit K = 1: This cases accounts for a standard identification setup (v = 0), that is, when the target message set is a
degenerate case K = {i};cnr), i-e. K = |K| = 1. Therefore, the identification setup as studied in [10] can be regarded
as a special case of K -identification. This result is known in the identification literature [10,17,11&,121].

¢ Constant K > 1: Constant K > 1 implies k — 0 as n — oo. Surprisingly, our capacity result in Theorem[ reveals that
the bounds for the GSF with constant finite KK > 1 are in fact identical to those for the memoryless GSF given in [17,118,121].

¢ Growing K: Our capacity results reveal that reliable identification is possible even when K scales with the codeword length
as ~ 2r198 7 for i € [0, 1). Moreover, the impact of target identificaiton rate & is reflected in the capacity lower and upper

bounds in @), where the bounds respectively decrease and increase in .



3.2 | Achievability

The achievability proof consists of the following two main steps.
«  Step 1: We propose a codebook construction and derive an analytical lower bound on the corresponding codebook size
using inequalities for sphere packing density.

«  Step 2: To prove that this codebook leads to an achievable rate, we propose a decoder and show that the corresponding

type | and type Il error rates vanished as n — oo.

3.2.1 | Normalization

Since the decoder can normalize the output symbols by /7, we have an equivalent input-output relation,
Y = Gz + Zy (10)

o 2
where Gt = G ~ fg, and the noise sequence Z i ./\/'(07 GTZ), with an input power constraint

x| < VA, (11)
where A of Pave and
1 = 1 - 1
= — , 7Z=—7Z Y=—Y. 12
X \/ﬁx NG NG (12)

| Codebook Construction

We use a packing arrangement of non-overlapping hyper spheres of radius 7o = /05, in a large hyper sphere with radius

VA — /0, with
AVK A

i (-b) L T-(brR)

On = (13)
where 0 < b < 1 is an arbitrarily small constan@, and k € [0,1).

Let .7 denote a sphere packing, i.e., an arrangement of M non-overlapping spheres Sg;, (n,79), ¢ € [M], that are
packed inside the larger sphere So (n, VA — /85, ) with radius VA —/0y,. As opposed to standard sphere packing in coding
techniques [22], the spheres are not necessarily entirely contained within the larger sphere. That is, we only require that the
centers of the spheres are inside So(n, VA — v/8,,) and are disjoint from each other and have a non-empty intersection
with So(n, VA — /8. The packing density Ay, (%) is defined as the ratio of the saturated packing volume to the larger
sphere’s volume Vol (So (n, VA - \/%)} ie.,

NP (So(n, VA = vB2) MU, Se, (1, 70) ) »
B Vol (So(n, VA - \/E)) '

% we recall that our achievability proof works for any b € (0, 1); however, arbitrarily small values of b are of interest since they result in the tightest

lower bound.



Sphere packing .7 is called saturated if no spheres can be added to the arrangement without overlap.

In particular, we use a packing argument that has a similar flavor as that observed in the Minkowski-Hlawka theorem

for saturated packing [22]. Specifically, consider a saturated packing arrangement of

M (n,R)

U Sei(n,v0n)
i=1

(15)

spheres with radius 79 = /8, embedded within sphere So(n, VA — /8y,). Then, for such an arrangement, we have the

following lower [23, Lem. 2.1] and upper bounds [_22, Eq. 45] on the
packing density

27" < An(y) < 2—0.599n . (16)

In our subsequent analysis, we use the above lower bound which
can be proved as follows: For the saturated packing arrangement
given in (I5), there cannot be a point in the larger sphere So (n, vV A—
v/0,,) with a distance of more than 2r( from all sphere centers. Oth-
erwise, a new sphere could be added which contradicts the assump-
tion that the union of M (n, R) spheres with radius v/, is saturated.
Now, if we double the radius of each sphere, the spheres with radius
2r¢ cover thoroughly the entire volume of So(n, VA — v/8y,), that
is, each point inside the large hyper sphere So(n, VA — v/0y) be-
longs to at least one of the small spheres. In general, the volume of
a hyper sphere of radius r is given by [22, Eq. (16)]

Tz
Vol (Sx(n7 r)) = m - 17)
Hence, if the radius of the small spheres is doubled, the volume of
Ui]\i(ln‘R) Se,; (n,v/0n) is increased by 2™. Since the spheres with

FIGURE 3  Illustration of a saturated sphere packing inside
a hyper sphere, where small spheres of radius 7o = /@,
cover a larger hyper sphere. The small spheres are disjoint
from each other and have a non-empty intersection with the
large sphere. Some of the small spheres, colored in green,
are not entirely contained within the larger sphere, and yet
they are considered to be a part of the packing arrangement,
since their centers fulfill the power constraint in[] Yellow
colored spheres whose centers exactly lies on the circle with
radius A do not contribute to the packing. As we assign a
codeword to each sphere center (white and green), the 2-

norm of a codeword is bounded by v/A as required.

radius 2r¢ cover So(n, VA —/8y,), it follows that the original r¢-radius packing has a density of at least 2*"H. We assign

a codeword to the center c; of each small sphere. The codewords satisfy the input constraint as

el < VA.

(18)

Since the volume of each sphere is equal to Vol(Sc, (n, 7)) and the centers of all spheres lie inside the sphere, the total

number of spheres is bounded from below by

B Vol (Uf\il Sz, (n, 7"0))
- Vol(Se, (n,70))

©We note that the proposed proof of the lower bound in {8 is non-constructive in the sense that, while the existence of the respective saturated

packing is proved, no systematic construction method is provided.



Vel (So(n, VA= v/B) UM, Se, (n,70))
- Vol(Sz, (n,70))
An () - Vol (so(n, VA - \/E))
Vol(Sz, (n,70))
. Vol (So(n, VA - \/E))
=2 Vol(Se, (n,70)) ’

(19)

where the first inequality holds by (I4) and the second inequality holds by (I&). The above bound can be further simplified

as follows

(@) N A
log M > log <u> -n

70
® nlog M —n
VO

1 A 1
=nlo — = -n
g o

(©)
> %nlog (;) —2n, (20)

n

where (a) exploits (I7), (b) follows from 79 = +/0x, and (¢) holds by log(t — 1) > logt — 1,V¢ > 2. Therefore, for
0n = A/n%(lf(bﬁﬂ)), we obtain

log M > %nlogn%(l_(b+“)) —2n

_ (1—(b+n)

1 —2n, 21
1 )nogn n (21)

where the dominant term is of order nlogn. Hence, for obtaining a finite value for the lower bound of the rate, R, (21)

induces the scaling law of M to be 2(nlogn)R Therefore, we obtain

1 1—-(b
R> 1 {(H’{))logn—Q} , 2)
logn 4
which tends to 1?% whenn — oo and b — 0.
| Encoding
Given message ¢ € [M], transmit X = ¢;.
| Decoding
Let
20 A~2
= L il , (23)

3 gps(I-(4r)
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where 0 < b < 1 is an arbitrarily small constant, 0 < ¢ < 2 is a constant, & € [0,1), and ~ is the infimum value of all
fading coefficients g.

To identify whether message j € M was sent, given the fading coefficient g, the decoder checks whether the channel
output ¥ belongs to the following decoding set:

Tx=J T, (24)
jEK
where
n
Tjg=4VER": > (5 —98,)> <o +7n g - (25)
t=1

is referred to as the individual decoding territory evaluated for observation vector y and codeword c;.

| Error Analysis

Fix e1,e2 > 0 and let o, (1 > 0 be arbitrarily small constants. Before we proceed, for the sake of brevity of analysis, we

introduce the following conventions:

«  Let Y;(.|¢, g) denote the channel output at time ¢ given that X = €; and G = g.

Consider the type | errors, i.e., the transmitter sends ¢;, yet Y(.|i,g) ¢ Tk, 4. For every i € [M], the type I error
probability is given by

Pe,l(i) = Slelg [Pe,l (7' ‘g ):| ’ (26)
g

where

<

n
> (Vi(lirg) — Geit)® > 0% + 7
t=1

= Pr

n
Z 72 > 0% 4+ |, (27)

&
I/~
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where (a) follows by De Morgan’s law for finite number of unions, i.e., (Uieﬂ( Ti’g>c = MNiex T§ 4 (b) holds since

Nicx T5 4 C Ti,g, (c) follows by definition of the individual decoding territory in (ZZ), and (d) holds since the fading

coefficient G and the noise vector Z are statistically independent.

Now, in order to bound Pe 1 (z lg ), we apply Chebyshev’s inequality, namely

—U%>Tn

® 270
A2,74nf€+b

<e1, (28)

where (a) holds since the fourth moment of a Gaussian variable V ~ N(0,0%) is E[V4] = 30%, and (b) follows from
(23). Hence, P. 1 (z |g) < e1, Vg € G holds for sufficiently large n and arbitrarily small e; > 0. Thereby, the type | error
probability satisfies Pe 1 (1) < e1; see (26).

Next, we address type Il errors, i.e., when Y (.|, g) € T,y while the transmitter sent ¢; with ¢ ¢ K. Then, for every

K e (1\[/(1)’ where i € K, the type Il error probability is given by

P 2(i, K) = sup [Pe,g (i, K|g )] , (29)
geg

where

P2 (i,Kl|g) =Pr (Y(.|i,9) € Tk,g)

JeK | t=1
(b) " _\2
< Pr{)° (g (@ —cje) + Zt) <o+ |, (30)
jeK t=1

where (a) hold since the fading coefficient G and the noise vector Z are statistically independent and (b) follows by the

union bound, i.e., the probability of union of events is upper bounded by sum of probability of the individual events.

In order to bound B0), we divide into two cases. First, consider g € G such that ||g(¢; —;)|| > 24/0% + 7. Therefore,



12

by the reverse triangle inequality, |la — b|| > ||a]| —|b|||, we have

n

; ((g (e — éj,t)) + Zt)Q . ”g (ei — aj)H Al
>2,/0% + 7 —[|2] - 31

Hence, for every g such that ||g (c_i — C_]) | > 24 /02Z + Tn, we can bound the type Il error probability by

Pea (1klo) < 3o pe (2] = /o + =)

jeK

n
= ZPr ZZ? >02Z+7'n
jEK t=1
4
< 3Ko7,
nr?
4
_ 2707,
T A244pb

<es, (32)

where (a) follows from applying Chebyshev’s inequality and since the fourth moment of a Gaussian variable V' ~ A/ (0, 0‘2/)
is E[V4] = 306 and (b) follows from (23). Hence, Pe 1 (7, \g) < e1, Vg € G holds for sufficiently large n and arbitrarily
small eq > 0. Thereby, the type | error probability satisfies Pe 2 (¢, K) < eg; see (28).

Now, we focus on the second case, i.e., when

Hg(éi—(_:j)H <2y/0% +1n . (33)

Observe that for every given g € G,

n n n
Z(Q(Eit Cjt +Zt Zg (Czt_cjt "FZ 7 2Zg(czt C]t t . (34)
t=1 t=1 =1
Then define the event
o - T
Eo(Zlg) = {ZER" : |3 g — )2 > 2 (35)

t=1
Now, in order to bound Pr(€p(Z|g)), we apply Chebyshev’s inequality, namely

Var [2?11 9(Cit — Ej,t)Zt]
(n/2)°

(@ 4351, 9% (@it — €j,0)°E[Z7]

® 403l e — &)

2
nrty

Pr (&(Zlg)) <




(c) 1602Z (02Z + Tn)

nr2
_ 14402Z (02Z + Tn)
- A2~Aprtd
=0, (36)
5 iid. 2 > > = 2
where (a) and (b) holds since the noise sequence Z s N (0, UTZ), that is, Var[Z;] = E[Z?] — E2[Z;] = GTZ, and (c)
follows from (33). Observe that given the complementary event £5(Z|g), we have
n —
QZg (Ei,t — E]'yt) Zy > —Tn , (37)

t=1

Therefore, the event £5(Z|g), the type Il error event in (30), and the identity in (83) together imply that the following event

occurs,

BN

Ei1(Zlg) =<K ZeR" : Zg (€t — Cjt) <oy 42y . (38)

w
HM:
I

Now lets define
Hij(Zlg) =qZER" : Z(g it —Cia)+Z)? <oy +Tn (39)

Therefore, applying the law of total probability to @0), we have

Pe(i, K g) = > [Pr (Hi5(Zl9) 1 £0(Zlg)) + Pr (Hi5(Zlg) N EG(Z9) |

JjeEK
<3 [Pr(o(2lg)) + Pr (£1(Z19))]
JEK
<K [+ Pr(61(2l9)] , (40)

where the last inequality holds by (36).

We now proceed with bounding Pr(€1(Z|g)) as follows. Based on the codebook construction, each codeword is sur-

rounded by a sphere of radius /0, that is
e~ ]l > Vo @
which implies
o*llei =& ” = +%0n (“2)
where 7 is the infimum value in G. Thus, we can establish the following upper bound for event &1 (Z|g):

Pr(€1(2l9)) < Pr (|Z]* < 0% + 27 —+264)



(a) Z?:1Var[2ﬂ
< T

® $r B2
< i

2
o (U%)
n

() 270
T A24Apstd

=, (43)

—~

where (a) follows from applying Chebyshev’s inequality, (b) holds since the fourth moment of a Gaussian variable V' ~
N (0, 0%/) is E[V4] = 30%/ and (c) follows from (23) and (3€). Therefore, we can proceed to bound the rightmost in @Q) as

follows

P. 2(i,K) < K [Pr(&0(Zlg)) + Pr(€1(Zlg))]

< K [Go + ¢l

_ 144K0% (6% + ) 27Ko?,

- A2~Apstb A2~Apstd

_ 14402 (03 + 1) 4 2705,

- A2~4nb

<ez, (44)

hence, Pe 2 (z', K |g) < ez, Vg € G holds for sufficiently large n and arbitrarily small e2 > 0. Thereby, the type Il error
probability satisfies Pe 2 (2, K) < e2; see (29).
We have thus shown that for every e1, e2 > 0 and sufficiently large n, there exists an (n, M (n, R), K(n, k), e1, e2)

code.
3.3 | Converse Proof
The converse proof consists of the following two main steps.

«  Step 1: We show in Lemmal[llthat for any achievable rate (for which the type I and type Il error probabilities vanish as
n — 00), the distance between every pair of codeword should be at least larger than a threshold.

«  Step 2: Employing the Lemmal[ll we derive an upper bound on the codebook size of achievable DKI codes.

We start with the following lemma which establish a lower bound on the Euclidean norm of two different codewords’ differ-



ence.

Lemma 1 Suppose that R is an achievable rate for the GSF Gg)ow and let b > 0 be an arbitrarily small constant that does not
depend on codeword length n. Consider a sequence of (n, M (n, R), K(n, k), egn), e;n)) codes (C™ T ()Y such that egn)
and egn) tend to zero as n — oo. Then there exists ng(b), such that for alln > nq(b), every pair of codewords in the codebook

C(") satisfies the following property.

For every pair of codewords, c;, and c;,,

||ci1 — ciz“ > 2+/nel, (45a)
foralliy, iz € [M], such thatii # i2, with
A
I
€n = 2(1trtb) (45b)

Proof The proof is given in Appendix[Al

Next, we use Lemmal[lto prove the upper bound on the DKI capacity. Observe that Lemmal[ilimplies that the distance

between every pair of codewords satisfies

llei, — cip|| > 2v/ne, - (46)

Thus, we can define an arrangement of non-overlapping spheres Sc, (n, v/ne€l, ), i.e., spheres of radius /nej, that are cen-
tered at the codewords c;. Since the codewords all belong to a large hyper sphere Sg(n,vnA) of radius vVnA, it follows

that the number of packed small spheres, i.e., the number of codewords M, is bounded by

vol (U, e, (n.70)

 Vol(Se, (n, vVnA + 1))

@ Vol (So(n, VnA + ro))
= Ml Vol(Sc, (m,70))

. Vol (So(n, v + o))

< 9—0.599n
= Vol (Se, (1, 70))

) (47)

where (a) holds by definition of packing density, (b) follows from inequality (I8). The above bound can be further simplified

as follows

0

VnA
< nlog <"7+T°> —0.599n

(a) VnA "
log M < log <"7+T°> ~0.599n

L]

N2

n

1 A
= —nlog| —+1] —0.599n (48)
2 €l
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where (a) exploits (I7) and (b) follows from ro = %(2\/716;1). Therefore, for €}, = A/n2(1+5+b) ye obtain

1
log M < Snlog (n2(1+7+) + 1) —0.599n

%nlog (n2<1+“+b) 1 + 1/n2<1+“+b))) —0.599n

1 1

Snlog ( 2(1+r+b) ) + Snlog (1 + 1/n2(1+“+b)) ~0.599n
+

14+ xk+b)nlogn+ 2n10g (l + l/n 1+“+b)> —0.599n , (49)

where the dominant term is again of order nlogn. Hence, for obtaining a finite value for the upper bound of the rate, R,

(@R) induces the scaling law of M to be 2("1°8ME Hence, we obtain

R <

1
14+ k+b)nlogn+ —nlog (l + 1/n2(1+“+b)> — 0.599n
nlogn 2

=14+~Kx+b+log (1 + 1/n2(1+“+b)> /logn —0.599/logn , (50)

which tends to 1 4+ k as n — oo and b — 0. This completes the proof of Theorem[1]

4 | SUMMARY AND FUTURE DIRECTIONS

In this work, we studied the DKI problem over the GSF with K number target messages. We assumed that K = K (n, k) =
2rlogn — pR where k € [0, 1) scales sub-linearly with the codeword length n. In practice, the receiver sometimes suspend
the exact matching task as is considered for the standard identification [17,117] and requires only to spot an object among
a group, therefore, our results in this paper may serve as a model for event-triggered based tasks in the context of many
practical XG applications where population of the target group scales sub-linearly in the codeword length. Especially, we

— 2mlogn

obtained lower and upper bounds on the DKI capacity of the GSF with K many target messages subject to

average power constraint with the codebook size of M (n, R) = 2(nlegm)R — pnR_Qur results for the DKI capacity of

the GSF revealed that the super-exponential scale of n% = 2(nlogn)R

is again the appropriate scale for codebook size.
This scale coincides as of the codebook for the memoryless GSF and Gaussian channels [17, 18] and stands considerably
different from the traditional scales in transmission and Rl setups where corresponding codebooks size grows exponentially
and double exponentially, respectively.

We show the achievability proof using a packing of hyper spheres and a distance decoder. In particular, we pack hyper
spheres with radius v/n6, ~ n# where k € [0,1) is the target identification rate, inside a larger hyper sphere, which
results in ~ 2((1=r)/A)nlogn odewords. For the converse proof, we follow a similar approach as in our previous work for
the standard identification over the slow fading channel [17,121]. In general, the derivation here is more involved than the
derivation in the standard identification case [[18] and entails employing of new analysis and inequalities. In our previous
work on Gaussian channels with slow fading [[18], the converse proof was based on establishing a minimum distance between
each pair of codewords. Here, we incorporate effect of the number of target messages into the minimum distance in the
relevant Lemma; see Eq. 101

The results presented in this paper can be extended in several directions, some of which are listed in the following as

potential topics for future research works:

+  Memory: Including inter-symbol (ISl) interference into the channel model assuming that the degree of ISl is either



constant or growing function in codeword length as observed in a recent work for Poisson channel [24].

Fast Fading: The results in this paper can be extended to the Gaussian channels with fast fading model.

Maximum Power Constraint: Our achievability proof in this work consider only the average power constraint, how-
ever, an interesting future research may include both the average and maximum power constraints at the same time
which seems more practical.

Continuous Alphabet Conjecture: Our observations for the codebook size of following studies

- Standard identification over the Gaussian channels without memory [18,121],

- Standard identification over the Poisson channels without memory [11,119,125],

- Standard identification over the Poisson channels with memory [24],

- K-identification over the Slow fading channel without memory (current paper),

lead us to conjecture that the codebook size for every continuous alphabet channel either in standard or K-identification
and with/out memory is a super-exponential function, i.e., 2(1°8™) R However, a formal proof of this conjecture
remains unknown.

Fekete’s Lemma: Investigation of the behavior of the DKI capacity in the sense of Fekete’s Lemma [26]: To verify

log M (n,R I . log M(n,R e
gn lo(gnn )) and optimistic (C' = limsup,,_, oo %) capacities

whether the pessimistic (C' = liminf,
[27] coincide or not; see [2d] for more details.
Channel Reliability Function: A complete characterization of the asymptotic behavior of the decoding errors as a
function of the codeword length for 0 < R < C requires knowledge of the corresponding channel reliability function
(CRF) [28]. To the best of the authors’ knowledge, the CRF for DKI has not been studied in the literature so far, neither
for the Gaussian channel [[17] nor the Poisson channel [11,[19,125].

Explicit Code Construction: Explicit construction of DKI codes with incorporating the effect of number of target
messages and the development of low-complexity encoding/decoding schemes for practical designs where the associated
efficiency of such codes can be evaluated with regard to to the our derived performance bounds in Section[3

Multi User: The extension of this study (point-to-point system) to multi-user scenarios (e.g., broadcast and multiple
access channels) or multiple-input multiple-output channels may seems more relevant in applications of complex MC

nano-networks within the future generation wireless networks (XG).

| PROOF OF LEMMA]

In the following, we provide the proof of Lemmal[ll The method of proof is by contradiction, namely, we assume that the

condition given in @&a) is violated and then we show that this leads to a contradiction, namely, sum of the type | and type

Il error probabilities converge to one, i.e., limp—s o0 [Peyl(il) + Pe2(i2, [K)] = 1. Fix e1 and ea. Let ,n, u, ™ > 0 be

arbitrarily small constants. Assume to the contrary that there exist two messages 41 and iz, where i1 # 42, such that

llei, — cis|| < 2¢/ne), = an , (51)

where

2V/A

n%(1+2(m+b) ’ (52)

an =
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Now let us define the following subsets

Py iy = {y €Tig: Iy - gein] < /n (03 +<)} , (53)

Qiyy = {y €Y : |y — geiy|| < /n (02 +<>} . (54)

Then, observe that

Pe1(i1) 4 Pe2(i2, K) = sup |1 — / fz(y —gciy) dy + sup
geg TK i €K geg

/ fz(y — gciy) dy} . (55)
Tk

in¢K

Now consider the first integral in (53) where for every g € G we have,

(a)
/ fz(y —gciy)dy < / fz(y —gciy) dy
Tk T

i1 €K e
(@)
= / fz(y—gcz-l)der/ fz(y — gciy) dy
(n%u(ml'g) MPir.iz (ilLéu(Til'g> Pl
(b)
</ oty — gei) dy + [ \ faly —gei) dy
ilLéK(TiLﬂmPiLiQ) ilLéK(Til,gm[Pril,Q)
()
< / . fz(y — geiy) dy +/ . Jzly —geiy)dy (56)
ilLGJEK 2 i1L€JfK 12
where (a) holds by the union bound, (b) follows by the following
U Tiyg | NPiyi, C U (-I]—ilyg n [PilviQ) ) (57a)
i1 €K i1 €K
and
U Til,g n Pfl,ig C U (Til,g n [Pz?l,iQ) ’ (57b)
i1 €K i1 €K
and (c) holds since
Qi iy O Tirg NPE 4 - (58)

Consider the second integral in (38). Then, by the triangle inequality,

ly — gcinl] = |ly — geiz2|| —|lg(ein —ci2)|]



= ||y - gCi,2H - gHCi,l - Ci,2||

> \/n(0% +¢) — glleir — ciz|

> /n(c% +¢) — gan . (59)

For sufficiently large n, this implies the following subset

Ry iy = {1 € 1" v = gesal| > (o3 +) } ()

forn < §. That is,
{ver sly-seal 2 a@z 0} ™ {yer iy -genl|z et} o
Thus we deduce that
R7, i 2 RF, iy (62)

Hence, the second integral in the right hand side of (56) is bounded by

/ fz(y — gciy )dy < / fz(y — gciy )dy
U @7 U R¢

ipeK 10f2 ek ‘12
= 3 r(ly - geill = /n o3 +)
i1 €K

= K - Pr(|Z||* — no% > nn)
(2) 30%

nlfﬁ772

<p, (63)

for sufficiently large n with k € [0, 1), where (a) holds by Chebyshev’s inequality, followed by the substitution of z =
¥y — gc;, . Thus, by (56),

/ fz(y—gCil)dyS/ fz(y —gciy) dy
Tk X i1,9
i1 €K
S/ fz(y —gciy)dy + . (64)
U Piy iy
i1 €K

Now, let us focus on the first integral in (58) with domain of Py, ;,, i.e., where

ly = gciz|| < \/n(o% +¢) . (65)
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Observe that

2
"y —gei

|2> . (66)

~5g (o
fz(y —gciy) — fz(y — gciy) = fz(y —gciy) |1 —e *7Z

By the triangle inequality,
ly = gei || <lly — geis || + gllei, — e - (67)
Taking the square of both sides, we have
[y = geir |[|* < Iy = geia|* + 97 [les, — i |I* + 2]y = gein]| - glleir — e |

(@) s s ;
< ||y = gei |7 + gai + 2gany/n(o% +¢)

4Ag2 4g A(UQZ +9)

1T 2(-+0) + Ry ) (68)

®) 2
=ly —gei |+
where (a) follows from (51) and @3), and (b) holds by (G2). Now, in order to bound (G8), let us define,

Nmax & 202 - max (4A92, 894/ A(c% + C)) . (69)

Therefore, (68) is bounded as follows

4Ag2 49\/ A(U% + C)

2 2
||y_gci1|| _||y_gci2“ < nl+2(r+b) + nrtb
202 N,
< Z7 gz max , (70)
nK+b
where the last inequality holds since n1+2(540) > prtd for 5 given k and b, and every n. Now let us define
def Nmax
wn = e (71)

1
1—wp

Then we employ inequality 1 — % <Inz, Vx > 0 ([29, Eq. 1]) by setting z =

1
wn§1n< )
1—wn

n.‘i+b
=1 ], 72
" nttb — Nmax 72

where conditions z > 0 and wn < 1 are fulfilled for sufficiently large n. Therefore by (Z0) we obtain

and provide an upper bound on wp,

as follows

k+b
ly = geir | =lly = gei |[* < 20% 1n (M) : 73)



Hence,

faly — geiy) — fz(y — geiy) < fzly — geiy) (1 - e‘%%)

,1n<_n'€7+b>
< fZ (y _ gcil) 1—e nFH0 — Npax

et Nmax
< fz (y —gcil) (1 - T

N,
< fz (y—gcil)'nKLjZ

= fz (y —9¢i,) ~wn , (74)

Now we obtain,

e1 + ez > Pe1(i1) + Pe2(i2, K)

(a)
> sup [Pe,1(i1|g)] + sup [Pe,2(i2, K|g)]
geg g€eg

()
> sup [Pe1(i1]g) + Pe,2(i2, Kl|g)]
g€eg

(©

= sup
geg

1- /9u< fz(y —gciy) dy + /%( fz(y — gciy) dy} (75)

where (a) follows by 28) and (23), (b) holds since supremum is sub-additive and (c) is due to definitions of error in (B) and
(@). Now we proceed to bound (73) as follows

geg

sup {1 - /3 fz(y — gciy) dy + /9 fz(y —gciy) dy}

(a)

> sup 1—u—/ fz(y—gcz'l)der/ fz(y —gciy) dy
geg U Pijin U Tiyg

i1 €K i1 €K

®)
> sup 1—u—/ fz(y—gcz'l)der/ fz(y —gciy) dy
g€y U Piy iy U Piyig
L i1€K i1 €K

= sup l—u—/U - [fz(y—gcz'l)—fz(y—gcig)} dy

i1 €K

(76)
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where (a) holds by @4) and (b) follows from P;, ;, C T4, 4. Now we proceed to bound (Z6) as follows

sup l—u—/ [fz(y —g¢i,) — fz(y — gci,)] dy
geg ‘UIK i1,in
i1e

(a)
> sup l—u—wn/ fz(y — geiy) dy
geg U Piy iy
i i1€K
(b)
> sup 1—u—wnZ/ fz(y — gciy) dy
9g€g i ireKPig,in
(e)
> sup [1 - p— wn - K]

geg
D cup [ _ b KNmax}
geg | nb+.‘£
(e)
> sup [l —p—7]
geG
=1— 2/1 -, (77)

where (a) follows by (), (b) holds by the union bound, (c) follows from

/[P‘ fz(y — gci, ) dy = Pr (Ily —gci, || < \/n (0 +C)) <1, (78)

and (c¢) follows since |K| = K = n”, (d) follows from (), and (e) holds since Knjgj:‘:x = # < 7 for sufficiently large n.
Thereby, recalling (75),(Z6),(Z7) we obtain

1,2

e1t+ex>1—2u—m. (79)

Clearly, this is a contradiction since the error probabilities tend to zero as n — oco. Thus, the assumption in (&) is false.

This completes the proof of Lemmal[il
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