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Development of a Mathematical Model for Vane-type Air
Motors with Arbitrary N Vanes
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Abstract— The paper presents a mathematical model
for vane-type air motors with arbitrary number of
vanes. The paper starts from the working principles
of the air motor and modeling approach. Then the
mechanical geometry structure of air motors is
analyzed in order to derive a generic mathematical
description of the air motor. A complete dynamic
process of the air motor system is derived based on
the mechanical structure, orifice and other physics
theory. The simulation results are presented with a
typical set of air motor parameters. Due to the nature
of the motor structure, the chamber volume changes
are discontinuous which leads to discontinuous
chamber pressure variations. The characteristics of
the discontinuity present difficulties for applying
advanced control theory to air motor control.
Therefore, further approximations are carried out
and the comparison of dynamic responses between the
original model and the approximated model indicated
that the approximation is accurate enough to be
acceptable for control strategy development.

Keywords: pneumatic drives; vane-type air motor;
mathematical modelling.

Nomenclature

N the number of vanes of a vane type air motor
A effective port width of the control valve

B radius of motor body

C, flowconstant= k{R[(k +1)/2]**""*"}

C, discharge coefficient

C, The specific heat of air at constant volume
Cp The specific heat of air at constant pressure
e eccentricity (=B-r)
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inertia of motor

ratio of specific heat (for air k=1.4)
vane active length in the axial direction
drive torque

stiction coefficient

a

friction coefficient

TR TS

pressure
atmospheric pressure

g

ratio between downstream and upstream pressure

> v

supply pressure

exhust pressure

gas constant
rotor radius

temperature

supply temperature

valve spool displacement
vane working radius measured from rotor centre

Q

mass flow rate
motor rotating angle

<SR NMNNYIYYD

volume

Subscripts

a inlet chambers
outlet chambers

initial condition

b

d downstream
i

u upstream

I. INTRODUCTION

Pneumatic actuators convert the compressed air power
energy to the mechanical energy through motion
technology. They can be employed extensively for simple
position and speed control applications in industry. In the
UK, a massive amount of energy, over 10% of the
National Grid output, is used to generate compressed air
[1]. And also, in 1998, in Japan, pneumatic systems
consumed 10% to 20% of the total electricity supplied to
factories [2]. That counted approximately up to 5% of the
national total electricity consumed in Japan [3]. However,
for most precision applications, electrical and hydraulic
actuators are widely used due to some difficulties of the
pneumatic actuators, especially on the non-linearity and
air compressibility [4].
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Air motors, one type of popular pneumatic actuators,
are now used in different industrial fields. Compared with
its electrical counterpart, air motor systems have some
advantages, such as more environmental friendly, simpler
in structure, easier in maintenance and safer in operation.
The air motors can work in harsh environments, work
without sparks, stall without damages, such as food
processing, mining industry and etc. For higher precision
measurements and further control strategy research, in
recent years, some investigative achievements on the
study of pneumatic drives and employing pneumatic
actuators to accomplish motion control tasks have been
obtained [6, 7].

One of the pneumatic actuators, vane type air motors,
is introduced in this paper and its mechanical structure and
working processes are described in details. A
mathematical model of an air motor with four vanes was
described in [5]. This study is trying to develop a
complete vane-type air motor with N vanes. For vane type
air motors, the chamber volumes vary in both driving and
driven chambers are discontinuous because the number of
vanes of an air motor is finite. So the discontinuity of the
system model has been discussed and approximated
continuous model is derived. Simulation studies are
carried out to find out how close the approximated model
to the discontinuous model.
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isolating region

Figure 1 A vane-type air motor with eight vanes and
3-port control valves

II.  WORKING PRINCIPLES OF VANE-TYPE
AIR MOTORS

For studying the vane-type air motor characteristic and
developing the air motor dynamic model, a typical vane-
type air motor with eight vanes and two 3-port control
valves is schematically shown in Figure 1. From the
figure, it is clearly seen that a rotating component is a
slotted rotor, and it is mounted on a driving shaft. Each
slot of the rotor is fitted with a freely sliding rectangular
vane. So the vane type air motor with eight vanes means
that there has 45 degrees between any two rectangular
vanes on the rotor. When the rotor is in motion, the vanes
tend to slide outward as centrifugal force. The vane in the
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isolating region divides the control volume inside the air
motor into two parts, Chamber A and Chamber B with
eight sections which are inside the air motor and are
divided by the vanes as shown in Figure 2.

[] Exhaustchambers

[ Drive chambers

Figure 2 Schematic diagram of a vane-type
air motor in motion

The difterence ot air pressure provides torces on the
vanes, so the motor can rotate in either direction [8]. For
instance, if the one port on Chamber A connects to the air
supply, another port opens to atmosphere. In that case, the
air pressure in Chamber A (driving chamber) is greater
than that in Chamber B (driven chambers), so the motor
rotates in the way of anticlockwise and the rotor turns
continuously. A schematic diagram of a vane-type air
motor with eight vanes in anticlockwise rotation is
illustrated in Figure 2. The force by compressed air due to
the difference of pressures in the two chambers drives the
rotor rotation. That means the potential energy of the
compressed air is converted into the kinetic energy of the
rotor and torques.

III. DYNAMIC MODEL OF AIR MOTOR SYSTEM

A dynamic model of an air motor with N vanes is
investigated in this section. The derivation of the volumes
of driving and driven chambers, dynamic relationship
within the control chambers and the pressure variation of
the air motor system are studied in depth.

3.1 The volumes of driving and driven chambers

A simplified vane type air motor is shown in Figure 3.
Based on its structure, the volumes of driving and driven
chambers can be derived as follows. Assuming that the
pressure in the isolated volume is the same as the pressure
in the driving chamber and the volume of each isolated
chamber is the same. So the isolated volume belongs to
the driving chamber. And assume that the balance position
of the motor rotation is at ¢ =0 . The volumes of the

driving and driven chambers are described individually by

Va(0)=%L(BZ - +V, @3.D
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VO =L -7, (32)

where, V, is the half volume of all of the isolated

chambers at the balance position. If 2z SE a» Va=0.
N 2
A
2r 2B
st chambers
r+2e
y

|
|
/L\}/_Qi;\

One isolated chamber

Figure 3 Vane-type air motor structure

Assume the volume of one isolated chamber is V,,,.

(7[—2&)] (3.3)
27/ N

V, = %Vm X roundoff |
The roundoff stands for integer part of [(” - 20‘)] .
2z/N)

The vane working radius X, is

x, =ecos@+4/ B> —e’sin’ ¢

When the rotation direction is anticlockwise and suppose
that ¢ sin? P << B?, the control volume of the driving
and driven chambers are described respectively by

(3.4)

1 2 2 2 1, _.2r
V“_EL(B r)z+(@—j N)]+4Le sin2(¢— j N)

. 27, 1. e* . Arx .2z 27
+ LBesin(¢ — j==) + — [[—sin(—) + 2eBsin(==) + B*(==
(¢ JN) 4[2 (N) (N) (N)

(7[—206)] (3.5)

27l N

—r? (ZWE)] X roundoff|

L i it sinog— i 2%
V,,—zL(B )z —(¢ JN)] 4Le sin 2(¢ JN)

. 27 1 e . 4rm . 2z , 2%
—LBesin(¢p— j—)——L[—sin(—) + 2eBsin(—) + B“ (—
(¢ 11\/)4[2 (N) (N) (N)

(T — 206)] (3.6)
2xI N

—r? (ZW”)] X roundoff|

where ge [—a+j%[,—a+(j+l)+%z],j=0, +1,£2,...

The derivative of V, and V, are

v, _dv, do_; do
dt d¢ dr ° dt
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av, _dV, d¢ _5 d¢

dt  d¢ dt " dt

and

with
V =L LB =)+ e cos 29— j25) + 2Becos(p— j 25y BT
“72 N N

and V-V (3.8)

Based on (3.5) to (3.8), vV.V,,V. and y, are periodic and

discontinuous (assume the number of vanes is finite)
functions.

When Chamber B is the driving chamber, i.e. the rotor
turns anticlockwise,

L G e e sin2w— i+ 2E
V, =S LB = x+ 9= (+ D) D1+ Lesin2g=(+1) ")

. o 2m 1. e . Arx L2, 2%
+ LBe Sln(¢—(] +1)W) —ZL[7 SIH(W) +2eB SIH(W) +B (W)
Lo (z-20) (3.9)
r (N)]Xroundoﬁ‘[ Yy, ]

V, =S LB =)= (0= (4 ) 2] = L sin29= (4 D) 2)

2

2r. 1 e Az 2w 2w
— LBesin(¢—(j+1)==) + — L[—sin(—) + 2eBsin(=—) + B* (==
esin(¢—(j )N)4[2 (N) e (N) (N)

227 (z-2a) (3.10)
r (N)]Xroundoff[ 7N 1

and V-7 (3.11)

The analysis of the dynamic characteristic of a
pneumatic system normally includes three individual
mathematical functions of its components, i.e. the valve,
the actuator and the load [5, 9, 10].

3.2 Flow relationships of the control valves

Assume the constant supply pressure and exhaust
pressure, the mass flow rates across the control valves can

be described by [10]
w=q(X,P) (3.12)

Based on the standard orifice theory [10, 11], the mass
flow rate through the valve orifice takes form

w=C,C,AXP, ?(Pr )/\/TT

where p, =P, /P, is ratio between the downstream and

(3.13)

upstream pressures at the orifice and

~ 1 @Sprﬁcr

F(p (3.14)

" 1/2 i
clp 7= co<p, s

For air k=1.4, C,=0.528 and C,= 3.864. So the function
f() and its derivative are continuous.
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For the simplified calculation of the mass flow rate
through the valves, the following functions are introduced

For chamber A

A P,
”(a]/
f(P, P,P)= ‘/T

Chamber A is the drive chamber

Chamber B is the drive chamber

\/T— Chamber A is the drive chamber
b

\/T— Chamber B is the drive chamber

3.3 Pressure relationships in the control chambers

The formula of the mass flow rate can utilize [10, 12],

WZ(W)/(RTS) (3.15)
The dynamic relationship of the pressure of the motor
within the driving and driven chambers can be described

by

b - kRT,C,C,A X f(P, P P) kP, dV, dp  (316)
v, V. d¢ dr
P _kRTerCOAthf(Ph’Ps’Pe)_ﬁﬂ@ (3.17)
e

v, V, d¢ dt

3.4 Load dynamics

The pneumatic system should consider its friction and
payloads. Based on Newton’s second law of angular
motion [12],

M—MCS(¢j—Mf¢=J¢ (3.18)

where @ is angular velocity, @ is angular acceleration,
and S( ¢) can be calculated by

=0

() L (3.19)
NE . .
sign[;iﬁjac 0<9,.<1) ¢#0

The drive torque depends on the force by the difference
of the pressure between the drive and exhaust chambers
(see Figure 4). It acts on a part area of the vane which one
side is the drive chambers and another side is the exhaust
chambers.

ISBN:978-988-98671-9-5

Figure 4 Schematic diagram of the forced area on a vane

So the drive torque is described by

L
M:(Pa—Pb)x(xi—rz)E (3.20)

=(P, - Pb)x(e2 cos2¢+2eBcosg+ B — rz)g
According to equation (3.20), the angular acceleration ¢

of the motor can be described by

{b:%([’a —P,)x(e* cos2¢+2eBcos ¢+ B* —r?)

Mc ._&.
~Hes(o)-"ro

(3.21)

Form equations (3.16) to (3.21), the state functions of the
vane type air motor with N vanes can be derived. The
state variables are chosen to

bex, =@, x, =¢,x, =P, x, = P,, and the control
input variables u, = X ,u, = X,. Then the state

functions of the N vanes air motor can be described as
follows:

x(1) = x,(1)

)éz(t) =%(}c3 —x4)><(e2 cos2x, +2eBcosx, +B*—r?)

M M
= Sle) =
2.1) = kRT.C,CoA (O f (@, P F) _ k AV, (n@) On0)
’ v, (x,(1)) V(@) de@ 7
x' (0= kRT\_C(,COA,,uz(t)f(x4(t),PA,R,) _ k dvh (Xl (l))x (H)x,(1)
¢ V, (x,(1) V,(x,@) dy@

IV. SIMULATION STUDY

The system model parameters are given as follows for the
simulation study:

M.=0.5N, M=0.09Ns, L=44.5mm, B=36.5mm, e=4mm,
r=B-e, J;=6.08 X 10-4 kgm?, J,=2.69X 10-4 kgm?,
J=J+J;, T=293K, P=6bar, & =7 /6, k=1.4, C4;=0.8
Cy=0.0404, A,=A,=0.003m, R=287J(kgK)™"
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According to the state functions of the vane type air
motor with N vanes and the model’s parameters as above,
a vane-type air motor model was implemented in
Simulink.

Assume the rotor now turns in the way of
anticlockwise, i.e. Chamber A stands for driving chamber
and Chamber B stands for driven chamber (see Figure 1).
The simulation results are shown in Figures 5 ~ 8.

e PaPb

Pb

VANV VNN
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Figure 6 Simulation results of vane motor dynamic model
(N=5)
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Figure 8 Simulation results of vane motor dynamic model (N=16)

Figure 5 to Figure 8, show the pressure variation within
the chambers for the cases that the number of vanes (N)
equals to 4, 5, 8, and 16 separately. Based on the figures,
the maximum volume of drive chambers changes from
2.73%10°m’ to 3.81x10°m’. And the maximum volume
of exhaust chambers change from 1.31 X 10°m’ to
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2.59%10°m’. From Figure 5 to Figure 8, it is shown that
after a short initial time, the control volume variation and
the pressure variation are periodic and the frequency
depends on the number of vanes of the air motor. From
the figures, the responses are smoother when the number
of vanes increases.

V. CONTINUOUS APPROXIMATION TO CHAMBER
VOLIMES

The discontinuities of V,, V,, ‘7& and ‘chould lead to

difficulties for applying control theory. Thus, a Fourier
series expansion is employed to obtain the continuous

form of V, , V, , ‘70 and ‘7}] . The Fourier series
expansions of V, V, V:; and ‘Z)can be described by:

a’

v, :%-i-ia(m cos(Nn¢)+iban sin(Nng) (5.1
n=1 =

v, :%+iabn cos(Nn¢)+ibbn sin(Nn @) (5.2)
n=1 =l

V, = 650 + i&an cos(Nng) + il;an sin(Nng) (5.3)
n=l n=l

V, =V, = A _ i da,, cos(Nng) — isin l;a" (Nng) (5.4)

n=l1 n=1

where the coefficients a,,,a,,.a

~

abn > b bbn > aaO °

an’ an’

d, ,b  are listed in the Appendix. Utilizing Equation

(5.1) to Equation (5.4), substitute V_, V,, ‘7& and V;in

the state functions of the vane-type air motor with
arbitrary N vanes. Thus, a continuously approximated
system model can be obtained.

The coefficient for the Fourier series expansion of
V.,,V,,V, .V, are listed below.

A, =7L(B* ~r*)+ (ﬁ(L(B2 —r?)- (N —2aN - 271)))

+ (E (- é cos(2(ar +2x)/ N)- Le* + é Le® cos(2a)))
T

+(ﬁ‘(—LBesina+sin((aN+27z')/N)'LBe))+{E‘iL
V4 V.4

27

o s romsin 1 5 2y
[2 s1n(N)+2eBs1n(N)+B (N) r (N)]

_ (z-20), 27
roundoff [727” N ] N }
1
a,y = 7(B* =r*)~ (ﬁ (L(B* = r*)-(N7z—2aN —27)))
- (ﬂ (—%cos(Z(afir +27)/ N)-Le* + é Le? cos(2a)))
VA

—(E'(—LBesin 0{+sin((0£N+2ﬂ)/N)'LBe))—{E'lL
V.4 T 4
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e . Arx . 27 , 27w ) 27
-[—sin(—) + 2eBsin(—) + B (—) —r (—)] 2 2
2 N N N N o= LN LB =) cosNn - a)) - cos(Na(Z—a—Ey)+
(r-2a), 2x 2 2 2 N
- roundoff [ 2l N ]AW} N 1 | .
4 2
—(—-—=Le -cos((Nn+2)(=-a))+
(” 2 (Nn+2 (« )(2 )
1 V4 V4 2z
I N LB’ -r’)m . z . r 2z -cos((Nn—2)(= —a)) - -cos(Nn+2)(=—a—=—
Ry T B e S e T I I
2 2 T T
% - % ‘ % : [(Nn(% -a)- Sin(Nn(% -a)+ cos(Nn(% - ) - N:]_lz ' COS((N’: - 2)(5 -a- W))))
z 2z 7 2 7 2 7
_ L - 2 a=2"y) —cos L a2t —(—-—=LBe -cos((Nn+1)(——-a))+
(Nn( = ar==5)sin(Nn( = a="2) = cos(Nn( =@ ==)] (” 5 (Nn+1 (« )(2 )
1IN L T i o E 1 V4 V4 2z
s 7 Le [Nn ") cos((Nn+2)( 2 ) N2 cos((Nn—2)( 5 a)) Nl cos((Nn— l)(E -a)— il -cos((Nn + l)(z —a- W))
1 n 2 V3 2
- S L -t 08 N E gL V4 2z
e P B VA e R A o eos((Nn = 1)(Z — =)
1N 5 1 e N Nn—1 2 N
3 e[Nn+1C0S(( n+ )(E—a))— Nn_lcos« n— )(E—a))

2 1 2 . . . TS
~ ey Cos(Nn+ 1)(% -a- Wﬂ)) gy Cos(Nn — 1)(% —a- Wﬂ))l Simulation studies revealed that the approximation is
SN Ll nC ) 4 2eBsin )+ B2y - ) roundor =22 accurate enough to represent the true volumes.

T 4 2 N N N N 27/ N
1 . V3 | V4 2
[—sin(Nn(= - @)) - —sin(Nn(=— - =) } VI. CONCLUDING REMARKS
Nn 2 Nn 2 N
Gon = " In this paper, a complete mathematical model for vane
type air motor with an arbitrary number of vanes was
» . . .
A 1 N LB -1 (cosNn(" — a2)) — cos(Nn(* - a— E))H developed. . The cont%nuous app’r0x1mat10n provide
2 Nn 2 2 N control engineers a continuous working model to develop
%%% 1= Nn(% — @) cos( Nn(% — ) +sin( Nn(% —a)) control strategy using modern/advance control methods.
n

T 2r V4 2 . V4 2z
+ (Nn(z e W) . cos(Nn(E o W)) - sm(Nn(E -a— W)))]
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