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Abstract 

In an automotive hydraulic power steering system a variable-displacement vane pump that is equipped with a control 
device for adjusting the eccentricity of the cam ring and thus pump delivery flow rate according to the pump rotational 
speed (i.e. vehicle speed) is gradually being used for energy saving in place of a fixed-displacement vane pump. However, 
fluid-borne noise radiating into the passenger compartment has greatly increased following this replacement, and, 
therefore, countermeasures to reduce pump source flow ripple have been required more than anything else to further 
spread its usage. This paper reports on development research of a quieter (low fluid-borne noise level) varia-
ble-displacement vane pump for HPS systems. First, it is indicated based on both experimental measurements and sim-
ulation analysis of pump source flow ripple that the excessive increase of fluid-borne noise produced by existing varia-
ble-displacement vane pumps equipped with a cylindrical cam ring is mainly caused by vane bounce occurring in the 
trapping sections near the bottom dead center, which is difficult to prevent when a conventional cylindrical (completely 
round profile) cam ring is used. Next, a new cam ring profile for preventing vane bounce called a “modified profile cam 
ring” is proposed and its effectiveness is examined by noise tests in the passenger compartment of a real car as well as 
measurements of pump source flow ripple in a bench test circuit. The proposed cam ring is found to be successful in 
reducing fluid-borne noise to at least the level of a fixed pump. The newly developed types of pumps have already been 
put into practice in several kinds of automobiles. 
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1 Introduction  

In recent years, in an automotive hydraulic power 
steering (HPS) system, a variable-displacement vane 
pump, which is equipped with a control device for ad-
justing the eccentricity of the cam ring and thus pump 
delivery flow rate according to the pump rotational 
speed (i.e. vehicle speed), is gradually being used for 
energy saving in place of a fixed-displacement vane 
pump. However, fluid-borne noise radiating into the 
passenger compartment has greatly increased following 
this replacement, and, therefore, countermeasures to 
reduce flow ripple from the pump source have been 
required more than anything else to further spread its 
usage. 

The objective of this research is the development of a 
variable-displacement vane pump for HPS system, 
which can reduce fluid-borne noise in a passenger 
compartment to at least the level of a fixed-displacement 
vane pump without vast changes for the mechanism. For  
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this purpose, in advance of development research, the 
excessive increase in vibration and noise by the existing 
variable-displacement vane pump, which is equipped 
with a conventional cylindrical (completely round pro-
file) cam ring was resolved by both experimental 
measurements and simulation analysis of pump source 
flow ripple, together with the measurement of pump 
casing vibration and nearby noise. 

In regard to the vibration and noise generated by a 
fixed-displacement vane pump for HPS system, re-
search has been reported on the analysis of pump source 
flow ripple and source impedance by both experimental 
measurements and simulations (Dickinson et al, 1993), 
examination of repeatability, reproducibility and pro-
duction variability in measured values of pump source 
flow ripple and source impedance based on the ISO 
standard (Qatu et al, 1999), examination of the influence 
of design tolerance on noise, vibration and harshness by 
binaural measurement and jury evaluation (Fernholt and 
Bishop, 1999), and the automated production noise 
testing (Bleitz et al, 1997). In regard to the vibration and 
noise of a variable-displacement vane pump for HPS 
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system, however, detailed research has not been re-
ported so far as the author knows, though there has been 
research investigating the dynamics of such a pump 
(Karmel, 1986). 

In this paper, a new cam ring with a special internal 
profile called a "modified profile cam ring" (MPCR) for 
preventing vane bounce (referred to as "vane-alienation") 
is proposed. Its effectiveness is examined by noise testing 
in the passenger compartment of a real car as well as 
experimental measurements of pump source flow ripple 
(and pump casing vibration and nearby noise) in a bench 
test circuit under a wide range of operating conditions, 
particularly pump rotational speed and load (delivery) 
pressure. 

2 Source Flow Ripple and Vane Bounce of 
Variable-Displacement Vane Pump 
Equipped with a Cylindrical Cam Ring 

The pump chosen as the subject of study for design 
improvement is a variable displacement vane pump that is 
equipped with a control device for adjusting the eccen-
tricity of the cam ring (and thus the pump delivery flow 
rate) according to pump rotational speed (i.e. vehicle 
speed). Figure 1 shows a schematic diagram explaining 
the mechanism of the investigated pump (maximum dis-
placement: 9.6 cm3/rev, number of vanes: 11). 
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Relief valve 
Chamber2 

  

Return spring 
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Swing shaft 
Rotor 
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Cam ring 
Outer case 
Chamber1 

  
Square seal 

To power cylinder  
Fig. 1: Schematic diagram of power steering varia-

ble-displacement vane pump used in this study 

Figure 2 and 3 show the measured time-history 
waveforms and amplitude spectra of pump source flow 
ripple, respectively, produced by an existing varia-
ble-displacement vane pump equipped with a cylindrical 
cam ring obtained by the author's proposed method called 
the "two pressures/two systems" method (Kojima, 1992; 
Kojima and Yu, 2000), where θ  of the x coordinate axis 
in Fig. 2 expresses the angle of the center position be-

tween two adjacent vanes from the bottom dead center. 
Simulation results from the mathematical model that 
neglects vane bounce (see Appendix) are also indicated in 
these figures. 
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Fig. 2: Measured and simulated (neglecting vane bounce) 

time-history waveforms of source flow ripple pro-
duced by a variable-displacement vane pump 
equipped with a cylindrical cam ring 
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Fig. 3: Measured and simulated (neglecting vane bounce) 

amplitude spectra of source flow ripple produced by 
a variable-displacement vane pump equipped with a 
cylindrical cam ring 

Figure 4 and 5 show the measured time-history wave-
forms and amplitude spectra of pump source flow ripple, 
respectively, produced by a fixed-displacement vane 
pump (displacement: 10 cm3/rev, number of vanes: 10) 
for an existing HPS system, which were obtained for the 
purpose of comparing with those of the proposed variable 
vane pump. The repeatability of measurements (1st-3rd) 
is also indicated in these figures. 
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Fig. 4: Measured time-history waveforms of source flow ripple produced by a fixed-displacement vane pump and their repeatability 
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(i) N = 750 rpm, Pd = 6 MPa                            (ii) N = 2000 rpm, Pd = 6 MPa 

Fig. 5: Measured amplitude spectra of source flow ripple produced by a fixed-displacement vane pump and their repeatability 

It can be seen from Fig. 2 to 5 that the intermittent 
unsteady leakage generated in the variable-displacement 
vane pump is considerably large compared to that of the 
fixed-displacement vane pump (especially, in low-speed 
/high-pressure operation). It can also be seen that this 
leakage happens in almost all regions of the trapping 
section and maximizes when a vane comes near to the 
bottom dead center. Furthermore, it is well known that, in 
a piston pump, for instance, where the movement of 
pumping elements is mechanically restricted to stay 
within clearances, the simulation results of source flow 
ripple agree with the experimental measurements within 
an uncertainty of 20-30% for the most part (Kojima et al, 
2000). For the variable-displacement pump tested, how-
ever, the difference between simulation results (neglect-
ing vane bounce) and experimental measurements is large 
(5-6 times for peak-peak values). 

From these experimental facts, it can be inferred that 
the excessive increase in pump source flow ripple pro-
duced by the variable-displacement vane pump equipped 
with a cylindrical cam ring is dominantly caused by the 
increase in unsteady leakage flow rate from the clearance 
of vane tip due to the vane bounce.  

3 Proposal of New Cam Ring for Pre-
venting Vane Bounce 

To identify the cause of vane bounce and then think 
of countermeasures against it, in the early stage of re-

search, pump source flow ripple was measured system-
atically changing the port angles (pre-compression and 
pre-expansion angle), dimensions and shapes of relief 
grooves, configuration of back pressure grooves, etc. 
But, it was found that in as far as the cylindrical cam ring 
was used, these countermeasures were all ineffective 
and even exhibited a contrary effect in some cases. From 
these experimental facts (results are omitted) and the 
experimental results shown in Fig. 2, it can be concluded 
that the occurrence of vane bounce is strongly influ-
enced by the interior profile of the cam ring as follows. 
The vane positioned in the trapping section near the 
bottom dead center "for instance" is subjected to deliv-
ery pressure on the front face and suction pressure on the 
rear face, that is, an unbalanced force is applied on the 
vane and thus the vane may be stuck at the corner of 
vane slot as shown in Fig. 6. Thereby, the vane cannot 
be pushed up to the position, where the vane tip contacts 
the inner surface of the cam ring, only by centrifugal 
force and back pressure force. Thus, the vane bounce 
occurs in sections where the radius of the vane must 
increase with the increase in the rotational angle of the 
rotor (i.e., in the first half of the trapping section near the 
bottom dead center and the latter half of the trapping 
section near the top dead center). 

The dotted lines in Fig. 7 show the pump source flow 
ripple calculated from a mathematical model taking the 
leakage from the vane tip clearance into consideration, 
together with the measured results represented by the 
solid lines. It is assumed that the vane begins to stick and 
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Fig. 6: Schematic illustration showing the generation 

mechanism of vane bounce 

then separate from the inner surface of the cam ring from 
the angular position just after the beginning of trapping 
section near the bottom dead center (to be more precise, 
at θ = 60). It can be seen from these results that close 
agreement between measured and simulated values is 
obtained except that high frequency components ap-
peared in the simulation results. From the above inves-
tigations, it could be verified that this supposition for the 
generation mechanism of vane bounce was appropriate, 
although it is an indirect verification. 
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Fig. 7: Simulated (considering vane bounce) and measured 

time-history waveforms of source flow ripple pro-
duced by a variable-displacement vane pump 
equipped with a cylindrical cam ring 
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Fig. 8: Radius vectors of the proposed modified profile cam rings (Var-M1 - Var-M4) at trapping sections 
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Fig. 9 : Comparison of measured time-history waveform of source flow ripple between various cam ring profiles 

 

On the basis of the above considerations, cam rings 
of various profiles were designed and manufactured 
under the following conditions 1. – 4., so that the radius 
vector of the vane does not need increasing with the 
increase in the rotational angle of the rotor in the trap-
ping section where an unbalanced load is applied on the 
vane. 
1. The gradient of the radius vector of the vane to the 

rotational angle of the rotor is negative in any an-
gular position in the trapping section near the bot-
tom dead center in low-speed operation (e = 1.9 
mm) (hereafter, "Var-M1") 

2. The gradient of the radius vector of the vane to the 
rotational angle of the rotor is negative in any an-
gular position in the trapping section near the bot-
tom dead center in high-speed operation (e = 1.1 
mm) ("Var-M2"). 

3. The gradient of the radius vector of the vane to the 
rotational angle of the rotor is negative in any an-
gular position in the trapping section near the bot-
tom dead center regardless of pump revolution 
speed ("Var-M3"). 

4. The gradient of the radius vector of the vane to the 
rotational angle of the rotor is negative in any an-
gular position in both trapping sections near the 
bottom and top dead center regardless of pump 
revolution speed ("Var-M4"). 

Provided that the negative gradient curve of the ra-
dius vector in the trapping section/sections was con-
nected smoothly to the cylindrical curve outside the 
trapping section by a high-order curve. 

Figure 8 shows the curve of the radius vector of the 
MPCR near the bottom and top dead center, where θ in 
the horizontal axis indicates the rotational angle of the 
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vane based on the bottom dead center. 
In this study, the industrial usefulness of the pro-

posed modified profile cam ring is examined by meas-
uring both the pump source flow ripple (and pressure 
ripple) and the audible noise in the passenger com-
partment of a real car generated by the varia-
ble-displacement vane pump equipped with the above 
cam ring. 

4 Pump Source Flow Ripple Generated 
by Variable-displacement Vane Pump 
Equipped with "Modified Profile Cam 
Ring" 

Figure 9 and 10 show the measured time-history 
waveforms and amplitude spectra of pump source flow 
ripple generated by the variable-displacement vane 
pump equipped with the cam rings of Var-M - Var-M4, 
respectively, together with that of the conventional 
pump equipped with a cylindrical cam ring (Var-C). (i) 
is for an operating condition of low-speed/high-pressure 
(N = 750 rpm, Pd = 6 MPa) and (ii) for an operating 
condition of high-speed/high-pressure (N = 2000 rpm, 
Pd = 6 MPa). Simulation results of the actual source 
flow ripple and the theoretical source flow ripple due 
only to pumping mechanism, which was calculated from 
the mathematical model (shown in Appendix) that ne-
glects vane bounce, are also indicated in these figures. 
Figure 11 shows the measured overall value (sum of the 
harmonic amplitude up to 2 kHz) of the source flow 
ripple generated by the Var-M1-Var-M4 vane pumps, 
together with those of the fixed-displacement vane 
pump and the Var-C pump. The test conditions of 
low-speed/low-pressure (N = 750 rpm, Pd = 1 MPa), 
low-speed/high-pressure (N = 750 rpm, Pd = 6 MPa), 
high-speed/low-pressure (N = 2000 rpm, Pd = 1 MPa) 
and high-speed/high-pressure (N = 2000 rpm, Pd = 6 
MPa) correspond to the driving conditions of idling, 
parking, steady state driving and driving around corners 
in town, respectively. 
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Fig. 10: Comparison of measured amplitude spectra of 

source flow ripple between various cam ring profiles 
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Fig. 11:  Comparison of measured overall values of source 
flow ripple between various cam ring profiles 

It can be seen from these results that the varia-
ble-displacement vane pump equipped with the pro-
posed MPCR has the following characteristics. 
• Pump source flow ripple can be reduced dramati-

cally in low-speed operation compared to the Var-C 
pump because vane bounce is almost prevented 
under this condition.  

• Pump source flow ripple can be reduced at least to 
the level of a fixed type vane pump except in 
high-speed/high-pressure operation. 

• Pump source flow ripple of the Var-M1 - Var-M3 
pumps excluding the Var-M4 pump has qualita-
tively the same characteristics as the design concept 
indicated in Section 3. 

• Since vane bounce cannot be prevented satisfacto-
rily in high-speed/high-pressure operation, the re-
duction in source flow ripple is only 20 - 30% 
compared to the Var-C pump. 

• The Var-M4 pump, whose radius vector of the vane 
is designed for a negative gradient curve near the 
top dead center as well as the bottom dead center, 
inversely increases the source flow ripple in  
high-speed operation (the clear cause of this phe-
nomenon has not been identified). 

From these tests, it was verified that, if the curve of 
the radius vector of the vane was designed appropri-
ately, the pump source flow ripple that caused flu-
id-borne noise could be reduced to at least the level of a 
fixed-displacement pump. Besides, it has been con-
firmed that the audible noise radiated directly from the 
pump casing can also be reduced to the level of the fixed 
type vane pump, but the details are omitted because of 
limitations on the length of this paper. 
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5 Effect of "Modified Profile Cam Ring" 
on Reduction of Noise in Passenger 
Compartment 

In order to consider the feasibility of a varia-
ble-displacement vane pump equipped with the pro-
posed MPCR, its effectiveness on the reduction of noise 
in the passenger compartment of a real car was exam-
ined by installing it in a hydraulic power steering sys-
tem. The sound pressure level and sound pressure spec-
tra in the center of the passenger compartment (close to 
the driver's ears) and the pressure ripple at the pump exit 
were measured for the Var-M3, Var-C and fixed pumps. 
Oil temperature was kept at a constant value of around 
70oC during tests. 

Table 1 shows the measured overall value and fun-
damental component of A-weighted sound pressure 
level for the fixed, Var-C and Var-M3 pumps under the 
operating conditions of low pressure (Pd = 0.7 MPa) and 
high pressure (Pd = 5.4 MPa), respectively, for both the 
low-speed (N = 920 rpm) and high-speed (N = 2000 
rpm) conditions. Figure 12 shows an example of the 
spectra of the A-weighted sound pressure level of the 
above three pumps. Table 2 shows an overall value and 
fundamental component of pressure ripple at the pump 
exit measured simultaneously with sound pressure, 
provided that the pressure ripple is expressed in a dB 
unit relative to 0.1 MPa. 

Table 1: Overall value and fundamental component of 
A-weighted sound pressure level in a pas-
senger compartment 
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Table 2: Overall value and fundamental component of 
pressure ripple at a pump exit 

Fixed Var-C Var-M3 Fixed Var-C Var-M3
Low pressure

(0.7 MPa)
High pressure

(5.4 MPa)
Low pressure

(0.7 MPa)
High pressure

(5.4 MPa)

Low speed (920 rpm) High speed (2.000 rpm)
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From these experimental results, the following can 

be seen. The reduction in overall sound pressure level by 
using the Var-M3 pump is only 1.2 dB on average 
compared to that of the Var-C pump (almost same level 

compared to that of the fixed pump). However, the 
fundamental component of the sound pressure level, 
which has a great influence on the tone quality of noise, 
can be reduced by around 9 dB and 4 dB compared to 
the Var-M3 pump and fixed pump, respectively. As 
being pointed out by Christian et al (1999), it is no-
ticeable to recall that for noise, vibration and harshness, 
the harmonic composition of the pump signature is a 
significant factor rather than the overall level. The 
Var-M1 - Var-M3 pumps have been highly praised also 
by a sensorial test by a jury of engineers. 
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Fig. 12: Spectra of A-weighted sound pressure level in a 
passenger compartment (N = 2000 rpm, Pd = 5.4 
MPa) 

Furthermore, it was found that there was a good 
correlation between the harmonic component of the 
pressure ripple and the sound pressure level, and thus the 
noise in a passenger compartment is mainly caused by a 
pressure ripple due to pump source flow ripple (i.e., by a 
fluid-borne noise). 

6 Conclusions 

The main results of this study are summarized as 
follows. 
1. The excessive increase in fluid-borne noise pro-

duced by an existing variable-displacement vane 
pump equipped with a conventional cylindrical cam 
ring is mainly caused by the increase in intermittent 
unsteady vane tip leakage due to vane bounce oc-
curring in the trapping section near the bottom dead 
center. 

Fixed 

Var-C 

Var-M3 
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2. The variable-displacement vane pump equipped 
with this devised "modified profile cam ring" 
(MPCR) can reduce the pump source flow ripple 
and then the pressure ripple in the pressure line to at 
least the level of a fixed-displacement pump over a 
wide range of operating conditions. 

3. The variable-displacement vane pump equipped 
with the MPCR is greatly effective especially on the 
improvement of sound quality of noise in a pas-
senger compartment of a real car, and some types of 
them have already been put into practice in several 
kinds of automobiles in Japan. Further, this inven-
tion has acquired United States Patent (Patent No.: 
US 6,503,068 B2, Date of Patent: 7. January 2003) 
as well as Japanese Patent. 
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Nomenclature 

Ad  orifice area of discharge port  [m2] 
As   orifice area of suction port  [m2] 
Av orifice area over vane tip during vane 

bounce 
[m2] 

B fluid bulk modulus  [Pa] 
Be  effective fluid bulk modulus in vane 

chamber 
[Pa] 

Cd   orifice flow coefficient [-] 
e   eccentric distance of rotor [m] 
N    pump revolution speed [rpm] 
P0     atmospheric pressure [Pa] 
Pd  mean discharge pressure  [Pa] 
Ps  mean suction pressure [Pa] 
P t  pressure in vane chamber near bottom 

and top dead center 
[Pa] 

P t* absolute pressure of Pt     [Pa] 
Qa actual pump delivery flow  [m3/s]  
Qcd inlet flow at discharge port  [m3/s] 
Qcs inlet flow at suction port   [m3/s] 
Qcv leakage over vane tip during vane 

bounce         
[m3/s] 

Q th kinematic flow [m3/s] 
∆Q tb  unsteady leakage near bottom dead 

center      
[m3/s] 

∆Q tt unsteady leakage near top dead center      [m3/s] 
∆Q l  [m3/s] 
Ρ(β) radius of curvature of cam ring [m] 
r(φ)  radius vector of vane         [m]   
r0(φ) radius vector of vane of design objec-

tive             
[m] 

t   time [s] 
V i  ith vane chamber volume in discharge 

stroke          
[m3] 

V t   vane chamber volume near bottom 
and top dead center 

[m3] 

κ   ratio of specific heats for air [-] 
β    cam ring angular position relative to 

bottom dead center 
[rad] 

φ    rotor angular position relative to bot-
tom dead center  

[rad] 

θ    angular position of center between 
two adjacent vanes   

[rad] 

χ0 ratio of air/fluid volume [-] 
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Appendix 

An outline of the numerical calculation procedures of 
source flow ripple produced by a variable-displacement 
vane pump equipped with a proposed "modified profile 
cam ring" (MPCR) is given here under. 

Actual delivery flow rate from the pump, Qa, is given 
by, 
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 ltttbtha QQQQQ ∆−∆−∆−=  (A1) 

where, Q th is the theoretical (neglecting leakage) 
flow-rate determined by the pump geometry and pump 
revolution speed, ∆Q tb and ∆Q tt  the unsteady leakage 
flow rate near the bottom and top dead centers, respec-
tively, and ∆Q l the steady leakage flow rate (such as a 
leakage at the rotor sides). 

Applying the continuity equation to the control 
volume in Fig. 13 yields the governing equation for 
unsteady leakage flow rate, ∆Q tb,  and fluid chamber 
pressure, P t. 
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Fig. 13: Schematic illustration showing vane chamber flows 

nearby dead centers  

 t t t
tb cs cv cd

e

V dP dVQ Q Q Q
B dt dt

∆ = + + = − −  (A2) 

 t t e
cd cs cv

t

dP dV B
Q Q Q

dt dt V
 = − − − − 
 

 (A3) 

Be in Eq. A2 and A3 is the effective fluid bulk 
modulus that takes the effect of entrained free bubbles in 
the fluid into consideration, given by; 

 e 1/
0 t 0 t1 ( / 1)( / )

BB
x B P P P κκ

=
+ −

 (A4) 

where, B is the bulk modulus of fluid excluding en-
trained air, χ0 the ratio of air/fluid volume at atmos-
pheric pressure P0 (abs.), κ the ratio of specific heat for 
air, and P t* the absolute pressure of P t. An orifice flow 
equation is used to determine the flow rate through the 
discharge port and suction port from the vane chamber, 
Qcd, and Qcs, respectively, and the leakage flow rate 
over the vane tip during vane bounce, Qcv. 

 cd t d d d t dsign( ) ( ) 2 /Q P P C A P Pθ ρ= − −  (A5) 

 cs t s d s t ssign( ) ( ) 2 /Q P P C A P Pθ ρ= − −  (A6) 

 cv t s d v t ssign( ) ( ) 2 /Q P P C A P Pθ ρ= − −  (A7) 

For the variable-displacement vane pump equipped 
with a cylindrical cam ring, Q th , V t and dV t/dt in Eq. A1 
- A3 can be obtained in the form of analytical solutions. 
However, for the pump equipped with the MPCR, these 
values cannot be obtained analytically because the ra-
dius of curvature of the cam ring is given through nu-
merical data. In this study, these values for such a pump 
were calculated numerically as follows. 

(i) Volume of vane chamber, Vt , and rate of its 
change respect to time, dVt/dt 

Figure 14 shows the relationship between the radius 
vector of the vane and the radius of curvature of the cam 
ring. First, the radius of curvature of the cam ring, R(β), 
is calculated from the following equation based on the 
numerical data of the radius vector of the vane, r0(φ), at 
eccentricity of e0 (shown in Fig. 8), which is specified as 
a design value.  

 2 2
0 0 0 02 cosR r e r e φ= + −  (A8) 
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T.D.C.  
Fig. 14: Relation between radius vector of vane and radius of 

curvature of cam ring profile 

 1 0

0 0

sin
tan

cos
r

r e
φ

β
φ

−  
=  − 

 (A9) 

Next, the value of R at every 1o interval of β over the 
range of 360o is calculated from R(β) obtained above (and 
then is input to the NC cam grinding machine). Once the 
radius of curvature of the cam ring is determined, the 
relationship between the radius vector of the vane, r, and 
the rotational angle of the vane, φ, at any eccentricity, e, 
can be obtained by the following equations. 

 2 2 2 cosR R e Re β= + −  (A10) 

 1 sintan
cos
R

R e
βφ

β
−  

=  + 
 (A11) 

Provided that, in this simulation analysis, the value 
of R between every 1o interval of β is obtained by the 
approximation of linear interpolation. Lastly, V t and 
dV t/dt at any time, t, and any eccentricity, e, are calcu-
lated using Eq. A10 and A11. 

(ii) Theoretical pump delivery flow rate 

The theoretical delivery flow rate due to only the 
pumping mechanism, Q th, is the total sum of volume 
change-rate of vane chambers (-dV i/dt) existing in a 
discharge stroke and obtained by Eq. A12. Provided that 
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both ends of the suction and delivery ports of the modi-
fied profile cam ring in theory are supposed to be located 
so that the dead centers come to the angular position that 
satisfies dV t/dθ  = 0. 

 i
th

1

K

i

dVQ
dt=

 = − 
 

∑  (A12) 

where, k is the number of vane chambers located in a 
discharge stroke. The present calculation method can 
also be applied to the cylindrical cam ring by using R(β) 
of constant value of course. 
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