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gent task for modern radars [1–3]. Thus, the maneuverabil-
ity of aerodynamic objects increases, their radar visibility 
decreases and their ability to perform intended tasks at low 
and extremely low altitudes with the circumference of the 

1. Introduction

Ensuring high accuracy in measuring the coordinates 
and motion parameters of radar surveillance objects is an ur-
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The necessity of estimating the 
decrease in the accuracy of measuring 
the informative parameters of a radar 
signal in real conditions of its propaga-
tion and reflection has been substantiat-
ed. The results of the estimation determine 
the requirements for optimizing this mea-
surement to achieve the required efficien-
cy. A numerical analysis of the decrease 
in the accuracy of measuring the Doppler 
frequency of a coherent packet is present-
ed, depending on the statistical character-
istics of fluctuations of the initial phases 
of its radio pulses. Expressions are given 
for calculating the fluctuation component 
of the measurement error of radio pulse 
packet frequency for various coefficients 
of interpulse correlation of phase fluc-
tuations. An assessment is made of the 
possibility of increasing the accuracy of 
Doppler frequency measurement, which 
can be ensured by statistical optimization 
of the algorithm for time-frequency pro-
cessing of a given radar signal by taking 
into account its phase fluctuations. The 
conditions for the multiplicative influence 
of phase fluctuations of radio pulses of the 
received packet are substantiated, which 
determine the efficiency of optimization of 
Doppler frequency measurement.

Based on the results of the study, an 
optimization method for measuring the 
Doppler frequency of the packet taking 
into account fluctuations in the initial 
phases of its radio pulses is proposed. 
The accuracy of Doppler frequency mea-
surement under the influence of both the 
internal noise of the radar receiver and 
the correlated phase fluctuations of its 
radio pulses is estimated. The efficiency 
of optimization of measuring the Doppler 
frequency of the packet is estimated tak-
ing into account fluctuations of the ini-
tial phases of its radio pulses by means 
of computer simulation. It is proved that, 
under the influence of phase fluctuations, 
the accuracy of Doppler frequency mea-
surement can be increased due to the 
performed optimization from 1.86 to 6.29 
times. This opens the way to improving 
the existing algorithms for measuring the 
higher time range derivatives to improve 
the quality of tracking complex maneuver-
ing aerodynamic objects. This explains the 
importance and usefulness of the work for 
the radar theory
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terrain against the background of significant internal noise 
of the radar receiver increases [4–6]. This necessitates esti-
mating their time range derivatives: radial velocity and radi-
al acceleration with high accuracy. 

In practice, a coherent packet of radio pulses is widely 
used to meet this requirement. In particular, the operation 
of measuring the radial velocity of an aerodynamic object 
is based on estimating the radar signal frequency. Signal 
frequency can be determined from the corresponding law of 
changes in its phase and calculated as the first time phase 
derivative [1].

Fluctuations of the phase front of the received signal 
wave, which occur due to the influence of real conditions of 
propagation and reflection of radio waves, lead to a violation 
of its coherence, which limits the accuracy of measuring in-
formative parameters. 

Currently, known statistical optimization methods for 
measuring radar signal parameters do not take into account 
the multiplicative effect of fluctuations in its phase struc-
ture. As a result, there is a need to assess the influence of the 
conditions of propagation and reflection of the radar signal 
on the decrease in the accuracy of measuring its parameters 
in order to further justify the feasibility of optimizing al-
gorithms for processing the received signal. This indicates 
the practical usefulness of numerical evaluation of the effect 
of phase fluctuations of radio pulses of the received packet 
on the reduction of the accuracy of measuring its Doppler 
frequency. 

Thus, the relevance of scientific research is to determine 
the influence of phase fluctuations of radio pulses of the re-
ceived packet on the decrease in the accuracy of measuring its 
Doppler frequency. Appropriate statistical optimization of the 
measurement of phase fluctuations of radio pulses of the re-
ceived packet has a practical orientation to solve the problem 
of tracking complex maneuvering aerodynamic objects. 

2. Literature review and problem statement

In [1–4], the peculiarities of signal processing against 
the background of only internal receiver noises are con-
sidered. The fundamentals of radar signal processing [1] 
and their technical implementation, associated with the 
construction of appropriate devices [2], take into account 
only the additive interference to the useful signal and do not 
take into account the effect of correlated fluctuation com-
ponents of the signal. Peculiarities of these issues regarding 
multichannel signal reception and processing are considered 
in [3]. The accuracy of measuring the parameters of the re-
ceived signal can be considered potential. The radar signal 
processing algorithms presented in these works do not take 
into account the multiplicative interference of correlated 
phase fluctuations, caused by the influence of real conditions 
of its propagation and reflection. These fluctuations can 
decrease the accuracy of measuring the Doppler frequency 
of the radar signal due to the lack of consideration of their 
statistical characteristics. Attempts to perform statistical 
analysis on the randomness of radar signal parameters are 
given in [4], but the results relate only to the inspection and 
control of radio devices and do not apply to optimizing the 
measurement of unknown coordinates and motion parame-
ters of radar objects.

The causes of such fluctuations are inhomogeneities in 
the Earth’s atmosphere, the complex shape of the aerody-

namic object and interference of direct and reflected radio 
waves.

Atmospheric turbulence leads to fluctuations in the 
signal phase due to random changes in its refractive index. 
Fluctuation phenomena caused by the influence of the ra-
dio wave propagation medium are considered in [1, 5–10]. 
Thus, in [5], a traditional mathematical apparatus is pro-
vided, which should be used to solve the research problem. 
In [6], the problem of substantiating the characteristics 
of radio waves for the detection and tracking of complex 
aerodynamic objects having low visibility, which is typical 
for modern aircrafts, is solved. In [7], the nature of signal 
distortions during the accelerated motion of the object in 
the ionosphere with respect to both single and packet radio 
signals is analyzed. The results of this work are certainly 
useful to consider as a starting point for research. However, 
the transformation of the signal structure considered in [7] 
does not take into account fluctuations in its phase due to 
the influence of the radio wave propagation medium. Tak-
ing into account fluctuation changes for the case of their 
arbitrary correlation when measuring the radial velocity 
and angular coordinate of the radar object is considered 
in [8]. However, this paper lacks a numerical analysis of 
possible values of statistical characteristics of phase fluctu-
ations (variance and correlation interval) in practical cases 
and assessment of their impact on the accuracy of Doppler 
frequency measurement. To eliminate this shortcoming and 
take into account phase fluctuations due to the instability 
of atmospheric parameters, it is advisable to use data [9] 
and known optimization methods of space-time processing 
implemented in modern various-purpose radio systems [10]. 
For Doppler radars, such methods are provided in [10], 
which require further optimization taking into account the 
statistical characteristics of correlated phase fluctuations of 
the radar signal.

The complex shape of the aerodynamic object during 
movement leads to changes in the spatial position of its 
constituent elements and fluctuations in the total reflected 
signal. The complex shape of the air object and its ability to 
perform a sudden maneuver causes wandering of the radar 
center and, as follows, phase distortions of the received 
signal, which is considered in [1, 11–13]. Based on the main 
approaches of taking into account the motion of the sur-
veillance object [11] and using data [12] and [13] to identify 
signals reflected from the elements of complex objects, it is 
necessary to apply the results to determine and take into ac-
count statistical characteristics of phase fluctuations caused 
by wandering of the radar center of the surveillance object.

Interference of direct and reflected radio waves causes 
phase fluctuations of the received signal due to its reflection 
from uneven terrain or rough sea surface. The occurrence of 
phase distortions during multibeam propagation of the radar 
signal is considered in [1–3, 5, 9, 11, 14–16]. The issues of op-
timizing signal reception in these conditions were considered 
in [14], and the features of possible frequency transformation 
of the signal are covered in [15]. Improvement of frequency 
analysis using the advantages of high-speed computational 
algorithms is given in [16]. Ways to improve the quality of 
frequency measurements were considered in [17, 18], but the 
issues of statistical analysis of the possibility of taking into 
account fluctuations in the signal phase structure under the 
above conditions require further research. 

Thus, the above sources did not consider the assessment 
of the influence of phase fluctuations of the radar signal 
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on the accuracy of measuring its informative parameters, 
in particular, Doppler frequency. These works lack estima-
tion of the statistical characteristics of phase fluctuations, 
according to which their influence requires optimization 
of radar signal processing algorithms. This indicates the 
need for such estimation to determine the range of changes 
in the statistical characteristics of phase fluctuations in 
which their impact is the most dangerous and must be taken 
into account. Therefore, it is advisable to further develop 
these studies considering a coherent packet of radio pulses 
as a probing signal, the phase fluctuations of which can be 
described by an arbitrary correlation function.

In [19], the possibilities of optimal estimation of the 
packet frequency taking into account the multiplicative 
influence of phase fluctuations of its radio pulses are con-
sidered. However, this paper presents only the formulation 
of the optimal measurement problem, and only for the 
simplest cases of discretely decreasing and alternating laws 
of changes in the correlation of phase fluctuations without 
specifying the form of the interpulse correlation coeffi-
cient. In [20], the combined influence of internal noise 
of the receiver and correlated phase fluctuations of radio 
pulses of the received packet with an oscillating correlation 
function is considered. It is shown that for modern coher-
ent-pulse radars, the fluctuation components of the RMS 
error of measuring the frequency of packets of (8…16) radio 
pulses in the troposphere can be (67.1…95.5) Hz, and in 
the ionosphere – (7.8…11.3), which can cause RMS errors 
in measuring the radial velocity of the aerodynamic object 
by coherent-pulse radars of several m/s. In this case, the 
required RMS error of measuring the radial velocity of 
the radar surveillance object for practical cases should be 
up to 1 m/s. Therefore, from a practical point of view, it 
is useful to further solve the problem of optimization of 
Doppler frequency measurement for an arbitrary form of 
the correlation function of phase fluctuations with the defi-
nition of statistical characteristics of phase fluctuations at 
which their consideration is necessary. The importance of 
this solution is due to the possibility of significant changes 
in the parameters of the correlation function of phase fluc-
tuations due to rapid changes in radar conditions during 
the flight of aerodynamic objects at low and extremely low 
altitudes, especially above the sea surface. Therefore, it is 
necessary to develop an optimization method for measuring 
the Doppler frequency of the packet, taking into account 
the fluctuations of the initial phases of its radio pulses. 
Evaluation of the possible increase in the accuracy of mea-
suring the Doppler shift of the packet frequency taking 
into account the phase fluctuations of its radio pulses will 
determine the efficiency of the developed optimization 
method.

3. The aim and objectives of the study

The study aimed to develop an optimization method for 
measuring the Doppler frequency of the packet to increase 
measurement accuracy taking into account the phase fluc-
tuations of its radio pulses with an arbitrary correlation 
function.

To achieve the aim, the following objectives were set:
– to estimate values of statistical characteristics of phase 

fluctuations of radio pulses of the received packet, which need 
to be considered when measuring the Doppler frequency;

– to consider the optimization method for measuring 
the Doppler frequency of the packet taking into account the 
fluctuations of the initial phases of its radio pulses with an 
arbitrary correlation function;

– to evaluate the effectiveness of the optimization meth-
od for measuring the Doppler frequency of the packet, taking 
into account the fluctuations of the initial phases of its radio 
pulses.

4. Materials and methods of research

Measurement of the Doppler frequency of the coherent 
packet of radio pulses is considered. This type of radar signal 
is chosen as probing in coherent-pulse radars due to its abili-
ty to provide high resolution by Doppler frequency and high 
accuracy of measuring this parameter.

The centimeter-wave band of this type of radars is cho-
sen (from 3 cm to 10 cm), in which the influence of the tro-
posphere and complex shape of radar objects is significant. 
For the meter-wave band of radars (from 1 m to 2 m), the 
influence of ionospheric inhomogeneities and the underlying 
surface is significant [20].

For coherent-pulse centimeter-wave surveillance radars, 
the repetition rate of the packet radio pulses can vary from 
680 Hz to 1,700 Hz, and meter-wave ones – from 20 Hz to 
30 Hz [20]. Tracking radars use quasi-continuous sounding 
signals with a repetition rate of 20 kHz to 100 kHz [21].

It is believed that the phase fluctuations of the radio 
pulses of the received packet are distributed according to 
the normal law with zero mathematical expectation. In cases 
of radio wave propagation in real conditions, the correlation 
of phase fluctuations can be described by exponential or 
oscillating dependences [20, 22, 23].

Phase fluctuations can be caused by a combination of 
factors. One of the causes of phase fluctuations leading 
to a violation of the spatio-temporal coherence of the 
received signal is random inhomogeneous radio wave 
propagation media. Atmospheric turbulence causes fluc-
tuations in its refractive index, which, in turn, leads to 
fluctuations in the parameters of radio waves propagating 
in the atmosphere. 

In the troposphere, the fluctuations of the refractive 
index are due to fluctuations in temperature, pressure and 
humidity caused by turbulent mixing of its inhomogeneities. 
Inhomogeneities have different shapes and sizes, they change 
in time and space and move with the flow of air masses. The 
size of inhomogeneities varies widely. The thickness of the 
layers is from tenths of a meter to several hundred meters, and 
their horizontal dimensions – from tens of meters to tens of 
kilometers and more. In the troposphere, the variance of the 
refractive index fluctuations is 2 0.25nσ =  (10–12…10–10) rad2. 
Note that the first digit corresponds to average conditions, 
and the second is the maximum possible.

Taking into account the assumptions of the method 
of geometric optics and Gaussian correlation function of 
the refractive index in [7, 21], the variance of the phase 
fluctuation of the signal 2 ,ϕσ  passed through the per-
turbed troposphere and ionosphere of the Earth. Thus, it 
is shown that in the troposphere, for the radar range from 
3 cm to 1 m and wave path from 50 km to 200 km, the 
variance of the signal phase fluctuations takes values from 
0.0044 rad2 to 19.4 rad2. In the ionosphere, the refractive 
index is determined by the electron concentration. Turbu-
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lent mixing of atmospheric masses, solar activity, meteors 
passing through the upper ionosphere layers lead to fluc-
tuations in the electron concentration and cause random 
changes in the refractive index and, accordingly, the phase 
of the radio signal. For the radar range from 50 cm to 2 m 
and inhomogeneities up to 500 km, the variance of the 
signal phase fluctuation takes values from 0.0013 rad2  
to 8 rad2.

Known methods of radar signal processing do not take 
into account the multiplicative interference of correlated 
phase fluctuations, caused by the influence of real conditions 
of its propagation and reflection. Therefore, using known 
optimization methods for measuring the Doppler frequency 
of a coherent packet of radio pulses can reduce the accuracy 
of measuring the Doppler frequency due to the lack of con-
sideration of their statistical characteristics. The proposed 
method allows revealing the effect of phase fluctuations on 
the accuracy of measuring the Doppler frequency of a radio 
pulse packet. This is possible due to additional consideration 
of the values of statistical characteristics of phase fluctua-
tions of radio pulses of the received packet when measuring 
the Doppler frequency.

5.  Results of the development of an optimization 
method for measuring the Doppler frequency of the 

packet, taking into account fluctuations of the initial 
phases of its radio pulses

5. 1. Estimation of the values of statistical character-
istics of phase fluctuations of radio pulses of the received 
packet to be considered when measuring the Doppler 
frequency

Random movement of a long object leads to its Doppler 
noise, which causes the Doppler spectrum to expand and 
change shape, as well as its additional shift due to chang-
es in average radial velocity. Also, the components of the 
signal reflected from the rotating and oscillating elements 
of the object cause the occurrence of Doppler lines at fre-
quencies that are shifted relative to the Doppler spectrum 
of the radar object body. In this case, the Doppler radar for 
the system of tracking the frequency of a certain line of the 
signal spectrum can capture a wrong spectral line. Phase 
fluctuations can also be caused by the multipath propaga-
tion of radio waves, because in the detection and ranging of 
low-altitude objects, the received radar signal is additionally 
reflected from the elements of the rough underlying surface. 
This leads to additional distortions of its phase structure. 
The variance of phase fluctuations due to these reasons can 
reach rad2 units.

The results of theoretical and experimental studies 
indicate that phase fluctuations have a close to the normal 
distribution law. The correlation function of phase fluctu-
ations can be approximated by exponential or oscillating 
dependences [8, 20]. The correlation interval of phase fluc-
tuations is from tenths of a second to units of seconds, and 
the spectrum of phase fluctuations is low-frequency. 

It is necessary to consider a possible decrease in the 
accuracy of Doppler frequency measurement due to phase 
fluctuations of the radio signal compared to the potentially 
possible accuracy of measuring this parameter under only 
internal Gaussian noise. In addition, it is necessary to de-
termine the values of the statistical characteristics of phase 
fluctuations, in which their influence is predominant and 

should be taken into account in time-frequency processing 
algorithms.

The Doppler circular frequency ω of the received signal 
is estimated by the maximum likelihood ratio L(ω) or its 
natural logarithm [1, 4, 19, 20]

( )arg max ln .Lω = ω

,
 
		  (1)

where ω=2π(f–f0) is the difference between the frequencies 
of the expected f and actual f0 radar signals.

It is believed that the receiver receives a signal with 
random amplitude A and initial phase B, due to the additive 
effect of internal Gaussian noise.

The independent random nature of the amplitude and 
initial phase of the radar signal necessitates a separate 
averaging of the likelihood ratio for these parameters and 
transition to a double integral as follows

( ) ( ) ( ) ( )/ , d d ,
A B

L L A B p A p B A Bω = ω∫ ∫  		  (2)

where L(ω/A,B) is the likelihood ratio for the defined param-
eters A and B; p(A), p(B) are the corresponding probability 
densities of these random parameters.

The likelihood ratio determined according to (2) for 
the signal model with the random amplitude and the initial 
phase is given in [4, 19, 20].

The variance of the error of measuring the frequency 
of the received radio signal is determined by the maximum 
likelihood method [1, 4]

( )
2 1

,
ln 0Lωσ = −

′′
		  (3)

where L’’(0) is the second derivative of the likelihood ra-
tio (2) in the absence of a frequency mismatch between the 
expected and actual radar signals.

To ensure high measurement accuracy of radar signal 
frequency and high frequency resolution, it is advisable to 
use a coherent packet of radar pulses for the probing signal 
of the radar [1, 4, 19, 20].

The variance of the frequency measurement error (3) for 
a rectangular-bypass packet, according to [20], is as follows

( )
2

22 2

12
,

4 2 1q n T
ωσ =

 − 
	  (4)

where q2 is the signal-to-noise ratio in terms of power; n is 
the number of radio pulses in the packet; T is the period of 
packet radio pulses.

According to research, for radio wave propagation in 
real conditions, the correlation of phase fluctuations can be 
described by exponential or oscillating dependences [19, 21] 
according to the expressions:

( )
 −  τ= ,

T

exK T e
 
		  (5)

( ) ( )
 −  τ= υcos ,

T

osK T e T  		 (6)

where τ is the correlation interval of phase fluctuations; 
υ=2π/Tfl is the oscillation frequency of the correlation co-
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efficient of phase fluctuations; Tfl is the oscillation period of 
the correlation coefficient of phase fluctuations.

It is practical to estimate the variance of the fluctu-
ation component of the error of measuring the Doppler 
frequency of the radio pulse packet 2

flσ  and compare it 
with the noise component of this variance 2 ,ωσ  which is 
determined by expression (4). The result of this compari-
son allows estimating the influence of phase fluctuations 
on the accuracy of measuring the Doppler frequency of 
the radio pulse packet. This result can be expressed as the 
ratio of these variances 2 2/fl ωσ σ  and allows determining 
how many times the variance of the Doppler frequency 
measurement error due to the correlated phase fluctua-
tions will exceed the variance of the Doppler frequency 
measurement error under only internal noise.

Taking into account the results [19, 20], for the exponen-
tial correlation coefficient of phase fluctuations (5), the vari-
ance of the fluctuation component of the error of measuring 
the Doppler frequency of the rectangular-bypass packet is 
determined by the expression 

( ) ( )

( ) ( ){ }

( )
( )( )

( ){ }

2
2

2 2 2 2

2
2

1

2 2 1

1 1

18

2 [4 2 1]

2 1 1 2 1

,2 1 2 2 1
2

1 2 1

fl

n

ex
k

n k n

ex
l k ex

n n T

k K T k

k k l
K Tl

K T k

ϕ

=

− −

= =

σ
σ = ×

−

 
 − − − +  

 
×  − + − ×

 +  × − −  

∑

∑ ∑
	  (7)

where 2
ϕσ  is the variance of phase fluctuations of the pack-

et radio pulses.
According to [20], for phase fluctuations described by 

the oscillating correlation coefficient (6), the specified vari-
ance is determined as follows

( ) ( )

( ) ( ) ( )

( )( )

( ) ( ) ( )( )

2
2

22 2 2

2 2
2

1 1

2 1

1

18

2 4 2 1

2 1 1 2 1 2
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.

cos 2 1 cos 2 1
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os ex
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n

k

ex
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ϕ

−
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−

=

σ
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 
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 
 

− + − × 
×  

  × υ − − + − υ  

∑ ∑

∑
	 (8)

The obtained expressions (7), (8) allow determining the 
variance of the error of measuring the Doppler frequency of 
the packet without taking into account the correlated phase 
fluctuations of its radio pulses.

Taking into account expressions (4), (7), (8), the ratio 
2 2/fl ωσ σ  will be determined for the exponential correlation 

coefficient of phase fluctuations (5) by expression 

( ) ( )
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∑ ∑
	  (9)

and for the oscillating correlation coefficient of phase fluctu-
ations (5) by expression
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   (10)

Coherent processing of radio pulse sequences in most 
modern radars provides coherent accumulation of packets of 
up to 20 radio pulses. At the same time, their number is even, 
which is due to the peculiarities of digital processing of radar 
signals and the implementation of discrete and fast Fourier 
transform algorithms. Therefore, the analysis is performed 
for coherent packets of (8…16) radar pulses, which are 
widely used in radar practice. According to [1, 17, 21], the 
influence of the above factors of phase fluctuations distorts 
the correlation interval of these fluctuations τ=(0.1…1) s. The 
variance of phase fluctuations for estimating their impact is 
chosen within ( )2 0.01 10ϕσ = …  rad2 depending on the radar 
range. The estimation should be performed for the resolution 
coefficient Kr=10lg(q2/2) of 17-27 db. These data are typical 
for surveillance and tracking radars and are confirmed by 
detection quality estimates given, for example, in [21]. Tak-
ing into account the characteristics of coherent-pulse radars, 
the ratio of the period of radio pulses of the received packet 
to the correlation interval of phase fluctuations can be in the 
range T/τ=(10–5…10–2). According to expressions (5), (6), 
this corresponds to a decrease in the correlation coefficient 
of phase fluctuations by 1 %, which occurs under normal ra-
dar operating conditions.

Fig. 1 shows graphs of the ratio 2 2/fl ωσ σ  against T/τ ac-
cording to expression (10).

The graphs in Fig. 1, a were obtained according to ex-
pression (9) for the phase correlation coefficient (5) and 
correspond to the following cases: 1 – n=16; Kr=27 db; 

2 210�rad ;ϕσ =  2 – n=8; Kr=27 db; 2 210�rad ;ϕσ =  3 – n=16; 
Kr=17 db; 2 210�radϕσ =  and n=16; Kr=27 db; 2 21�rad ;ϕσ =   
4 – n=8; Kr=17 db; 2 210�radϕσ =  and n=8; Kr=27 db; 

2 21�rad ;ϕσ =  5 – n=16; Kr=17 db; 2 21�radϕσ =  and n=16; 
Kr=27 db; 2 20.1�rad ;ϕσ =  6 – n=8; Kr=17 db; 2 21rad ;ϕσ =  and 
n=8; Kr=27 db; 2 20.1 .�radϕσ =  

In Fig. 1, b, the graphs correspond to similar conditions 
in Fig. 1, a and were obtained for the phase correlation coef-
ficient (10) with the oscillation period selected for the con-
dition Tfl/τ=3, as confirmed by experimental studies [21].

First, it is advisable to analyze the influence of the ener-
gy characteristics of the coherent radio pulse packet on the 
ratio 2 2/ .fl ωσ σ  An increase in the resolution coefficient from 
17 db to 27 db causes a corresponding 10-fold increase in the 
ratio 2 2/ ,fl ωσ σ  which can be seen when comparing curves 1 
and 3; 2 and 4; 3 and 5; 4 and 6 (for phase correlation coeffi-
cients (5) – Fig. 1, a and (6) – Fig. 1, b).

The transition from coherent accumulation of the 
packet with n=8 radio pulses to coherent accumulation 
of the packet with n=16 radio pulses causes a 1.9-fold in-
crease in the ratio 2 2/fl ωσ σ  according to the comparison of 
curves 1 and 2, 3 and 4, 5 and 6 for the phase correlation 
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coefficient (5) – Fig. 1, a and 2.1-fold for similar curves at 
the phase correlation coefficient (6) – Fig. 1, b.

The analysis of the influence of statistical characteristics 
of phase fluctuations of radio pulses of the received packet on 
the variance ratio 2 2/fl ωσ σ  is considered below. The increase 
in the variance of phase fluctuations 2

ϕσ  from 0.1 rad2 to 
1 rad2 and from 1 rad2 to 10 rad2, i.e. by an order of magni-
tude, causes an increase in the ratio 2 2/fl ωσ σ  also by an order 
of magnitude, as can be seen by comparing curves 4 and 6; 
3 and 5; 1 and 3; 2 and 4 (for phase correlation coefficients 
according to expression (5) – Fig. 1, a and according to ex-
pression (6) – Fig. 1, b).

a

5. 2. Consideration of the optimization method for 
measuring the Doppler frequency of the packet taking 
into account fluctuations of the initial phases of its radio 
pulses with an arbitrary correlation function

The predominance of the influence of correlated phase 
fluctuations of the packet radio pulses over the influence 
of internal noise of the receiver is considered. With a 
sufficiently strong radio signal, the accuracy of Doppler 
frequency measurement is determined by the upper part 
of the maximum of the time-frequency mismatch function. 
In the presence of radio signal phase fluctuations, the 
maximum of this function expands and deviates from the 
origin, which reduces the accuracy of Doppler frequency 
measurement. Optimization consists in finding the likeli-
hood ratio taking into account the statistical character-

istics of phase fluctuations of radio pulses of the received 
packet radio signal, described by an arbitrary correlation 
function. This consideration minimizes the variance of 
the fluctuation component of the Doppler frequency mea-
surement error and, as a result, increases measurement 
accuracy.

We believe that the coherent packet of radio pulses 
partially lost coherence due to atmospheric inhomogene-
ities, Earth’s (sea) surface and reflective properties of radar 
objects.

The presence of fluctuation components φk (k=1,2…n 
is the radio pulse number) in the phases of the received 
packet radio pulses requires additional averaging of the 
likelihood ratio L(ω) (2) according to these fluctuation 
components. Using the method described in [19], for packets 
with the symmetric distribution of radio pulse amplitudes, 
the result of this averaging is as follows

( ) ( ) ( )d ,optL L p
ϕ

ω = ω ∆ϕ ∆ϕ∫


 

		   (11)

where kϕ = ϕ


 is the vector of values of the fluctuation 
components of the phases of the packet radio pulses; ( )р ∆ϕ



 
is the distribution of differences of fluctuation components 
of radio pulse phases symmetric relative to the packet center 

1 2 /2... .nd d d d∆ϕ = ∆ϕ ∆ϕ ∆ϕ


The problem of optimizing the measurement of the angu-
lar Doppler frequency of the radio pulse packet can be solved 
by determining the maximum argument of the natural loga-
rithm of the likelihood ratio (11) ( ):optL ω

( )arg max ln .opt optLω = ω

 		  (12)

Therefore, information about the optimal packet fre-
quency is contained in the phase difference of its symmetri-
cal radio pulses.

In this case, as shown in [7], the arbitrariness of the cor-
relation coefficient of phase fluctuations can be taken into 
account by introducing the matrix

where Kn–i is the arbitrary correlation coefficient of phase 
fluctuations of the packet radio pulses, spaced in the time 
interval (n–i)T.

According to [7], the law of distribution of differences 
in the fluctuation components of phases of symmetric pack-
et radio pulses for an arbitrary correlation coefficient of 
phase fluctuations is as follows
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Fig. 1. Graphs of 2 2/fl ωσ σ  against T/τ for determining the 

ratio 
2 2/fl ωσ σ : a – according to expression (9); 	
b – according to expression (10)
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2 1 2 ,l n l n l+ − +∆ϕ = ϕ − ϕ 	  (15) 

2 1 2 ,k n k n k+ − +∆ϕ = ϕ − ϕ 	  (16)

where ;D M=  Di,k is the algebraic complement (minor) of 
the element Mi,k of the matrix ;M  Δφl, Δφk  are the differ-
ences of the fluctuation components of the phases of radio 
pulses of the l-th and k-th symmetric pair, respectively; |Q | is 
the determinant of the matrix of coefficients with second-de-
gree quadratic members under the double summation sign.

The determinant |Q | is as follows

2, 2 2, 2 1 1, 2 1, 2 1

2 1, 2 2 1, 2 1 1, 2 1 1, 2 2

1, 2 1, 2 1 1,1 1,

. .

. .
.

. . . .

. .

n n n n n n

n n n n n n

n n n

D D D D

D D D D
Q

D D D D

+ +

− − + − +

+

+ +

+ +
=

+ +

 	 (17)

The obtained relations (11)–(17) represent the optimi-
zation method for measuring the Doppler frequency of the 
packet taking into account fluctuations of the initial phases 
of its radio pulses with an arbitrary correlation function.

We evaluate the effectiveness of the optimization method 
for measuring the Doppler frequency of the packet taking 
into account the correlated phase fluctuations of its radio 
pulses by evaluating the possibilities of improving the accu-
racy of packet Doppler frequency measurement.

5. 3. Evaluation of the efficiency of the optimization 
method for measuring the Doppler frequency of the pack-
et taking into account fluctuations of the initial phases of 
its radio pulses 

Finding the likelihood ratio (11) averaged by the fluctu-
ation components of the packet radio pulse phases allows us 
to proceed to estimating the error variance of the optimal 
measurement of the Doppler frequency of the received pack-
et taking into account the phase fluctuations of its radio 
pulses. Comparison of this variance with the variances of the 
Doppler frequency measurement error without taking into 
account the phase fluctuations of the packet radio pulses, 
determined by expressions (7), (8), allows proving the effec-
tiveness of the proposed optimization method for Doppler 
frequency measurement.

Similar to expression (3), the variance of the error of the 
optimal measurement of the frequency of the received pack-
et, taking into account the phase fluctuations of its radio 
pulses can be obtained according to the expression

( )
2 1

,
ln 0opt

optLωσ = −
′′

 		  (18)

where ( )0optL′′  is the second derivative of the likelihood ra-
tio (11) in the absence of frequency mismatch.

If the phase fluctuations are significant and their influ-
ence significantly exceeds that of the internal noise of the 
receiver, expression (18) has the following solution:

( )
( ) ( )

( )
( ) ( ) ( ) ( )

2
2
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 σ + σ = ×
 − − 

  −  ×       − − − + − − −      

 	
(19)

Expression (19) is obtained for an arbitrary correlation 
coefficient of phase fluctuations. 

The efficiency of optimization of packet Doppler frequen-
cy measurement taking into account the phase fluctuations 
of radio pulses is proposed to be evaluated using the ratio 

2

2 .fl

opt

V
ω

σ
=

σ
			    (20)

To evaluate the possible efficiency of the proposed opti-
mal algorithm, it is advisable to apply expression (20) for the 
correlation coefficients of phase fluctuations according to 
expressions (5), (6), which, respectively for 2

flσ , are deter-
mined by formulas (7), (8).

Fig. 2 provides a graph of efficiency V against the ra-
tio T/τ, if the phase fluctuations of the radio pulses of the 
received packet are characterized by the above correlation 
coefficients (5) – Fig. 2, a and (6) – Fig. 2, b.

a

b 
 

Fig. 2. Efficiency of optimization of radio pulse packet 
frequency measurement for phase fluctuations with 

correlation coefficients: a – according to expression (5); 	
b –according to expression (6)

In the graphs of Fig. 2, a, curve 1 is obtained for n=16 
under the following conditions:

1) Kr=27 db, 2 10,ϕσ =  1, 0.1 rad2;
2) Kr=17 db, 2 10,ϕσ =  1 rad2, which corresponds to 

curves 1, 3 and 5 in Fig. 1, a. Curve 2 is obtained for n=8 un-
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der similar conditions and corresponds to curves 2, 4 and 
6 in Fig. 1, a. The curves shown in Fig. 2, b have the same 
correspondence to the curves shown in Fig. 1, b.

Normal radar operating conditions correspond to T/τ= 
=(10–5…10–2). For such conditions, the efficiency of tak-
ing into account phase fluctuations with exponential 
and oscillating correlation functions is insignificant: 
1.1…1.19 times (Fig. 2, a), and 1.21…1.45 times (Fig. 2, b).

Conditions of significant influence of phase fluctuations 
due to the perturbed Earth’s troposphere or ionosphere, signif-
icant influence of the Earth’s (sea) surface and complex maneu-
vering of radar objects correspond to T/τ=(10–2…10–1). In this 
case, the efficiency can reach 1.86…3.86 times (Fig. 2, a), 
and 3.39…6.29 times (Fig. 2, b).

These results indicate that the most significant factor 
determining the feasibility of optimizing the time-frequency 
processing of the radar signal is to assess the degree of tem-
poral decorrelation of its phase.

Fig. 3 shows the change in the exponential (curve 1) and 
oscillating (curve 2) correlation coefficient of phase fluctua-
tions within the ratio T/τ=(10–2…10–1).

6. Discussion of the results of evaluating the 
effectiveness of the optimization method for measuring 

the Doppler frequency of the received packet

Let’s analyze the obtained graphs (Fig. 1–3). For the 
increase in the ratio of the received packet radio pulse period 
to the correlation interval of phase fluctuations T/τ to 10–2 
(decrease of the phase correlation coefficient by 1 %). The ra-
tio 2 2/fl ωσ σ  (Fig. 1, a) increases several times: 300 (curve 1);  
157 (curve 2); 30 (curve 3); 15 (curve 4); 3 (curve 5) and  
1.5 (curve 6). For the phase correlation coefficient (11), this 
increase is several times: (Fig. 1, b): 373 (curve 1); 177 (curve 2);  
37 (curve 3); 17 (curve 4); 4 (curve 5) and 1.7 (curve 6). 
Fluctuations of the phase front of the radar signal wave 
cause the variance of the fluctuation component of the pack-
et frequency measurement error 2

flσ  to exceed the variance 
2
ωσ  of the noise component of this error hundreds of times. 

This is true for fluctuations 2
ωσ  under real conditions of 

propagation and reflection of the radar signal, i.e. for the 
ratio T/τ in the range (10–3…10–2). In this case, the greatest 
influence on the value of the studied ratio 2 2/fl ωσ σ  is exerted 
by the statistical characteristics of phase fluctuations – 
variance 2

ϕσ  and phase correlation coefficient K(T). For the 

exponential (5) and oscillating (6) correlation coefficients 
of phase fluctuations 2 2/ ,fl ωσ σ  the ratio takes close values. 

With the variance of phase fluctuations ( )2 21 10 �radϕσ = …  
and increase in the ratio T/τ to 10–2 and more, the influence 
of phase fluctuations of the radio pulses of the received packet 
can be considered dominating over the influence of internal 
noise. At the same time, RMS errors of measuring the radial 
velocity of radar surveillance objects, caused by the influence 
of the troposphere for centimeter-wave radars and ionosphere 
for meter-wave radars, can reach units of m/s.

Radar surveillance of air objects is often accompanied by 
changes in detection and ranging conditions, which in turn 
leads to changes in the correlation law of phase fluctuations. 
This requires optimization of measurement of the radio pulse 
packet Doppler frequency taking into account phase fluctua-
tions with their arbitrary correlation function.

As shown by the evaluation results in Fig. 1, 2, even with 
high phase fluctuations ( )2 21 10 �rad ,ϕσ = …  their high time 
correlation T/τ=(10–5…10–2) (K(T)>0.99) causes a possible 
increase in the accuracy of Doppler frequency measurement 
only by one to tens of percent.

The graphs in Fig. 3 show that for T/τ≤10–2, the values 
of the phase correlation coefficients (5) – curve 1 and (6) – 
curve 2 almost coincide K(0.01)~0.99.

For significant time decorrelation of the phase 
of the received packet radio pulses, the ratio interval is  
T/τ=(10–2…10–1). The values of the phase correlation coef-
ficients (5), (6) decrease significantly and begin to differ, 
K(0.1)~0.9 and K(0.1)~0.88, respectively.

In the defined range T/τ=(10–2…10–1), there is a sig-
nificant increase in efficiency according to expression (20) 
several times. This is due to taking into account the nature 
of changes in the correlation of phase fluctuations, which 
proves the feasibility of optimizing the time-frequency pro-
cessing of the radar signal in these conditions.

The limitation of this study is that the radar estimates 
the average radial velocity when detecting and ranging 
low-altitude objects. As noted above, the radar signal is addi-
tionally reflected from the elements of the rough underlying 
surface and causes phase fluctuations. 

The obtained results can be further developed in the 
direction of optimizing algorithms of spatial processing of 
the radar signal in order to increase the accuracy of mea-
suring the angular coordinates of aerodynamic objects. This 
task is practically important for radars that provide altitude 
measurements under tropospheric refraction conditions [22]. 
At the same time, taking into account correlated phase fluc-
tuations becomes especially important for phased-array ra-
dars, which implement the phase method of determining 
angular coordinates.

7. Conclusions

1. The values of statistical characteristics of phase fluc-
tuations of radio pulses of the received packet are estimated, 
according to which their accounting when measuring the 
Doppler frequency is necessary. The results were obtained 
for packets with a typical number of radio pulses (8…16) 
used in coherent-pulse radars. The ranges of variance and 
correlation interval of phase fluctuations are determined, 
according to which the excess of the variance of the fluc-
tuation component of the packet frequency measurement 
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error over the variance of the noise component of this error 
reaches hundreds of times, which determines the conditions 
for taking into account phase fluctuations in algorithms for 
coherent processing of a given radar signal. It was found that 
this occurs when the variance of phase fluctuations chang-
es in the range from 1 rad2 to 10 rad2 and the ratio of the 
packet radio pulse period to the correlation interval of phase 
fluctuations of the signal of 10–2 and higher.

2. The optimization method for measuring the Doppler 
frequency of the packet taking into account fluctuations of 
initial phases of radio pulses with an arbitrary correlation 
function is considered. Optimization consists in finding the 
likelihood ratio taking into account the law of distribution 
of differences of fluctuation components of phases of sym-
metric radio pulses of the packet for an arbitrary correlation 
coefficient of phase fluctuations. This optimization minimiz-
es the variance of the fluctuation component of the Doppler 
frequency measurement error.

3. The efficiency of the optimization method for measur-
ing the Doppler frequency of the packet taking into account 
fluctuations of initial phases of radio pulses is estimated. 
It is proved that under the influence of phase fluctuations, 

the accuracy of Doppler frequency measurement due to 
the performed optimization can be increased from 1.86 to 
6.29 times. It is determined that the most significant factor 
determining the feasibility of optimizing the time-frequen-
cy processing of the radar signal is the degree of temporal 
decorrelation of its phase.
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