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We propose a new tool, which we call M-decompositions, for devising superconvergent hybridizable
discontinuous Galerkin (HDG) methods and hybridized-mixed methods for linear elasticity with strongly
symmetric approximate stresses on unstructured polygonal/polyhedral meshes.

We show that for an HDG method, when its local approximation space admits an M-decomposition,
optimal convergence of the approximate stress and superconvergence of an element-by-element post-
processing of the displacement field are obtained. The resulting methods are locking-free.

Moreover, we explicitly construct approximation spaces that admit M-decompositions on general
polygonal elements. We display numerical results on triangular meshes validating our theoretical findings.
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1. Introduction

We present a technique to systematically construct superconvergent hybridizable discontinuous Galerkin
(HDG) and mixed methods with strongly symmetric approximate stresses on unstructured poly-
gonal/polyhedral meshes for linear elasticity. By a superconvergent method, we mean, in general, a
method that provides an approximate displacement converging to certain projection of the exact dis-
placement faster than it converges to the exact displacement itself. It is then possible to obtain, by means
of an elementwise and parallelizable computation, a new approximate displacement converging faster
than the original one. This property was uncovered back in 1985 in Arnold & Brezzi (1985) in the frame-
work of mixed methods for diffusion problems, and has been extended to various mixed methods for
several elliptic problems (see Boffi er al., 2013).

This article is part of a series in which we devise superconvergent HDG and mixed methods for
steady-state problems. Indeed, superconvergent HDG (and mixed) methods for second-order diffusion
were considered in Cockburn er al. (2012a,b), superconvergent HDG methods based on the velocity
gradient—velocity—pressure formulation of the Stokes equations of incompressible flow in Cockburn &
Shi (2013a), and superconvergent HDG methods with weakly symmetric approximate stresses for the
equations of linear elasticity in Cockburn & Shi (2013b).

In Cockburn et al. (2017b), we refined the work on second-order diffusion carried out in Cockburn
et al. (2012a,b) and showed that, by using the concept of an M-decomposition (for the divergence and
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 567

gradient operators), it is possible to systematically find HDG and mixed methods, which superconverge on
unstructured meshes made of polygonal/polyhedral elements of arbitrary shapes. The actual construction
of such M-decompositions for arbitrary polygonal elements was carried out in Cockburn & Fu (2017b) and
for tetrahedra, prisms, pyramids and hexahedra in three-space dimensions in Cockburn & Fu (2017c). The
extension of these results to the heat equation (Chabaud & Cockburn, 2012) and wave equation (Cockburn
& Quenneville-Bélair, 2014) is straightforward. The extension to the velocity gradient—velocity—pressure
formulation of HDG and mixed methods for the Stokes equations is more delicate and was carried out in
Cockburn et al. (2017a).

Here, we continue this effort and consider the more challenging task of devising superconvergent HDG
and mixed methods with strongly symmetric approximate stresses by developing a general theory of M-
decompositions for the vector divergence and symmetric gradient operators. We also provide a practical
construction for polygonal elements. We do this in the framework of the following model problem:

do —e)=0 in £2, (1.1a)
—V.o=f in £2, (1.1b)
u=g on 02, (1.1¢)

where 2 C R" (n = 2, 3) is abounded polyhedral domain, 02 is the Dirichlet boundary. Here u = {u;}}_,
and 0 = {oy}},_, represent the displacement vector and the Cauchy stress tensor, respectively. The
functions f = {f;}!_, and g = {g;}_, represent the body force vector and the prescribed displacement on
082, respectively. As usual, €(-) := % (V(~) + V’(-)) is the symmetric gradient (or strain) operator, and
o = {Q{Ukl(x)}z/‘,k,l:lis the so-called compliance tensor, which is bounded and positive definite. In the
homogeneous, isotropic case, it is given by

A = — Lu@;), (12)

— (o -
21 <_ 21 4 ni

where [ is the second-order identity tensor and A, i are the Lamé constants.

To better describe our results, let us begin by introducing the general form of the methods we are
going to consider. We denote by .7, a conforming triangulation of £2 made of polygonal/polyhedral
elements K. We denote by &), the set of faces F of all the elements K in the triangulation .7}, and by
0.7}, the set of boundaries 0K of all elements K in .7;,. We set hg := diam(K) and /& := ming 7, hx. To
each element K € .7}, we associate (finite-dimensional) spaces of symmetric-matrix-valued functions
XY (K) and vector-valued functions V(K). We also consider a (finite-dimensional) space of vector-valued
functions M (F) associated to each F' € &),. We assume that elements of the above spaces are regular
enough, so that all traces belong to L?(dK). To simplify the notation, we denote the normal trace of X (K)
on 0K by

Y (Z(K)) == {znlsx : 7€ XK}, (1.3a)
and the trace of V(K) on 0K by

y V(K)) == {vlox - v e V(K)} (1.3b)
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568 B. COCKBURN AND G. FU

The methods we are interested in seek an approximation to (o, u, u|s,), (gh,uh,iih), in the finite
element space X', x V;, x M, where

X, ={z € L*(7:S) : 1|y € Z(K) VK € F}, (1.4a)
V,:={veL*J): vixeVK) VK € }, (1.4b)
M, :={peL’&): wlreMF)VF €&}, (1.4¢)

and determine it as the only solution of the following weak formulation:

(A0,,1) 7, + W, V-T) 5, — Wy, TNy, =0, (1.5a)
(0,,VV) g, — (Eh", Vg, = s V) 7,5 (1.5b)

@h",ﬂ)ayh\arz =0, (1.5¢)

(Wh, 1)s2 = (8. M)se (1.5d)

for all (z,v,p) € X, x V;, x M,,. Here, we write (n, {) 7, := ZKegh(n,g)K, where (1, {)p denotes
the integral of n¢ over the domain D C R”. We also write (1, {)y o, := ZKeth’ C)ax, Where (n, C)p
denotes the integral of n¢ over the domain D C R*™! and 9.7}, := (0K : K C .Z,}. The definition of the
method is completed with the definition of the normal component of the numerical trace:

agn=o,n—a@M,—u,) on 97, (1.5e)

where « : L*(3K) — L*(3K) is a suitably chosen linear local stabilization operator. By taking particular
choices of the local spaces X' (K), V(K) and

M@K) := {p € L*(3K) : plr € M(F) forall F € F(K))

and of the linear local stabilization operator «, all the different HDG methods are obtained; when we can
set o« = 0, we obtain the hybridized version of a mixed method.

Our contributions are two. The first is that we show that, if for every element K € .7}, the local spaces
X (K), V(K) and M (0K) satisfy certain inclusion conditions, it is possible to define, in an element-by-
element fashion, an auxiliary projection

I, =, My): H(K,S) x H(K) - X(K) x V(K)
such that

lo —0llws, <20 — ;0|
Myu —uyll 7, < Chlle — 0|,

-~ 12
1Pyu —upllyz, < Ch / lo —Iyolg,
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 569

where || - || v, o, denotes the .o7-weighted L*(Z,)-norm, i.e., ||l||iz,9h = (Z1,1) 7, | - |p denotes the
L*(D)-norm on a domain D, and P, is the L>-projection onto M. Moreover, if the error ITyu — u,
converges to zero faster than the error u — u,, this superconvergence property can be advantageously
exploited to locally obtain a more accurate approximation of the displacement u (see Arnold & Brezzi,
1985; Brezzi et al., 1985; Stenberg, 1988; Gastaldi & Nochetto, 1989; Stenberg, 1991) for applications
to mixed methods and Cockburn et al. (2012a,b); Cockburn & Shi (2013a,b) for applications to HDG
methods and the references therein.

Our second contribution is a refinement of our previous work (Cockburn et al., 2012a,b; Cockburn &
Shi, 2013a,b) along the lines provided in Cockburn et al. (2017b): we propose an algorithm that tells us
how to systematically obtain the local spaces rendering any given HDG method superconvergent. Indeed,
given any local spaces X (K), V,(K) and M (0K), satisfying very simple inclusion properties, we can give
a characterization of the space § ¥ (K) of the smallest dimension for which the space (X, (K) ®3 X (K)) x
V,(K) admits an M (0K )-decomposition and, hence, defines a superconvergent HDG method. We also
show how to obtain (the hybridized version of) two sandwiching mixed methods from those spaces. In
particular, we show that the HDG method with local spaces ¥ (K) @ §X(K), V- X (K) and M(9K)
is actually a well-defined hybridizable mixed method. Applying this approach, as done in Cockburn &
Fu (2017b,c), we find new superconvergent HDG and mixed methods on general polygonal elements in
two-space dimensions. These new spaces are closely related to those of the mixed methods proposed in
Arnold et al. (1984) for triangles and quadrilaterals, and in Guzman & Neilan (2014) for triangles.

Let us make a couple of comments on the relevance of these findings. The first concerns the first HDG
method for linear elasticity proposed in Soon (2008) (see also Soon et al., 2009). When using polynomial
approximations of degree k on triangular meshes, this method was experimentally shown to provide
approximations of order k + 1 for the stress and displacement for k > 0, and superconvergence of order
k + 2 for the displacement. Recently, in Fu ez al. (2015), it was proven that the stress convergences with
order k+ 1/2 and displacement with k 4 1 without superconvergence; numerical experiments showed that
the orders were actually sharp. It turns out the spaces for that method do not admit M-decompositions.
By using the machinery proposal here, we show that, on triangular meshes, it is enough to add a small
space § X (K) (of dimension 2 if k = 1, and of dimension 3 if k > 2) to the space of approximate stresses
X (K) to obtain convergence of order k + 1 for the stress and displacement, as well as superconvergence
of order k + 2 for the displacement for k > 1.

The second comment concerns mixed methods (with symmetric approximate stresses) for linear
elasticity. A symmetric and conforming mixed method use finite element spaces (for the stress and
displacement) ¥, x V, C H(div, £2;S) X L*(£2). Here H(div, £2;S) denotes the space of H(div)-
conforming, symmetric-tensorial fields. It turns out to be quite difficult to design finite elements in
H(div, £2;S), which preserve both the symmetry and the H (div)-conformity. The first successful dis-
cretization use the so-called composite elements, see the low-order composite elements in Johnson &
Mercier (1978) and the high-order composite elements in Arnold et al. (1984), both defined on triangular
and quadrilateral meshes; see also a low-order composite element on tetrahedral meshes in Ainsworth
& Rankin (2011). Although these methods can be efficiently implemented via hybridization, leading to
a symmetric-positive-definite linear system, their main drawback is that their basis functions are usually
quite hard to construct, especially for the high-order methods in Arnold et al. (1984).

In the pioneering work (Arnold & Winther, 2002), the first discretization of H (div)-conforming
symmetric-tensorial fields was presented, for triangular meshes, which only uses piecewise polynomial
functions. Other piecewise-polynomial discretizations of H(div;S) on tetrahedral meshes were later
obtained in Adams & Cockburn (2005), Arnold et al. (2008) and Hu & Zhang (2013), and on rectangular
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570 B. COCKBURN AND G. FU

meshes in Arnold & Awanou (2005) and Yang & Chen (2010). Since all of these polynomial discretizations
use vertex degrees of freedom to define the basis functions, the resulting methods cannot be efficiently
implemented via hybridization, and a saddle-point linear system needs to be solved. Moreover, as argued
in the last paragraph of Section 3 of Arnold & Winther (2002), vertex degrees of freedom cannot be
avoided in the construction of piecewise-polynomial H (div)-conforming symmetric-tensorial fields.

For this reason, nonconforming mixed methods (Arnold & Winther, 2003; Yi, 2005, 2006; Hu &
Shi, 2007/08; Awanou, 2009; Man et al., 2009; Gopalakrishnan & Guzman, 2011; Arnold et al., 2014)
that violate H (div)-conformity (but preserve symmetry) of the stress field offer an attractive alternative
to the conforming methods. These methods also use polynomial basis functions, but do not use vertex
degrees of freedom. As a consequence, they can be efficiently implemented via hybridization. See also an
interesting nonconforming mixed method (Pechstein & Schoberl, 2011) that uses tangential-continuous
displacement field and normal-normal continuous symmetric stress field.

Recently, another high-order conforming discretization of H (div, £2; S) without using vertex degrees
of freedom was introduced in Guzman & Neilan (2014) for triangular meshes. The space enriches the
symmetric-tensorial polynomial fields of degree k > 2 with three rational basis functions on each triangle.
The resulting mixed methods can be efficiently implemented via hybridization.

In this article, we obtain high-order conforming discretizations of H (div, §2; S) without vertex degrees
of freedom on general polygonal meshes. On a general polygon, we enrich the symmetric-tensorial
polynomial fields with certain number of composite/rational functions given by explicit formulas. Our
spaces on triangular meshes is similar to those in Guzman & Neilan (2014), whereas our spaces on
rectangular meshes enrich the symmetric-tensorial polynomial fields with four rational functions, and
two exponential functions along with a minimal number of polynomial functions.

To conclude, let us point out that there are other HDG methods that superconverge on meshes of
arbitrary polyhedral elements which have been recently introduced. A modification of the method (Soon,
2008) which can achieve optimal convergence was introduced in Qiu ef al. (2017). The spaces, which
do not admit M-decompositions, are X (K) x V(K) x M(dK) := Py (K;S) x P;,1(K) x P;(dK) and
the stabilization function is o (u;, — uy,) = % (Py uy, — 1), where Py, denotes the L>-projection into the
space of traces M. These methods were proven to achieve optimal convergence order of k + 1 for stress
and k + 2 for displacement on general polygonal/polyhedral meshes for & > 1. Another method that
can achieve this is the hybrid high-order (HHO) method introduced (in primal form) in Di Pietro & Ern
(2015). Typically, our spaces X (K) x V(K) are bigger, but the globally coupled system for these and our
methods has the same size and sparsity structure, as it only depends on the space of traces M (dK). On the
other hand, our mixed methods provide H (div, £2; S)-conforming approximate stresses with optimally
convergent divergence.

The rest of the article is organized as follows. In Section 2, we present new a priori error estimates for
HDG methods with spaces admitting M-decompositions. In Section 3, we present a characterization of
M-decompositions and present three ways to construct them. In Section 4, we give ready-for-
implementation spaces admitting M-decompositions on general polygonal elements. In Section 5, we
prove the main result of Section 4, Theorem 4.3. In Section 6, we present numerical results on triangular
meshes to validate our theoretical results. Finally, in Section 7, we end with some concluding remarks.

2. The error estimates

In this section, we introduce the notion of an M-decomposition and then present our main results on the a
priori error estimates of the HDG methods defined with spaces admitting M-decompositions. The proofs
of the error estimates are very similar to those for the diffusion case (Cockburn et al., 2017b).
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 571

2.1 Definition of an M -decomposition

To simplify the notation, when there is no possible confusion, we do not indicate the domain on which
the functions of a given space are defined. For example, instead of X' (K), we simply write X.

The notion of an M-decomposition relates the trace of the normal component of the space of approx-
imate stress ¥ C {t € H(div,K;S) : Tnl)x € L?*(3K)} and the trace of the space of approximate
displacement V C H'(K) with the space of approximate traces M C L*(3K). To define it, we need to
consider the combined trace operator

r:XxV — LK)
(T.v) — @+,
where n : 9K — R” is the unit outward pointing normal field on K.
DEFINITION 2.1 (The M-decomposition) We say that X' x V admits an M-decomposition when
(@ r(XxV)ycM,
and there exist subspaces 2 C ¥ and Vcv, satisfying

(b) e(V)C X, V-ZCV,

(c) tr: zl x V" = Misan isomorphism.
Here, 2 “and V" are the L*-orthogonal complements of z in X, and of VinV, respectively.

2.2 The HDG projection

Next, we show an immediate consequence of the fact that the space X x V admits an M-decomposition,
namely, the existence of an auxiliary HDG projection, which is the key to our error analysis.
To state the result, we need to introduce the quantities related to the stabilization operator «:

. Al
i G IV 0,
" o itV = {0},

and

llell := sup (), w)ax /M lax I llox)-
AneM\ (0}

Throughout this section, we assume that, on each element K, the space ¥ x V admits an M-
decomposition, and that the stabilization operator « : L*(3K) — L*(9K) satisfies the following three
properties:

(S (), w)ox = {@(p), Mo for all A, p € L*(3K).

(S2) (a(p), w)sx = 0 forall pw € L*(3K).
(S3) az1 > 0.

14
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572 B. COCKBURN AND G. FU

Properties (S1) and (S2) mean that « is self-adjoint and non-negative, whereas property (S3) means that
« is positive definite on the trace space y V' . When V' = {0}, we take o = 0 so that the resulting method
is a (hybridized) mixed method. In this case, a1 = oo and ||| = 0. On the other hand, when V' = {0},
we can take « = Id to be the identity operator. In this case, we have a;1 = 1 and ||| = 1. See in

Cockburn et al. (2011, Section 2.1) for a presentation of different choices of the stabilization operator .
The HDG projection I1,(0,u) = (Il . o, IIyu) € X x V is defined as follows:

I 0,0)k = (0, 0k Vi e %, (2.2a)
(Myu,v)x = (u,v)g weV, (2.2b)
(Oyon—a(lyu), p)yx = (on —a(Pyu), )y Y€ M. (2.2¢)

We have the following result on the approximation properties of the projection. We refer to our
extended paper on arXiv (Cockburn & Fu, 2017a, Appendix B) for a complete proof.

THEOREM 2.2 (Approximation properties of the HDG projection) The auxiliary HDG projection in (2.2)
is well defined. Moreover, we have

le — Mo llx < IUd —Py) a |lx +Ci hd* |(Ud — Py)a) sk
+ Cohg ||(Id — Py) V-0 |k + Cs h? || (Id — Py)ul o,
lu — Dyulx < ||(Id — Py)ullx + Cyhd? [(Id — Py)ullsk

+ Cshg |(Id — Py) V- allx,

where C; := C3. and

Cit el Cit (o}
C.i= 2 Cz. lall, Csi= (1 + %) Gz llall, Cyi= — Jlall, Csi= .
as1 a as1 as1

1% vt v 1%

Here,

o . -1/2 . —1/2
Czi:= sup hg " lzllx/llzrllek, Cyu= sup he " [Vlk/[Ivlak.

eZ\(0) veV\(0)

Note that, if V = V = V. X then C;, = 0 for i = 2,3,4,5, since in this case we have agL = 00
and ||« || = 0. Note also that the above error estimates depend on the choice of the space 2 only through
the stability constant Cz1. The constants Cz1 and Cji are optimal bounds for inverse inequalities
bounding the L?(K)-norm of 7 € z Landy e V' by the L*(3K)-norm of their respective traces. They
are independent of the mesh size hg.

Now, if P (K;S) x P (K) C X x V, where P,(K;S) is the symmetric-matrix-valued polynomial
space of degree no greater than k and P, (K) is the vector-valued polynomial space of degree no greater
than k, with the choice of stabilization operator « = Id, we get the following estimates from Theorem 2.2:

k+1
le — O ollx < Chil™ (Igllerix + lallisik)s

lu — Myullx < Chi (||£||k+1,1< + ||u||k+1,1<),
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 573

where || - ||x;1.x denotes the H*+!(K)-norm. Hence, the HDG projection gives quasi-optimal converge in
both variables.

2.3 The error estimates

Now, we are ready to present our main results on the a priori error estimates. We display their proofs in

the appendix.

2.3.1 Estimate of the stress approximation. We start with the estimation on the projection error
;0 -0,

THEOREM 2.3 For the solution of the HDG method given by (1.5), we have

Iy0 —0,lw <l -0z (2.3a)

Moreover, if we have a homogeneous and isotropic material with the compliance tensor given by (1.2),
then

D0 —a,llz, <C (1+hal) e —Hzollz, (2.3b)
Here, the constant C is independent of the mesh size h, the exact solution and the compliance tensor ..

Note that, since the estimate (2.3b) implies |l — 0,/ 7, < Cllo — I 5 0| 5, the error || — 0, 7,

only depends on the approximation properties of the first component of the projection I7,,. Note also that
the estimate (2.3b) implies that the method is free from volumetric locking in the sense that the error
lo — a,ll 7 does not grow as the Lamé constant A — oo in the incompressible limit.

2.3.2  Local estimates of the piecewise derivatives and the jump term. Now, we present local stability
and error estimates on the piecewise divergence of ¢ ,, the piecewise symmetric gradient of u,,, and the
jump term u;, — Uy, similar to the results in Cockburn et al. (2017b, Section 4).

THEOREM 2.4 For the solution of (1.5), we have the following local stability and error estimates:

IV-0,llx < Ci 11,2 &, 1oyl vk + Ca IPvf Ik
le@i)llx < Cs 1. [l ok, 10yl + Ca 1Py f Ik
e, — Bnllox < Cs > 117 11,2 &, 104 | crc + Co hi |1 Pyf Ik
IV-T o —a)lx < Ci Il |l ok IO — 01l
leTyu —up)lx < Cs 1 5% ) 0 — 4l v
1T yu — uy — (Pyu — ) llox < Cs i1 || ) o — 0Lk
where

_ llell , Cyr
C1 -ZCELCV~§”O{” 1+aT s C2=1+CV£||(){|| aNL,

vt %
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574 B. COCKBURN AND G. FU

. llell ) Cyr
C3 = 1 + CE,L Cg(V) 1 + B C4 = Cg(V) )
= as1 as1
Vv vV
_ llell _ Gy
C5 = CEL 1 + — ) CG = .
= ai}L (l";J_
Here,
. 1/2 . 1/2
Cev):= sup hg”llznllk/llzllk, Cv.x:= sup hg” [IVllox/lIvilk.
0#zee(V) 0£veV. X

Note that, summing over all the elements K € .7, we easily get that
IV-Iyo —a)llg, ledyu—uy)lz, [|Hyu—u,— Pyu—1u,lz,

only depend on ||& — 6, || .z, #,, Which, in turn, depends on the first component of the projection IT;,.

2.3.3 Estimates of the approximation of the displacement. Our next result shows that ITyu — u;, can
also be controlled solely in terms of the approximation error of the auxiliary projection ¢ — Iy o. In
addition, an improvement can be achieved under a typical elliptic regularity property we state next. We
assume that, for any given 0 € L*(£2), we have

¢le +1¥le = Clole. 2.4

where C only depends on the domain £2, and (¥, @) is the solution of the dual problem:

Ay —e(p) =0 in£, (2.52)
V-ﬁ =60 in 2, (2.5b)
¢=0 onadsf. (2.5¢)

We are now ready to state our result.

THEOREM 2.5 If P{(K) C V(K) for every element K € .7,, and the elliptic regularity property (2.4)
holds, then, for the solution of (1.5), we have

Hyu —uyllz, < Chllo -0,
The constant C depends on .7, but is independent of 4 and the exact solution.

Combining this result with the last estimate in Theorem 2.4 and applying simple triangle, trace and
inverse inequalities, we immediately get

-~ 12
1Pyt —Whlls, < Ch' lo —H 50,

and we see that the quality of the approximation u, and %, only depends on the approximation error of
the auxiliary projection, as claimed.
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2.3.4  Estimates of a postprocessing of the displacement. Note thatif i ||@ —IT 5, o || 7;, converges faster
than ||u — ITyu|| 7, the convergence of u,, to ITyu is faster than that of u;, to u. As mentioned before, we
can take advantage of this superconvergence result to show the existence of a displacement postprocessing
u; converge to u as fast as u;, superconverges to ITyu. To this end, we associate to each element K a
vector space V*(K) that contains V(K). Then, the function u} is the element of V*(K) such that

(Vu, Vw), =— @ Aw)g + @, Vwn)ye Vwe V(K (2.6a)
@, rx = W,k vreV'(K), (2.6b)

where V" (K)* C V*(K)is the L*>-orthogonal complement of vV (K),and V' (K) is any nontrivial subspace
of V. ¥ (K) containing the constant vectors P (K).

We have the following estimate.
THEOREM 2.6 Suppose that
Py(K) C V- X(K), AV*(K)CV-X(K), (VVn|yx C M(OK).
Let u} be the solution to (2.6) with (u;, u;) being the solution to (1.5), then

lu —uillx < C(ITvu — wyllx + h* Py — yllsx + hellV (@ — Py<u)|x).

Here the constant C depends on .27, but is independent of % and the exact solution, and Py« is the
L*-projection onto V*(K).

Note again that after summing the estimates over all the elements K € .7, we get

lw —wyll 7, <C(IMT v —wyll 5, + h'"? Py — W llox + hIl V@ = Pyew)|| ).

2.3.5 A practical example. To conclude this section, we apply the error estimates in Theorem 2.2
and the error estimates in Theorems 2.3-2.6 to obtain convergence rates for L*-error of o, u;, and u;
for a special case with the following conditions on the spaces (on each element K) and the stabilization
operator:

(C.1) M =P, (0K), and X x V admits an M-decomposition with P;(K,S) x P,(K) C X x V.
(C2) V' =P (K).
(C3) a=1Id.

In this case, we get that

lg —a,llz, < CHT Al + lullesn), (2.7a)
lu —wyll 7, < CHH (G Nlkrr + #llesn), (2.7b)
lw — uyll 5, < CHP(lGisr + Nullir), (2.7¢)

where the last estimate require the regularity estimate (2.4) holds.
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576 B. COCKBURN AND G. FU

We remark that, as we will make clear in the next two sections, the natural choice ¥ x V x M :=
P, (K,S) x P,(K) x P;(0K) proposed in Soon et al. (2009) and analysed in Fu et al. (2015) does not
satisfy condition (C.1) due to the lack of an M-decomposition for X x V. Actually, for this choice of
spaces, with o = Id, it was proven in Fu et al. (2015) that

k172

lo —a,llz, < CHT (o llker + i),
k1

lu —ull o, < CHF (0 it + lleellerr),

k
lu —ujll 7, < CHY G Nk + #llesn),

where numerical results suggested that the orders are actually sharp for k = 1. We will see in Section 4
that on triangular meshes, we only need to add rwo (rational) basis functions to X for k = 1 and three for
k > 2 to obtain an M-decomposition. Then, the desired (superconvergence) error estimates (2.7) follow.

3. The M-decompositions

In this section, we obtain a characterization of M -decompositions. We then show how to use it to construct
HDG and (hybridized) mixed methods that superconverge on unstructured meshes.

3.1 A characterization of M-decompositions

We first give a characterization of M-decompositions expressed solely in terms of the spaces X x V. In
general, it states that ¥ x V admits an M-decomposition if and only if the space M is the orthogonal
sum of the traces of the kernels of V- in X and of € in V. It is expressed in terms of a special integer we
define next.

DEFINITION 3.1 (The M-index) The M-index of the space X x V is the number

Iy(X xV):=dimM —dim{zn|;x: € X, V- T =0}
—dim{y|yx : v eV, e(v) =0}

THEOREM 3.2 (A characterization of M-decompositions) For a given space of traces M, the space ¥ x V
admits an M-decomposition if and only if

(@ r(XxV)ycM,
(b) e(V)CX,V-XCV,
(© In(ZxV)=0.

In this case, we have
M={zn|jx: 1€ X, V.- T=0}B{|sx: veV,elr) =0},

where the sum is orthogonal.
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 577

The proof of the above result is omitted here and documented in our extended paper on arXiv
(Cockburn & Fu, 2017a, Appendix C). We remark that the proof is very similar to the diffusion case
considered in Cockburn et al. (2017b, Section 2.4).

The importance of this result resides in that it allows us to know whether any given space ¥ x V
admits an M-decomposition by just verifying some inclusion properties and by computing a single
number, namely, I, (¥ x V) — a natural number, by property (a). Moreover, this result shows explicitly
how M can be expressed in terms of traces of the kernels of the divergence in X and the trace of the
kernel of the symmetric gradient in V'; we call the identity the kernels’ trace decomposition. This identity
is going to be the guiding principle for the systematic construction of M-decompositions we develop in
the next subsection.

3.2 The construction of M-decompositions

Now, we propose three ways of obtaining M-decompositions; we follow Cockburn ef al. (2017b, Section
5). We show how to modify a given space X, x V,, which is assumed to satisfy the first two inclusion
properties of an M-decomposition, to obtain a new space X x V admitting an M-decomposition. By the
assumption on the given space X, x V,, the indexes Iy (X, x V,) and

I4(Z x V) :=dimV —dim V- ¥

are non-negative. We propose three different ways of doing this according to whether the indexes are
Zero or not.

The case Iy(X, x V;) > 0. In this case, the space X, x V, does not admit an M-decomposition. By
Theorem 3.2, we have that

{z-nik: e Eg,v'l =0} {v|yk : v € V,, €(v) =0} EM

To simplify the notation, we set X, :={z € X, : V.7 = 0} to be the divergence-free subspace of X,
(s stands for solenoidal) and V, = {v € V, : €(v) = 0} to be the e-free subspace of V, (rm stands
for rigid motions). We see that, to achieve equality, we have to, in general, fill the remaining part of M
by adding a space of symmetric-tensorial, solenoidal functions § X'\, of dimension (¥, x V;). The
precise description of this subspace is in the following result.

ProposiTION 3.3 (Filling the space of traces M) Let X ¢ X V, satisfy the inclusion properties (a) and (b)
of Theorem 3.2. Assume that § X g, satisfies:

(@) ydZgm CM,

(b) V38X = {0},

© 7E, Ny8Euy = (0),

(d) diméX g =dimydXe = (X, X Vo).

Then (X, ® §X ) x V, admits an M-decomposition. Moreover, at least one space § X'y, can be
constructed when V, = RM(K), where RM(K) := {v € H Y(K) : €(v) = 0} is the space for rigid
motions.
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578 B. COCKBURN AND G. FU

Proof. Let us just show how to construct one space § X ,,,,. Let Z be a basis for (tr(X gy X Vgrm))i. Then
we can take § X' as the span of {€(¢,)},cz, where

V(@) =0inK, €@, n=pondK,
where p € 4. Since V,, = RM(K), the L*(3K )-projection of p onto yRM(K) is zero and so, €(¢,,)
is well defined. The boundary condition ensures the satisfaction of conditions (a) and (c), and condition

(b) holds by construction. Finally, condition (d) is also satisfied given that the set {€(¢,,)} e is linearly
independent, and

dimé Xy = dim & =dimM —dimtwr(Z, x V, ) =Iy(Z, x V,).
This completes the proof. g

The case Iy(X, x V) = 0, but Is(X, x V,) > 0. In this case, the space ¥, x V, admits an M-
decomposition, but V- ¥ is a proper subspace of V,. By the kernels’ trace decomposition of Theorem
3.2, we have

{tnlox : 1€ X, VT =0}1B{ik : v € Vye(v) =0} =M,
and we then see that, if we seek a modification of X, x V, of the form X', x V, it must be such that
lak :veV,e) =0} ={vlik : v € V,,e(v) =0}

The following result gives a hypothesis under which we are allowed to reduce V, to V := V. X .

PRrOPOSITION 3.4 (Reducing the space V) Assume that X, x V, admits an M-decomposition. Then
2, x V- X admits an M-decomposition provided that V- ¥, contains the space of rigid motions RM (K).

Proof. Since RM(K) C V- X, C V,, we have
ok :ve V-2 ,ev) =0} ={vlox : v € Vi, e(v) = 0} = yRM(K).
This completes the proof. O

Now, let us seek a modification of X, x V, of the form ¥ x V,, where ¥, C X. Since

V.-x, g Ve,

we see that to achieve the equality, we have to fill the remaining part of V, by adding a space of symmetric-
tensorial, nonsolenoidal functions § Xy, of dimension I5(X, x V,). In this case, we would immediately
have that

{tnlogx: 1€ X, V-1 =0={tn[jy: 1€ X, V-7 =0},

and, by Theorem 3.2, the resulting space would admit an M-decomposition. The precise way of choosing
8% v 1s described in the following result.
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PROPOSITION 3.5 (Increasing the space X ,) Let the space X, x V, admit an M-decomposition and assume
that V- X is a proper subspace of V,. Let § Xy, satisfy the following hypotheses:

(@) yoZgy CM,

(b)y V-6Xyy CV,

() V-ZNV-6X, =({0},

(d) dimdéX,y =dim V.62, = I(X x V).

Then (X, ® §Xg,y) x V, admits an M-decomposition with V, = V-(X, & § X,,). Moreover, at least
one space § X, can be constructed to satisfy all the hypotheses when M contains the space of traces of
rigid motions yRM (K).

Proof. Let us just show how to construct one space § X,,,. Let 2 be a basis of v Then, we can take
8.2y as the span of {€($,)}yecs. Where @, solves

V-(e(¢,)) =vinK and €(¢,) n = c(v) on 9K,
where c(v) is the element of y RM (K) such that
(c(),@)sx = v, @)k Yo € RM(K).

Note that since M contains the space yRM (K), hypothesis (a) is actually satisfied. Finally, it is not
difficult to see that hypotheses (b), (c) and (d) are also satisfied by the choice of . This completes the
proof. 0

3.3 A systematic procedure for obtaining M -decompositions

We can now use these three ways of obtaining M-decompositions, summarized in Table 1, to propose a
systematic way for constructing spaces admitting M-decompositions starting from a single, given space
2, x V,. Let us recall that the space X, x V, is assumed to satisfy the first two inclusion properties of
an M-decomposition, and so the indexes I, (X ¢ X V,) and Is(X ¢ X V,) are non-negative.

The systematic construction is described in Tables 2 and 3. Note that the construction provides three
different spaces admitting M-decompositions. The first is associated to an HDG method. The other
two are associated to (hybridized) mixed methods which can be thought of as sandwiching the HDG
method.

Itis now clear that we are left to construct the filling spaces § X', \, and § X', that satisfy the properties
in Table 3 for a given space X, x V,, satisfying the first two inclusions of an M-decomposition. In the
next section, we present such spaces defined on general polygonal elements in two-space dimensions.

4. An explicit construction of the spaces § X\, and § X, in two-space dimensions

This section contains the explicit construction of the spaces § X, and § X, satisfying the properties
in Table 3 in two-space dimensions.
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580 B. COCKBURN AND G. FU

TABLE 1 Three ways of constructing spaces X x V admitting an M-decomposition. The spaces are
obtained by modifying the space X, x V, according to whether it already admits an M-decomposition
and according to whether the space V- X, is a proper subspace of V. The space X, x V, is assumed
to satisfy the first two inclusion properties of an M-decomposition, namely, tr(X, x V,) C M and
eV xV. 2 CX xV,

Properties Properties of
Way no. of Z, % V, P | 4 TxV
Iy(Z xV)=0
(Proposition 3.3) IM (Eg X Vg) > 0 Eg @ 8£ﬁllM Vg IS (2 X V) = IS (Eg X Vg)
pos : iftRM(K) CV,
In(X xV)=0
I o s, vz, I5(E x V) =0
(Proposition 3.4) sl X Vg) > lfRM(K) C V'Eg
Iy(X xV)=0
In(X, x Vy) =0 — _
Proporiin 35) (2, x Vo) > 0 Z, ®Zay Ve Is(Z > V) =0

if yRM(K) C M

TABLE 2 Spaces X X'V admitting an M -decomposition. They are
constructed from the single space X, X V,, which is assumed to
satisfy the first two inclusion properties of an M -decomposition,
namely tr(X, x V,) CM and €(V,) x V- X, C X, x V,

Way no. P v
III EmiX:: Ehdg @ 82{:‘“\/ VmiX:Z Vg
I Xhe= X, 9y V=V,
1 =2, ©8Zum Viix:= V-2,
TABLE 3 The main properties of the spaces § X
)X V.§X ysX dim§ ¥
8 X fim {0} cCM, nyx, ={0} Iy(Z, xV,) =dimydsX
82 g CV,NVv.X ={0} cM (X, xV,) =dimV-.§¥

Here we consider a polygonal element K, fix the trace space M (dK) := P (dK) and study two choices
of the initial guess spaces X, x V,, namely

X2, xV,:=P, xP, and ngVg:QZka,

where P} := Py (K;S) and Qi = O (K;S) are the symmetric-tensorial polynomial fields.
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Vi € Vi
FiG. 1. A quadrilateral element K.

4.1 Notation, the Airy stress operator and the lifting functions

To state our results, we need to introduce some notation. Let {v;}7¢, be the set of vertices of the polygonal
element K, which we take to be counter-clockwise ordered. Let {e;}/, be the set of edges of K, where
the edge e; connects the vertices v; and v, ;. Here, the subindexes are integers module ne, for example,
Vier1 = Vi. An illustration for a quadrilateral element K is presented in Fig. 1. We also define, for
1 < i < ne, X; to be the linear function that vanishes on edge e; and reaches maximum value 1 in the
closure of the element K.

Since § X'\ 1s a divergence-free symmetric tensor field, it can be characterized, see, for example,
Arnold & Winther (2002), as the Airy stress operator of some H>-conforming scalar field, where the Airy
stress operator is defined as follows:

2

. 0y2 dxdy
J = gy 92 92
Toxdy a2

Now, we introduce two functions which we are going to use as tools to define lifting of traces on
dK into the inside of the element K. The first is associated to a vertex. To each vertex v;, we associate a
function &;, satisfying the following conditions:

LD &le; € Pri(e) j=1,...,ne,
L2)&(Wv)=6;j=1,...,ne,
(L.3) |, € Po(e)) j=1.....ne.

on;
Here, n; denotes the outward normal to the edge e;. The second is associate to an edge. To each edge e;,
we associate a function B;, satisfying the following conditions:

H.1) Bl =0j=1,...,ne,
(H2) i, =0/ =1,....ne.j #1,
J

(H.3) Gkl = Aioihiv j = i.

Next, we give some examples of these functions. If K is a triangle, we simply take & := A;;; and
B, = (l—[,f:l ) T1 i # Note that B; is nothing, but the rational bubble related to the edge e; defined in
Guzman & Neilan (2014). If K is a star-shaped polygon with respect to an interior node v,,, we subdivide
the element K into ne triangles {7;}¢,, with T; beginning the triangle with vertices v,, v;_y, v, We then

=1
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582 B. COCKBURN AND G. FU

take &; to be the piecewise linear function on {7;}¢ , satisfying condition (L.2) and &;(v,) = 0. We take B;
to be the (composite) function that vanishes on 7 for j # i+ 1 and equals to the rational bubble associated
to e; on T, . This choice is similar to the composite lifting introduced in Cockburn & Fu (2017b).

Let us remark that the conditions (H) on the function B;, derived from our analysis in the next section
(see Lemma 5.8), ensure that limx—>vi+1 (I B)n; -n;y, |e[_ * lim,(_wl.+1 (I B)niy ~n,»|ei+] = 0. The impor-
tance of this nodal discontinuity, which is not made evident in our construction of M-decompositions, is
well established in the literature; see, for example, the discussion at the last two paragraphs of Section
3 in Arnold & Winther (2002). Indeed, in Arnold & Winther (2002), it is argued that there exist no
hybridizable mixed method (which does not use vertex degrees of freedom) that only uses polynomial
shape functions. Hence, it comes at no surprise that our space 6 X ;,\, consists of nonpolynomial functions.

4.2 Thecase X, x V, 1= Q;( x Oy

We start by considering K to be a unit square with edges parallel to the axes and v; = (0, 1). (This implies
M =Xx,A =y,A3 = 1 —x,As = 1 —y.) We omit the proof due to its similarity with the proof of the
more difficult result, Theorem 4.3, in Section 5.

We omit the proof of the next two theorems in this subsection due to its similarity with the proof of
the more difficult result, Theorem 4.3, in Section 5. See also a sketch of the proof in our extended paper
on arXiv (Cockburn & Fu, 2017a, Appendix D).

THEOREM 4.1 Let K be a unit square with edges parallel to the axes. Then, for M = P;(0K) and
X xV,= QZ(K) x Q,(K), where k > 1, we have that

6 ifk=1,
In(Z,xVy)=19 ifk=2, and I«(Z,xV,) =3.
10 ifk >3,

Moreover, the spaces

J span{B,, B3, B4, €2,

E7(1—x),& (1 —y)} ifk=1,
Jspan{Bz,B3,B4,B4x,

E(1—x), (1 —y),

E(1—x)(1 —y),

£ -0%E0 - ifk =2,
J span{B,, B3, B4, Byx,

(1 —x) g1 — )kt

(1 =011 -y, &0 —x)(1 — -,

£ -0k &0 - Y if k >3,

xk+1yk71 0 xk+1yk 0 0 0
5EﬁllV ‘= Span {|: 0 0 i|7 |: 0 o 0 xkyk+1 ’

satisfy the properties in Table 3. Here, &, satisfies conditions (L) and B,, B3, B, satisfy conditions (H).

LPIVEES
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Let us remark that in practical implementation, we can take &, to be the composite lifting function
presented in the previous subsection and {B;} to be the following rational functions:

4

A

B =[x A 4.1

[T 1575 @
k=1 JF#i

When the polynomial degree k > 2, we can bypass the use of the composite function &, in the
definition of § X, by using an exponential function, as we see in the next result.

THEOREM 4.2 Let K be a unit square with edges parallel to the axes. Then, for M = P;(0K) and
Eg xV, = Q‘;(K) x 0, (K), where k > 2, we have the spaces

Jspan{Bz,B3,B4,B4x,

A1 = x), (xy)*d —y),

) (1 =00 —y),

xe' )21 — x)%, (e x)2(1 — y)?} ifk =2,
Jspan{Bz,B3,B4,B4x,

A1 =0 ()2 — y)*,

(1 =010 = y), ()21 =) =y,

ey (1 — 0k, (e xy)2 (1 — y)¥} ifk > 3,

LPIMVIES

satisfy the properties in Table 3. Here, B; are defined in (4.1).

4.3 The case X, x V, := P x Py

Now, we consider K to be a general polygon without hanging nodes.

THEOREM 4.3 Let K be a polygon of ne edges without hanging nodes. Then, for M := P, (dK) and
Eg x V, := P, x Py with k > 1, we have that

1
Iu(Z, x Vo) =20+ Dne = 20 +3)@ +4). and  I5(Z, x V) =2(k+ 1),

where 0 := min{k,2ne — 4}.
Moreover, the spaces

§Zam = @S W
Sy = {q_)]i ¢2 , (fork > 2)

+1,a> Tk+1,a’a=0
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satisfy the properties in Table 3. Here

{0} ifi=1,

k
Span {($i+1)2)‘zl'7+1 }b:max{k+5—2i,0}
®span {(Sfﬂ )zki)‘?Jrl }h:max{k+472i,0}
@span {B;} if2<i<ne—1,
span {B;} ifi=neandk =1,

24 2+b k2
Span {(Eiﬂ) A }b:max(k+5—2i,0}

®span { G A }b:max{k+472i,0}
@span {B;, B,y 1} ifi=neand k > 2,

where &, satisfies conditions (L) and B; satisfies conditions (H) and

xk+l—a a

O ne
Dera= [ 0 ’ 0 } + ) T (CLEL M 4 Dy R ikl ),
i=1

0 0 ne
Qi.{_],a = [ 0 xk+1—aya :| + Z‘I (Cjt %-iil)\‘i‘:rll + th %-iil)“i)\‘irl)’
i=1

where the constants {C!;, D}, C%, D2} are chosen such that y(q_Sli+1 Dsv(@: ) € Pu(dK).

+1,a

Let us give a more compact presentation of the space § X, in Theorem 4.3 for two special cases,
namely, when K is a triangle and when K is a quadrilateral.

K is a triangle. We have

53 _ J span{B,, B3} ifk=1,
M J Span{Bz,B3,B3A1} if k > 2.

Here, B; = 1'[,.3:1)L,» . HJ#,% is the rational bubble defined in Guzman & Neilan (2014). Notice that the
A

filling space 6 X, on a triangle in Guzman & Neilan (2014) (defined for k£ > 2), in our notation, is
8 Xgm = J span{BiAz, ByAz, B3h,},

which can be easily verified to satisfy the properties in Table 3.
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K is a quadrilateral. We have

LPIMVES

JSpan{BZ3B3’B47%-39542)\'3’%_})"4} lfk = 1,
J span{By, By, By, Byd1, £} 3, £ Ma,

EiAsha, 705, ETAT) itk =2,
J span{By, B3, By, ByA1, EXA3hq, EZA3,

EIMAL EDNG EPAL EP AT M EPAT) ifk =3,

J span{B,, B3, By, Buh1, £ hahy 2 6004,
2aaAb T EZAE BN EAN T, K E208 ) ifk > 4.

585

Now, when K is a square, we can use similar spaces in Theorem 4.2 to bypass the use of composite

functions &4 and &.

K is a unit square. We can choose § X\, as in Theorem 4.2:

LPIVEES

J span{B,, B3, B4, Byx,

) (1 = x), (y)*(1 = y),

()* (1 =x)(1 =),

(rexp'™ y)*(1 — x)%, (exp' ™ xy)*(1 — y)*} ifk =2,
J span{B,, B3, B4, Byx,

)*(1 = 2x)2, (xy)* (1 = x)(1 = y), (y)*(1 = y)?,

)*(1 = 2x)*(1 =), )*(1 = x)(1 = y)?,

(rexp'™ y)*(1 = x)*, (exp' ™ xy)*(1 — y)*} ifk =3,
J span{B,, B3, B4, Byx,

)*(1 = 0", ) (1 =02 (1 =),

)*(1 =) ) (1 =) (1 = y)* 2,

)21 =011 =), Gy (1 =01 =,

(rexp'™ y)*(1 — )k, (exp' ™ xy)*(1 — »)'} itk >4.

5. Proof of Theorem 4.3

In this section, we prove Theorem 4.3, which is the main result of Section 4. We proceed by carrying
out a systematic construction of the spaces § X .\, for the trace space M = P,(dK) on a general polygon
K. We begin by developing an algorithm that, given a counter-clockwise ordering of the ne edges of K,
{e;}}<, and an initial space X, x V,, satisfying the inclusion properties (a) and (b), and P, C V,, provides
a space 8§ X, satisfying the properties in Table 3. We then apply it to show that the space § X\, in
Theorem 4.3 satisfies the properties in Table 3. We end the proof by showing that the space 6%
in Theorem 4.3 also satisfies the related properties in Table 3.

5.1 An algorithm to construct the space 6 X g\

We use the notation introduced in the previous section. Fori = 1,...,ne + 1, we define ¥ ¢ 10 be the
divergence-free subspace of X, with vanishing normal traces on the firsti — 1 edges. In other words, we
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586 B. COCKBURN AND G. FU
set

_gsizz{legg: V.1 =0, £n|ej=0,1§j§i—1},f0r1§i§ne—|—1.

The subspace of V, givenby V, = {v € V, : €(v) = 0} also plays an important role in the theory of

M -decompositions; see the kernels’ trace decomposition in Theorem 3.2. Since P, C V,, we have that
V, = RM(K) is just the space of rigid motions on K, which has dimension 3.

8rm
Fori = 1,...,ne, we define y;(X) := {zn|,; : T € X} to be the normal trace of X on e;, and
vi(V) :={v|;; : v € V} to be the trace of V on e;. We have

rm

) = dim y;(RM(K)) = 3.
Now, we define the M-index for each edge.

DEFINITION 5.1 (The M-index for each edge) The M-index of the space X, x V, for the ith edge e; is
the number

IM,i(Eg X Vg) = dlmM(et) —dim Vi(zg“-) - 8i,ne dim yne(Vgrm)s
where §; . is the Kronecker delta.
Since ¥, x V, satisfies the inclusion properties of an M-decomposition, we have

vi(X, ) C M(e) foralll <i <ne—1,
Vue(Zy )+ Vie(Ve,,) C M(y,).

Actually, the sum in the last inclusion is an (L’*(e,.)-orthogonal) direct sum because, given any
(z,v) € Eg”e x V, ., we have

8rm?®
(VieTs VneVDene = (TN, V)e,, = (TR, V)5 = (T,€(W))x + (V- 7,v)g = 0.

Using these facts, we immediately get that Iy (X, X V) is a natural number for any 1 <i < ne.
We are now ready to state our first result.

THEOREM 5.2 Set 8 X 5y, 1= D¢, 8 X%\, Where

(@) y(BZgy) CM,
B) V- 32;111M = {0},
(y.1) %@y = {0} forl <j<i-—1,
(r2) vi(Z,, ) Ny Z) = {0},
(8) dim X%\ = dim y,(8Xf) = Ini(Z, x Vo).
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 587

Then 6 X'\ satisfies the properties in Table 3, that s,

(@) yéXgy CM,

(b) V-8Z g = (0},

() )/Egs,l Nyd X = {0},

(d) diméX g =dimydXey = (X, X Vo).

Proof. Properties (a), (b) and (c) follow directly from properties («), (8) and (y), respectively. It remains
to prove property (d). But we have

dim8Z gy = > dimsZiy =Y Iyi(Z, x V,)
i=1 i=1

ne

= ) dim 8 Xy = dim y8 Xy

i=1
Now, by the definition of Iy;(X, x V), we get

ne

dim o Xy = (dimM(e;) — dimyi(Z, ) — 5 dim y,. (V)

i=1

= dimM — ) dimy,(Z, ) — dim y,.(V,,)

i=1

= dimM - ) (dim X, —dimZ, ) —dimy,(V,,)

85,i+1
i=1

= dimM — (dim gm —dim X, ) —dimy, (V).

s,ne+1

Finally, since

X, =ltek,: V.z=0},

Egs,ne+l = {1 € Zg : V'l = 07In|3K = 0}9

Vom=1€EV,: €(v) =0},
we get

dimdé Xy, = dmM —dim{zn|)x 17 € X, V-7 = 0}
— dim{vlg 1 v € Ve, €)= 0}
=Iu(X, x V).

This completes the proof. g
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588 B. COCKBURN AND G. FU

On the basis of this result, we can see that the following algorithm provides a practical construction
of the filling space § X\,

Algorithm PC Construction of § Xq\;, satisfying properties («)—(8) of Theorem 5.2.

Input: A counter-clockwise ordering of the ne edges of the polygon K, {e;}%,.
Input: The space of traces M.

Input: A space ¥, x V,, satistying the inclusion properties of an M-decomposition.
Output: The space § X ;-

Foreachi=1,--- ,ne,
(1) Find the auxiliary spaces X, .
(2) Find an Iy (¥, x V,)-dimensional complement space Cy; on edge e;:

vi(Z, ) © Cui = M(e),
here M (e;) = M(e)) if i < ne, and M(e,.) = ¥,(V,,,
M((e,,) that is L*(e,,)-orthogonal to ¥,.(V,, ).

(3) Find an Iy (¥, x V,)-dimensional, divergence-free filling space § X' fiv on K

)1 is the subspace of

B B =10}, forl<j<i—l,
(3.2) Vi(azlﬁ]m) = Cu,,
3.3) )/j(ﬁgg”M) CM(e), fori+1=<j < ne.

return § Xy := @78 Xy

Now, we apply Algorithm PC to prove the first part of Theorem 4.3, that is, the space § X', \, satisfies
the properties in Table 3. Note that in this case, we have M = P (dK) and X, x V, = P} x P; with
k > 1. We proceed in three steps as follows.

(1). Finding the spaces ¥, . We begin by characterizing the spaces X, .

PROPOSITION 5.3 We have that
_g“,=J<D,- 1<i<ne+1,
where ®; := {b}_ ¢ : ¢ € Pryani(K)}. Here, by = 1, and b, := IT_ A, for £ > 1.

To prove this result, we need to characterize the kernel of the operator y,J.

LeEmMMA 5.4 We have that y;(J ¢) = 0 if and only if V @], € Py(e;), for any ¢ € H*(K) and any edge e;
of the element K.
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 589

Proof. The result follows from the fact that y;(J ¢) = 3“‘“”’ , where £ - is the tangential derivative on the

edge e;. g
We are now ready to prove Proposition 5.3.
Proof of Proposition 5.3. Since X, = Py, itis easy to show that
J®; C Eg” C J Pyo.

Since @, = Py, the reverse inclusion, E . C J®,,is true for i = 1. Let us prove that the reverse
inclusion also holds fori > 2. Lett = J ¢ e E w1th ¢ € Pryo. Wehave y;(J @) =0forl <j <i—1.
By Lemma 5.4, V ¢, € Py(e;) for1 < j < l — l Since ¢ is defined up to a linear function, we can
assume V ¢|, = 0, hence A divides ¢. This immediately implies V ¢l =0for1 <j<i—1, andso
b? , divides ¢. This completes the proof. O

(2). Finding the complement spaces C) ;.

By definition, see Algorithm PC, the space Cy,; is any subspace of M (e;) such that y;(X ¢ ;) BCy,; =

M (e;). Thus, to find a choice of Cy;;, which is not necessarily unique, we first need to characterize
vi(Z, ). We do that in the following corollary of the previous proposition.
COROLLARY 5.5 We have, for 1 <i < ne,

k+3-2i

k-2 . -
Vi(Z,,) = span {y; (J(O7 Ai D)}, oy, @ sPan {ys (JB Airi D)}, s
dimy;(Z, )= dim Prq;(e;) 4 dim Pry35(€)) — 381,
Ii(Z, x Vo) = min (k+ 1,2i — 4) + min (k + 1,2 — 3) + 361, — 38,0,

Here we use the convention that, for any negative integer m, dim P,, = 0.

Proof. The first identity follows from the definition of the auxiliary space X, . and from the fact that
yi (J(B2 A28, ) = 0 when b > 2.

i+1
Let us now prove the second identity. By construction,

dim y,-(gg”) = dim gg —dim X

=gs,i+1 2
and since, by Proposition 5.3, dim ¥ i = dim Py 4 5;(K) — 3 6,,, we get that

dim y;(X, ) = (dim P4 i(K) —381;) — (dim Pryp2/(K) — 38141

= dim Py 4;(€;) + dim Py 3_5;(€;) — 36;;.
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590 B. COCKBURN AND G. FU
It remains to prove the last identity. By the definition of /(X x V), we have
Ini(Z, x V) = dimM(e;) —dim y;(Z, ) — Sine dim ¥, (V)
= 2dim Py(e;) — ((dim Prra ()
+dim Pyy3-2(e;) — 3 31,i) — 3 8ine
= (dim Py(e;) — dim Py4-;(€;))
+ (dim Pr(e;) — dim Pyy32;(€;)) + 381 — 3 8i
and the result follows. This completes the proof. ([

We now give a particular choice of the trace space Cy, ;.

PROPOSITION 5.6 Set, fori=1,...,ne,
{0} ifi=1,

k
span {y; (J (7 27,))) }b:max{]l(<+]5—2i,0}
Bspan {yi (J(niz)‘i)‘?ﬂ)) }h:max{k+4—2i,0]
@span {y; (J(miririp1))} if2<i<ne-1,
Cui =
span {y; (J(mididiy1))} ifi=neandk =1,

Span {Vi (J(niz)‘iz:lb )}f;;iax{]l(chSfZi,O}
3
@span {y; (J(niz)\i)"lzilh))}b:max(k+472i,0)
@span {y; (J(miririn1), v (J(iriri,)) ) ifi = neand k > 2,

where 7; is any linear function on R? such that 7;(v;) = 0 and 7;(viy;) # 0.
Then, fori =1, ..., ne, the space Cy; of functions defined on the edge e; has dimension IM,[(Eg x V)
and satisfies the identity

) ® Cyi = M(e)).

)

Yi (Egs,

Proof. Since n; is a linear function, it is easy to check that dim Cy,; = IM,i(gg x V,) and Cy; C M(ei).
We are left to show that y;(X g“) N Cy; = {0}. We prove this result for the case 2 < i < ne — 1 and
k > 2i — 3. The other cases are similar and simpler.

To show y;(X, ) N Cy,; = {0}, we only need to prove the linear independence of the following five
sets

span {y; (J( 2 )) )y span {n (F AR D))
span {Vi (‘](nz'z)"?+l))}llj:k+5—2i > Span {Vi (J(nz'z)‘i)‘z'bﬁ )}];;1;4—25 >

span {y; (J(miAirig))}
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 591

Note that the first two sets span a set of bases for y,(E ) and the last three sets span a set of bases for

Cy,. Let us assume that there exists constants {C,}*14~ ! ADMETH AEY 5o AFp) s b pan» and G
such that

viJp) =0,

where

k+-4-2i k+3-2i

= Z Cabiz— z+1+ Z D, b )‘)“f+1
a=0

k—1

k
+ Y B+ Y Fyniady, 4 Gk
b=k+5-2i b=k+4-2i

By Lemma 5.4, this implies that V ¢|., € Py(e;) and so that ¢|, € P;(e;). As a consequence,

k-+4—2i
(Z Cabl My + Z Eynial, ) € Pi(ey),
a=0 e

b=k+5-2i

i

because A; = 0 on e;. Since b;_;(v;) = 0 (because i > 2) and since 7;(v;) = 0, we have 7;/., proportional
to A;_i|e; and we get that

=0.

k+4-2i
(Z C. b2, A,+,+ Z E, 1} ,+|)
a=0

=k+5-2i

€

Now, evaluating the expression at the node v; |, = e;Ne; ., we get Cy = Osince b;_ (Vi) # 0,1:(Viy) #
0 and A;41(viy1) = 0. Then, dividing it by A;;; and evaluating the resulting expression again at v;,; =
e; Ne,y, we get C; = 0. Similarly, we get C, = 0 fora = 2,--- ,k +4 — 2i, and E, = 0 for
b=k+5—2i,---,k. This implies that

k+3-2i k=1
Y Db+ Y Feniadl 4 Guidihig,
a=0 b=k+4-2i

and so that V ¢|, = ¢ V A;, where

k+3-2i

Z D, b} A F Z F, nl-z)\ﬁl + G nikigr-

b=k+4-2i
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592 B. COCKBURN AND G. FU

Since ¢|,; € Py(e;) and ¢(v;) = 0, because b;_;(v;) = 0 and 1;(v;;;) = 0, we conclude that ¢, = 0,
that is,

k+3-2i k=1
< Z D, biz—l)“?Jrl + Z F, 7),-2)“?“ + G’)i)w+1> =0.
a=0 b=k+4-2i e
Since 1;(viy1) = 0, n; = aki_i|,; for some number «. Then, dividing the above expression A;_; and

evaluating the resulting expression at v;, we obtain that G = 0. Finally, we can get that D, = 0 and
F, = 0 by consecutively evaluating the expression at v,;; and dividing it by A;;;. This completes the
proof. U

(3). Finding the filling spaces § X%\ .

Note that the definition of ¥; in Theorem 4.3 is obtained from our choice of the space Cy,; by formally
replacing, in the definition of the basis of Cy, ;, nf by 5;2+1 and then n;A;A;41 by B;. The fact that the choice
58X ;‘mM := J ¥, does satisfy the conditions (3.1), (3.2) and (3.3) of Algorithm PC follows immediately
from the following results.

LeEMMA 5.7 Let ¢ be any function in P, (K). Then, we have that

(@) y(JE ) =0forj=1,...,i— 1 provided 2 < i < ne, or i = ne and V is divisible by 3.
(i) yi(J(EA,¥)) = v (J (7)) for some linear function 7; such that n;(v;) = 0.
Qi) 1(J(EL, ) € Puley) forj =i+ 1,....ne.

LEMMA 5.8 Let v be any function in H?(K). Then we have that

(1) y[(J (B,«l//)) = yj(J (anikiki+llp)) for some constant « and some linear function #; such that
ni(vi) = 0.
(i1) ;/j(J(B,-W)) =0forl <j<neandj #i.

Proof of Lemma 5.7. Letus begin by proving (i). By properties (L.1) and (L.2) in Section 4.1, &;,; = Oon
e;forj=1,...,i—1ifi < ne. Since this implies that V(£§2,, S) le; = 0, property (i) follows from Lemma
5.4 for i < ne.If i = ne, we have, by properties (L.1) and (L.2), that §;;; =Oone;forj=2,...,i -1
and property (i) follows in the same manner. It remains to consider the case i = ne and j = 1. In this
case, on ey, &, is different from zero. As a consequence, property (i) holds if S is divisible by )»f. This
proves property (i).

Let us now prove property (ii). We can take »; such that n;le; = &c; and %U:‘ = %E,—H. This is
possible by properties (L). Then, we have l I

(VL — nf)l/f))|el_ = (Y& + 1)V (Eir — ”f))‘e,- =0.

Finally, property (iii) follows by simple manipulations and using properties (L.1) and (L.3). This
completes the proof of Lemma 5.7. 0
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LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 593

Proof of Lemma 5.8. We first prove property (i). Since A, = 0 on e; and B, = 0 on e;, by property (H.1)
in Section 4.1, we have that

d ad
V(B —anidiriy)le, = ;i (W <_Bi —aNikiy —)»i>>

Bn,- 8nl- e

0
=n; (l/f (Ai—1)ki+1 - ’71‘)»1'+1—)»i))
8ni ¢
0
=n; (VA Aip (1 —an(Vip)—A
8",‘

if we take o« as the unique solution of the equation ani(vi+1);7)\i = 1 on the edge e;. Property (i) now
follows from Lemma 5.4.
It remains to prove property (ii). We have, by property (H.1) of B;, that

by (H.3),

€

=0

€

a
V(BiY)le; = n; <l[f ﬁBi)

by property (H.2). Property (i) now follows from Lemma 5.4. This completes the proof of Lemma 5.8. [

With these results, we conclude that the choice § X g, indeed satisfies the related properties in Table 3.
The computation of the dimension of 6 X ;. Now, we compute the dimension of § ¥, ,,,. We have

dim§Z g = > diméZfy = > hi(Z, x V)
i=1 i=1

= (min{k + 1,2i — 4} + min{k + 1,20 — 3} +38,; — 38,.)
i=1

= (minfk + 1,2i — 4} + min{k + 1,2i — 3} +38,; — 38,0,

i=1

by Corollary 5.5. Finally, simple algebraic manipulations give that

2(k + 1) ne — D if k < 2ne — 5,
dim azﬁllM =
(2ne — 5) ne if k > 2ne — 4,

=20+ e — 30+ 30 +9),

where 0 := min{k,2ne — 4}.
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594 B. COCKBURN AND G. FU

Finally, we conclude the proof of Theorem 4.3 by proving that the choices of § X, also satisfy the
related properties in Table 3. Since X ¢ X V, =P, x P;,wehave V- X ¢ = P,_,. Hence, we have

I(Z, x V) =2(k + 1).

It is then elementary to prove that the choice of § X, satisfies the properties in Table 3. This completes
the proof of Theorem 4.3.

6. Numerical results

In this section, we present numerical results validating the theory in the case of triangular elements. For
simplicity, the material is chosen to be isotropic (1.2). Recall that the Lamé modules A and p have the
following form in terms of Young’s modules E and Possion’s ratio v:

Ev E
A= —————— U= ——.
(I+v)(1—2v) 2(1 +v)

For comparison, we also present the numerical results with the HDG method in Soon et al. (2009)
and Fu er al. (2015). The method in Soon ef al. (2009), see also Fu ef al. (2015), uses the following local
spaces:

Y(K) x V(K) x M(0K) = Pi(K;S) x Pi(K) x P (9K).

This space X (K) x V(K) does not admit an M (0K)-decomposition. We denote this method by HDG;.
Our method on triangles enriches the local stress space on each element with a rational function space
6% ;v that has dimension 2 if k = 1 and dimension 3 if k > 2; see the discussion following Theorem
4.3. We denote this method by HDG;—M. _
For the postprocessing uj, we take V*(K) := P;1(K) and v (K) := Py(K):

(Vup, Vw), =— @ Aw)g + @y, Vwn)e VweViK),
(w,, g = (Up, Nk VrePyK).

We present the same two test problems considered in Fu ez al. (2015). The first test problem is obtained
by taking E = 1, v = 0.3, and choosing data so that the exact solution for the displacement is u; (x,y) =
10 (y — y»)sin(w x) (1 —x) (1 — %) and u, (x,y) = 0 on the domain £2. The second test problem is obtained
by taking E = 3 and choosing data so that the exact solution is u; (x,y) = —x*(x — 1)’y(y — D2y — 1)
and u,(x,y) = —u, (y,x). For the second problem, we also vary the Poisson ratio v from 0.3 to 0.499999
to show that the methods are free of volumetric locking.

We carry out our experiments on uniform triangular meshes obtained by discretizing the domain
£ = (0,1) x (0,1) with triangles of side 2~/ as depicted in Fig. 2. And we fix the polynomial degree to
be either k = 1 or k = 2.

For both methods, we choose the stabilization function o = Id.

The history of convergence for the first test is displayed in Table 4, and the one for the second test
in Table 5. The orders of convergence of the HDG,—M method match the theory developed in Section 2
very well. In particular, we get the optimal orders of convergence in the L*-error for u;, o, and u}, that
is, k + 1,k + 1 and k + 2, respectively. We also see clearly the superior performance of HDG;—M over
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Fi6.2. Example of meshes with =271,

TABLE 4 History of convergence for the first test

Mesh  [lu —u,l o lo —a,lg, llu — ujll , lu —ull 7, lo —a,ls, lu —u;ll 7,
k 1 Error Order Error Order Error Order Error Order Error Order Error  Order
HDG; HDG;-M
3 2.10E-2 — 6.00E-2 — 4253 — 2.06E-2 — 535E-2 — 1.89E-3 —
4 5.30E-3 199 159E-2 191 1.20E-3 1.83 5.21E-3 198 140E-2 194 348E-4 244
1 5 1.33E-3 2.00 4.22E-3 191 327E-4 188 131E-3 199 3.61E-3 195 549E-5 2.67
6 332E4 200 1.13E-3 190 8.68E-5 191 3.29E-4 199 920E-4 197 7.73E-6 2.83
7 8.31E-5 200 3.07E-4 1.88 226E-5 194 826E-5 200 232E4 198 1.03E-6 291
3 1.25E-3 —  3.65E-3 — 1.59E-4 — 1.25E-3 — 330E3 — 622E5 —
4 1.57E-4 299 4.71E-4 295 230E-5 279 1.58E4 298 4.17E4 299 452E-6 3.78
2 5 1.97E-5 3.00 6.06E-5 296 3.19E-6 2.85 1.99E-5 299 524E-5 299 3.07E-7 3.88
6 2.46E-6 300 7.82E-6 295 4.25E-7 291 249E-6 3.00 6.57E-6 3.00 2.01E-8 3.94
7 3.08E-7 3.00 1.02E-6 294 553E-8 294 3.12E-7 3.00 822E-7 3.00 1.28E-9 3.97

HDG,; for the stress error |0 — g, 7, as well as for the postprocessed displacement error ||u — uj|| 7, .
Finally, note that, since the global equation for both methods have exactly the same dimension and sparsity
structure, the HDG methods whose spaces admit M-decompositions perform significantly better.

7. Concluding remarks

We extended the use of M-decomposition for the devising of new superconvergent methods for the pure
diffusion problems (Cockburn et al., 2017b) to the linear elasticity with symmetric approximate stresses.
It provides a simple a priori error analysis of HDG methods for linear elasticity with strong symmetry
and gives us guidelines for the devising of new superconvergent methods.

We applied the concept of an M-decomposition to construct new HDG and (hybridized) mixed
methods with symmetric approximate stresses for linear elasticity in two-space dimensions. Numerical
results on triangular meshes confirm the theoretical convergence properties.

Let us emphasize the fact that it is not necessary to use the compliance matrix for formulating
the methods. The same results obtained here do hold for methods formulated in terms of the standard
constitutive tensor .7~ !, like the one in Soon (2008), Soon et al. (2009) and Fu et al. (2015), for example.
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TABLE 5 History of convergence for the second test

B. COCKBURN AND G. FU

Mesh  u—wls  lo—ols  le—uils,  lu-wls  lo-ols  lu-ujls
k 1 Error  Order Error Order Error Order Error Order Error  Order Error Order
HDGy, v = 0.3 HDG;-M, v =0.3

3 523E4 — 3.62E3 — 1.32E-4 — 481E4 — 1.98E-3 — 2.53E-5 —

4 1.39E-4 191 1.28E-3 1.51 4.46E-5 157 122E4 198 531E-4 190 4.66E-6 244

1 5 3.66E-5 193 449E-4 151 147E-5 1.60 3.06E-5 200 139E-4 194 7.82E-7 257
6 9.58E-6 193 1.56E-4 1.53 4.62E-6 1.67 7.66E-6 200 3.57E-5 196 1.16E-7 2.75

7 249E-6 194 527E-5 157 139E-6 173 191E-6 200 9.06E-6 198 159E-8 2.87

3 346E-5 — 333E4 — 884E-6 — 338E-5 — 2.02E4 — 1.77E-6 —

4 458E-6 292 501E-5 272 147E-6 259 437E-6 295 268E-5 291 1.43E-7 3.63

2 5 5.94E-7 295 7.63E-6 272 236E-7 264 551E-7 299 342E-6 297 1.02E-8 3.81
6 7.64E-8 296 1.17E-6 270 3.54E-8 2.74 6.92E-8 299 431E-7 299 6.82E-10 3.90

7 9.76E-9 297 1.80E-7 271 5.02E-9 282 8.66E9 300 540E-8 3.00 441E-11 395

HDGy, v = 0.499 HDG;-M, v = 0.499

3 449E-4 — 330E3 — 1.01IE4 — 4.14E4 — 275E-3 — 2.73E-5 —

4 1.20E-4 191 1.18E-3 149 3.51E-5 152 1.06E-4 197 553E-4 231 259E-6 3.40

1 5 3.15E-5 192 421E-4 148 1.18E-5 1.57 267E-5 199 1.15E4 227 264E-7 3.29
6 8.25E-6 193 148E-4 150 3.77E-6 1.64 6.69E-6 200 2.79E-5 2.04 331E-7 3.00

7 2.15E-6 194 5.08E-5 155 1.15E-6 171 1.68E-6 200 730E-6 193 466E-9 2283

3 3.02E-5 — 298E4 — T703E6 — 296E-5 — 339E4 — 1.63E-6 —

4 399E-6 2.92 454E-5 271 1.19E-6 2.57 3.83E-6 295 3.70E-5 320 952E-8 4.10

2 5 5.18E-7 295 7.08E-6 268 194E-7 2.62 4.85E-7 298 4.02E-6 320 577E-9 4.04
6 6.66E-8 296 1.11E-6 267 295E-8 272 6.08E-8 299 453E-7 3.15 3.56E-10 4.02

7 8.52E-9 297 1.74E-7 2.68 423E-9 280 7.62E-9 3.00 5.31E-8 3.09 221E-11 4.01

HDG;, v = 0.49999 HDG,-M, v = 0.49999

3 449E-4 — 330E3 — 1.01IE4 — 4.13E4 — 3.62E-3 — 3.44E-5 —

4 1.19E4 191 1.18E-3 149 3.50E-5 152 1.06E-4 197 932E-4 196 4.07E-6 3.08

1 5 3.15E-5 192 421E-4 148 1.18E-5 1.57 266E-5 199 228E-4 2.03 481E-7 3.08
6 8.25E-6 193 148E-4 150 3.77E-6 1.64 6.68E-6 200 514E-5 215 537E-8 3.16

7 2.15E-6 194 5.08E-5 155 1.15E-6 171 1.67E-6 200 1.0lE-5 234 535E-9 333

3 3.02E-5 —  2098E-4 - 7.02E-6 — 295E-5 — 3.65E4 — 1.72E-6 —

4 399E-6 2.92 454E-5 271 1.19E-6 2.57 3.83E-6 295 390E-5 322 980E-8 4.13

2 5 5.17E-7 295 7.08E-6 268 193E-7 2.62 484E-7 298 4.18E-6 322 585E-9 4.07
6 6.66E-8 296 1.11E-6 267 295E-8 271 6.08E-8 299 4.65E-7 3.17 3.57E-10 4.03

7 8.51E-9 297 1.74E-7 2.68 423E9 280 7.61E9 3.00 539E-8 3.11 232E-11 3.95

The practical construction of M-decompositions in the three-dimensional case constitutes the subject
of ongoing work.
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Appendix. Proofs of the error estimates of Section 2

In this appendix, we provide proofs of our a priori error estimates in Section 2, namely Theorems 2.3-2.6.
The main idea is to work with the following projection of the errors:

&, =Ny;0 -0, ¢&,:= Iyu—u,
€, :=Pyu—u,, €,n:= e,n—a(e,—¢,).

We also use e, := o — g, to simplify notation.

We begin by obtaining the equations satisfied by these projections. We then use an energy argument
to obtain an estimate of &,; this would prove first part of Theorem 2.3. We prove the second part of
Theorem 2.3 following the idea in Fu ez al. (2015, Appendix A.1) for treating the incompressible limit.
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Then, we prove the local error estimates in Theorem 2.4 for the piecewise divergence V- &,, the piecewise
symmetric gradient € (¢,) and the jump term &, —&,, using an adjoint HDG projection similar to Cockburn
et al. (2017b). Next, we obtain an estimate of ¢, with an elliptic duality. After that, we obtain the estimate
for the displacement postprocessing in Theorem 2.6.

Step 1: The equations for the projection of the errors

We begin our error analysis with the following auxiliary result.

LEMMA A.1 Suppose that for every K € .7}, the space X (K) x V(K) admits an M (3K)-decomposition
and that the stabilization function « satisfies a1 > 0. Then, we have

(5, 1) 7, + (64, Vo T) 7, — (€4, TH)3 5, = — («Q/(Q - ﬂzl),l) 7 (A.1a)
(€5, VV) g, — (6,1, V)59, =0, (A.1b)

Egl, LYy 70002 =0, (A.1¢)

(€ ) =0, (A.1d)

forall (z,v,p) € X, x V), x M.

Proof. The proof follows directly from the consistency of the HDG method (1.5) and the definition of
the HDG projection (2.2). For example, to prove the second equation (A.1b), we proceed as follows. We
have that

(eg,Vv)@l — (&., V)By,, = (QEE’VV)@, - (E:gn - a(HVu _PMu) > V)agh
- (gh’vv)gh + <§hn7 V)ayh

=(0,VV) g, —(an, vz —(@,,VV) g +(@,n, )
by equations (2.2a) and (2.2c). Finally, by equation (1.5b),
(€5, VV) g, — (€nt, V)y 7, =(@,V V) 5, — (@ N, V)y5, — (f.¥) 5, = (= V-0 —f,¥) 5, = 0.

The other equations can be proven in a similar way. 0

Step 2: The proof of Theorem 2.3

We begin with an energy argument to prove the first result (2.3a) in Theorem 2.3. We proceed as follows.
Taking T := &, in the error equation (A.la), v := g, in the error equation (A.1b), u := &, in the error
equation (A.lc) and p := &,n in the error equation (A.1d) and adding the resulting equations up, we
obtain

(%61’ 61) T, + @h = - (ﬂ(g - Qz‘g)v eg)

T’
where

O = (84, V-85) g, — (€u» €sl)y 7, + (64, V &) — (Eont, €4)57, + (€N, Eu)o 7,
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= (egn —,S\EH, &, —gu)ayh
= (a(e, _Eu)’eu _gu>89h-
So we have that
2 -~ 2
leally, o, + lew —€ullyy g < — (o (0 — Q;g),eg)gh <llo -0l 2,

and the result follows. This completes the proof of the first result (2.3a) of Theorem 2.3.
Now, let us prove the second result (2.3b). We define the deviatoric part of a tensor by
Pi=1 - ﬁtr(z)l. Hence, we have

1
(H0,1) 7, =— (¢, 7°

20 &) Sy (MO )

Then, the first result (2.3a) implies that
le)ll 7, <2ulle =M ;0|9 < llo — ;0| . (A2)

Lete, := %tr(el), then e, = e‘g + ¢€,1. To prove (2.3b), we are left to bound the L?*-norm of €,. Now,
taking T to be the identity tensor in (A.la) and by the fact that €, = 0 on 952, we obtain

n(ep’ 1)9}1 = (tl'(é‘l), 1)9h = —(tl'(g - EZ‘E)? 1)9}, = _(g - EEQ?!).?h =0.

Hence (g,,1)5, = 0. It is well known (Témam, 1979) that for any function ¢ € L?(£2) such that
(g, e = 0, we have

(g, V-w)
lglle =6  sup ————
O#WEH(I)(.Q) ”w”l,ﬁ

for some constant 6 independent of g. Now, we take ¢ := €, and work with the numerator in the above
expression. We have

(€p’ V. W)Q = - (V €p,W)9h + <€pn B w)Bﬁh = Tl + T27
where
T'= —(Ve,,w—Pyw)z,
Th= —(Ve,Pyw)s + (e,n, W) .

Let us bound the above terms individually. We have

Tl = - (VEP,W—PVW)gh
= —(V-g, —V-&l.w—Pyw)
= (V-e‘g,w —Pyw), since V. X (K) C V(K),

D
< Ch| V-, 7w 2,
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and
T2 = (sps V-va)yh - <€pn s PVw - w)agh
= — (e2.VPyw) g, + (.0, Pyw)yz, — (€0, Pyw — W), 7,

by the error equation (A.1b) with v := Pyw. Now, since 'Egn is single valued and w € H (1)([2), we have
that (&,n, W)y, = 0, and so

T, = —(e).VPyw) 5, + (€,n—e,n, Pyw —w), 5,
= — (&), VPyw) g,
+ (e0n —a(e, —€,) ., Pyw —w)y 7, by the definition of &,n,

= — (e{;, Vw)g, — (a(e, — €, Pyw — W)y, by integration by parts,

IA

(Ie]ll 7, + Ch'lle]l llew — Eullas ) Wlie,
by the Cauchy—Schwarz inequality. Hence,

2 -~
lesll, < 0 (lefllz, + ChIV-€ll 7, + Ch |l e = Eullan =, )-

Combining this result with (A.2) and the estimate of &, — €, in Theorem 2.4, we obtain
D 1/2
el 7, < €21 3, + nlleyll s, < CA+ 0 lalDlo — Dza| .

with C independent of &, o and <7 This completes the proof of Theorem 2.3. O

Step 3: The proof of Theorem 2.4

Following Cockburn et al. (2017b), we first introduce an auxiliary adjoint HDG projection onto X x V
for functions in the finite element space ¥ x V x M, and then choose test functions in the local equations
to be the adjoint HDG projection of certain finite element data to prove Theorem 2.4. The adjoint HDG
projection is defined as follows.

DEFINITION A.2 (The auxiliary adjoint HDG projection) Let X x V admit an M-decomposition. Let
d:=(d,,d,,d,) € ¥ xV xM.Then, I1;d := (I d, IT},d) € X x V defined by the equations

(HT/d’ E)K = (dv, I)K V_ €

(ﬂ;d9 V)K = @T,V)K VV S E?
(Q}dn—}—ot(ﬂf,d), ”’)BK = <d/,n ”‘)BK VIL GM

’

U <

is the auxiliary adjoint HDG projection associated to the M-decomposition.

It is easy to see that this adjoint is well defined whenever the HDG projection is. In fact, a glance
to the definition of the auxiliary HDG projection in Theorem 2.2 allows us to see that (I yo,ITyu) =
(—d, ITyd) ford = (~0.,u, —0 n — a(Pyu)).
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We have the following bounds for the adjoint projection whose proof is omitted since it is very similar
to the one for the case of M-decompositions for diffusion (see Cockburn et al., 2017b, Appendix). See
also a sketch of the proof in our extended paper on arXiv (Cockburn & Fu, 2017a, Appendix B).

LEMMA A.3 (Stability of the adjoint HDG projection) Let ¥ x V admit an M-decomposition and let the
stabilization function « satisfy Property (S). Then, we have, fordatad := (d,,d,,d,) € (V) x V- X xM,

IT3dllx < Cilld,llx + Cslld, Ik + Cs hy” [1d,.llax,
I1T5d|lk < Colldyllx + Calld, Ilx + Co i l1d,,llok,
where {C;}$_, are the constants defined in Theorem 2.4.

Now, we are ready to prove the stability estimates in Theorem 2.4. To do that, we begin by noting
that we can rewrite the first two equations defining the HDG methods (1.5) on each element K as

(o 0,, Dk — (€n), D — (V- 0,9k (A.3)

+uy —upTn+ o)k = vk,

for all (z,v) € X (K) x V(K). Therefore, testing with (z,v) := (IT’zd, IT},d) and using the equations
that define the adjoint HDG projection, it follows that

(e@n),d)k + (Ve0,,d)x — (wy =y, d,)ox = —(f, yd)x + (0, Myd)g (A4

for an arbitrary d = (d,,d,,d,).
To prove the first stability estimate, we take d := (0, V- ¢,,0) in (A.4) and use that IT},d € V, so that

IV-a,lk = — @uf . Myd)x + (Fa,, M5d)k
1 1| 5 o 10 4 v N5 i+ IS N 1Tyl

(CLI1E o lg vk + € IPF I ) 11 V-,

IA

IA

by the stability properties of the adjoint projection in Proposition A.3. To prove the second estimate, we
take d := (e(u;), 0,0) in (A.4) and note that IT},d € V" because d, = 0. Then,

— (Pyuf  Myd)g + (o, Mrd)k
17 1,2 s 1o | cr i I 5d | & + 1Py f 1 | TTd |

ll€ ) |1

A

IA

(1112 ol v + Co 1P F ) @)l
by Proposition A.3. To prove the third estimate, we take d := —(0, 0, u;, — u,) in (A.4)

s, = @ll5x = — Pyf  Myd)x + (0, Myd)x
17115 4o 104 L er ML 5.l ¢+ 1P f N 1Tl

IA

220z 1snBny 9| uo Jasn sansnr Jo Juawnedaq ‘S'N Aq 9/2198€/99G/2/8€/al0Me/eulew/woo dno-oiwapese//:sdny Wwolj papeojumoq



LINEAR ELASTICITY WITH STRONGLY SYMMETRIC STRESSES 603

1/2 1/2 ~
= (G112 el + Co Pyl ) 1l s = il

by Proposition A.3.
The remaining estimates can be proven in exactly the same way given that we have

(g(eu)’gf)l( + (V' Eq, dv)K - (Eu _’Eus d/L>8K - (%egvﬂzd)l(

for an arbitrary d = (d,, d,, d,,). This completes the proof of Theorem 2.4. g

Step 4: The proof of Theorem 2.5

The estimate of &, in Theorem 2.5 will follow from the following identity, whose proof is a standard
duality argument, hence is omitted. We refer to Fu er al. (2015, Lemma 3) for details of a similar proof.

LEMMA A.4 Suppose that the assumptions of Theorem 2.5 are satisfied. Then, we have
(€u,0)9h = (% ez’f - Ezﬁ)ﬂh + (Q - E;g, §(¢ - ¢h))9h V¢h € Vhs
where (ﬂ , @) is the solution of the dual problem (2.5).

From Lemma A.4, we get that

leullz, = H®) (11,2 o les v, 7, + o = D507, ),

where

- —
H():= sup 1¥-T:¥) _Ez”yh—l— sup inf le@ ~ @)l 7,

0£0cL2(2) 101l =, 0012 (2) $h<Vi 161 7,

If the elliptic regularity estimate (2.4) holds, we have

1V 1la (g + 101527, <

H@) S h N
0£0eL2(2) ||0||9,,

This completes the proof of Theorem 2.5. g

Step 5: The proof of Theorem 2.6

We conclude this section by sketching the proof of Theorem 2.6 on the postprocessing of the displacement.
We denote Pys, Py« and P+ as the corresponding L?-projections onto the spaces V*(K), v (K) and
V*(K)*, respectively. _

First, the inclusion Py(K) C V*(K) ensures the well posedness of the postprocessing in (2.6). Next,
using V" (K) Cc V. ¥(K), equation (2.6b) and the definition of ITyu, we have

Py(u — uy) = Py« (ITyu — uy,) = Pyse,.
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Hence,

1Py« (u —up)lx = lleullk. (A.5)

Then, by the assumptions AV* C V. ¥ and (V V*n)|;x C M(dK), we have the following identity

Vu,Vw)g = — U, Aw)x + (u, Vwn)yg
= — ITyu, Aw)g + (Pyu, Vwn)g.

Combining the above equality with equation (2.6a), we get
(V@ —u;), Vwix = — (84, AWk + (&, VW)
Now, taking w = Py (u — uj) in the above equality, we get
1Pyt —up)llx < ChgllV Py (u —ujp)lix
=< Chk(IIV(u —Pyaw)llx + IV Py (u — up)llx
+ i el + g Bullsk )

< C(hg||V (@ — Pysw) |k + ll€alli + hi* 1ullox)- (A.6)

Combining the estimates in (A.5) and (A.6), and the fact that ||u — Py«ul||x < C hg||V(u — Py=u)| g, we

conclude the proof of Theorem 2.6. 0
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