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Abstract In this paper we develop the DGLAP evolution
for the system of produced gluons in the process of diffrac-
tive production in DIS, directly from the evolution equation
in Color Glass Condensate approach. We are able to describe
the available experimental data with small value of the QCD
coupling (s &~ 0.1). We conclude that in diffractive pro-
duction, we have a dilute system of emitted gluons and in
the order to describe them, we need to develop the next-to-
leading order approach in perturbative QCD.
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1 Introduction

In this paper we continue to re-visit the process of diffrac-
tive production in the deep inelastic scattering in the frame-
work of CGC/saturation approach (see Ref. [1] for review).
In this approach the diffraction production is characterized by
two new scales (two saturation momenta): Qg (Y — Yy, Yp),
which describes the dense system of produced gluons (see
Fig. 1a) and Qj (Yp), which corresponds to the dense sys-
tem of gluons that is responsible for N,; (see Fig. 1b). The
equations, that govern the emission of gluons in this process,
were proven long ago [2] (see also Refs. [3-5]) but, they
have not been investigated carefully for almost two decades.
The efforts of high energy community were concentrated on
simple models in which the diffractive production of quark-
antiquark pair and one additional gluon has been consid-
ered (see Refs. [6—14]). The successful description of the old
experimental data led to an elusive impression, that it is not
necessary to investigate the dense system of produced gluons
in this process. In the previous paper [15] we developed the
saturation model, in which we describe the dense system of
produced gluons. However, the comparison with the experi-
mental data shows, that we failed to describe the data in spite
of a number of the fitting parameters in the model. Based on
this experience, we wish to study the emission of gluons in
the DGLAP evolution with the hope, that the experimental
data at small B (see Fig. 1) can be interpreted as the pro-
duction of a rather dense system of gluons, which is not in
the saturation region, but approaching it. In other words, we
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(a)

Fig. 1 The graphic representation of the processes of diffraction
production in the region of high mass. The wavy lines denote the
BFKL Pomerons. ¥ = In(l/xg;).Yo = In(l/xp) and B =

wish to search the DGLAP evolution for dipole sizes (xg 1!
for which xél Q? (Y —Yy,Yy) < 1. On the other hand,
we will show that xgl Q? (Yo) ~ 1 contribute to the elastic
amplitude, which means that we have to take into account
the saturation of gluons in the structure of N,; in Fig. 1b.
Bearing this in mind we develop the DGLAP approach in
the coordinate representation directly from the equations of
Ref. [2].

The DGLAP evolution has been discussed (see for exam-
ple, Refs. [16—19] and reference therein) but mostly, using the
Ingelman-Schlein factorization [20] and reducing the evolu-
tion of the diffractive structure function to the DGLAP equa-
tion for the Pomeron structure function. In this paper we take
a completely different approach based on the evolution equa-
tion for the diffractive cross section of Ref. [2], in which we
do not introduce the so called soft Pomeron and its struc-
ture.

The paper is organized as follows. In the next section we
give a brief review of the energy evolution of the processes of
the diffractive production in DIS, which have been derived
in CGC/saturation approach (see Refs. [1,2]). In Sect. 3 we
solve these equation in double log approximation (DLA) in
the kinematic region where xgl Qf. (Yo, b) < 1and show that
this solution can describe the experimental data. In Sect. 4
we continue to discuss the DLA and expand it to the region
xél Q? (Yo,b) < 1. We put our main attention on fixing
the initial conditions for the DLA equation. In Sect. 5 we
present the DGLAP evolution equation for the diffractive
reduced cross sections. In the conclusions we summarize our
results.

1" Our standard notation for the dipole size is x;x = x; — x. However,
in the text we also use the notation r = xg; for the size of the initial
dipole in the scattering processes.
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(b)

0%/ (0Q*+ M%), xp = (0> + M%) /s.xp; = Q?/s where Q is the
photon virtuality, s the squared of energy and My is the produced mass.
r = Xo1

2 The CGC/saturation equations for DIS diffractive
productions

A sketch of the process of diffraction production in DIS is
shown in Fig. 1a, from this figure one can see that the main
formula he form

/ d xmf dz |W" (Q%r1,z) | Ug;{,{e (xo1, Y, Yo) ,
ey
whereY = In (1 /XB j) and Y is the minimum rapidity gap for

the diffraction process (see Fig. 1b). In other words, we con-
sider diffraction production, in Wthh all produced hadrons
have rapidities larger than Y. For odlpole (x01, Y, Yo) we have
a general expression

)
oo Y10 = [ NP0y Vb @

where the structure of the amplitude N is shown in Fig. 1a.

For N P the evolution equation has been derived in Ref. [2]
in the leading log(1/x) approximation (LLA) of perturbative
QCD(see Ref. [1] for detail and general description of the
LLA). Hence, we hope to describe the experimental data
only in the kinematic region where both 8 and xp are very
small (Y — Yo = In(1/8) > land Yo = In(1/xpp) > 1
are large).

The equation as has been shown in Ref. [2], can be written
in two forms. First, it turns out that for the new function

2Nel (Y5 x01, b) — NP (Y, Yo x01, b)
A3)

N (¥, Yo; x01,b) =
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the equation has the same form as Balitsky-Kovchegov equa-
tion [21-23]: viz.

AN (Y, Yo; xo1, b)
Y

_ d*x, X(Z)1 1
= Ots/ T N(Y, Yo;xoz,b—§x12>

02 X12

1
+N (Y, Yo; x12,b — 5x02> — N (¥, Yo; xo1, b)

1 1
—N<Y, Yo; x02, b — Exm)/\/(Y, Yo; x12, b — Exoz) }
4

with g = N.ag/m where ag is QCD coupling and N, is
the number of colours.

Note, that r = xg, and the kernel of the equation
describes the decay of a dipole to two dipoles: xo; —
x02 + x12. The initial condition for Eq. (4) has the following
form:

N (Y = Yo, Yo; x01,b) = 2N (Y = Yo; x01. b)
G (Y = Yo; x01, b) Q)

Re-writing Eq. (4) as the equation for N” we obtain the
second form of the set of the equations:

IND (Y, Yo; x01, b)
Y

d’x, X3 1
=as 2 0 NP (Y, Yoixo0. b — ~x12
2 2 2 2
T X2 X712

1
+ND< Yo; x12,b — §x02> - ND(Y, Yo;xm,b)

1 1
( Yo; x02, b — §x12> NP (Y, Yo; x12,b — 5x02>
1 1
—2NP (Y, Yo; x00, b —5%n Net (| Y5x12,b — F¥o02

1 1
—2NP (Y, Yo; x12,b — Ex()z) Nel(Y;xoz,b - 51712)

1 1
+2 Nej (Y; x02, b — §x12> Nel (Y; x12,b— §x02> } (6)

The initial conditions are
NP (Y = Yo, Yo; Xo1,b) = N3(Yo; Xo1, b) (7

Equation (7) accounts for the production of quark-antiquark
pair integrated over its mass.

A general feature, is that the amplitude with fixed rapidity
gap can be calculate as follows

INP (Y, Yo; x01, b)
Yy

n®? (Y, rapidity gap = Yo; x01,b) = —

AN (Y, Yo; x01, b) (8)
B aYp

It should be noted that the initial condition forn? (¥, §Y =
Y — Yy x01,b) = Nezl(Yo; xo01,b)§ (Y — Yp). The appear-
ance of d-function is the artifact of the LLLA, in which we
only sum contributions with large §Y. However, it has been
shown [7,11,13] that more careful estimates of the ¢gg pro-
duction leads to smearing of the § function and, in the first
approximation, the contribution of this production to n” can
be written as
nP (Y, 8Y =Y — Yo; x01,b) = Ni(Yo; x01,0) ™" (9)

Equation (9) shows that the production of gg pairs
decreases as do/d M}z{ x 1/ M;‘, which corresponds to the

high energy behaviour of the amplitude due to ¢gg exchange
(see for example Ref. [1], section 3.2).

3 Double log approximation for the produced gluons for
7 =r? 0} (Yo,b) < 1

In this section we consider the kinematic region in which
Net1 (Yo; x01, b) is in the vicinity of the saturation scale
Oy (Yo, b), but at x3; 02 (Yo, b) < 1. As it was found in
Refs. [24,25] we have geometric scaling behaviour in this
region, and the amplitude behaves as

Na O xorb) = ¢ (s 02 r0.0)) " < 1 (0)
in the leading order approximation of perturbative QCD
(LOA) with y., = 0.37.

Considering Eq. (10), one can see that in this kinematic
region we can, in general, neglect two terms in Eq. (6): the
term which is proportional to (N D )2 atY — Yy < Yy, since
it is of the order of N 41, and the term which is proportional
to NP N o N3, while we have to keep all other terms.

Therefore, the equation takes the form:

ANP (Y, Yo; x01, b)
Y

d*xy X3 1
= 555/ —2—2 o { NP <Y, Yo; x02, b — —x12>
27 X5, X1, 2

1
+NP (Y, Yo; x12, b — Exoz) - ND(Y, Yo; xo1, b)

1
+2 Nei (Y; x02,b— lez) Nel(Y; x12,b

) |

In this equation we take into account the corrections of
the order N2, but neglected the terms of the order of Ne3] and

el
N:l, assuming they are small. We believe that this equation

Y
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will allow us to take into account the correction for N, ~
0.4 —-0.5.

Taking derivatives with respect to Y, we re-write Eq. (11)
for the amplitude nP (Y, Yo, x01, b) that has been introduced
in Eq. (8). It has the form of the linear equation:

anP (Y, Yo; x01, b)

aY
_ d*xy x2 1
=as —2%{ n® (Y, Yo: x02,b — —x12>
2T Xgy X1y 2

D . 1 D )
+n7 (Y, Yo;x12,b SX02 n” (Y, Yo; x01, b)
(12)

The initial condition for this equation should be taken from
Eq. (9) and it has the form:

nP (Yo, Yo; x01,8) = N3 (Yo; xo1, b)
(13)

The elastic amplitude is:

7 o

Na(Y; x10,b) = ¢ (XIZO Q? (Y, b)) = ¢ oV @sk(Y=Yo)—§)
(14)

where 7 = | — yo and & = In(1/ (x3, Q2 (Yo, b))). All

other parameters of Eq. (14) will be defined in Eq. (19) below.
Taking the double Mellin transform,

nP (Y, Yo,8,b)
:/ dyd® ) s oY =¥0) + (r=DE (15)
o Qa2

we obtain the solution to the equation of Eq. (12) in the
following form:

n? (Y, Yy, £, b)
:/ dydw ¢in (v, Yo) Qs oY =Yo) + (y—1é
c, CQri)2 o —x(y)

where ¢;, has to be determined from the initial condition of
Eq. (24), and it has the form

(16)

o2
Gin (v, Yo) = = a7
14

In this paper we will use the value of y., which comes
from the leading order estimates: y., =~ 0.37 which gives
y = 1—vy,=063,y =—1+4+2y, =—-0.26.

Therefore, the solution has the form (see Fig. 1 for nota-

tions):

nP (Y, Yy, £, b)
_e [ WL oo+ o (18)
c, 2miy —y

@ Springer
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Fig. 2 The contours of integration over y

with x (y) and k are equal to

1- cr
_ Xf_—yy); X @) = 20 D=y )=y (1 — )

19)

where ¥ (x) = dInT (x)/dx and I is the Euler gamma func-
tion [26]. The choice of the contour of integration over y (see
Fig. 2) is standard for the solution of the BFKL Pomeron, and
correctly reproduces the calculation of the gluon emission in
perturbative QCD.

The contour of integration (C1) is shown in Fig. 2. Recall-
ing that x%l Qf (Yo,b) < 1 and & > 0, we can safely move
this contour, and for large values of §Y =Y — Yp and &, we
can take the integral using the method of steepest decent. For
asdY > & we evaluate the integral by this method, inte-
grating along the contour C, which crosses the real axis at y
close to % Here, we develop the double log(1/x) approach in
which we replace the kernel of Eq. (19) by the x (y) = 1/y.
At& > agdY, we can integrate by the method of steepest
descend, but moving contour C, closer to y-axis in Fig. 2.
For §Y = 0 we can close the counter over pole y = y. How-
ever, for Y ~ 1 we cannot use the same method, since at
y = 0 we have singularities in the kernel x (y).

For developing the DLA , let us analyze the solution iterat-
ing the equation keeping &5 6 ¥ < 1. To obtain the solution
as a sum of (§Y)”" contributions we need to expand

% x () (Y =Yo)

X @sx() YY) ym0 1 [fagsY\"
=) - ZE( y ) (20)
n=0 n=0

For each term of this series, we need to plug in our solution,
and integrate over y. This integral takes the following form
for the third term in Eq. (18) forn > 1:

as 8y \" er—Ds
£, (57) 55
e Y y—v

(r—Dg\ ™ i
= (as8Y)" l 1 ¢ +ie(y—l)5
ym—D'\y—vy y"
7,y—>0

21
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For n = 0, we only have the contribution of the second
term in Eq. (21).

In Eq. (20) we evaluated the integral, closing the contour
over the singularities of the BFKL kernel, which is the pole
at y = 0, and over the pole y = y. The BFKL kernel also
haspolesaty = —n, n =1,2,3...,buttheir contributions
are exponentially suppressed with & leading to the next twists
contributions. Eq. (21) can be re-written as follows

e(y—l)S

foor (557)
dy

C3 Y Y —
_ (Ols 5Y>

The last term in Eq. (22) is the contribution at the pole
y = v, while the first term is the sum of logs term giving the
leading twist perturbative series.

Bearing this in mind we can re-write Eq. (18) in the fol-
lowing form

{ ()/ )k
(n— 1)' —~ k!

+ e%}

(22)

nP (Y, Yo, &, b)

M
=cC T . =<¢€
C1—C427Tl Yy =V

+e(l7*])§ &S x () (YYO)} (23)

as x (V)Y =Yo)+(y—1§

The first term in Eq. (23) is the difference between two inte-
grals with contour C| and C4, while the last term is the result
of integrating over y, with the contour Cy4. The advantage of
this form for the equation, is that it satisfies the initial condi-
tion, since the first term is equal to zero at §Y = 0, and the
first term generates all perturbative logs with respect to the
dipole sizes.

In the situation when ag§Y & > 1 while g < 1, the
first term reduces to the double log approximation generating
the contribution

D
" _stterm of Eq. (23) (Y, Yo, %)

0sdY
=< éznw oy @s0Ye

o1 fagsy _
—c |J/T|/ et (2‘/0158Y§> (24)

which stems from the term with £”~! in Eq. (22).
Finally the double log contribution takes the form:

nP (¥, Yo, ) = c2{ %/&S; L ewer, (2//asve)

3 (Y—Yo)}

+e7=DE (25a)

x5 [asdY
= 228 [ESOT e (2 &Says)
7y é
(Y §) e MY (25b)
In the leading order estimates the value of Ay = ag/y +

2 as/yer- However, this term describes the quark-antiquark
production whose 8Y behaviour is given by Eq. (9). Based
on this equation and, having in mind that the next to leading
order corrections are large, we consider A as a free param-
eter in the description of the experimental data. We expect
A1 =& 1 from Eq. (9), but we will discuss this term below in
more detail.

Inappendix A we remove the assumption thatag §Y £>> 1.

Using Eq. (25b) we attempted to describe the combined
set of the inclusive diffractive cross sections measured by H1
and ZEUS collaboration at HERA [27]. The measured cross
sections were expressed in terms of reduced cross sections,

orD(4) which is related to the measured ep cross section by

daep—pr

dBdQ2dxpdt

2 2
- 4;TQ(X4 |:1 —-y+ y?] orD(4)(13’ Qz,xlp,t) . 26)

In the paper, the table of xpa LB, 0% xp) = xp [dt

D(4) (B, 0%, xpp, 1) are presented at different values of Q,
and xp. This cross section is equal to QZ o4t (Y, Yo, 0?)
where o 4iff (Y, Yo, O ) is given by Eq. (1). In the experi-
mental data from Ref. [27] the integral in ¢ was performed
in the region 0.09 < r < 0.55Ge V2, while our formulae
are derived for the integration in ¢ from O to co. Assuming
that the b-dependence of the saturation scale Qg (Y, b) is
the same as was suggested in Ref. [28] we estimate that the
experimentally measured region in ¢ leads to factor 0.52 in
xpol” (B, 0%, xip).

For the fit 61 experimental points were selected which sat-
isfy the following criteria: Q> < 26.5 GeV?, 8 < 0.18 and
xp < 0.025. The region of Q2 and x;p was chosen from
the description of the HERA data for inclusive DIS [28], as
the specification of the region of small x jp, where the satura-
tion model is able to fit the experimental data. The maximal
value of B can be considered as outcome of the fit. For larger
B, our approach cannot describe the data. For this sample
we obtain the fit with g = 0.119 and A; = 0.6 for the
massless light quarks and for m, = 1.4 GeV, where m is
the mass of c-quark. The value of x? is equal 62 leading to
x%/d.o.f. = 1.02. In Fig. 3 we show examples of the com-
parison of Eq. (25b) with the experimental data As expected
A1 turns out to be close to 1. N,; has been taken from Ref.
[28], where the HERA data on F,, have been described in
the CGC/saturation approach. It is instructive to note, that the
value of parameter c, which is needed to fit the data, turns out

@ Springer
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Fig. 3 o diff (Y, Yo, Q2) = XJp O, VErsus Q2 at fixed B and xp (a) and versus xp at fixed § and Q2 (b). The data are taken from Ref. [27]

multiplicities of emitted gluons

e e memmmememememam et

1.0¢ ——— B=0.0056
77777 B=0.0178

05y =0.0562
7777777 B=0.178

0.0

5 10 15 20 25
Q?

Fig. 4 The average multiplicities of the emitted gluon at different val-
ues of B as function of Q2 using the parameters of the fit

to be about 0.3-0.4. We believe, we can apply our approxi-
mation for such values of c¢. Comparing with the description
of the same data in our previous paper [15], one can see that
we obtain a much better agreement.

In Fig. 4 we show the average multiplicity of the emit-
ted gluons n = /as8Y £ly (2/as §Y ) /11 (24/as Y E).
One can see, that we cannot restrict ourselves by calculat-
ing only one emitted gluon, as it has been discussed in Refs.
[6-14]. On the other hand, the density is not large to use
the CGC/saturation approach for this system of gluons. As
we have discussed we developed the DLA, assuming that
as € liagé < 1, as8Y <« 1 butagéyé ~ 1.
We checked that describing the experimental data we have
as€é < 0.35and agéY < 0.6 while 0.3 < agéY€ < 2.

@ Springer

Based on this estimates we believe that DLA can produce a
good first approximation for understanding the structure of
the produced gluons. On the other hand, these estimates show
that we need to go beyond the DLA. The first corrections of
this type we discuss in the appendix. Using Eq. (A12) we tried
to describe the data and obtain a good fit with x? = 66 for 61
experimental points. The values of parameters A; = 0.608
andas = 0.149 turns out to be close to the previous fit, show-
ing that the corrections work in the right direction increasing
the value of ag. We firmly believe that the small values of
the fitted ag stems from the higher order corrections, which
should be taken into account.

As has been mentioned we integrated in Eq. (1) only over
kinematic region where 19 = xgl Qf (Yo,b) < 1. How-
ever, the region of 7y > 1 does not give a negligible con-
tribution. We checked this, integrating the second term in
Eq. (25b) over all ». We got reasonable description of the data
reaching x2 = 100 for 61 points but the values of parameters
as and A turn out to be quite different for this fit: g = 0.128
and A1 = 0.95. This shows that we need to consider the kine-
matic region 9 < 1. We do this in the next section.

4 Double log approximation for the produced gluons for
T = r? 0] (Yo,b) < 1

In this section we will consider Eq. (6), assuming that the
elastic amplitude N,; is in the saturation region with g = 1.
We consider that in this kinematic region N (9 = 1) is not
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Fig. 5 The diffraction production of the quark-antiquark pair with
mass Mx. A, o and ¢’ are photon, quark and antiquark helicities

a small value, but is of the order of 1, and, therefore, we
cannot use the small sizes of Ne3[ and le as we did deriving
Eq. (12).

We start with specification of Eq. (9) for the quark-
antiquark production. This process has been discussed in
Refs. [6-14] and we briefly review the results for the com-
pleteness of the presentation (Fig. 5).

4.1 qgq production.
The total cross section of the quark-antiquark pair production

is determined by Ne2l (r1,Y;b) and it can be found from
Eq. (1) with

O fipge (X01, ¥) = / d®b N3 (Y xo1, b) 27)

We need to re-write Eq. (1) in the following form to obtain
the contribution of the ¢g production to the cross section
with fixed produced mass My:

)

/ /(2 )? ( X z(lk%—o)

2
X ([ d®x01W"" (Q; xo1, 2) Nt (Y5 x01, b) W99 (k7 xm))
(28)

From Eq. (28) one can see that

U (Y Y., = §Y: O2
(w5 + 0?) T
do®(y, Yy = 8Y; Q%)
deP
do¥f(y, Yy = 8Y; 0?)
dYy

d%kr k2
d 42b M2 — T
MX+Q / Z/ (2 )2 < X Z(l_Z)>

2
X ([ d*xo1 %" (Q; %01, 2) Net (Y5 xo1, b) W99 (k7 xo1)>

=Xpp

0’ ‘ .
=5 fdzb/z(l —z)dz (/dzml‘lfy (Q; %01, 2) Nei
0

2
x (Y; x01b) W49 (kr; xm)) (29)

k=M% z(1-2)

The wave functions of photon are known (see Ref. [1] Egs.
4.18 and 4.20) and have the following form

V7 (Q:r1,2)
z A
_ Q{a —b00) (1=22 — o 2) iay L
21

r
J_Kl (rLaf)

+80qr L (14 03) Ko ( )} (30a)

r— o ria ;

aa\/i ovLar

Nr= 0%( -2 + m? where m ¢ mass of the quark;
(30b)

eZy

Y (Q;r1,2) = ?2QZ(1 —2)(1=850)Ko(rray)

(30c)

Plugging Eq. (30a) and Eq. (30c) into Eq. (29) and taking
into account that W99 are plane waves we obtain

dofift (v, Yy = 8Y; 0?)

dYy
2N te.m. 0* !
- ‘ﬂ—;mZz}F dzb/Z z2(1 — z2)dz (NTF%
+m’ Ff); (la)
dodit (Y, Yy = 8Y; Q%)
dYy
2N¢ dem. 2 4Q4 2 !
- TszT/d b/z (z(l
~2))}dz F}; (31b)
where Ny = z 4+ (1 — 2)? and
d
Fr = /U g Ki(agri)
(Q\/z(l —2) ‘/ u) Net (Y;rL,b);
(32a)
ridry
Fy, 2/ Ko(afrl Jo
(Q\/Z(l —2) ‘/ u) Net (Y;ryL, b)
(32b)

4.2 Tnitial condition for evolution of n?

We need to return to Eq. (6) to find the initial condition for
the emission of the gluons in n?”. First, we will make the first

@ Springer



699 Page 8 of 16

Eur. Phys. J. C (2018) 78:699

iteration of this equation using Eq. (7) as the initial condition.
Plugging in the initial condition for N” from Eq. (7) we
obtain:

a

— NP, vy x01, 0
337 (Y, Yo; x01, b)

= 2

oS 2 d X02 2 .

= b X10 f ) {— NG (Yo; x01, b)
X02¥12

1 1
+<Ne1 (Yo; x02, b — §x12> + Nel (Yo; x12,b— 5)602)
1
—Nei| Yo; x02. b — 3¥12 Net| Yo; x12, b

—;x02>)2} (33)

In Eq. (33) we have two region of integrations xo; >> xo2
(orxp1 > x12)and x20 > x10, which can lead to large logs

1
Nei (Y; x02,b— Ex()z) =

One can see that the the first iteration in this kinematic
region is

3 NP (v, Yo; x01,b)

a8y x%
0 d? 1
=5 ZOZ(ZNel (Yo;xoz,b— —x02>
27 X0 X3 2
2
1
—N3 (Yo; xo2. b — 5x02> ) (35)

The term of Eq. (35) stems from the emission of an extra
gluon from quark—antiquark pair, while Eq. (34) describes
the contribution of the virtual gluon to the gg production. In
the general equation (see Eq. (6)) this term corresponds to
the reggeization of gluons.

The first observation is that the integral in the LHS of
Eq. (35) is converged since

o (x3, Q% (Yo, b)) 7 for x2, 02 (Yo, b) < 1 with yr = 0.37;

(36)

1 — Constexp (—z2/(2k)) for x3, 0% (Yo, b) > 1

and correspond to the singularities of the BFKL kernel. Let
us first consider the region xo; > x¢. In this region Eq. (33)
takes the form:

0
—— NP (¥, Yo; x01,0) = I

a48Y
2
X1 dx2
S/ %{ — N3 (Yo: xo1.b)
X02

1
(Ne] <Yo; x0,b— 5x01>

1
Ne <Yo; xo01, b — 5x02>

Qi

1

2

+

+
1

— Nei Yo;xoz,b—ix(n Net (Yo; x01, b

{ 2
—Exoz) ) } (34)

From Eq. (34) we see that the log term which is originated
from the gluon reggeization (the first term in the RHS of
Eq. (33) and Eq. (34)), cancels with the term (. . )2 and the
resulting integral over xgp leads to the contribution which
is proportional to Nez1 Yo, x01,b) ~ rgy (see appendix B
for more detailed discussion of this contribution). We show
below that this contribution is much smaller than the contri-
bution that stem from the region of integration xp9 > x19
which generates In (x7, Q2 (Yo, b)). The reason for this is
that this term does not generate the log contribution (o< £")
and can be neglected in the DLA.

@ Springer

where z = In (x5, 02 (Yo, b)).

Therefore, we can integrate in Eq. (35) from xgp = 0. The
RHS of Eq. (35) is n? (Y = Yy, Yo, x01: b) (see Eq. (8)).
Finally, the initial condition for nP takes the form

nP (Y = Yo, Yo, xo1; b)

as d*xp 1
= 2—x§1 / T<2Nel <Yo; x0,b— Exoz)
7 0 Xy

2
5 1
—Ng (Yo; x02,b— §x02> )

as -
=5 xg, 0% (Yo, b) (37)

with

_ d2x02 1
0 (Yo, b) f ! (2Nel (Yo;xoz,b—ixm)
20

1 2
- 621 (Yo: x02, b — 5)602))

2
d
02 (Yy.b) / ”t—f‘)(zNel (0) — N3 (T0)>
0

e 0% (Yo, b) (38)

where ¢ is a constant. Since the integral over 7 is convergent,
the typical value of 7¢ cannot be found analytically and we
used our model [28] to estimate it. It turns out thate ~ 1.2.

It should be stressed that this contribution to n? is pro-
portional to xgl Q% (Yo, b) and it is much larger than the
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contribution of the order of ré ¥ that stems from the region
2 2
o1 > Xo-
Finally, collecting all terms for the initial condition of n”
we obtain

as -
nP (Y = Yo, Yo; xo01,b) = P xg, 0% (Yo, b)

—5.62 asNA(Yo; x10,b)  (39)

where the last term we discuss in the appendix B.

The first term in Eq. (39) was firstly derived in Ref. [13],
considering the extra gluon emission in perturbative QCD.
Here, we derived it directly from Eq. (6) and and Eq. (8).

43 DLA

Based on experience of the previous section we do not expect
the number of emitted gluons will be large. Hence, we need
to solve linear evolution equation (see Eq. (12)), with the
initial condition of Eq. (39). This equation in the DLA takes
the form

9 <nD (v, Yo;x01,b)>

98y x4

2 D .

:& dx02 n (Y7 YOv X02, b)
S > x2 x2
X014 02 02

Equation (40) can be solved by the iteration with the answer:

(40)

) A =
nP (V. Yo x01.b) = 5 x5y 02 (Yo.b) 1o (2/@s 6Y §)

as _
€54 xg1 0 (Yo, b) Io (2 as 5Y§)
(4D

The cross section has the following form
oY, Yo, 0*)
= [ @ [ dz v @rop

X /Adzbngq‘ @1 (Y, Yo; xo01, b)

dod (v, Yy = 8Y; Q%)
dYy

Eq. (31b))

We compare Eq. (42) with the experimental data, choosing
42 experimental points (see Ref. [27]) with B < 0.056. All
other kinematic variables were the same, as in Sect. 3, in this
comparison. We obtain the description with x> = 82 and
as = 0.063. One can see that the value of &g turns out to
be smaller than in the previous section. This fact can be an
indication that the higher order corrections are essential, that
we need to take into account the full DGLAP kernel for &

+(1 — 5.62as) (

Eq. 3la)

N dodift (v, vy = 8Y; 0?)

Yo (42)

evolution. The high order correction we leave for the future
publications, and consider the full DGLAP approach in the
next section.

As far as comparison with the experimental data is con-
cerned, we consider the comparison as a good, especially
since we had only one parameter.

4.4 nP in the vicinity of the saturation scale
Os (Y = Yo,b)
Equation (41) can be re-written at large §Y as
n® (Y, Yo; x01, b)
as =
=2 3 0% (Yo.b) I (2\/015 5Y g)

asdYE>1 . g 1

27 \JAn . JasSY &

€X

x (2 asoY & — g) (43)
From equation 2/aséY &€ — & = 0 we find
1 _

which is the equation for the saturation scale: & = agk §Y,in
the case of the DLA. However, we see that the solution is not
a constant, but smoothly (logarithmically) depends on &Y.
Therefore, the simple equation for Qg = Qo exp (sk §Y)
has to be corrected [1,25,29]. It turns out [25] that the
corrected formula for energy dependence of the saturation
momentum has the following form:

3
1 7 -

2 2 as kY

8Y) = e $ 45

Q5 BY) = 0 <&58Y> e (45)

From Eq. (44) one can see that Q% = Q? (Yp). Eq. (41) in

the vicinity of the saturation scale, where xgl Qf Y) ~ 1,
gives

nP = Const (3, 02 61))"

ealsK);Y

(@sYoassY)3/?

Equation (46) has simple meaning, that the scale of the
dense system of emitted gluons is determined by the satura-
tion scale Qg (6Y), which is equal for §Y = 0 to the satura-
tion scale of the parton system which leads to N (xo1, Yo)-
This equation has been derived recently [35]? from different
and more microscopic insight in the evolution of the emitted
dipoles.

— Const (xg1 0% (Y = 0))? (46)

2 At first sight, the equation in Ref. [35] has an extra In (x(z)l Q% Y )).
However, this log also enters our formula and is absorbed in Const in
our equation. For completeness of presentation we discuss this formula
in more details in appendix D.
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5 DGLAP evolution for the emitted gluons and quarks
at small

Equation (40), which sums the diagrams in the leading
log approximation, guides us in writing the DLAP evolu-
tion equations. Indeed, it shows that the physics observ-
able, for which we can write the DLA is g? (Y, Yo, x01) =
nP (Y, Yo; x01, b) /x}, for which the equation can be re-
written in the form

agP (Y, Yo, xo01)
€

Y
&s/ dy' g (Y, Yo, xo1)
Y,

0
§Y
=&S/ dsy' gP (8Y', Yo, xo1) (47)
0

Equation (47) is written for small B8 but can be easily
generalized for any values of B replacing dY' = —dp’/B’
integration by the DGLAP kernel: viz.

9 BGP (B, Y0, §)
3

1
= &S/,g dp Pgg (B') (% GP (g.g)) (48)

where BG (B, Yo,&) = nP (B, Yo, &) %, which is the
gluon structure function for diffractively produced gluons
in coordinate representation.

BGP (B Yo.E=0) = j‘ie 49)
T

The general form of the DGLAP [30-32] equation takes
the form:

i(ﬂG”(ﬂ, Yo,s>)
ae \BEP (B, Y0, 6)

! P (ﬁ’)Pf(ﬁ’))
_ ap’  tee\P ) mer AP
aS/;s P (Pfg(ﬂ)Pff(ﬂ)
§67 (.10e
357 (3.1e

X

(50)

In Eq. (50) X (B, Yo, &) is the structure function of sea
quarks and antiquarks in the coordinate representation. The
initial condition in our approach has the form

2P (B, Y, £ =0) = 0 (51)

The splitting functions are well known and can be found in
any text book (see Refs. [1,33] for example).
We need to use the w-representation, viz.

1
f(@.§) =/0 dpp® f (B.§)

@ Springer

8 L
A,
et A
/3\ J\ - /\approx
=
2 L
Ofeeeeee——————————
05 10 15 20 25 30
w
Fig. 6 }. versus o together with Agpprox (@) = 5 — 1

=/0 dY &Y (Bf (B.£): f(B.E)

€+ioo do o

- [ s e, (52)
e—ico 2701

to solve Eq. (50). In this representation the equation takes the

form:

i(GD(w,Yo,S))
ae \ =P (0, Yo, 6)

(Y@ vy (w))(GD (. Yo,s>>
os (yfg @) vt @ ) \ =P (@, Yo. &) (53)

1
Yij = / dzz” Pij (2)
0

and for the completeness of presentation their explicit forms
in the leading order are given in the appendix C.

The solution to Eq. (53) in the region of small 8, has
been discussed in details in Ref. [33]. The solution to the
secular(characteristic) equation that corresponds to Eq. (53)
has the following form:

1
Ay = E{fo (@) + Ygq (@)

/(7 @) = veg @) + 4y (@) ver (w)}
(54)

In Fig. 6 we show the dependence on w for A+. One can
see that only A is large, at the small values of w [33]. Indeed,
the expansion of A4 [33] at w = 0 gives (for No = Ny = 3)
hs (@) 1 101 N 4

w = — — —; - = ——
* w 108 27
InRef. [33]itwasnoted that A} (@) = Ayppr (@) = 1/w—
1 within 5% accuracy for the values of @ < 3. It should be
stressed that both A and Aypprox have zeros at @ = 1 which
follow from the energy conservation.

(55)
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The general form of the solution has the following
form [33]:

a5 hp (@) € asrwel| [ G(w, Yy, &=0)
{P.,.e + P_e }(E(a),YO,&‘:O)

(56)

where operators P are the projectors on the eigenfunction
of Eq. (53): P4 + P_ = I where I is the unit operator. In
Ref. [33] the operators P are found in the region of small
w (small B) and they have the form:

1 & o —Cr 14/9
— C —
P+_<o OA>+0)(CF CA>_ (0 0

85/54 —4/3
to ( 4/3 3 ) (57)
2C2
The second equation shows the projector operator for N, =

Ny =3.

We need to find the initial conditions in w-representation.
For G (w, Yo, &) we need to re-write in w-representation
Eq. (49) which takes the form

o 1
GP (. Yy, ) = - (58)
27 w

The contribution of G to Eq. (56) for n” is equal to (see
Eq. (58))

+i 5
b —E/E 150 dw (xsé?l{ewgy +asiy ()&
€

ng =e - —
Lico 2mi 27m w

+pw (ewBY +tashp@§ _ 08 +as,x(w)s)}

(59)

For A (w) we use Agpprox = 1/w — 1. This substitution
simplifies the first term which takes the following form:

nP = ;‘—; (xgl 02 (Yo,b)) esE [y (2\/&5 ayg) (60)

The term with A_ decreases at large £ but it has singular-
ities at w = —k with k = 1, 2, .. .. Having this in mind we
can find the corrections which could be essential at large S.
In vicinity of w = —1, A_ takes a form (for N. = Ny = 3)

7

Aol = - Nw+1)

(61)

Replacing A_ by Eq. (61) and Ay by Aapprox We obtain for

(xgl 02 (Y. b)) {e—&s § ( I (2 G5 oY g)

as
2

—8Y 7&55 z_
+ pe 957 J1 (2,/ 9045 (SYS)} (62)

Finally, we need to replace ngq. Al in Eq. (42), by

D .
"Eg (62) We compare the resulting formula we compare

with the 42 experimental points (see Ref. [27]) with f <
0.056, having the same other kinematic variables as in
Sects. 3 and 4. We obtain the description with 2 = 97
and as = 0.0549. From this comparison we can conclude
that the improvement which is related to the full kernels of
the DGLAP equation, is not essential for the description of
the experimental data.

6 Conclusions

In this paper we developed the DGLAP evolution in the
region of small x;p and small 8 for the diffractive produc-
tion in DIS in two different cases: the elastic amplitude at
Y = Yy is small and outside of the saturation region; and
the saturation effects are essential in N,j. Both approaches
can describe the available experimental data but the price
for this description is a small value of the QCD coupling
(s ~ 0.1). The conclusion from these attempts is that the
system of produced gluons are dilute, even at small values of
B as B = 0.0056.

At first sight, the origin of this dilute system of glu-
ons, stems from the small value of the elastic amplitude
at 9 = r?Q?(Yo,b) = 1. In Refs. [15,28] we found
that N¢j (tg = 1) = 0.1 — 0.3. However, we showed that
from the master equations (see Eq. (4)), the initial condition
for the gluons density of the emitted gluons has the form:
%6{5 x(z)l Q? (Yo, b)?, where Q? (Yo, D) is given by the integral
over all T (distances) in Eq. (38). This integral cannot be esti-
mated only from N in the vicinity of the saturation scale, and
we used the saturation models of Refs. [15,28] to its estimate
it. The value, which we obtain Q? (Yo, b) = 1.2 0% (Yo, b),
shows that the smallness of Ngj at tgp = 1, does not induce a
small initial gluon density.

Hence, the only reason for a small density of emitted glu-
ons we is the small probabilities of their emission, which is
characterized by small ag. The only reasonable explanation
why we obtain a small value of the coupling, stems from the
importance of the next-to-leading corrections in DGLAP and
BFKL evolution, which we are planning to approach in the
future publications.

3 This fact was first shown in Ref. [13] in framework of the direct
calculations in perturbative QCD.
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Appendix A: Solution for agdY & ~ 1

In this appendix we obtain the cross section for the diffractive
production in the kinematic region, where r2 Q?(Yo, by~ 1
and §Y « 1, but do not use the assumption, that g€ > 1

which we used in section IIC-3. As in this section we are
dealing with the integral

i (@s8Y)" /
n! C

n=0

dy 1 e¥—D§
J2miyn y =7

(AD)

We wish to calculate this integral using the special function
in the most compact and economic way. First, we note that
for n = 0, we can take the integral closing the contour of
the integration over the pole y = y. Foreachn > 1, we can
write the contribution as the convolution integral

/‘ dy 1 eWv—DE
c; 2miyt y =y
. 1
_ (y—ns/ 1 oyt
e n(z
x T'(n)

with x = e75.
Plugging (A2) into (A1) we obtain the following expres-
sion

(A2)

nP(Y, Yo; £, b)
— V=DE a
asdY - - dt
— 12V asdY In(1/t)tV — ).
sV (g 2V eseY In(l/n) t)

(A3)

The next step is to express the integral on the r.h.s. in term
of Lommel’s function. Using that

%10(2\/&58Y1n(1/t))

= —_&LH(Z\/&_VSYIH(I/I))%.

JassY In(1/7) (Ad)

@ Springer

the expression in (A3) can be written as follows

nP (¥, Yo; £, b)
_ Lo- m( / _IO(MWW;). (AS)

Taking integration by parts into (AS) we obtain

nP (v, Yo; &, b)

= e ¢ Ip(2/assYE)
. ! o dt
+;7e<y—1>¥/ 10(2,/5558Y1n(1/t))t7’7
X
Using u = /In(1/¢)/In(1/x), the integral in the above

expression can be rewritten as

(A6)

nP (v, Yo; &, b)

= e Ip(2/assYE)
] ~
+2y8e 8 / 7E0=0) [0 G $8Y E uyudu.
0

Introducing z = 2i/aséYE, w = —2iy& into (A7) yields
the following representation

nP(Y, Yo; £, b) = ( 102 assYE) — e (Ul(w 2)

(AT)

i Un(w. 2)) ) (A8)

where U, (w, z) denotes the Lommel function of two vari-
ables. The series representation

2m+1
Ui(w, ) = ZZ ( ongY ) D124/ asdY§)
)/%' 2m+2
Us(w, ) = —Z (— m) Din12(2/@s58YE)

m=0
(A9)
becomes
nP(Y, Yo; £, b)
= (ﬁ Io(2\/assYE)
_S "
Z( TiTE ) In(2/as8YE )) (A10)

As & > 1, the expression (A10) it is not a suitable represen-
tation for the asymptotic analysis. This problem is resolved
considering the generating function of the Bessel functions
that can be written as follows

Ztl(z)

m=—0oQ

(1/2) t4t~ 1 (A11)
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Introducing Eq. (A11) into Eq. (A10), and using that I,,,(z) =
I_,,(z), we obtain

nP (v, Yo; &, b)

asdY
(F—DE+——
=1e

o0
3Y
Z( /“S ) 1,,(2/@sdYE). (A12)
At large as8Y&, Eq. (A12) takes the form
nP (Y, Yo; &, b)
asd
Y—Dé+——=
= e
_ 1/4
_ 1 (@s5dY) e-é—”«ﬂm (A13)
2T £3

If we consider /as8Y /&€ being much larger than y, one can
see that this equation coincides with Eq. (25a)

Appendix B: Initial conditions for the gluon emissions:
terms that are proportional to N ezl

In this appendix we consider Eq. (34) in more details. Using
xl ; ,which denotes ||x;; |12, and x29 as the variable in the
integration., we write

2
Xip = (xlo — x20) - (x10 — X20)

2|lx10]lllx20]l cos(6) + x3, (BI)

—xlo

where 6 is the angle between x19 and x39. In the inte-
gral of Eq. (34) @ is assumed to be N (Yo; xij,b) ~
(QE(YO, b)zxizj ) since we are calculating this integral in the
kinematic region xgl Q% (Yo, b) < 1. From this form of N,;
we obtain

Nei(Yo; x20, b)

2,2\
= {x5y/X , (B2a)
Ne1(Yo; x10, b) ( 2o/ 10)
N (Yo: x12, b %\
aYoixi2,0) _ , Ixaoll 0s@) +20) . (B2b)
N1 (Yo; x10, b) ol © X%

Using polar coordinate for integrating over xop and intro-
ducing a new radial variable considering r> = x%o /xlzo, we
obtain Eq. (34) in the form

I = as fiNA(Yo: x10, b) + as LN (Yo; x10, b)

+as f3N5 (Yos x10, b)), (B3)

with

1 (lrarr [ do -
n=s [ ()7
2 Jo 1?2 Jo 1 —2rcos®) +r?

o
" (1 — 2r cos(0) + r2> "

+2(r2)7 (1 = 2r cos(9) + rZ)V], (B4a)

b= 1 ldrz/‘” de
2T Jo 2 )y 1=2rcos@) +r2

[(r%” (1
—2r cos(6) + r2>7 + D7 (1

—2r cos(0) + r2>27 ], (B4b)

1 (tar? [~ do 5o
= — —_— Y l
f3 2w /0 r2 /0 1 — 2rcos(8) + r? [(r )7

— 2rcos(f) + r2)2Vj|,

(B4c)

It should be noted that all integrals in the above equations
are convergent ones. Their values can be obtained through
the hypergeometric functions. Specifically, in the procedure
of the calculation we use the following relations:

T sin@he)
/0 (1 —2acos(6) + a?)¥

=B, 1/2) 2F1(v,v — p + (1/2);a%), (@* < 1)
(B5a)
xb xb'H
dx = Fi(l,b+1,b+2;x), B5b
/1_xx b+121( + +2;x) (B5b)
/ngl(a,a, 1,x)
xb+l
= 7 Pdaa b+ 1) {1 b+ 2} ), (B5¢)
1
2Fi(1,1,1,x) = : (B5d)
1—x
F, b,c, r b
fim 2f1@ben)  Tlatb) L (Bse)
x—1- —1In(1 —x) I'(a)T(b)

Here B denotes the Beta function whereas , F,, correspond
to the (generalized) hypergeometric function represented by
the following series:

rFy ({pl,--.,pm} {q1. ...
Z ] ](p] )k x_
<TI0 e K

with (@) = I'(a 4+ k)/ ' (a) (see Ref. [26] for more details
for integral representations of (B5) and for the special func-

tions, respectively). It should be stressed that the equation
of (B5e) shows that we do not face any logarithmic infrared

2 qn}; X)

(x] <D, (B6)
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divergency in our procedure of the estimates. Considering
u = 1/2 in (B5a) (and knowing B(1/2,1/2) = m), the
closed expression for angular integrals in (B4a) is obtained.
Finally, f; takes the form

1 1 Z27—1_1 1
=5 dz[—+—<zF1<1—27,1
2 0 1—-z Z

2, ;- +2 'R -7,1
-7, 1;2) ] (with z = r?) (B7)
where
L2y-1 g
f dz=——— =v() —v(2p),
0 -z
1
/ dz1 QFi(1=2y,1=-2y,1;2) — 1)
0 Z
i (1 - 2)/)k
Pt kl)zk
1
f dz2Fi (17,1 — 7. 1,2) 7!
= (1= V)k
; N2(7 + k)’ (B8
and therefore
PR ORI iGN (1 —2y))?
= 2 2 k=17 2k
(A=) (B9)
X0 G 1 0
=1.59

Similarly, using (BS5) the terms f> and f3 can be reduced to
the following forms:

fr=—fodz[Z7 T R (1 -7, 1 -7, 1;2)
+z7 1R (1 - 27 1-27,1;2)]
_ _i -7 i (1 -27),)°
K2Q7 +h = W2T+h
= —2.53.
. . (B10)
fs = 5/0 dz2Fi (1= 27,1 = 27,15 2) 7

Z (1 - 2V)k
(k‘)z(ZJ/ + k)
= 0.413876

Hence, the integral I has the value

@ Springer

I} = 1.59as N3 (Yo; x10, b) — 2.53&s N3 (Yo; x10, b)
+0.414 &g N4 (Yo; x10, b), (B11)
and since 1 é 1, we can safely assume that the value of /;

is given by

Iy = 1.59ag NA(Yo: x10, b) (B12)

We now discuss the contribution of the following integral

- 2

as d“xp

L = Cp xfo /2 o H— N3 (Yo. xo1, b)
T xor *02 X¥12

+<Ncl (Yo, x02, b) + Nei (Yo, x12, b)
{ 2
— Nei (Yo, x02, b) Nei (Yo,xlz, b— Exoz) ) }

2
—{2 Nei (Yo, x02,b) — Nezl (Yo, x02, b) } } (B13)
It is clear that for the integral /; we have the same expan-

sion as for I;: viz.

N2 (Yo; x10, b)
N3 (Yo; x10,b) + as f

L = as fi
+as fo N (Yo; x10, b),
(B14)
where each f; is described similarly as (B4) but for r being
in the range 1 < r < oo . Changing the variable r — z
with z = 1/r% we obtain

. 1 ld 17
fl_i/o Z|: 1—z

-2y, 1,2) = D+2z°

+27 F (1 -27,1

7 F (1-7,1

=¥, 12) — 1)}, (B15)
Taking integrals we obtain
fi=-— % Hi_2y
+3F2(1—27,1—27,1—27; L2-2y; 1) —1
2(1=2y)

3P (-2, 1 -y, 1-y;1,2-2y;1) -1
+ —
1-2y

(B16)

where Hi_7 = ¥ (1) — ¥ (2(1 —y)) is harmonic number.
For the numerical value for 7 we obtain that

fi = 0.448as N2(Yo; x10, b) (B17)
Calculating fi we assumed that the integral of Eq. (B15)

is diverged in the region of 79 ~ 1 where we can replace

Nei (Yo, xij, b) by (Q2(Yo, b)le.zj )Y . However, for estimates
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of the term ag ngé‘l(Yo; Xx10, b) in Eq. (B14) we cannot use
this replacement and have to calculate it using the saturation
model of Ref. [28].

The last contribution, which proportional to Nez, stems
from Egs. (37) and (38). In both these equations we integrated
over x(%z from x(%z = 0 while actually this integration should
be for xgz > xgl. Hence we need to subtract the following
integral

- 2 2
_as o [0 dxy, 1
Iy = - o1 fo T<2Nel <Yo, x0,b— Fx02

X0
{ 2
—-N3 <Yo,x02,b - Ex()z))
2, 2
=as ﬁNel(Ym x10, b) — 37—_1Ne1(Y()§ X10, b)
1
——— N4 (Yo: x10, b B18
+2(47_1) o1 (Y03 x10 )) (BI8)

Collecting all contributions we can see that we need to
add

fE = —5.62a5 N2(Yo; x10, b) (B19)

Appendix C: Anomalous dimensions of the DGLAP equa-
tions

For the completeness of presentation we include the well
know formulae for the anomalous dimensions in the leading
order of perturbative QCD (see, for examples, Refs. [1,33]).

Cr (3 1
vir@) = - {E+ (1+w) 2+ )
29 (@+2)+2¢ ()} (Cla)
Pl 1 2
Vef (@) = 2N, {2+w+w(1+w)} (1)
Ny [ 1 2
Vs = N {1+a) N (2+w)(3+w)} (€l
11N, —2 Ny 1 |
Ves (@) = = {a)(l o) T 2T Gro)
—w(w+2>+w(1)} (Cld)

where ¥ (w) = I'’(w)/ T'(w) is the digamma function. Note
that ¥ (1) = —yg where yg is Euler’s constant. Ny is the
number of the fermions (quarks) and Cr = (N, CZ —1/(2N,).

Appendix D: Energy evolution of the saturation scale

In this appendix we discuss Eq. (45) as well as the fact that
Const in Eq. (46) is proportional to In (xgl Q% (Y)). Eq. (45)
can be written as

3
In (Qf, (3Y)/Q§(Y0)) = G5k8Y — = ImGY) ©D

First term was derived in Ref. [34] and the second in Ref.
[25]. Letus introduce a new variable zg = In ()c(z)l Q? (Yo)) +
as k 8Y.Eq. (D1) stems from two observations. First, that for
70 < 0we canuse for n” the solution of the linear equation:

d _
Pz < 0) = / Sl (il Dexp { x @)

)

XD =P

1
+51" @) v = )7)2) assy — (1— y)é}

d
=/2;in£(y;{...})exp{m

1
+5x" @) v - 7)? assy — (7 —v) Zo}
(D2)

The second observation is that n? for zg = 0 is not a

constant by nP (zo = 0) 2L 1/ (@ssY). This follows

directly from semi-classical equations (see, for example,
Ref. [1], section 4.5.3, Eq. 4.187). Since on the critical line
zo = 0 we can use the solution of Eq. (D2) we see that
n?(y{...}) = @QJas) (y —y). For & # ask Y, the
integral of Eq. (D2) taken by the method of steepest descent
gives:

2w 20 v
D
n”(zo0 < 0) =2 — — e’
X// ()/) (OlsaY)Sﬂ

In Eq. (D3) we consider §Y > z¢ and neglect the terms
which rate proportional to z% /8Y.

We need to take Eq. (D1) for the saturation momentum
to compensate this behaviour. Plugging the new saturation
momentum in Eq. (D2) we obtain that in the vicinity of the
new saturation momentum, n2 takes the following form

(D3)

iz

nP = Const In (xgl 02 (Y)) <x§1 0> ((SY)) (D4)

Equation (D4) reproduces n” in the form obtained in Ref.
[35].
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