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Abstract

This paper describesa new data structure, differencede-
cisiondiagrams(DDDs), for representinga Booleanlogic
over inequalitiesof the form �������	� and �
������
where thevariablesare integer or real-valued.We giveal-
gorithmsfor manipulatingDDDsandfor determiningfunc-
tional properties(tautology, satisfiability, andequivalence).
DDDsenableanefficientverificationof timedsystemsmod-
eledas, for example, timed automataor timed Petri nets,
sinceboth the statesand their associatedtiming informa-
tion canberepresentedsymbolically, similar to howROB-
DDs representBooleanpredicates.

Keywords: verification,real-timesystems,symbolicmodel
checking,decisiondiagrams.

1. Intr oduction

Model checking[12] is usedextensively today for formal
verification of finite statesystemssuchas digital circuits
and embeddedsoftware. The successof the techniqueis
primarily due to the useof ROBDDs [8] for representing
setsof and relationsover Booleanvariablessymbolically,
makingit possibleto verify systemswith avery largenum-
berof states.However, if themodelcontainsnon-Boolean
(e.g.,real-valued)variables,ROBDDs andothersymbolic
representationsof Booleanpredicatesareinefficient. As a
consequence,state-of-the-arttechniquesfor analyzingsys-
temswith time,modeledfor exampleastimedautomata,are
only capableof analyzingsystemswith a handfulof timers
anda few thousandstates.

In this paperwe considera Booleanlogic extendedwith
differenceconstraints,i.e.,inequalitiesof theform ���������
and �
������� , where � and � are integer or real-valued�
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variablesand � is a constant. Dif ferenceconstraintsarise
naturallywhenanalyzingsystemswith time,expressingre-
lationsbetweenthe timers in the model,e.g., that the dif-
ferencebetweentwo timersis within somebound.We call
theBooleanlogic overdifferenceconstraintsfor difference
constraintexpressionsgivenby thefollowing grammar:

������������ "!$#�%'&)(+*,#�% �-�����.� % ���
�-�.�%0/1�2%3�54167�98�%3�541:7�;8�%3< ��= �>%@? �A= �CB (1)

where � B �ED�FHG�I denotevariablesand �
D�J denotesa
constant.In this paper, the domain J of the logic is either
therealnumbersK or theintegers L . Noticethat this logic
subsumesBooleanlogic sinceaBooleanvariableMON canfor
instancebe representedasa constraint�9N1�P�9QN �SR using
two variables�9N B � QN DTFHG�I .

The main contribution of this paperis a datastructure,
calleddifferencedecisiondiagrams(DDDs), for represent-
ing differenceconstraintexpressionssymbolically, making
it possibleto representthe statespaceof timed systems
(andothersystemswith non-Booleanvariables)efficiently.
DDDs representdifferenceconstraintexpressionsusing a
decisiontreein a mannersimilar to the ROBDD represen-
tationof a Booleanexpression.Considerthefollowing ex-
pression

�
over � , � , UVD7K :

�T�XW ���-�YUZ��[ :�\ �]��UZ^�_ 6 �C���`^�R+ab= (2)

Figure1 shows
�

asan
\ � B �"a -plot for U � R andthe cor-

respondingDDD. Eachnon-terminalvertex in a DDD con-
tainsa testexpressionc (a differenceconstraint)andhas
two outgoingedgescalledthehigh- andlow-branchwhich
are drawn with solid and dashedlines, respectively. The
high-branchis followedwhen c evaluatesto true; thelow-
branchwhen c evaluatesto false.
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Figure1. Theexpressionw in Eq.2 as(a)an x d9yze|{ -plot for}�~�� , and(b) a differencedecisiondiagram.

1.1. RelatedWork

Oneapproachto analyzesystemswith time or othercon-
tinuousvariablesis to make the densedomainsdiscrete.
For example,in a timedmodelit is assumedthattheclocks
only cantake integeror rationalvalues.Sucha discretiza-
tion makes it possibleto use ROBDDs for representing
both the stategraph and the associatedtiming informa-
tion [2, 7,9,10]. However, this way of representingdense
domainsis often inefficient; the ROBDD representationis
very sensitive to thegranularityof thediscretizationandto
the size of the delay ranges. Anotherapproachbasedon
ROBDDs is to have a Booleanvariablerepresentingeach
constraint,anduseanexternaldecisionprocedureto deter-
mine implicationsamongthesevariables[11]. Theseim-
plicationsareusedto prunethe representationof the state
space. The advantageis that any kind of decidablecon-
straintscanbeused.Our approachcanbeseenasa simpli-
fied versionof this wherewe take advantageof restricting
the typesof constraintsto differenceconstraintsand per-
form reductionson-the-fly.

Several algorithmsfor analyzingtimed automatahave
beendeveloped. The unit-cubeapproach[1] modelstime
asdensebut representsthe timing informationusinga fi-
nite numberof equivalenceclasses.Again, the numberof
timedstatesis dependentonthesizeof thedelayrangesand
easilybecomesunmanageable.Severalrecenttiming analy-
sismethodsusedifferenceboundmatrices(DBMs) [14] for
representingthetiming information[6,15,17,22] (see[23]
for an extensive descriptionof the differentapproachesto
modelcheckingof timedautomata.)In theseapproaches,a
setof DBMs representingthepossibletimer configurations
is associatedwith eachdiscretestateof the system. Al-
thoughDBMs provide a compactrepresentationof a clock
configuration,thereareseveral seriousproblemswith the
approachesbasedon DBMs: (1) the numberof DBMs
for representingthe timing information associatedwith a
given statecan becomevery large, (2) there is no shar-
ing or reuseof DBMs amongthe differentdiscretestates,
and (3) eachdiscretestateis representedexplicitly, thus
theseapproachesare limited by the numberof reachable
statesof thesystem.Severalresearchershave attemptedto
remedytheseshortcomings,for exampleby using partial
order methods[5, 18,20] or by using approximatemeth-

ods[3, 4,21]. Althoughtheseapproachesdo addressprob-
lem (1), they are still susceptibleto problems(2) and (3)
sinceeachstateis representedexplicitly. Using DDDs it
is possibleto combatall threeproblemssince: (1) unlike
DBMs, DDDs arenot limited to representingthetiming in-
formation as a union of convex sets,(2) DDDs represent
all statesandthe associatedtiming informationin a single
shareddatastructure,and (3) statesand the timing infor-
mationarerepresentedsymbolicallyusingdifferencecon-
straintexpressions.

Anotherapproach[19] suggestsusinga partitionrefine-
mentalgorithmfor efficient modelchecking.However, the
reportedrunningtimesarestill exponential.

Basedontheinitial ideasof thispaper, Larsenetal. have
developedasimilar datastructure[16].

2. Differ enceDecisionDiagrams

Thedatastructuredifferencedecisiondiagrams(DDDs) is
developedto efficiently representandmanipulatedifference
constraintexpressions.Differencedecisiondiagramsshare
many propertieswith binarydecisiondiagrams(BDDs): (1)
they canbeordered,(2) they canbereducedmakingit pos-
sible to check for tautologyand satisfiability in constant
time, and (3) many of the algorithmsand techniquesfor
BDDscanbemodifiedto applyto DDDs.

Definition 1 (Differ enceDecisionDiagram) A difference
decisiondiagram(DDD) is adirectedacyclic graph

\z�rB�� a .
The vertex set

�
containstwo terminals0 and1 with out-

degreezero, and a set of non-terminalverticeswith out-
degreetwo andthefollowing attributes:

Attribute Type Description�,��� \�� a FHG�I Positivevariable� N =�b�z� \�� a FHG�I Negativevariable���$=��� \�� a � LE
B
LEQ � Operator� or �H=�����,�O� \�� a�J Constant��=��� � ��\�� a �

High-branch��=� ��� \�� a �
Low-branch� =

Theset
�

containstheedges
\��9B¡� ��� \�� a¢a and

\��9B���� � �l\�� a£a ,
where

� D � is anon-terminalvertex. ¤
Similar to ROBDDs, the non-terminalverticesof a DDD
correspondsto theif-then-elseoperatorcY¥ �54�B�� p defined
by

c�¥ �b4�B�� p �h\ c :T�54 a 6�\¦/ c :§� p a B (3)

where c is a testexpressionand
� p , � 4 aredifferencecon-

straintexpressions.However, unlike ROBDDs,thetestex-
pressionc is not a Booleanvariable,but a differencecon-
straintof theform �1�n�Z¨�� , wherethesymbol ¨ represents
either � or � .
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Eachvertex
�

in a DDD denotesa differenceconstraint
expression

�9©
. If

�
is a terminalvertex, i.e., either0 or 1,�;©

is
���� "!$#

or
&+(+*,#

, respectively. Otherwise,
�

represents
theexpression

�9©
givenby:� © � �;N���� � ¨E�3¥ �bªO«�¬£ª| ©O® B��5¯�°¢±l ©O® B

(4)

where �;N � �,��� \�� a , � � � �9�²� \�� a , ¨ � ��� \�� a , and � ������"�O� \�� a . We usethefollowing notationalshorthands:

³�´�µ \�� a def� \ �,��� \�� a B �b�z� \�� a£a¶ ��·��b¸ \�� a def� \ �����,��� \�� a B ��� \�� a£a�¹�O�¦µ \�� a def� \ ³�´�µ \�� a B�¶ ��·��9¸ \�� a¢a´��¦�zµ \�� a def� \ �¹���zµ \�� a BO�)� � ��\�� a B¡� ��� \�� a£ab=
Addingtwo bounds

\ � 4�B£º$4 a and
\ � 8$B£º�8 a gives

\ � 4+» � 8�B�º$4|»º 8 a , where
º 4 »Yº 8

is LEQ if both
º 4

and
º 8

areLEQ andLE

otherwise.Negatinga bound
\ � B�º a gives

\ ��� B�/lº a , where/
LE is LEQ and

/
LEQ is LE.

We use
�7¼¾½

to denotethat the vertex
½

is reachable
from

�
(i.e., thereis apathfrom

�
to
½

). Thesizeof aDDD�
, denoted

% �b%
, is thenumberof verticesreachablefrom

�
;

thatis,
% �b%$�¿% � ½ D �À����¼Á½ � % .

2.1. Ordering

To defineorderedDDDs, we assumegiven a total order-
ing Â of thevariables� 4�B =¡=Ã= B �9Ä , which furthermoremust
totally order pairs of variables

\ �;N B � � a .1 We extend this
orderingto attributes �O�O�zµ \�� a of vertices

�
in a DDD. Con-

stants, �����"�O� \�� a , areorderedasusually in J , andthe two
operators, ��� \�� a , are orderedas LE Â LEQ. Bounds,\ �����,��� \�� a B ��� \�� a£a andconstraints,

\ ³�´�µ \�� a B�¶ ��·��9¸ \�� a£a , are
orderedlexicographically. For example,

Å \ � 8$B � 4 a BÃ\ R B LE a£ÆHÂ Å \ � 8|B � 4 a BÇ\ R B LEQ a¢ÆÈÂÅ \ � 8 B � 4 a BÇ\ W|B LE a¢ÆÈÂ Å \ � u B � 4 a BÃ\ R B LE a£Æ1=
Weassumethatthetwo terminalverticeshaveattributesthat
aregreaterthanall non-terminals.

Definition 2 (OrderedDDD) An orderedDDD (ODDD)
is aDDD whereeachnon-terminalvertex

�
satisfies:

1. �9�²� \�� a0Â �"��� \�� a ,
2. ³�´�µ \�� a0Â ³�´�µ \²�)� � ��\�� a¢a ,
3. ³�´�µ \�� a0Â ³�´�µ \¢� ��� \�� a£a orÅ ³�´�µ \�� a � ³�´�µ \ � ��� \�� a¢a and¶ ��·��9¸ \�� a0Â ¶ ��·��9¸ \ � ��� \�� a¢a Æ . ¤

1Pairs of variablescanfor examplebe orderedreversedlexicographi-
cally, thatis É�Ê�Ë²ÌzÊ¡Í¡ÎbÏ7ÉÐÊ�ÑË Ì�Ê�ÑÍ Î iff Ê¡Í3ÏVÊ�ÑÍ or É�Ê¡ÍÓÒTÊ�ÑÍ�Ô Ê�ËbÏ-Ê�ÑË Î .

Requirement1 expressesthatthepairof variables³�´�µ \�� a �\ �,��� \�� a B �b�²� \�� a¢a �Õ\ �9N B � � a of a vertex
�

is normalized;
that is, ���§Â�� N . This doesnot restrictwhatwe canrepre-
sentwith DDDs, becausethe two variablesin a vertex can
alwaysbeswappedby negatingtheboundandswappingthe
low- andhigh-branches.We further requirein an ordered
DDD, that either the children of a vertex have variables
later in the ordering(requirement2 andfirst part of 3) or
thevariablesalongthelow-branchareidentical(secondpart
of 3). The secondpart of requirement3 makesit possible
to have multiple testson thesamepair of variables,which
is neededbecauseof thedisjunctiveabilitiesof DDDs. The
last two requirementsimply �O�O�zµ \�� avÂ �¹�O�¦µ \z��� � �l\�� a£a and�O�O�zµ \�� a�Â �O�O�zµ \¢� ��� \�� a£a . The DDD in Figure1 is an ex-
ampleof an orderedDDD with the ordering U�ÂÖ�×ÂÖ�
extendedreversedlexicographicallyto pairsof variables.

2.2. Locally ReducedDDDs

Similar to ROBDDs,wedefineasetof local reductionrules
thatreducethesizeof theDDD representation.

Definition 3 (Locally ReducedDDD) A locally reduced
DDD (RLDDD) is an ODDD satisfying, for all non-ter-
minals

½
and

�
:

1. J � L implies ��� \�� a � LEQ,

2. ´��z�zµ \�½ a � ´��z�¦µ \�� a implies
½§���

,

3. � º�Ø]\�� anÙ� �,ÚzÛ�� \�� a ,
4. ³�´�µ \�� a � ³�´�µ \ � ��� \�� a¢a implies�)� � ��\�� anÙ���)� � ��\ � ��� \�� a¢a . ¤

Requirement2 and3 areidenticalto thereductionrequire-
mentsfor ROBDDs. Thus, if we encodea Booleanvari-
able M N as � N �¿� QN �ÜR , any BooleanexpressionoverM 4 B M 8 B =¡=¡= B M Ä is representedin a canonicalform using lo-
cally reducedDDDs. Requirement4 ensuresthat any two
consecutive verticeswith the samepair of variableshave
differenthigh-branches.This requirementis fulfilled using
thefollowing equivalencefor orderedDDDs:

���
�V¨ 4 � 4 ¥Ý� BÃ\ ���
�v¨ 8 � 8 ¥Ý� B �¦a7Þ�-���v¨ 8 � 8 ¥ß� B �)=
3. Construction of DDDs

In this sectionwe presentefficient algorithmsfor manipu-
lating locally reducedDDDs. Orderednessensuresthat the
basicalgorithmfor computingthe Booleanconnectivesis
polynomial. However, for existentialquantificationthesit-
uation is different. Although the algorithmin polynomial
time computesthe modifiedandadditionalconstraints,its
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worst-caserunningtime is exponentialsinceit needsto re-
gainorderedness.

The algorithmsareall basedon a function MK for cre-
atingDDD vertices.The function MK normalizesthe two
variablesandensuresthatthecreatedvertex is locally redu-
ced:MK

Å \ � B �"a BÇ\ � B�º a B � B � Æ returnstheidentity of a vertex,
equivalentto a vertex

�
with ³�´�µ \�� a �À\ � B �"a , ¶ ��·��b¸ \�� a �\ � B�º a , �)� � ��\�� a � � , and
� ��� \�� a � � . Using MK as the

only function for constructinga DDD ensuresthat it is lo-
cally reduced.As for BDDs, MK canbeimplementedwith
an expectedrunningtime of à \ W a . We useMK Q \��9B M¹a asa
shorthandfor MK

\��9B M B¡á9B�â a , which returnsa vertex corre-
spondingto a singlenormalizeddifferenceconstraint.

3.1. BooleanCombination of DDDs

The function APPLY
\�º�ã�B¢½�B¢� a is used to combine two

DDDs rootedat
½

and
�

with a Booleanoperator
º�ã

. AP-
PLY is a generalizationof the versionusedfor ROBDDs,
which is basedon thefactthatany binaryBooleanoperator��� distributesover theif-then-elseoperator:

\ c
¥Ý� B �¦a ��� \ c Q ¥Ý� Q B � Q a`Þ
c�¥ Å � ��� \ c Q ¥Ý� Q B � Q a Æ B Å � ��� \ c Q ¥ß� Q B � Q a Æ = (5)

This equivalenceprovidesa methodto combinetwo DDDs
with a Booleanoperator. Readingthe equivalencefrom
left to right, we seethat we canmove the Booleanopera-
tor down onelevel in the DDD. If we continuouslydo so
until bothargumentsof ��� are0 or 1, we canevaluatethe
expressionandreturntheappropriateresult.

If the two pairsof variablesareequal,we cansimplify
Eq.5:

\ c
¥Ý� B �¦a ��� \ c Q ¥Ý� Q B � Q a`Þäåæ åç c¥ \ � ��� � Q a BÇ\ � ��� \ c Q ¥Ý� Q B � Q a¢a if c�Â.c Q Bc¥ \ � ��� � Q a BÇ\ � ��� � Q a if c � c Q Bc Q ¥ \ � ��� � Q a BÇ\¢\ c�¥Ý� B �za ��� � Q a if c�è.c Q = (6)

Together, Eq. 5 and6 canbeusedto give thealgorithm
APPLY: We useEq. 5 when

\ � B �"aVÂ \ � Q B � Q a or
\ � B �"a-è\ � Q B � Q a and Eq. 6 when

\ � B �"a �Á\ � Q B � Q a . Using MK to
constructnew verticesandapplyingdynamicprogramming,
the runtimeof APPLY is the sameasthe ROBDD version,
that is, à \�% ½1%Ð% �5% a . Negationof a DDD

½
canthereforebe

donein time à \�% ½1% a . In the following we use
½ ��� � asa

shorthandfor APPLY
\ ��� B£½�B£� a when

½
and

�
areDDDs.

3.2. Quantifications

Sincethedomainof thevariablesis infinite, quantification
is morecomplicatedthanthe binary Booleanconnectives.
Existentialquantificationof a variable � in a DDD rooted
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Figure 2. Existentialquantificationof d in Eq. 2. (a) Anx d;yée|{ -plot of w for }v~�� . (b) An x d;y²e|{ -plot of ê d;ë w for}ì~�� . (c) TheDDD for ê d9ë w .

at
½

is performedby removing all verticesreachablefrom
½

containing� , but keepingall implicit constraintsinducedby� amongtheothervariables.Forexample,quantifyingout �
in theexpression

�
givenin Eq.2 yields

< ��= �7� �ì�7UZ^ W ,
seeFigure2. Here,theconstraint�C��UV^ W doesnot occur
explicitly in

�
, but implicitly becauseof �7���S^íR and�-�YUZ^ W .

To compute
< �A= \ �9Nl��� � ¨¿�H¥î� B �¦a , we considertwo

cases:If � is different from both �;N and � � , we canpush
down thequantifieronelevel in theDDD:

< �A= \ �;NA�
� � ¨���¥ß� B �za ��;N��
� � ¨���¥ < �A=ï� B�< ��= � if ��ÙDð�Ç�;N B � � �|= (7)

If � is equalto � N or �"� , we relaxall pathsin � and � with� N �T���È��� and � N �T���Èñ�� , respectively, andcombinethe
resultswith disjunction:

< �A= \ �;NA�
� � ����¥ß� B �za �< �A= RELAX
\ � B � B � N �����È���¡a6
< �A= RELAX
\ � B � B �"���
� N �����Ãa if ��Dð�Ç� N B �"���|= (8)

Thecasefor
< ��= \ �;N���� � �.�0¥ò� B �¦a is analogous.

If � is equalto �9N , relaxationof apath
ã

with aconstraint�;NA��� � ¨�� consistsof addinga new constraint� QN �Y� � ¨� » � Q to ã for eachconstraint� QN �Y�;Nr¨�� Q in ã 2. Thecase
where � is equalto � � is symmetric. Theseobservations
leadto thefollowing algorithm:

1 RELAX
\�½�B � B �;N B � � B M¹a �

2 if
½ D
� 0 B 1 � then return

½
3 else
4 ��ó RELAX

\z��� � �l\�½ a B � B �;N B � � B M¹a
5 �Aó RELAX

\ � ��� \�½ a B � B �9N B � � B M¹a
6 c�ó MK Q \ ³�´�µ \�½ a BÇ¶ ��·��b¸ \�½ a¢a
7 if �b�z� \�½ a � �;N � � then
8 ��óß� : MK Q Å \ �,��� \�½ a B � � a B M »E¶ ��·��b¸ \�½ a¢Æ
9 elsif �"��� \�½ a � �9N � � then

10 ��óô� : MK Q Å \ �9�²� \�½ a B � � a B M'� ¶ ��·��9¸ \�½ a Æ
2In termsof the constraintgraph[13, p. 541] definedby õ , relaxation

with Ê�Ë,övÊ¡Íì÷
ø correspondingto anedgefrom Ê¡Í to Ê�Ë createsa new
edgefrom Ê¡Í to Ê Ñ Ë with weight ø5ù�ø Ñ for eachedgefrom Ê�Ë to Ê Ñ Ë with
weight øéÑ (i.e., theedgefrom Ê¡Í to Ê�ÑË is now explicit, not implicit via Ê�Ë ).
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11 elsif �b�²� \�½ a � � � � � then
12 ��óô� : MK Q Å \ �9N B �,��� \�½ a£a B MÓ� ¶ ��·��9¸ \�½ a¢Æ
13 elsif �,��� \�½ a � � � � � then
14 ��óÝ� : MK Q Å \ �;N B �b�²� \�½ a¢a B M »E¶ ��·��9¸ \�½ a Æ
15 return

\ c : �9a 6
\z/ c : �¦a
Wecanusedynamicprogrammingin bothEXISTS andRE-
LAX. In the worst caseRELAX generates

% ½1% 8
new con-

straintsin lines8–14.A (pessimistic)boundon thenumber
of addedconstraintsis thereforeà \�% ½1% u a . However, in or-
der to maintainorderednessthesenew constraintscannot
be addedwherethey arediscoveredthroughcalls to MK,
but needto be addedthroughcalls to APPLY (lines 8–15).
Therepeatedcallsto APPLY imply thattherunningtimeof
EXISTS is worst-caseexponential.

3.3. Assignment

The operationsof assignmentand replacementare often
usedin verification. Although thesecan be implemented
usingexistentialquantification,wegivemoreefficientalgo-
rithms for generalreplacementanda specialfrequentcase
of assignment.

After performinganassignment
��ú �Tóû� » ��ü , when��Ù�� , thevariable� is giventhevalueof anothervariable� plus

a constant� in theexpression
�
. Performinganassignment

correspondsto removing all explicit boundson � , andthen
updating � with a new value. The assignmentoperation
ASSIGN

\�½�B � B � B �¡a canthereforebeperformedas:��ú �Tóû� » �Oü �X\z< �A= � a :�\ ���
� � �¡a5= (9)

If � is equalto � , anassignmentcorrespondsto increment-
ing � by the value � . In thesecases,the assignmentcan
beperformedwithout theexistentialquantification.This is
doneby thealgorithmINCREMENT

\�½�B � B �Ãa for computing��ú �Tóû� » ��ü with runningtime à \�% ½1% a :
1 INCREMENT

\�½�B � B �¡a �
2 if

½ Dð� 0 B 1 � then return
½

3 else
4 ��ó INCREMENT

\z��� � ��\�½ a B � B �¡a
5 �Aó INCREMENT

\ � ��� \�½ a B � B �Ãa
6 if �,��� \�½ a � � then
7 c
ó MK

Å ³�´�µ \�½ a B�¶ ��·��9¸ \�½ a »�\ � B LEQ a B � B � Æ
8 elsif �b�²� \�½ a � � then
9 c
ó MK

Å ³�´�µ \�½ a B�¶ ��·��9¸ \�½ a1� \ � B LE a B � B � Æ
10 else
11 c
ó MK

Å ³�´�µ \�½ a B�¶ ��·��9¸ \�½ a B � B � Æ
12 return c

3.4. Replacement

The replacementoperator
��ú � » �Ãý��,ü syntacticallysubsti-

tutesall occurrencesof � in
�

with anothervariable � plus

aconstant� . Thereplacementoperatorcanbeimplemented
usingconjunctionandexistentialquantification:��ú � » �Çý��"ü �E< ��= Å �v:
\ �-��� � �¡a Æ = (10)

However, wecanavoid theexistentialquantificationby per-
forming thereplacementdirectly:

1 REPLACE
\�½�B � B � B �¡a �

2 if
½ D
� 0 B 1 � then return

½
3 else
4 ��ó REPLACE

\z��� � ��\�½ a B � B � B �¡a
5 �Aó REPLACE

\¢� ��� \�½ a B � B � B �¡a
6 if �,��� \�½ a � � then
7 c
ó MK Q Å \ � B �9�²� \�½ a¢a BÇ¶ ��·��b¸ \�½ a�� \ � B LE a Æ
8 elsif �9�²� \�½ a � � then
9 c
ó MK Q Å \ �,��� \�½ a B �"a BÇ¶ ��·��b¸ \�½ a »E\ � B LEQ a Æ

10 else
11 c
ó MK Q Å ³�´�µ \�½ a B�¶ ��·��9¸ \�½ a Æ
12 return

\ c : �9a 6�\¦/ c : �za
Again we canusedynamicprogrammingandonly a linear
numberof new constraintsareconstructed.However, RE-
PLACE suffers from the sameproblemasEXISTS, namely
thatin orderto maintainorderednesstheworst-caserunning
time is exponential.

4. Path ReducedDDDs

The previous sectiongave algorithmsfor constructinglo-
cally reducedDDDs. However, locally reducedDDDs are
not a canonicalrepresentationof differenceconstraintex-
pressions.In this sectionwe show how to remove someof
the redundantconstraintsin a path, making the represen-
tation semi-canonical.In a semi-canonicalrepresentation,
thereis exactly oneDDD for a tautology(the terminal1)
andexactly oneDDD for an unsatisfiableexpression(the
terminal0). Thus,with semi-canonicalDDDs it is straight-
forwardto testfor tautology, satisfiability, andequivalence
(afterusingAPPLY with a biimplication).

4.1. Pathsand Semi-canonicalDDDs

A pathin aDDD correspondsto aconjunctionof difference
constraintsor negateddifferenceconstraints(whenever the
pathfollowsa low-branch).Sincethenegationsalwayscan
be removedby swappingthe variables,changingthe com-
parisonoperator, andnegating the constant,a pathcorre-
spondsto aconjunctionof differenceconstraints,alsocalled
a systemof differenceconstraints[13, Sect.25.5]. We de-
notethesystemof differenceconstraintsinducedby a pathã

by
ú ã ü . A path

ã
is definedto befeasibleif thecorrespond-

ing systemof differenceconstraintshasa feasiblesolution.
If the constraintsystemhasno solution, the path is infea-
sible.

5



Definition 4 (Path-reducedDDD) A path-reducedDDD
(RPDDD) is a locally reducedDDD whereall pathsarefea-
sible. ¤
Pathsendingat theterminals0 and1 arecalled0-pathsand
1-paths,respectively. If a DDD hasno infeasible0-paths
and1-paths,thenit hasno infeasiblepathsbecausea fea-
sible constraintsystemwill still be feasibleif we remove
someof thedifferenceconstraintsfrom it. Soif all 0-paths
and1-pathsin aDDD

½
arefeasible,then

½
is pathreduced.

For RPDDDs it is straightforwardto decidesatisfiability
andtautologiness:

Theorem1 (RPDDDs aresemi-canonical) In anRPDDD,
theterminalvertex

á
is theonly representationof a tautol-

ogy and the terminalvertex
â

is theonly representationof
anunsatisfiableexpression.

Proof: We show that if
�

is a non-terminalin a pathre-
ducedDDD, then

�
representsneithera tautologynor an

unsatisfiableexpression.
Because

�
is pathreduced,it is alsolocally reduced,so

all vertices
½

reachablefrom
�

satisfy
� ��� \�½ a§Ù���)� � ��\�½ a .

Furthermore,because
�

is a non-terminal vertex in an
(acyclic) orderedDDD, thereexists somevertex

½ Q reach-
able from

�
that has

� ��� \�½ Qþa � 0 and
�)� � ��\�½ Qþa � 1 or� ��� \�½ Q a � 1 and

�)� � ��\�½ Q a � 0. Consequently, both0 and1
arereachablefrom

�
. Let

ã
besome0-pathfrom

�
. Perdef-

inition of pathreducedness,weknow that
ã

is feasible.This
impliesthatthereexistsavariableassignmentsatisfying

ú ã ü ,
meaningthat thereexists a falsifying variableassignment
for
�
. Thus,

�
cannotrepresenta tautology. Similarly, be-

causethereis a feasible1-pathfrom
�
,
�

is satisfiable. ÿ
Theorem1 alsoshows how to checkequivalencebetween
two RPDDDs: UseAPPLY with the biimplicationoperator
andobservewhethertheresultis thetautology

á
.

4.2. Reduce

An algorithmfor makinga DDD rootedat
½

pathreduced
is:

1 PATHREDUCE
\�½ a � REDUCE

\�½�B���� a
2 where REDUCE

\��;B¦ã a �
3 if

/
FEASIBLE

\ ã a then return �
4 elsif

� D
� 0 B 1 � then return
�

5 else
6 ��ó REDUCE

\²�)� � �l\�� a B¦ã���\��;BO�)� � ��\�� a¢a£a
7 �Aó REDUCE

\ � ��� \�� a B¦ã��A\��9B¡� ��� \�� a¢a
8 if �ÓÙ� � : ��Ù� � then
9 return MK

\ ³�´�µ \�� a B�¶ ��·��9¸ \�� a B � B �za
10 elsif �YÙ� � then return �
11 elsereturn �

01

jlksm3oCpjlknq@tCpm@knq@oCp

(a)

1

(b)

Figure 3. The expressionw from Eq. 11 as (a) a locally
reducedDDD, and(b) a pathreducedDDD.

The operator
�

denotespathconcatenationand
���

denotes
the empty path. The function FEASIBLE

\�ã a determines
whethera systemof differenceconstraintscorresponding
to thepath

ã
is feasible.

The function REDUCE
\��9B�ã a returns � if and only if

the path
ã

is infeasible. Clearly, if
ã

is infeasible,
REDUCE

\��9B�ã a returns � in line 3. On the other hand,ifã
is feasible,it is simpleto seethat either

ã��Ó\��9B���� � �1\�� a¢a
or
ã	�5\��9B¡� ��� \�� a¢a is feasible,andthusREDUCE

\��9B�ã a cannot
return � in line 11. Hence,REDUCE

\��;B¦ã a � � if andonly
if
ã

is infeasible.
Thecorrectnessof PATHREDUCE thenfollows from the

following observation: if either � � � or � � � in
lines6 and7, thevertex

�
canberemoved. To seethis, letú ã ü denotethesystemof differenceconstraintscorrespond-

ing to the path
ã

and let c � �O�O�zµ \�� a denotethe differ-
enceconstraintof vertex

�
. Assume� � � , i.e., the pathã
�;\��9B¡� ��� \�� a¢a is infeasible,andthus

ú ã ü :3/ c � false. Then,ú ã ü : c �×\£ú ã ü : c�a 6�\£ú ã ü :7/ c�a �Xú ã ü :
\ c 6T/ c�a �Xú ã ü|=
It follows from a symmetricargumentthatthevertex

�
can

beremovedif � � � .
Let us considera small example. Figure3 shows a lo-

cally reducedDDD for theexpression��� ����UP^>R 6 �§��U��>R 6 �§����^>R,= (11)

TheDDD hasthree1-pathsandone0-path.The0-pathcor-
respondsto thesystemof differenceconstraints����UV�.R ,UC������R , and �Z���P��R , which hasno feasiblesolution
(i.e., the 0-path is infeasible). Thus, if we call PATHRE-
DUCE on the root vertex, the REDUCE-call on the vertex
containing �§�.����R returns1, andbecauseof the third
local reductionrequirement,theresultis theterminal1.

There are several algorithmsfor determiningwhether
a system of difference constraints is feasible. Two
well-known algorithmsareFloyd-Warshall’salgorithmand
Bellman-Ford’salgorithm[13], whichbothhaveworst-case
runningtimes à \�� u a , where

�
is the numberof variables.

PATHREDUCE
\�½ a enumeratesall pathsin

½
, and because

thenumberof pathscanbeexponentialin thesizeof
½

, the
complexity of PATHREDUCE

\�½ a is à \ _� �� � u a .
PATHREDUCE canbe improvedby usinga fasteralgo-

rithm to determinefeasibility of a path,andby reusingthe

6
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Figure4. Disjunctionsof complex setscanreduceto simple
RPDDDs.

result of the feasibility check in the two recursive calls.
Theseoptimizationscanberealizedby anincrementalver-
sionof theBellman-Fordalgorithm,butalthoughtheseopti-
mizationsin practiceimprovetheperformanceof PATHRE-
DUCE, they do not improveon theworst-caseruntime.

As shown in Theorem1, it is straightforward to deter-
mine whethera pathreducedDDD representsa tautology
and whether it is satisfiable. However, in practice it is
often moreefficient to searchfor a counterexamplewhen
checkingfor tautologyor satisfiability. For instance,when
checkingfor tautology, thePATHREDUCE algorithmcanbe
modified to stop (and report false) if a feasible0-path is
found. Similarly, whencheckingfor satisfiability, the al-
gorithm can stop (and report true) if a feasible1-path is
found.Thisapproachalsoleadsto apracticalalgorithmfor
finding a satisfyingvariableassignment,called ANYSAT.
The algorithmsearchesfor a feasible1-pathandif one is
found,thecorrespondingsystemof differenceconstraintsis
solved,yieldingasatisfyingassignment.

5. Fully ReducedDDDs

The reductionsensuringlocal and path reducednessare
quite powerful. As an exampleconsiderthe two setsbuilt
from ninetrianglesasshown in Figure4(a).They eachcon-
tain nine convex regionsrepresentableby 15 non-terminal
DDD verticesusingthe ordering

\ � B U+aCÂ \ � B U)aCÂ \ � B �ba .
Computingthedisjunctionof thetwo setsusingAPPLY re-
sults in the [��Y[ -squarerepresentedwith only four non-
terminalverticesin an RPDDD. As anotherexamplecon-
sider the nine setsshown in Figure 4(b). Combinedthey
yield a simpleconvex squarealthoughno two setstogether
formaconvex region.Usingdifferenceboundmatricessim-
ilar powerful reductionsareveryexpensiveto obtain.

However, path-reducednessis not enoughto ensurea
canonicalrepresentation.As anexample,considerthethree
path-reducedDDDs of Figure 5 which all representthe
sametriangular area(shown in Figure 5(d)). Local and
pathreductionsaretoo weakto identify them. Oneprob-
lem (shown in Figure5(a)) is that theconstraintsmaycon-
tain a certainamountof slack. For instance,theconstraint�-��U�^�R couldbetightenedto ����U�^�_ without chang-
ing thesemantics.To avoid this kind of slackwe introduce
a notionof a pathbeingtight, which strengthensthenotion
of pathreducedness.

1

jlksm3tÈp
j1knq@o 8
m@knq@oCp

(a)

1

j1ksm0tCp
jlksqro 8
m@knq@o 8

(b)

1

jlknm�tÈp
jlksqro 8

(c) (d)

Figure5. ThreeRPDDDsrepresentingthesameset.

To introducetightnesswe needto distinguishthedomi-
natingconstraintsin apath.Formally, aconstraint�;N���� � ¨� is dominatingin apath

ã
if all otherconstraints� N �Z����¨ Q� Q onthesamepairof variablesin

ã
, arelessrestrictive,i.e.,\ � B ¨saZ� \ �¹Q B ¨nQþa . Non-dominatingconstraintsoccuronly

in pathsthat throughlow-edgespassthroughseveral ver-
ticeswith constraintson thesamepair of variables.

Definition 5 (Tightness) A dominating constraint c �
�;NA��� � ¨�� is tight in a feasiblepath

ú ã ü �¿ú ãb4 ü : c :
ú ã;8 ü
if for all tighter constraints

\ � Q B ¨ Q aV� \ � B ¨sa , the systemsú ã54 ü :.\ �;N@�.� � ¨ Q � Q a :�ú ã98 ü and
ú ã ü have differentsolu-

tions. A path
ã

is tight if it is feasibleandall dominating
constraintson it aretight. An RLDDD

½
is tight if all paths

from
½

aretight. ¤
Fromthedefinitionit is clearthattightnessgeneralizespath
reducednesssinceany tight DDD is alsoanRPDDD. Hence,
Theorem1 impliesthatit is trivial to determinesatisfiability
andtautologinessof tight DDDs.

Adding tightnessas a condition preventsthe existence
of the DDD in Figure 5(a). A DDD can be madetight
by enumeratingall paths,for eachpath solve the associ-
atedall-pairsshortestpathproblem,replacingthe bounds
of the constraintsby the boundsfrom the solution,andfi-
nally combineall the tight pathsby disjunctionusingAP-
PLY. Hence,theDDD (a)will getreducedto theDDD (b).

Tight DDDs arestill not canonicaldueto implicit con-
straintsthatariseasconsequencesof the constraintsin the
vertices.Thesolutionsetwill not dependon how many of
theseimplicit constraintsaremadeexplicit but the result-
ing DDDs will be different. To remove this arbitrariness,
verticeswill beaddedto theDDD:

Definition 6 (Saturation) A tight path
ã

from an RPDDD
issaturatedif for all constraintsc noton

ã
, if c isaddedto

ã
either(1) c is notdominatingandtight, or (2) theconstraint
system

ú ãb4 ü : / c is infeasible,when
ú ã ü is written

ú ã ü �ú ã54 ü :�ú ã;8 ü with all constraintson
ãb4

smallerthan c with
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Figure6. An examplewherethemergeabilitytestis neces-
saryto mergetwo pathsinto one,makingthetopconstraint
redundant.

respectto Â , andall constraintson
ã 8

larger than c . An
RPDDD

½
is saturatedif all pathsfrom

½
aresaturated. ¤

Saturationcanbeobtainedby makingasmany implicit con-
straintsaspossibleexplicit without introducingany infea-
siblepathsin theDDD. As anexample,theDDD in Figure
5(c) will be saturatedinto the DDD in Figure5(b). How-
ever, tight andsaturatedDDDs arestill not canonical.Fig-
ure 6 shows an exampleof two tight, saturatedRPDDDs
thathave thesamesolution. Intuitively, theproblemis that
thevertex with constraint�È�
���.R is redundant,sincethe
solutionsetis thearea�Y^ W|B �`^ W (assumingU � R ). To
detectsuchsituations,a furthercheckis necessary:

Definition 7 (Disjunctivevertex) Let
ã

be a path leading
to the vertex

½
in a DDD, andassumec � �O�O�zµ \�½ a , � ��)� � �A\�½ a , and � � � ��� \�½ a . Then

½
is disjunctivein

ã
ifú ã ü :È\ cY¥Ý� B �¦a and

ú ã ü :È\ � 6 �¦a havethesamesolution. ¤
This leadsusto thefollowing definitionandaccompanying
conjecture:

Definition 8 (Fully reducedDDD) An RPDDD
½

is a
fully-reducedDDD (RFDDD) if it is tight, saturated,and
hasno disjunctivevertices. ¤
Conjecture2 (Canonicity) If

½
and

�
are RFDDDs with

thesamesetof solutionsthen
½§���

.

As it is illustratedby the above discussion,canonicity is
ratherdifficult to obtainin DDDs. This is quite unlike the
situationfor BDDs, wherelocal reductionsanda total or-
deringof the variablesis enoughto obtain it. The reason
is that, in DDDs therearenon-localdependenciesamong
the variousconstraintsgiving rise to not only untight con-
straintsbut also implied constraintsthat may or may not
beexplicitly present.Pragmatically, the lack of canonicity
of path-reducedDDDs might not be a problem. The main

benefitof the canonicityof ROBDDs is that the questions
of equivalence,satisfiability, andtautologinessaretrivial to
answer. However, aspointedoutin Theorem1,satisfiability
andtautologinessis trivial for path-reducedDDDsandeven
for just local-reducedDDDsthequestionscanbesolvedby
asimpleon-the-flysearchfor feasiblepaths.Thecrucialis-
sueis whethertherepresentationduringcomputationsstay
compactwhich canoccurwith just a semi-canonicalrepre-
sentation.

Corollary 3 If
½

is an RFDDD such that thesolutionto
½

is convex then
½

containsexactly onepath to the terminal
vertex

W
.

6. Conclusion

The problemaddressedin this paperis how to efficiently
representandmanipulatea Booleanlogic over inequalities
of theform �0�C���.� and �0�C�§��� , wherethevariablesare
integer or real-valued. We have proposeda datastructure
inspiredby ROBDDsfor representingtheexpressionsfrom
thelogic asa decisiondiagramin which thetestconditions
aredifferenceconstraints.

Introducinganorderingof theconstraintsmakesit pos-
sible to extendthe APPLY algorithmfor orderedBDDs to
orderedDDDs without changingits runtime complexity.
However, sincethedomainof thevariablesin thelogic is in-
finitary, otheroperationssuchasexistentialquantification,
aremoredifficult thanfor BDDs. For orderedDDDs, these
algorithmsarebasicallypolynomial, but they becomeex-
ponentialdueto theorderingrequirement.Anothercompli-
cationis that thereareimplicit constraintsamongthevari-
ablescausingthe DDD datastructureto be non-canonical
even whenlocal reductionsareused. A first steptowards
canonicityis to eliminateall infeasiblepaths.Sucha path-
reducedDDD, canbetestedfor tautologyandsatisfiability
in constanttime. However, semanticallyequivalentDDDs
may still have different representations.We have defined
several additionalrestrictingconditions,which we conjec-
ture will result in canonicalDDDs. It is clearly difficult
to obtain an efficient canonicalrepresentation.Although
canonicitywould be intriguing to obtainandallow oneto
checkfor equivalencein constanttime, it is not necessarily
desirablein practice.A canonicalrepresentationwill notbe
morecompactthana non-canonicalrepresentationandthe
equivalencecheckcanbeperformedasa tautologycheck.

Booleanvariablescan be modeledas differencecon-
straints,making it possibleto combineBoolean,continu-
ous,andintegervariableswithin asingledatastructure.All
operationsontheBooleanvariablesin theDDD canbeper-
formedasefficiently aswith BDDs. Oneuseof combining
Booleanandreal-valuedvariablesis in constructingtheset
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of reachablestatesfor a concurrenttimed system.The ef-
fectivenessof the datastructureandassociatedalgorithms
is demonstratedby constructingthe setof reachablestates
for Milner’s schedulerextendedwith two timerspercycler.
Thisis ahighly concurrentsystemwith anexponentialnum-
ber of (discrete)reachablestates,yet the representationof
thereachablestatesgrowsonly polynomiallyin thenumber
of cyclers.Clearly, any approachbasedon anexplicit state
enumeration,e.g., thosebasedon differenceboundmatri-
ces,will fail for suchsystems.

One path that could be taken when extending the re-
sultsof thepaperwouldbeto generalizethedifferencecon-
straintsto linear inequalities� ÄN�� 4�� N��9Ns¨ � orderedby a
total ordering. The basicdatastructureandthe APPLY al-
gorithmwould beunchanged.In theexistentialquantifica-
tion the only changeis in RELAX, where � is isolatedand
new inequalitesareobtainedby substitutingthe inequality
for � . In eliminatinginfeasiblepaths,a generallinearpro-
grammingsolvermustbeused,e.g,thesimplex algorithm.
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