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DIFFERENCE METHODS FOR DIFFERENTIAL INCLUSIONS: A SURVEY*
ASEN DONTCHEV! anp FRANK LEMPIO#

Abstract. The main objective of this survey is to study convergence properties of difference methods
applied to differential inclusions. It presents, in a unified way, a number of results scattered in the literature
and provides also an introduction to the topic.

Convergence proofs for the classical Euler method and for a class of multistep methods are outlined. It
is shown how numerical methods for stiff differential equations can be adapted to differential inclusions with
additional monotonicity properties. Together with suitable localization procedures, this approach results in
higher-order methods.

Convergence properties of difference methods with selection strategies are investigated, especially strate-
gies forcing convergence to solutions with additional smoothness properties.

The error of the Euler method, represented by the Hausdorff distance between the set of approximate
solutions and the set of exact solutions is estimated. First- and second-order approximations to the reachable
sets are presented.

Key words. differential inclusions, difference methods

1. Introduction. In this survey we consider the following initial value problem for
ordinary differential inclusions.

INITIAL VALUE PROBLEM 1.1. Let I = [ty, T be a finite interval, yy € R™, and F be
a map from I x R" into the set of all subsets of R™.

Find an absolutely continuous function y(-) on I such that

(1) y(to) =yo and y(t) € F(t,y(t)) foralmostallte I,

where y(-) is the derivative of y(-).

Just to give some motivation for studying differential inclusions, we briefly mention
several applications where differential inclusions naturally occur.

A first motivation originates from differential equations with single-valued, discon-
tinuous right-hand sides

(&) = £t u(t))-

To get a sound notion of a solution, following [24], this problem has to be restated in the
form

git) e [ [ clconv(f(t,{z € R™: ||z = y(®)ll < 6} \ N)))

5>0 pu(N)Y=0

for almost all ¢ € I, where ¢ denotes Lebesgue measure on R™. Hence we arrive at a
differential inclusion. Differential inclusions of this type occur in a variety of applica-
tions, e.g., in oscillating systems with combined dry and viscous damping [55], [2], [67],
[51], especially in vehicle dynamics for the description of locking phases during brake
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maneuvers [62], in elasto-plasticity [8], [15], variable structure systems [70], and elec-
trical circuits [54], [19]. Moreover, the method of lines for nonlinear evolution equa-
tions with discontinuities, respectively, for evolutionary variational inequalities results
in whole families of differential equations with discontinuous right-hand sides, cf., e.g.,
[56], [14], [6]. In §§3 and 4 we use Example 3.3, cf. [55], [67], describing forced vibrations
with viscous and dry damping, as model problem for numerical tests.

A second motivation is given by differential inclusions of the following type

y(t) € _6(:0('9'@))1

where ¢ : R" — R is a convex potential function with subdifferential dp. Such inclu-
sions have an important property: their equilibrium solutions minimize . Moreover, if
 achieves a minimum at all, then for every initial value y, € R”, the corresponding solu-
tion y(t) as t — oo converges to a minimizer of . Hence, there is an interesting connec-
tion between differential inclusions and subgradient methods for convex optimization
problems, cf. [3], [4], [52].

A third motivation, naturally, is given by optimal control problems. Disregarding for
the moment any objective function and the special structure of controls, the differential
inclusions (1) could be obtained from a control system

y(t) = f(& y(t), u(d))

with feasible controls

u(t) € U(t,y(t))

for almost all ¢t € I, where f is single-valued and U(f,z) C R™ forall £ € I and x € R",
just by taking

F(t,z) ={f({t,z,2z): z € U(t,x)}.

In §5, Example 5.3, we describe a special differential inclusion of this type, which was
originally used in [34] for the numerical test of several selection strategies. Such a re-
duction of an optimal control problem to a differential inclusion is especially appropriate
when we consider Mayer’s problem, which can be regarded as minimizing a given objec-
tive function on the reachable set at time T of initial value problem (1). Furthermore,
taking the full structure of control functions and even more general objective functions
into account, the necessary optimality conditions can be analysed in terms of bound-
ary value problems for differential inclusions, cf. [17] and [18], Chapter 3, where a nice
example of a nonsmooth problem in resource economics is presented, and [59], [60],
where simplicial fixed point algorithms for set-valued operators are investigated and
used for the computation of optimal fishing strategies. Control systems with unknown
but bounded disturbances can be described by differential inclusions; this observation is
used in [36] for control synthesis of uncertain systems.

A number of other motivations and applications of differential inclusions can be
found in {7] and in the books [4], [16], [18], [26], [27], [53], and their references.

The main objective of this survey is the study of difference methods for differential
inclusions, which are motivated by difference methods for differential equations with
single-valued right-hand sides.

Let X be the set of solutions to (1). As a rule, the set X consists of more than one
element, that is we have a bundle of trajectories. Consequently, there are various closely
connected approaches of approximating solutions y(-) € X.



The first approach uses a finite difference scheme together with suitable selection
procedures resulting in a sequence of grid functions

(5 >m' > mw) (N eN),
say, on a uniform grid
tF <t <<t =T
with stepsize

T —tp
N

where, as usual, N’ denotes a subsequence of N converging to infinity.
Naturally, the question arises whether at least a subsequence of the sequence

(”N('))Nerw

of, say, piecewise linear continuous interpolants of the grid functions converges to a
solution y(-) € X of (1). For linear multistep methods this question is investigated in §3,
following the results of K. Taubert [66], [68].

Next, the closely connected question arises of how fast this subsequence converges,
i.e., which order of convergence could be attained by a special sequence of difference
approximations. This question is addressed to in §4. Stimulated by a paper of C. M. El-
liott [23] on first-order convergence for a special class of methods A. Kastner-Maresch
succeeded in adapting convergence proofs for numerical methods for stiff differential
equations to differential inclusions satisfying a uniform one-sided Lipschitz condition;
compare [32], [33]. This results in higher-order convergence on suitable subintervals
of I, together with appropriate localization procedures in higher-order methods. Since
the one-sided Lipschitz condition implies uniqueness of the solution of (1), only spe-
cial classes of problems can be treated in this way, e.g., differential inclusions with addi-
tional monotonicity properties. At least for differential equations with single-valued dis-
continuous right-hand sides transformation algorithms like those proposed by D. Stew-
art [64], [65] lead to higher-order convergence under special assumptions.

Moreover, the question is interesting, of whether the limit function y(-) € X has
additional desirable properties. This question is treated in §5 for general differential
inclusions, where convergence properties of difference methods with selection strategies
are investigated forcing convergence to solutions with additional smoothness properties.
We present algorithms and discuss the convergence of selections with minimal norm,
minimal variation, and with respect to a given reference trajectory.

The second approach consists in approximating the whole solution set X of (1).
It exploits the fact that a difference scheme virtually describes a difference inclusion for
each stepsize h if no special selection procedure is used. As a result, for each h we obtain
a set X}, of, say, piecewise linear continuous functions, approximating X. Apparently,
as a definition of convergence of the method we can use an appropriate concept for
convergence of sets X to X as h — 0. The error can be measured by a suitably defined
distance between the sets X;, and X.

As an introductory example, in §2 we consider the classical Euler method. Following
the first approach we prove directly that if ' is compact convex valued upper semicon-
tinuous and with linear growth, then

(2) limsup Xp, € X in C(I)7,
h—0

h =

:t;'v_t;'\il (j=1,---,N),



where lim sup is in the usual (Kuratowski) sense, i.e.,

limsup Xp = {f € C(I)" : liminf dist(f, X») = 0} :
h—0 -

and C(I)" is endowed with the supremum norm.

If, moreover, F' is continuous and integrably Lipschitz in # on bounded sets, then a
partial result in the spirit of the second approach can be proved: every solution ™V (+) €
X}, of the difference inclusion with sufficiently small stepsize contains in its e-neighbour-
hood in C(I)" a solution y(-) € X of the differential inclusion (1).

We consider again Euler method in §6 and show that if F is Lipschitz in both ¢ and
x, then we have

haus(Xp, X) = O(k) in C(I)",

where haus(:, -) denotes Hausdorff distance.

The set of solutions X may be approximated not only as a set of functions. Some-
times it may be important to describe the values of all solutions at certain points. Thus
we arrive at the problem of approximating the reachable sets.

Let t be a point in I. The “reachable set at the time ¢” of (1) is defined as

Rit)={zeR":z=y(t) forsome y(-)e X}.

That is, R(t) is the set of all points x that are ends of trajectories of (1) on [to, t]. Section
7 shows that a sequence of sets can be determined from the Euler scheme, which is
Hausdorff convergent to R(t) as » — 0, uniformly in ¢ € I. This follows from an older
result due to A. 1. Panasyuk and V. 1. Panasyuk [50], concerning the so-called funnel
equation. Error estimates obtained by M. S. Nikol’skiy [46]-[48] are discussed as well.

Section 8 presents some recent results due to V. M. Veliov, who found second-order
approximations related to Runge—Kutta schemes, for both the trajectory bundle and the
reachable sets.

All computer tests were made on the VAX cluster of the Computer Center of the
University of Bayreuth, consisting of a DEC VAX 8600 and 6310. In this survey the
numerical results are visualized by computer plots. For a more detailed presentation of
these results compare [34] and [32].

2. Euler method. By far the simplest difference method for solving Initial Value
Problem 1.1 is the classical Euler method which we present in the following as an intro-
ductory example.

EULER METHOD 2.1. For N € N' C N choose a grid

o<t < - <ty=T

Wwith stepsize

T—ty

th

Let no = yo, and for j = 0,---, N —1 compute n;,1 from

(3) Mi+1 € M5 + R F(t5,m;5).



Where necessary, we use the exponent N to emphasize the dependence on N. Only
to avoid technical difficulties, we work with an equidistant grid.

As a solution of the difference inclusion (3) for a given stepsize A, it is convenient to
consider any continuous and piecewise linear function

ACHE &
such that
1 }
() =n; + E(t —t)(nj+1 — n5) (t; <t <tjy1, j=0,---,N—-1),

where (1, - -+, ny) is any grid function satisfying (3). Let X, be the set of all solutions
of (3) for given h.

The following theorem is present explicitely or implicitely in many works, in various
forms, see, e.g., J.-P. Aubin and A. Cellina [4, Lemma 1, p. 99}, F. H. Clarke [18, Thm.
3.1.7, p. 118], or A. E Filippov [26, Thm. 1, p. 77]. Its proof uses the idea of the classical
Peano theorem to prove existence of solutions to differential equations.

THEOREM 2.2. Suppose that the set-valued map F satisfies the conditions:

(i) F is nonempty compact and convex valued upper semicontinuous in I x R™

(ii) There exist constants k and a, such that

21l < kll«l| +a

whenever z € F(t,z),x e R*,t € L

Then every sequence (" (-)) yon With W (-) € Xy, for N € N has a subsequence
which converges as N — oc, uniformly in I, to some solution of the problem (1). In other
words, (2) is fulfilled.

Proof. By (ii) we have

(4) 541l < (1 + Kh)|Insl| + ha.

This implies

i
Imiall < (L+kRY  llgoll + (1 +kh)'ah  (j=0,1,---,N —1).

=0
Hence
(5) limsup sup ||~ ()] < oo .
N-oowo tel

By definition, the derivative iV exists a.e. in I, and, moreover,

0 = 1 (7 t31) ) € F (t,0])

for tj <t < tj+1.
Conditions (ii) and (5) imply that

(6) lim sup esssup |7~ ()| < oo.
N—oo tel



By Arzela’s theorem, ™V (-) has a subsequence uniformly convergent to some function
y(-), moreover,

V() = 2(-) weaklyin Lo, (I)"
for some further subsequence. It is easy to observe that for allt € T
t
y(t) = yo —+-/ z(s)ds,
to

i.e., y(-) is absolutely continuous and y(t) = 2(t) for almost every ¢ € I.
Fix € > 0. From (6)

N _ Nt
o op L max @) = o7 () — 0 ash —0,

then by (i) there exists V; such that for N > N
(7) V() € F(t,nV(t)) +eB forae. t e,

where B is the unit ball. Pick some ¢ € R™ and let A be a measurable subset of 1. Then
from (7)

] i () dr < [ [supp(g, F(7,7" (1)) + elal] dr,
A A

where » denotes transposition and supp is the support function. By (i) the map ¢ —
supp{q, F(t,n" (t)}) is upper semi-continuous, and from (ii) and (5) it is bounded above
by a constant, independent of N. Then, for N — o for the corresponding subsequence,
the dominated convergence theorem yields

/Q*!'J(T) d’rSf [supp(q, F(7,y(7))) + €||q||] d.
A A

Since A and e are arbitrary and F is convex valued, this means that y(-) is a solution
of (1). 0O

Under some more conditions we are able to prove that every solution 7™ (-) of the
discretized inclusion (3) with sufficiently small stepsize contains in its e-neighbourhood in
C(I)™ asolution of (1). For that purpose we need the following basic result of the theory
of differential inclusions, often referred to as Gronwall-Filippov—Wazewski theorem; see
A. E Filippov [25] or J.-P. Aubin and A. Cellina [4, Thm. 2.4.1, p. 120], for a more general
formulation.

THEOREM 2.3 (Gronwall-Filippov—Wazewski). Let § : I — R”™ be an absolutely
continuous function with §{to) = yo, B be a positive constant, and

Q={{t,x) e I xR": |lz —y(t)]l < B}
Let F : Q@ = R"™ be nonempty closed valued and continuous and satisfy
haus(F(t, ), F(t, 2)) < k()12 — ]

forall (t,z)and (t, z) from Q with k(-) € L (I).
Assume, moreover, that

dist((t), F(t,§(t))) < p(t) for almost all t¢€ I,



for some p(.) € L1(I) such that

£(t) = f exp [ ] t k(fr)dfr} p(s)ds< B (tel).

to

Then there exists a solution y(-) to the initial value problem (1) such that

ly(®) — gDl < £(t)

forallt € I

THEOREM 2.4. Suppose that the conditions of Theorem 2.2 hold and, moreover, that
F' is continuous on I x R™ and Lipschitz in x on bounded sets in R™ with integrable in I
Lipschitz constant. Then for every € > 0 there exists Ny such that for every N > Ny and for

every solution n™¥ () of the discrete inclusion (3) there exists a solution y(-) of the problem
(1) such that

N
t) —y(t)l <e.
max || (t) —y(@)]| <

Proof. Let € > 0. As in the proof of Theorem 2.2 we show that the set Xj, of the
discrete trajectories is bounded in C(I)" and, moreover, that there exists N; such that

Ft;,n" (t;)) C F(t,n" (1) + B

forall N > Ny, for all V() € X; and for all t with¢; < ¢ < t;44,5 =0,1,---,N — 1.
Hence for all N > N, every solution 7"V () € X, will satisfy (7). Applying Gronwall-
Filippov—Wazewski theorem we obtain that there exists a solution y(-) of (1) in the e-tube
around oV (.). 0

In §6, slightly strengthening the assumptions, we obtain an O(h) estimate for the
Hausdorff distance between the sets X}, and the set of solutions X of (1).

3. Convergent multistep methods. Beginning in 1973 K. Taubert investigated con-
vergence properties of multistep methods for differential equations with discontinuous
right-hand sides, later on he carried over his results to initial value problems for dif-
ferential inclusions; compare [66], [68]. These methods are typically of the following
form, where we deliberately suppress possible generalizations to multistage multistep
methods.

LINEAR MULTISTEP METHOD 3.1. Let

ai, b e R (t=0,---,r)
with ar # 0, |ag| + |bo] > 0,

Tty

h=N

(N e N CN).
Let there be given starting values

n; € R* (j=0,---,7—-1)
and corresponding starting selections

CjEF(tjanj) (j:{],"',?‘—l),



computed, e.g., by a linear 7-step method with + < r or by a 1-step method.
For j =r,---, N compute n; from

1 _
E Zai Nj—r+i = Zbe Cj—r-}-’i ’ Cj € F(tjﬂnj) .
1=0

i=0
These methods are implicit in case b, # 0. Generally, the solution of the inclusion
G € F(t;, ny)

is not unique. Then it would be selected randomly or by a suitable optimization crite-
rion. It can be obtained for example as the result of running appropriate phases of a

constrained optimization algorithm, see, e.g., [61]. Typically, convergence results of the
following form can be proven.

CONVERGENCE THEOREM 3.2. Let the following assumptions be satisfied:

(1) F is nonempty closed and convex valued.

(ii) F is bounded and upper semicontinuous in I x R™.

(iii) The strong root condition is satisfied, i.e., all zeros X of the polynomial

Zr: a%-/\i

1=0

have absolute value |\| < 1 except the simple zero A = 1.
(iv) The method is consistent, i.e.,

T r r
E a; = 0, E ’ia?; = E bi.
i=0 i=0 =0

(v) The coefficients b; are nonnegative (i =0,---,r).
(vi) The starting values satisfy

Ity — M| <hM  (j=0,---,r—2)

forall N € N’ with a constant M, which is independent of the stepsize h = (T — to)/N.
D D
(vii) The approximations of the initial value yg satisfy lim N ¥ =w.
Then the sequence

(nN('))NeN'

of piecewise linear continuous interpolants of the grid functions

(n(llva nivasnll\\fr)

contains a subsequence which converges uniformly to a solution of the initial value problem
(1).

Assumptions (i) and (ii) are Peano-type conditions, therefore no better convergence
properties could be expected. Assumption (iii) is equivalent to inverse stability of the
difference method with respect to the Spijker norm, compare [63, p. 81 and pp. 203-210].
This implies, that the family (™ (-)) nen 18 uniformly Lipschitz continuous, which is the
basis of the convergence proof.



Condition (v) is needed for certain operations in the calculus of sets. It restricts the
class of feasible methods decisively. The proof could be extended to discrete Sobolev
spaces; compare the papers [45], [44].

For the special selection of coefficients

r=1: a():”l, b(]:].,
ag= 1, b =0,
we get again the Euler method.

The following selections of coefficients were tested in [31]:

r=2: ayp= 0, bg:0.5,
ay) = —]., bl = 05,

Qg = 1, b2 = 0,

respectively,
r=3: ap=-0.81, boz-i%’
a; = —0.99, b= 28,
ay = 0.8, by = 352,
az= 1, by = 0,
respectively,

7-:4: ag = 0, 60:0.1,

a; = 0, bl = 04,

dQo = 0, b2 = 0.1,

ag = ——1, bg = 04,

Qg4 = 1, b4 = Q.
All these methods are consistent and strongly stable. The 3-step method would be con-
sistent of order 3 for single-valued, sufficiently smooth right-hand sides, nevertheless it
behaves badly for differential inclusions due to “almost instability.” The program code
together with some extensions to multistage multistep methods is contained in [1}. We
conclude this section with the following simple differential equation with discontinuous
right-hand side describing forced vibrations with viscous and Coulomb damping, cf. [55],
[67].

Example 3.3. Find a function z(-} on I = [0, T} with absolutely continuous derivative
such that

(8) Z(t) + z(t) + 0.22(t) + 4sgn(2(t)) = 2cos wt
for almost all ¢ € I and

2(0)=3,  #0)=4.



Naturally, this initial value problem for a second-order ordinary differential equa-
tion has to be reformulated as the following initial value problem for a first-order differ-
ential inclusion.

Find an absolutely continuous function y(-) : I — R? such that

'yl (t) = y2(t)1
92(t) € —uyi(t) — 0.2ya(t) — 4Sgn(y2(t)) + 2 cos wt

for almost allt € I = [0,T] and
n(0) =3,  1(0) =4,

where the Sgn-function

-1 (932 < 0),
Sgn(z2) = ¢ [-1,1] (z3 =0),
1 (1‘2 > 0),

is the set-valued analogue of the usual sign function used in (8) in order to guarantee the
existence of a generalized solution in the sense of Filippov. This generalized solution
could be approximated with one of the above methods. The Euler method with fine
stepsize gives some insight into the structure of the solution; compare the plots of the
solution z(-) and its derivative z(-) in Fig. 1 and the phase portrait shown in Fig. 2.

" “
< -
o =}
i - i d
] n
m ol g8
o @
o~ = o
"
o <
T T ¥ 1 T T T
0.0 2.0 4.0 8.0 3.0 0.0 2.0 4.0 6.0 8.0

FI1G. 1. Solution z(-) and its derivative z(-).

Subintervals, where the solution is in fact a generalized one, are most interesting.
The plot in Fig. 3 of the approximation of the derivative z(-) by Euler method with step-
size h = 0.005 shows the typical oscillations to be expected on these nonclassical inter-
vals.

The computer tests show that it is not worthwhile to lock for highly consistent stan-
dard methods; compare the approximation of Z(-) in Fig. 4 by the classical Runge-Kutta
method with the same stepsize h = 0.005.

This additional effort pays only on subintervals where the right-hand side is single-
valued and smooth.

10
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FIG. 2. Phase portrait of z(-).
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¥IG. 3. Approximation of #(-) by Euler method with h = 0.005.

0.05 0.10

0.00
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FiG. 4. Approximation of i(-) by Runge-Kutta method with h = 0.005.



4. One-sided Lipschitz condition and monotonicity. We could get the impression
that it may be hard to prove order of convergence results for general differential inclu-
sions, if they really hold at all. Hence, we have to restrict our analysis to differential
inclusions with special right-hand sides. In [41], [42] order of convergence results were
proved for differential equations with discontinuous right-hand side, but there it is only
allowed that the exact solution crosses directly the discontinuity manifolds; compare in
this connection the recent work of R. Model [43]. D. Stewart has defended his Ph.D. the-
sis on the same problem class in 1990; compare [64]. His main objective is a skilful, but
complex transformation of discontinuous right-hand sides into smooth ones on suitably
selected submanifolds. This transformation will really pay if the auxiliary complemen-
tarity problems occuring in this connection can be analysed easily and if the resulting
transformed classical differential equations are not stiff. In the following we analyse
the class of right-hand sides which satisfy a uniform one-sided Lipschitz condition. On
the one hand, this class is more general, since set-valued right-hand sides are admitted.
On the other hand, it is more special, since the one-sided Lipschitz condition implies
uniqueness of the solution of problem (1). Stimulated by a paper of C. M. Elliott [23] on
first-order convergence for a special class of methods, A. Kastner-Maresch succeeded to
adapt convergence proofs for numerical methods for stiff differential equations to this
type of differential inclusions; compare [32] and [33]. In principle, in the following we
could investigate the class of general linear methods; compare [13]. But for simplicity of
presentation we restrict ourselves to the class of implicit s-stage Runge-Kutta methods.

IMPLICIT 3-STAGE RUNGE-KUTTA METHOD 4.1. Let there be given the scheme of
coefficients

Cy 1411 ... QAig
Cs | Qg1 ... Qgg
by ... by

with nonnegative b; (¢ = 1,---,s), a stepsize h = (T — to)/N with N € N/, and an
approximation 1y of the initial value .
For j =0,---, N—1 solve the implicit system of inclusions

8
N = nj"'hZaqujv’
v=1

Cv € F(t;+cuh, i) (pov=1,---,8)

and compute the next approximation

Mi+1 =175 + hZ by Gjv-

v=1

Without further assumptions, we cannot expect reasonable convergence properties
even for single-valued right-hand sides. Moreover, according to the well-known proceed-
ing for stiff differential equations, we need a one-sided Lipschitz condition for set-valued
maps. Therefore, we restrict ourselves to the following class of maps.

DEFINITION 4.2. Let R™ be equipped with the scalar product (-|-) and the corre-
sponding induced norm || - ||. A set-valued mapping

F:IxR" = R"
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satisfies a one-sided Lipschitz condition with (one-sided) Lipschitz constant Lg if

(¢1 — (alwy — @2) < Lp|lz; — 22|

holds for all 1,22 € R™ and all ; € F(t,21), {2 € F(t,22) uniformly for all ¢t € I.
An important subclass of all right-hand sides satisfying a one-sided Lipschitz condi-
tion consists of set-valued mappings F' : I x R™ = R" possessing a decomposition

©) F(t,x) = f(t,z) — B(z)

with a single-valued function f : I x R® — R" with (one-sided) Lipschitz constant L
and a monotone set-valued mapping 3 : R® = R™. For example, the subdifferential 0y
of a convex functional ¢ : R™ — R defines a monotone mapping on R™. In [23] special
right-hand sides of the type (9) were treated by a special class of methods. In fact, not
this decomposition, but the validity of a one-sided Lipschitz condition is the basis for
convergence and order of convergence proofs following proof structures for stiff differ-
ential equations, compare the books [20], [13] and the journal articles [12], [29], [28], [9],
[10], especially the survey of K. Burrage [11]. For consistency proofs only smoothness
properties of the solution of the differential inclusion are needed, not smoothness prop-
erties of the right-hand side as in the classical approach. For proofs of stability properties
like C-stability, BS-stability, BSI-stability the fact is exploited that the above one-sided
Lipschitz condition holds uniformly with respect to the selections.

A typical convergence result due to A. Kastner-Maresch [32] reads as the following.

THEOREM 4.3. Let the following assumptions be satisfied:

(i) Let F be upper semicontinuous on I x R"™ and satisfy a one-sided Lipschitz condition.

(ii) The (necessarily unique) solution of initial value problem (1) is piecewise (u + 1)-
times continuously differentiable with p > 1.

(iii) The simplifying conditions B(pu), i.e.,

Zbck 1'___ (k___l,)u,)’

and C(u), ie.,

hold.
(iv) The method is BS-stable and C-stable.
(v) The initial approximations 1 of yo satisfy

198" = woll = O(h).

Then the order of convergence is equal to one.

Crucial for the proof is the fact that the first derivative of the exact solution has
only finitely many jump discontinuities because each of these discontinuities contributes
a term of order one to the global discretization error. Hence, on intervals where the
solution is smooth, we get higher-order convergence if the initial error is of higher-order
as well.

COROLLARY 4.4. Let in Theorem 4.3 the exact solution be (u + 1)-times continuously
differentiable on the whole interval I, and the initial approximations satisfy

178" — 3ol = O (R¥).
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Then the order of convergence is equal to p.

This corollary serves as a basis for more or less sophisticated algorithms with built-
in localization procedures for detecting possible discontinuities of the derivative of the
exact solution. In practice, we have to localize numerically manifolds where the right-
hand side is discontinuous. In principle, localization procedures in [41], [42], or [64]
could be used, but they must be adapted to the above situation.

Especially, the implicit midpoint rule was tested numerically, which could be written
as the following Runge—Kutta method

N 1
7 o= ﬂj+h§Cj,
1
G € F(tj+§h,ﬁ),
ni+1 = n;+h{;,

with Butcher-array

or in more condensed form,
1 1
N1 €M T RE (tj+ 5 h 5 (0 +nj41) ) -

For this method the simplifying conditions B(1), B(2), and C(1) (see Theorem 4.3) hold.
Hence the order of this method is equal to one if the solution is piecewise 2-times con-
tinuously differentiable; compare [23]. The order 2 can be proved on subintervals where
the solution is 3-times continuously differentiable and the initial error is of order 2; here
we have to exploit results in [35]. Together with a suitable localization procedure, we get
the order 2 on the whole interval.

Applying, e.g., the implicit midpoint rule with stepsize & = 0.005 and localization
procedure to Example 3.3 yields the result plotted in Fig. 5.

Naturally, the numerical effort is somewhat higher than for classical Runge-Kutta
method with the same stepsize. But the results are much better; compare Fig. 4. Even
with stepsize h = 0.001, the classical Runge-Kutta method would yield worse results
than implicit midpoint rule with stepsize h = 0.005; compare Fig. 6.

In fact, for such a fine stepsize h = 0.001 the classical Runge-Kutta method needs
more CPU-time and function evaluations than the implicit midpoint rule for h = 0.005,
i.e., the higher-order of convergence of the implicit method at last beats the explicit
method,

5. Selection strategies. Contrary to the differential inclusions treated in §4, gen-
eral differential inclusions normally have a whole bundle of solutions. Hopefully, the
qualitative properties of the approximated solution could be improved by more elab-
orate selection strategies, as compared with the random selection of Linear Multistep
Method 3.1.

ALGORITHM 5.1 (selection with minimal norm). Choose a fixed element z € R™ and
minimize forj =r,---, N |

1z — Gl
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FiG. 5. Approximation of (-} by implicit midpoint rule with h = 0,005,
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FI1G. 6. Approximation of (-) by Runge—Kutta method with h = 0.001.

subject to

1 T r

E Zai Hi—r4i = Zbi Cj—r+i )
=0 1=0

G € F (tj,my).

For z = Og-, in each step we get the selection with minimal norm. In any case,
the explicit difference method (b, = 0) for the differential inclusion can be regarded as
linear multistep method for the differential equation

y(t) = f (¢, y(t))
with

f(t'.' x) = PIr(t,z) (Z) ((t,ﬂ?) €1 x an) )
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where pry, () is the projection of z onto F'(t, z). Hence, the properties of (¢, z) de-
termine the properties of the algorithm. The calculation of starting values ng,---, 7,1
and starting selections (o, - - -, {»—1 has to be adjusted accordingly. Convergence is proved
by Convergence Theorem 3.2. Using arguments in [25] we get the following.

THEOREM 3.2. In addition to the assumptions in Convergence Theorem 3.2, let F be
Hausdorff continuous on I x R™ and b, = 0. Then the sequence

(nN('))NeNf

of piecewise linear continuous interpolants of the grid functions corresponding to minimal
norm selections contains a subsequence which converges uniformly to a continuously differ-
entiable solution of the differential inclusion.

The following test problem from [34] is treated numerically as an example for the
vartous selection strategies of this section.

Example 5.3. Find an absolutely continuous function y : I — R? such that

n(t) € —y(t) +0.1y ()9 — v @) —y2(8)?) + [-1, 1],
B2(t) € () +0.15(8)(9 — vi(t)® — y2(t)®) + [-1,1]

for almost all £ € I = [0,T] and
{0 =5,  12(0)=0.

To avoid all technical difficulties with the calculation of starting values, we apply
Euler method. Note that no order of convergence result is available; therefore, the use of
real multistep methods is justified anyway only on subintervals where the right-hand side
degenerates to a single-valued function which is sufficiently smooth. The approximate
solution for the selection with minimal norm is plotted in Fig. 7 with stepsize h = 0.005.
The phase portrait is given in Fig. 8; the chosen selections are plotted in Fig. 9.
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0.0 3.0 6.0 9.0 12,0 0.0 3.0 6.0 9.0 12.0

FiG. 7. Approximate solution ™ (-) for selection with minimal norm.

In the following selection strategy we choose selections which have minimal varia-
tion in a certain sense, cf. the proof of Theorem 2 on page 115 in [4].
ALGORITHM 5.4 (selection with minimal variation). For j = r,- .-, N minimize

[loj—1 = v,
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F1G. 8. Phase portrait of ™ (-) for selection with minimal norm.
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F1G. 9. Selection (N (-) for selection with minimal norm.

subject to

1 r
5 Z @i Nj—rti = Yy,
=0
v € Z bi F(tj—r+i: nj—r+i) .

=0

If, in addition to the assumptions in the Convergence Theorem 3.2, the set-valued
mapping F' is Lipschitz continuous in I x R"; then a similar argument as in the proof of
Theorem 3.2 applies to the selections v;, and we get for explicit methods (b, = 0).

THEOREM 5.5. In addition to the assumptions in Convergence Theorem 3.2, let F' be
Lipschitz continuous on I x R"™, b, = 0, and the starting selections satisfy

lol, —oN| <BM  (j=0,--,7 —2)

forall N e N'.
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Then the sequence

(nN(')a ”UN('))NEN,

of piecewise linear continuous interpolants of the grid functions and selections contains a
subsequence which converges uniformly to a pair (y,v), where y is a solution of the differ-
ential inclusion with Lipschitz continuous derivative v.

The approximate solution of Example 5.3 for the selection with minimal variation,
computed by Euler method with stepsize h = 0.005, is plotted in Fig. 10, the phase
portrait given in Fig. 11, the according selections with minimal variation in Fig, 12.
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FiG. 10. Approximate solution n™ (-) for selection with minimal variation.
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F1G. 11. Phase portait of ™ (-) for selection with minimal variation.

We get a further selection strategy by comparing the approximations at each grid
point with a reference trajectory.

ALGORITHM 5.6 (selection with respect to reference trajectory). Choose a Lipschitz
continuous reference trajectory

y: I — R™

18



4,55 9.10

0.00

5.800

3.125

0.450

uy uwy

3 R

! cs

Q

[=] L=

- <«

-4 - =

| T T T I T T T

0.0 3.0 6.0 9.0 12,0 0.0 3.0 6.0 9.0 12.0
FIG. 12. Selection v™ () for selection with minimal variation.
For 4 =r,- -, N, minimize
lg(t;) — n;1l,

subject to

1 a r
71_ Zai Nj—rd4i = Z b; Cj—'r+i 3
=0 i=0

Cj——r+i € F (tj—r+i: "?j—f'-f-‘i) (Z =0, ’T)'

For this sclection strategy with reference trajectory g(f) = Og2, the Euler method

with stepsize

h = 0.005 gives the approximate solution of Example 5.3 plotted in Fig. 13,

with phase portrait in Fig. 14,
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FiG. 13. Approximate solution 1™ (-) for selection with respect to reference trajectory.

Most interesting is the comparison of the chosen selections; compare Fig. 15 with
the results of the other selection strategies.

Contrary to the selections with minimal norm, cf. Fig. 9, and the selections with
minimal variation, cf. Fig. 12, the selections with respect to reference trajectory now
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F1G. 15. Selection (N (-) for selection with respect to reference trajectory.

indicate jump discontinuities of the derivatives of the solution, related to the bang-bang
principle in optimal control. Accordingly, no smoothness properties can be expected
for the approximated solution, but an error estimate for this selection strategy will be

obtained in the next section.
At any rate, it would be worthwile to extend the above qualitative results by es-

timations of the order of convergence, eventually by exploiting concepts of numerical
methods for optimal control problems with nonstandard objective functions.

6. Error estimates. We are interested in estimating the distance between the sets
of solutions of Initial Value Problem 1.1 and of the discrete inclusions (3}, respectively,

in a reasonable sense, by the stepsize h.
The first result in this direction probably is due to B. N. Pshenichny [53], who proved

the following.
THEOREM 6.1 ([53]). Let F : R™ = R" be a compact convex valued mapping and y

be a solution of
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y(t) € F(y(t)) forae.tel, y(to) =

Suppose that there exists € > 0 such that F' is Lipschitz in the set {x € R™ : ||z — y(¢)|| <
e for some ¢t € I}. Then there exist cand Ny such that forall N > N, there exists a solution
n™ () of the discretized inclusion

(10) nj+1 €15 +hF(n;), i=0,1,---,N-1, mo=1y
such that

Jmax, ™ (85) — y(E)|| < ch.

In the proof, B. N. Pshenichny used the following construction of the discrete tra-
jectory n™V(-): Let n)Y = yo and define 7}, as the projection of y (#;,1) on the set
nY +hF (n}). Then from (10), from the inclusion

y(ti+1) € y(t;) +hF (y(t;)) + O(h*)B,

and from the choice of nﬁl, using the Lipschitz continuity of F', we obtain for some a4
and a, that

751 — (i)l < (L +ak)|n — y(E)] + a2k

forj =0,1,-.-, N—1. This implies the desired estimate.
The construction of B. N. Pshenichny is extended in [22] in the following way: Let
§ : I — R™ be a Lipschitz function. We obtain ™V (-) by the following procedure:

(11) e = yo, nﬁl is the projection of H(t;41)
on the set név+hF(tj,njV), j=0,1,---,N-1.

Combining the result of B. N. Pshenichny with Gronwall-Filippov—Wazewski theorem,
we obtain that

T

(12) max |} ~5(t,)l) < e (”y(to) woll+ [ dist (350), (¢, 70)) e+ h)
0

for some ¢ independent of A.

This estimate was obtained in [22] by a direct proof. More precisely, the following
theorem is proved.

THEOREM 6.2 ([22]). Suppose that the map F : I x R™ = R" salisfies the following
conditions.

F is nonempty compact and convex valued; there exist k and a such that || f|| < k||z||+a
whenever f € F(t,x),t € I, x € R" F is Lipschitz in x on bounded sets uniformly in
t; F is of bounded variation in t uniformly in x on bounded sets, i.e., for any bounded set
UcR”

sup {Z sug {haus (F(t;yy,2), F{t;x))}: to<ty < <tpy1 <Tve N} < 00,
i=1 "€
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Then there exists a constant c such that if n™¥ (-) is obtained by (11), then for all N (12) is
fulfilled.

In particular, if 7 is a solution of Initial Value Problem 1.1 then n™{(.) provides a
first-order approximation to §. The procedure (11) can be regarded as a “reference
trajectory” strategy which can be used for numerical calculations; compare the plots in
Fig. 13, 14, and 15. Some additional numerical examples are contained in [22].

Let nV(-) be a piecewise linear function that solves (3). If F is Lipschitz in both «
and ¢ then

a(t) € F(t,n™ (t)) + hkB fora.e.t € [ty,T]

for some k and for all N € N'. Then one can apply Gronwall-Filippov—Wazewski theo-
rem, obtaining that there exists a solution %V of Initial Value Problem 1.1 such that

~N (Y _ N -
(13) max. [[57(8) = oV ()] = O(h).
In fact, to obtain (13) it is sufficient to assume the conditions of Theorem 6.2. Namely,

we have
THEOREM 6.3 ([22]). On the conditions of Theorem 6.2

haus(X, Xp,) = O(h) in C(I)".

In [22] an averaged modulus of smoothness for set-valued maps is introduced and
its properties are investigated. This helps to weaken the requirements for the map F.

Sometimes it may be convenient to use an approximation of the set-valued map F
in (10), e.g., by polygons. Let n® (-) satisfy

nj+1 €N+ AP, j=0,1,---,N—1, 10 =y,
where
haus (P;, F(n;)) = O(h), j=0,1,---,N—1.

Then on the assumptions of Theorem 6.2, using the same argument as above, we obtain
first-order convergence of this approximation.

In [34], Theorem 6.2 is extended for the Algorithm 5.6 (selection with respect to
reference trajectory), using Linear Multistep Method 3.1.

THEOREM 6.4. Assume that in addition to the assumptions in Convergence Theorem
3.2, b, = 0, and the following conditions hold:

(i) F is Lipschitz in x € R™ uniformly in t € I and of bounded variation in t € I
uniformly in x on bounded sets.

(ii) the coefficients a; are nonnegative except the single coefficient ag,; or alternatively,
exactly two of the coefficients a;(i = 0,1, - - -, ) are nonzero.

(iii) The approximations of the initial value yq satisfy

I75" — yoll = O(R).

Then there exists a constant ¢ such that for all sufficiently small h, if n™¥ (-) is obtained by
Algorithm 5.6, then (12) holds.
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7. Convergence of reachable sets. Analogous to the reachable set of the differential
inclusion (1), we can introduce a reachable set of its discrete approximation. Consider
the Euler scheme (3) and let ¢ be a fixed number from the set {0,1,---, N}. Then the
reachable set, associated with (3) at the time ¢;, will be

RY ={zeR":2=9"(t;) forsome n"()e X.}.

THEOREM 7.1. Let F be a compact convex and nonempty valued map that is continu-
ous in both t and x in I x R™ and let the reachable set R(t) of Initial Value Problem 1.1 be
contained in a bounded set K in R™ forallt € I. Let F' be Lipschitz in a neighbourhood of
K with respect to x uniformly in t € I. Then

max_haus (R, R(t;)} — 0
0<i<N
as N — oo.
The proof of this theorem can be easily obtained from [50], for a more recent pre-
sentation see [49]. First we need some notation.
DEFINITION 7.2 ([50]). The closed valued and continuous map R : I = R" with
R(ty) = yo is an R-solution of Initial Value Problem 1.1 if and only if

(14) % haus (R(t + h), U (x + hF(t, :c))) — 0

TER(t)

as h — O uniformly in¢ € I.

THEOREM 7.3 ([50]). On the conditions of Theorem 7.1 there exists a unique R-solution
of Initial Value Problem 1.1 whose value at any t € I is the reachable set R(t) of Initial Value
Problem 1.1.

The relation (14) is known as funnel equation. The integral funnel (solution cone)
of Initial Value Problem 1.1 is the union of the graphs of all solutions of Initial Value
Problem 1.1. The reachable set R(¢) is the value at ¢ of the map, the graph of which is
the integral funnel.

In [69] extensions of Theorem 7.3 for inclusions with right-hand side satisfying Cara-
theodory conditions are obtained. A funnel equation to a linear differential inclusion
with phase constraints is found in [38].

Let us prove Theorem 7.1. From (14) we have

(15) haus (RY, R(t1)) < ho(h)

and

(16) haus (R(tg), U (x + hF(tl,m))) < hp(h),
zER(t1)

where ¢(h) — 0as h — Quniformlyin¢ € I. If k is the Lipschitz constant of F, it is easy
to see from (15) that

(17)  haus ( U @+rP,2), U (w+hF(t1,m))) < (1 + kh)ho(h).

z€RY z€R(t1)
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Combining (16) and (17) we have
haus (RY, R(t2)) < (1 + kh)hp(h) + ho(h).

Proceeding in the same manner by induction we get

haus (RY, R(t;)) < j:(l + kh) " “he(h)

p=1
< @(R)(T — to)eT =)

fori =1,---, N, which completes the proof of Theorem 7.1.
Consider now the Initial Value Problem 1.1 with F’ independent of t. Then Euler
approximation to the attainable set can be rewritten as

RY = (I+hF)y,

RY = |J (z+hF(2)=(+hF)y,
:z:ER{\r

RN = (I+hF)'y,

where the power of (I + hF) is that of composition of set-valued maps. Then RY will
converge to R(T') if and only if

N
R(T) = lim_ (I + TNt" F) Yo.

More precisely, the following result is obtained in [74].
THEOREM 7.4 ([74]). Let G C R"™ be open and F : R® = R™ be a map with
nonempty compact values on G locally Lipschitz on G. Fix yy € G. Let

T=sup{T:cl U R(t) is compact » .
to<t<T

() Forto <T < T

T—to \"
lim sup (I—I— N OF) yo C cl (R(T)).

N—oo

(i1} If, in addition, F is assumed to have convex values, then forall T > 0,

Tty \V
R(T)Cl}\fgg&f([-{— N F) Yo-

On the assumptions of Theorem 6.2 we obtain that the Euler scheme provides an
QO(h) estimate for the reachable set and the integral funnel. We note that the one-sided
estimate (13) was observed (on slightly different conditions) independently in [22] and
by M. S. Nikol’skiy [47] whose primary purpose was to estimate the Euler approximation
to the reachable set. However, to obtain an approximation of a solution of Initial Value
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Problem 1.1 by a solution of (3), he uses a procedure different from the projection strat-
egy, giving an estimate of order O(v/k) only. The paper [46] contains a similar result for
a control system. In [48] the following modification of Euler scheme is proposed:

E(‘;V = {yo}, U= alB,

E’J‘{il = U (-’E‘l'h"}/(l‘)COF(:E) +a’h2B) ’ i= 0:11"'1N_1:
c€ENNU

where the right-hand side F, independent of ¢, satisfies a growth condition and is lo-
cally Lipschitz and the function ~ and the constants a, @, are chosen in such a way that
cl(R(T)) ¢ EY nU. Then from (13) an estimate of order G(h) follows for the distance
between EN MU and R(T). For an extension, see [57].

8. Higher-order approximations to reachable sets. Generally speaking, a differen-
tial inclusion may have many “bad” solutions, e.g., nonsmooth and fast changing ones,
to which it is unlikely to obtain higher-order approximations. Nevertheless, V. M. Veliov
recently proposed in a series of papers [71]-[73] certain second-order approximations
resulting from Runge-Kutta schemes, both for the trajectory bundle and the reachable
sets.

To be specific, consider the simplest linear differential inclusion

(18) y(t) € Ay(t) + U forac. te€l, y(to) = yo,

where A is a nxn-matrix, U is a compact and convex set in R™. An absolutely continuous
function y is a solution of (18) if and only if there exists an integrable n-vector function
u with u(t) € U for almost every ¢ € I such that

(19) y(t) = Ay(t) + u(t) fora.e. i€ l.

It is clear that by applying a higher-order scheme to the equation (19), we could hardly
expect higher-order accuracy since the function » may be discontinuous. However, a
higher-order approximation 7V to y may exist, being a solution of a discrete time in-
clusion resulting from the scheme, that corresponds possibly to another selection of the
right-hand side of (18).

Let N and k be integers, h = (T — ty)/N, A% be nxn-matrices and U¥, be sets in
R™. By a discrete approximation (of higher-order) to (18), we mean the following:

(20) 'qﬁl e AkqN +Uk, i=0,1,---,N-1, n{¥ =1y.
Suppose that Ak, U% satisfy for N € N/,
(21) exp(Ah) = A% +0O (h’““) ,

h
(22) ] exp(ds)Uds = UK + O (RFt1).
0
(i) Let n™¥ = (nd’,- -+, n¥) be a solution of (20). Then, from (21) and (22),

tit1
i1 € Al + UN C eAtoni—tn o / A= ds 4+ O (RHH)

t;

fori =0,1,-.-, N—1. Hence there exists a measurable function u}¥ with u}¥ (¢) € U for
almost every ¢ € I, such that if g solves

iﬁv(t) = AFY(t)+ul(t) forae. t€ [t;tis1],
gh(t:)y = nf,
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then
gi (tix1) = iy, + O (R*).

Let u™ be defined on I as u™ (t) = ul¥(t) fort € {t;,t:41), i =0,1,--- ,N-1. If ¥ isa
solution of

AV () +ul(t) forae tel
7V (ko) = o,

e

—
[ 3}

Som”
I

then it is easy to see that

(23) o (157 (t:) — " | = O(R®).

(ii) Now let y be a solution of (18). Then

t;

1 eAlti+1=9) 7 g

y(tiy1) € eAhy(ti)+/

t;
c A%yt + UX + O(RF+).

Let n) = yo. We determine 7Y, on the basis of #}" as projection of y(¢;+1) on the set
A% nlN + U%. Then from

y(tiy1) € ARml + U§ — A% (0 — y(t)) + O (R*1)

it follows that

7%y — y(Eis) | < AR Y = y(ta)ll + O (R*HY),
which yields
(24) max [ — y(t:)l| = O(h¥).

0<i<N

Thus, under the conditions (21) and (22), the Hausdorff distance between the sets of
solutions of (18) and (20), in the sense of (23) and (24), is of order O(h¥).
The condition (21} will hold if we take

kg
ko_ i
Af =D A
i=0
It turns out that the condition (22) is much more restrictive. It obviously holds for £ = 1
(Euler scheme); moreover, we have always

h
/ exp(As)Uds C U§, + O (RF+1),
0

provided that
k—1 -
h*A*
25 Uk =h Uj.
= v g((m) )
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This means that (24) is satisfied, i.e., every solution of (18) can be approximated of
order O{h*) by a solution of (20). The converse case needs, however, more conditions.

It follows from [73] that for k¥ = 2 (25) implies (22) on the condition that U is a
strongly convex set, i.e., there exists a constant ¢ > 0 such that u;, us € U implies

0.5(wy + ug) + 0.25pu||uy —ug||l € U for every ||I|| < 1.

The proof of this is based on the observation that for strongly convex U the extremal
(boundary) controls are equi-Lipschitz. This means that if U is strongly convex, then the
scheme

(26) Y, € (I+hA+%h2A2) n{v+h(1+g~A) U, i=0,1,---,N=1, 5y =y

gives O(h?) approximation to the set of trajectories, and hence to the reachable set as
well.
In [73] V. M. Veliov considers the following more general problem:

(27) y(t) € F(t,y(t)) forae. tel, ylty) € Ry
approximated by
(28)  mfs€nd +05h {2+ F (tisr,nf +h2):z € F(ti,n)}, n) € Ro

fori =0,1,--.,N—1. This approximation is a generalization (but not the only possible
one) of Euler scheme; it corresponds to the classical Euler-Cauchy method.

The map F is defined on the compact and convex set A x S C R"*! and satisfies
the following conditions:

(a) F is compact valued and there exists y > 0 such that F'(¢, z) is strongly convex
foreveryt € A and z € S. The support function (I, ¢, z) = supp(!, F(¢,x)) is differen-
tiable with respect to t and x, 87 /0z is Lipschitz in the set (I,¢,z) € L x A x S, 07/0t
is Lipschitz in (I,t) € £ x A uniformlyin € 5, where £ = {{ ¢ R" : 0.5 < ||I|| < 2};
the set Ry is compact, I C int(A), and all trajectories of (27) stay in int{S).

(b) The function (¢, z,{) defined as

(29} "g(t,z, 1) = supp(l, F(¢t, z))

is Lipschitz in ¢t € A uniformlyin (I,z) € £ x S.

THEOREM 8.1 ([73]). On the condition (a) there exist constants ¢ and N, such that if
N >N, then

(i) For every solution y of (27) there is a discrete solution n™ = (niY,---,n¥) of (28)
such that

Y —nN 3/2
(30) max [ly(t) = 7| < ch¥.

(il) For every solution n™ of (28) there exists a solution y of (27) such that (30) holds.

If in addition (b) is satisfied, then h3/? in (30) can be replaced by h?.
In [73] it is also shown that if the map F is

F(t?q") = f(t,ﬂ)) +g(t1$)U
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then the conditions (a) and (b) will be fulfilled if U is strongly convex, f and g are suffi-
ciently smooth and g¢(t, z) is invertible for each ¢t € A, £ € S. In this case the discrete
inclusion (28) can be equivalently written as

nl1 €N +0.5h {p(ti,nl, u) + o (tiv1,n) + ho(ts,nd u)) 1 ue U},

where o(t,z,u) = f(t,z) + g(f,z)u. For fixed v € U this is exactly the second-order
Euler—Cauchy scheme for right-hand side (¢, z, u). Another second-order approxima-
tion for the trajectory bundle without strong convexity of the right-hand side is obtained
in [72] for the inclusion

98) € £t 9(0) + 30k v, 1], o) € Ro

It turns out that for linear control systems it is possible to obtain second-order ap-
proximations to the reachable set having, in the same time, only first-order convergence
of the solutions, in general. Consider the differential inclusion

(31) y(t) € At)y(t) + B)U forae. t€l, y(ty) € Xo,

where A(t) and B(t) are nxn and nxr matrices, U C R", on the following assumption:
(c) A and B are differentiable and their derivatives are Lipschitz continuous, and
Xo and U are convex and compact.
Let R(T) be the reachable set of (31) at the time 7. Introducing an uniform grid in
I, for each N we define the set X ¥ recurrently by the equation

(32) Xﬁlei\rX;V_}'B:VU? iIO,l,"-,N—l, X[{V:Xm
where

AN = T+4+05h(A(t:) + A(tiz1)) + 0.5R%2A(t11)?,
BY = 0.5h(B(t;) + B(tis1)) + 0.5h% A(ti11)B(tig1)-

Observe that if B = I and A, B are constant, from (32) we obtain the scheme (26).
THEOREM 8.2 ([71]). Under the condition (c) there exists a constant ¢ such that for
every N € N/,

haus (X%, R(T)) < ch?.

In contrast to the strongly convex case (Theorem 8.1), the proof uses essentially an
effect of nonaccumulation of errors at each step. Namely, the error at each step may be
O(h?) while the global error is O(h?) as well. Furthermore, it is shown by an example
in [72] that approximation order for the solution set may be only O{h).

The paper [71] contains also a negative result showing that approximations better
than of second-order cannot be obtained by means of a scheme of the type (32). More
precisely, consider the inclusion (31) with constant A and B, n = 2, r = 1, X, a single-
ton, and U a nondegenerate segment. Let X1 be obtained by the following recurrent
formula

g
XN, =P ABXY +) Qi A B,

=1
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where q is a fixed integer, P and @ are arbitrary matrices, h = (T — £g)/N.
THEOREM 8.3 ([71]). For any controllable pair (A, B) (i.e., rank[B, AB] = 2), there
is a constant ¢ > 0 such that

haus (XN, R(T)) > ch?

forall N e N'.

The proof uses the observation that R(T) is strongly convex and X% is a convex
polygon. On the other hand, a strongly convex set cannot be approximated by a polygon
with order higher than 2.

Concerning numerical approximations to reachable sets, various approaches can be
found in the literature. A common idea in this field is to use sets of simple structure as
polyhedrons [27], [30], or ellipsoids [16], [37]. A different approach, based on a time-
scale decomposition of the reachable set, is presented in [21].

9. Concluding remarks. In this survey we concentrated on difference methods for
initial value problems, especially on error estimates and order of convergence results.
Concluding, we want to summarize typical difficulties, influencing the numerical perfor-
mance of these algorithms decisively, and some directions of future research.

In connection with implicit methods for problems satisfying a one-sided Lipschitz
condition, originally formulated for classical stiff differential equations, efficient tocal-
ization procedures have to be developed for detecting possible discontinuities of deriva-
tives of the solution. Moreover, implicit discrete inclusions have to be solved at any grid
point. Therefore, to reduce the complexity of these inclusions, it would be very desir-
able to find diagonally implicit general linear methods with the necessary consistency
and stability properties. For differential equations with discontinuous right-hand sides,
D. Stewart’s transformation method [64], [65] would avoid at least the solution of im-
plicit inclusions as long as the resulting transformed differential equations are not stiff.
Without piecewise transformation to smooth right-hand sides, higher-order convergence
of explicit difference methods for discontinuous ordinary differential equations cannot
be expected. At most first-order convergence for special problem classes and special
explicit methods can be proved [40].

Concerning selection strategies for general differential inclusions, naturally the re-
lation to numerical methods for optimal control problems should be investigated fur-
ther. Especially, for nonstandard selection strategies and corresponding nonstandard
objective functions, it seems to be hard to prove order of convergence results. Imposing
additional statc constraints immediately leads to the question of viability of solutions;
compare in this connection, e.g., [58].

Approximating the whole solution set of a general differential inclusion by the whole
solution set of a difference inclusion until now led only to order of convergence results
for special explicit methods. These results should be incorporated into the framework
of general discretization theories. This would require at least a calculus of higher-order
local approximations of set-valued mappings, an actual and interesting field of research.
Naturally, this will result in efficient numerical algorithms only if the set of all solutions of
the difference inclusions can be approximated of any prescribed order by simpler sets,
e.g., by ellipsoids or simplicial complexes. This is an actual field of research as well,
stimulated by the results of A. B. Kurzhansky and his group for special control systems.

Numerical methods for boundary value problems for differential inclusions are much
less developed than desirable. Naturally, good methods for initial value problems make
it worthwhile to attack boundary value problems by shooting methods. The additional
difficulty with differential inclusions is that the finite-dimensional systems of equations to
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be solved have very poor qualitative properties, especially for differential inclusions re-
suiting from differential equations with discontinuous right-hand sides. Hence, efficient
algorithms are needed for the solution of nonsmooth systems of equations. There are
some other approaches to the direct solution of boundary value problems for differential
inclusions, e.g., by simplicial fixed point algorithms, cf. [59], {60], or by difference meth-
ods, cf. [44]. But until now only convergence results, no order of convergence results
are available.

Above all, more computer tests are necessary to get more insight into the algorithms
and into the underlying problems. We are convinced that additional numerical experi-
ments together with a sound mathematical analysis of the results will give the right in-
spiration for new algorithms and new ideas.

Acknowledgments. This survey was strongly influenced by discussions with our
collaborators V. M. Veliov, E. Farkhi, Sofia, and A. Kastner-Maresch, Bayreuth.
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