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For an extended real�valued function f � Rn � R�f��g we denote by fc its convex envelope
de�ned as

fc�x� � supfg�x� � g � f� g � Rn � R � f��g convexg�

We give a surprisingly simple proof of the following theorem� whose �rst part was previously
established under linear growth conditions from below� see �	
� The second part improves similar
results for superlinear growth from ��
�

Theorem Let f � Rn � R � f��g be continuous� let it be di�erentiable on its e�ective domain
dome�f� � fx � f�x� � ��g and assume

f�x�� �� as jxj � ��� �	�

Then fc is a C� function on the �open� set dome�f
c�� Moreover� if for some � � �
� 	
 the function

f is C���
loc on dome�f�� then the same holds true for fc on dome�f

c��

The proof uses the following three elementary facts about convex functions�
�I� The representation formula for the convex envelope�

fc�x� � inf

�
n��X
i��

�if�xi� � �i � 
�

n��X
i��

�i � 	 and

n��X
i��

�ixi � x

�
�

has a proof similar to that of Carath�eodory�s theorem� see e�g� Corol� 	��	�� in ��
�
�II� The �local� Lipschitz constant can be estimated in terms of the oscillation� If g � B�x� �r� �

R is convex� then
lip�g�B�x� r�� � osc�g�B�x� �r���r�

To prove this assume that the right�hand side is �nite and �x any y� z � B�x� r�� Suppose
g�z� � g�y� and choose u to be the intersection of �B�x� �r� with the ray from y through z� Then
z � convfy� ug and jy � uj � r� Now the desired estimate follows� since convexity implies that

�g�z�� g�y���jz � yj � �g�u�� g�y���ju� yj � osc�g�B�x� �r���r�

�III� Criterion for di�erentiability� If g is convex� f di�erentiable in x� g � f and g�x� � f�x��
then g is di�erentiable at x and rf�x� � rg�x�� The proof is straightforward and is left to the
interested reader�

Proof of the Theorem� The e�ective domain dome�f
c� is open� since by Fact �I� and the continuity

of f � fc is upper semicontinuous �and in fact could be shown to be continuous�� To show that fc is
C� on dome�f

c� suppose that dome�f
c� �� � and note that if fc is di�erentiable on dome�f

c�� then
it is continuously di�erentiable there� Indeed� �x any point x � dome�f

c�� Consider the function
h�y� � fc�y� � fc�x� � hrfc�x�� y � xi� it is convex and rfc is continuous at x if rh�y� � 

as y � x� This� however� is a consequence of Fact �II� and the di�erentiability of fc at x� We
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are left to show that fc is di�erentiable at each point x where it is �nite� Referring to Fact �I�

we take a minimizing sequence f��
�k�
i � x

�k�
i ���i�n��g�k��� such that �

�k�
� � �

�k�
� � 	 	 	 � �

�k�
n�� �


�
Pn��

i�� �
�k�
i � 	�

Pn��
i�� �

�k�
i x

�k�
i � x and

Pn��
i���

�k�
i f�x

�k�
i �� fc�x� as k ��� ���

Observe that �
�k�
� � 	��n � 	�� Due to continuity and �	�� f is bounded from below� say by


� Hence� by ��� and �	� both ff�x
�k�
� �gk and fx

�k�
� gk are bounded �at least from a certain

step k � k��� Therefore� we can extract a subsequence �for convenience not relabelled�� such

that �
�k�
� � �� and x

�k�
� � x� as k � �� Again by continuity and since f � 
 we see that

f�x�� � �n�	�fc�x�� consequently� by assumption� f is di�erentiable at x�� Next we observe that
for h � Rn and each k�

x� h � �
�k�
� �x

�k�
� � �h��

�k�
� �� �

Pn��
i�� �

�k�
i x

�k�
i �

Thus� by convexity we have for k su�ciently large

fc�x � h�� fc�x� � �
�k�
� �f�x

�k�
� � �h��

�k�
� ��� f�x

�k�
� �� �

�Pn��
i���

�k�
i f�x

�k�
i �� fc�x�

�
and passing to the limit as k �� we obtain

f c�x� h�� fc�x� � ���f�x� � �h������ f�x��� for all h � R
n � ���

Since the left hand side is a convex function� Fact �III� implies as required that fc is di�erentiable
at x with rfc�x� � rf�x���

As concerns H�older continuity of the derivatives let O be an open bounded set with closure
contained in dome�f

c�� Observe that ��� together with �	�� the upper bound� f�x�� � �n�	�fc�x��
and the H�older continuity of rf on compact subsets of dome�f�� imply that for some c � c�O� �
��� 
 � fc�x � h�� fc�x� � hrfc�x�� hi � cjhj���� whenever x� x� h � O� Using Fact �II�� we
conclude that rfc � C�

loc�dome�f
c�� and our proof is �nished�

Finally� we would like to mention that for the C��regularity� as well as for the C����regularity�
it is su�cient to assume the existence of a �superdi�erential� a � Rn � i�e� it su�ces that the positive
part of f�x � h� � f�x� � ha� hi vanishes in a prescribed way as h � 
� We also like to remark
that even without the assumption �	� our method proves smoothness in all points x satisfying
fc�x� � lim inf jyj�� f�y�� The Example ��	 in �	
� i�e� the function �x� y� �

p
x� � exp��y���

shows that this growth condition is the weakest possible �of this general kind��
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