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Abstract

A global existence and uniqueness result of the solution for multidimensional, time
dependent, stochastic differential equations driven by a fractional Brownian motion
with Hurst parameter H> 1

2 is proved. It is shown, also, that the solution has finite
moments. The result is based on a deterministic existence and uniqueness theorem
whose proof uses a contraction principle and a priori estimates.

1. Introduction

Let B = {Bt, t ≥ 0} be a fractional Brownian motion (fBm) of Hurst parameter
H ∈ (0, 1). That is, B is a centered Gaussian process with the covariance function
(see [16])

RH(s, t) =
1
2

(
t2H + s2H − |t− s|2H

)
. (1.1)

Notice that if H = 1
2 , the process B is a standard Brownian motion, but if H �= 1

2 ,
it does not have independent increments. From (1.1) it follows that E|Bt − Bs|2 =
|t − s|2H . As a consequence, the process B has α−Hölder continuous paths for all
α ∈ (0, H).
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The definition of stochastic integrals with respect to the fractional Brownian mo-
tion has been investigated by several authors (see, for instance, [1], [2], [6], [7], [8],
[13]).

In the case H > 1/2 one can use a pathwise approach to define integrals with
respect to the fractional Brownian motion. In fact, if {ut, t ≥ 0} is a stochastic process
whose trajectories are λ-Hölder continuous with λ > 1−H, then the Riemann-Stieltjes
integral

∫ T

0
usdBs exists for each trajectory, due to the results by Young [21]. More

refined results have been obtained in [3] by Ciesielski, Kerkyacharian and Roynette
(see also [18]) for processes u with trajectories in the Besov space B1−H

p,1 , where 1
p <

H < 1− 1
p . The fractional Brownian motion has trajectories in the Besov space BH

p,∞,
and the following inequality holds:∥∥∥∥∫ ·

0

utdBt

∥∥∥∥
BH

p,∞

≤ C ‖ u ‖B1−H
p,1

‖B‖BH
p,∞
.

In [22] and [23] Zähle has defined pathwise integrals
∫ T

0
utdBt for processes with paths

in the fractional Sobolev type space I1−β
0+ (L2(0, T )). The indefinite integral

∫ t

0
usdBs

is a continuous process provided that, in addition, u is bounded.
In this paper we are interested in multidimensional stochastic differential equations

of the form

Xt = X0 +
∫ t

0

σ (s,Xs) dBs +
∫ t

0

b(s,Xs)ds, (1.2)

where B is a fBm with Hurst parameter H > 1/2, and the integral with respect to B
is a pathwise Riemann-Stieltjes integral. This kind of equation has been studied by
several authors ([10], [12], [13], [14], [19]).

In [14], Lyons considered integral equations

xt = x0 +
m∑
j=1

∫ t

0

σj(xs)dgjs,

0 ≤ t ≤ T , where the gj are continuous functions with bounded p-variation on [0, T ]
for some p ∈ [1, 2). This equation has a unique solution in the space of continuous
functions of bounded p-variation if each gj has a Hölder continuous derivative of order
α > p−1. Taking into account that the fBm of Hurst parameter H has locally bounded
p-variation for p > 1/H, the result proved in [14] can be applied to equations driven by
a fBm provided the nonlinear coefficient has a Hölder continuous derivative of order
α > 1/H − 1. Using this approach based on the notion of p-variation and the general
limit theorem proved by Lyons in [15] for differential equations driven by geometric
rough paths, Coutin and Qian [5], [4] have established the existence of strong solutions
and a Wong-Zakai type approximation limit for stochastic differential equations driven
by a fractional Brownian motion with parameter H > 1/4.

In [19] Ruzmaikina establishes an existence-uniqueness theorem for ordinary dif-
ferential equations with Hölder continuous forcing. The global solution is constructed,
first, in small time intervals where the contraction principle can be applied, provided
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the Hölder constant is small enough. The integral
∫ T

0
fdg is defined in the sense of

Young [21], assuming that the functions f and g are Hölder continuous of orders β
and γ, respectively, with β + γ > 1. This result is applied to stochastic differential
equations driven by a fractional Brownian motion with parameter H > 1/2.

In [23] the existence and uniqueness of solutions is proved for differential equations
driven by a fractional Brownian motion with parameter H > 1/2, in a small random
interval, provided the diffusion coefficient is a contraction in the space W β

2,∞, where
1/2 < β < H. Here W β

2,∞ denotes the Besov-type space of bounded measurable
functions f : [0, T ] → R such that∫ T

0

∫ T

0

(f(t) − f(s))2
|t− s|2β+1

dsdt <∞.

In this paper we follow the approach of Zähle, and we present a general result
on the existence and uniqueness of solution for multidimensional, time dependent,
stochastic differential equations driven by a fractional Brownian motion with Hurst
parameter H > 1/2. This result is based on a deterministic existence and uniqueness
theorem whose proof uses a contraction principle. Our result is global and based on a
priori estimate.

The organization of the paper is as follows. In Section 2 we state our main result.
Section 3 contains some basic facts about fractional integrals and derivatives. The
extended Stieltjes integral that we use is defined in Section 4, which also provides the
basic estimates in Lemma 4.1. Section 5 contains the deterministic result, and, finally,
in Section 6 we derive the existence and uniqueness result for stochastic differential
equations driven by a fractional Brownian motion with Hurst parameter H > 1/2.

2. Main result

Let 1
2 < H < 1, 1 −H < α < 1

2 and d ∈ N
∗. Denote by Wα,∞

0 (0, T ; Rd) the space of
measurable functions f : [0, T ] → R

d such that

‖f‖α,∞ := sup
t∈[0,T ]

(
|f(t)| +

∫ t

0

|f (t) − f (s)|
(t− s)α+1 ds

)
<∞.

For any 0 < λ ≤ 1, denote by Cλ
(
0, T ; Rd

)
the space of λ-Hölder continuous functions

f : [0, T ] → R
d, equipped with the norm

‖f‖λ := ‖f‖∞ + sup
0≤s<t≤T

|f (t) − f (s)|
(t− s)λ

<∞,

where ‖f‖∞ := sup
t∈[0,T ]

|f(t)|. We have, for all 0 < ε < α

Cα+ε(0, T ; Rd) ⊂Wα,∞
0 (0, T ; Rd) ⊂ Cα−ε(0, T ; Rd).
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Consider the equation on R
d

Xi
t = Xi

0 +
m∑
j=1

∫ t

0

σi,j (s,Xs) dBj
s +

∫ t

0

bi(s,Xs)ds, t ∈ [0, T ] , (2.3)

i = 1, ..., d, where the processes Bj , j = 1, ....,m are independent fractional Brownian
motions with Hurst parameter H defined in a complete probability space (Ω,F ,P), X0

is a d-dimensional random variable, and the coefficients σi,j , bi : Ω× [0, T ]×R
d→R are

measurable functions. Set σ =
(
σi,j

)
d×m

, b =
(
bi

)
d×1

and for a matrix A =
(
ai,j

)
d×m

and a vector y =
(
yi

)
d×1

denote |A|2 =
∑

i,j

∣∣ai,j∣∣2 and |y|2 =
∑

i

∣∣yi∣∣2 .
Let us consider the following assumptions on the coefficients, which are supposed

to hold for P-almost all ω ∈ Ω. The constants MN , LN , K0 and the function b0 may
depend on ω.

(H1) σ(t, x) is differentiable in x, and there exist some constants 0 < β, δ ≤ 1 and for
every N ≥ 0 there exists MN > 0 such that the following properties hold:

(Hσ) :



i) Lipschitz continuity

|σ(t, x) − σ(t, y)| ≤M0|x− y|, ∀x ∈ R
d, ∀ t ∈ [0, T ]

ii) Local Hölder continuity

|∂xi
σ(t, x) − ∂yi

σ(t, y)| ≤MN |x− y|δ,

∀ |x| , |y| ≤ N, ∀t ∈ [0, T ] ,

iii) Hölder continuity in time

|σ(t, x) − σ(s, x)| + |∂xi
σ(t, x) − ∂xi

σ(s, x)| ≤M0|t− s|β

∀x ∈ R
d, ∀ t, s ∈ [0, T ]

for each i = 1, ..., d.

(H2) There exists b0 ∈ Lρ
(
0, T ; Rd

)
, where ρ ≥ 2, and for every N ≥ 0 there exists

LN > 0 such that the following properties hold:

(Hb) :



i) Local Lipschitz continuity

|b(t, x) − b(t, y)| ≤ LN |x− y|, ∀ |x| , |y| ≤ N, ∀t ∈ [0, T ] ,

ii) Boundedness

|b(t, x)| ≤ L0|x| + b0 (t) , ∀x ∈ R
d, ∀t ∈ [0, T ] .

(H3) There exist γ ∈ [0, 1] and K0 > 0 such that

|σ (t, x)| ≤ K0 (1 + |x|γ) , ∀x ∈ R
d, ∀t ∈ [0, T ] . (2.4)

Let

α0 = min
{

1
2
, β,

δ

1 + δ

}
.
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The main result of our paper is the following theorem on the existence and unique-
ness of a solution for the stochastic differential equation (2.3).

Theorem 2.1

Suppose that X0 is an R
d-valued random variable, the coefficients σ(t, x) and

b(t, x) satisfy assumptions (H1) and (H2) with β > 1 −H, δ > 1
H − 1. Then

I. If α ∈ (1 −H,α0) and ρ ≥ 1/α, then there exists a unique stochastic process X ∈
L0

(
Ω,F ,P ;Wα,∞

0 (0, T ; Rd)
)

solution of the stochastic equation (2.3) and, moreover,

for P-almost all ω ∈ Ω

X (ω, ·) =
(
Xi (ω, ·)

)
d×1

∈ C1−α
(
0, T ; Rd

)
.

II. Moreover, if α ∈ (1 −H,α0 ∧ (2 − γ)/4), ρ ≥ 1/α, X0 ∈ L∞ (
Ω,F ,P ; Rd

)
, the

assumption (H3) is satisfied and the constants MN , LN , K0 and the function b0 are

independent of ω, then the solution X satisfies

E ‖X‖pα,∞ <∞ , ∀p ≥ 1 .

3. Fractional integrals and derivatives

Let a, b ∈ R, a < b. Denote by Lp (a, b), p ≥ 1, the usual space of Lebesgue measurable
functions f : [a, b] → R for which ‖f‖Lp(a,b) <∞, where

‖f‖Lp(a,b) =


(∫ b

a

|f (x)|p dx
)1/p

, if 1 ≤ p <∞

ess sup {|f (x)| : x ∈ [a, b]} , if p = ∞.

Let f ∈ L1 (a, b) and α > 0. The left-sided and right-sided fractional Riemann-
Liouville integrals of f of order α are defined for almost all x ∈ (a, b) by

Iαa+f (x) =
1

Γ (α)

∫ x

a

(x− y)α−1
f (y) dy

and

Iαb−f (x) =
(−1)−α

Γ (α)

∫ b

x

(y − x)α−1
f (y) dy ,

respectively, where (−1)−α = e−iπα and Γ (α) =
∫ ∞
0
rα−1e−rdr is the Euler function.

Let Iαa+(Lp) (resp. Iαb−(Lp)) the image of Lp(a, b) by the operator Iαa+ (resp. Iαb−). If
f ∈ Iαa+ (Lp) (resp. f ∈ Iαb− (Lp)) and 0 < α < 1 then the Weyl derivative

Dα
a+f (x) =

1
Γ (1 − α)

(
f (x)

(x− a)α + α
∫ x

a

f (x) − f (y)
(x− y)α+1 dy

)
1(a,b)(x) (3.5)
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resp. Dα

b−f (x) =
(−1)α

Γ (1 − α)

×
(
f (x)

(b− x)α + α
∫ b

x

f (x) − f (y)
(y − x)α+1 dy

)
1(a,b)(x)

)
(3.6)

is defined for almost all x ∈ (a, b) (the convergence of the integrals at the singularity
y = x holds pointwise for almost all x ∈ (a, b) if p = 1 and moreover in Lp-sense if
1 < p <∞).

Recall from [20] that we have:

• If α < 1
p and q = p

1−αp then

Iαa+ (Lp) = Iαb− (Lp) ⊂ Lq (a, b) .

• If α > 1
p then

Iαa+ (Lp) ∪ Iαb− (Lp) ⊂ Cα−1/p (a, b) .

The following inversion formulas hold:

Iαa+

(
Dα

a+f
)

= f, ∀f ∈ Iαa+ (Lp)

and
Dα

a+

(
Iαa+f

)
= f, ∀f ∈ L1 (a, b) ,

and the same statements are true for (Iαb−, D
α
b−).

4. Generalized Stieltjes integrals

4.1. Definition of generalized Stieltjes integrals

Following [22] we can give the definition of the generalized Stieltjes integral (frac-
tional integral) of f with respect to g. Let f (a+) = limε↘0 f (a+ ε) , g (b−) =
limε↘0 g (b− ε) (supposing that the limits exist and are finite) and define

fa+ (x) = (f (x) − f (a+)) 1(a,b)(x),

gb− (x) = (g (x) − g (b−)) 1(a,b)(x).

Definition 4.1 (Generalized Stieltjes Integral). Suppose that f and g are functions
such that f(a+), g(a+) and g(b−) exist, fa+ ∈ Iαa+ (Lp) and gb− ∈ I1−α

b− (Lq) for some
p, q ≥ 1, 1/p+ 1/q ≤ 1, 0 < α < 1. Then the integral of f with respect to g is defined
by ∫ b

a

fdg = (−1)α
∫ b

a

Dα
a+fa+ (x)D1−α

b− gb− (x) dx

+ f (a+) (g (b−) − g (a+)) . (4.7)
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Remark 4.1. If αp < 1, under the assumptions of the preceding definition we have
f ∈ Iαa+ (Lp) and (4.7) can be rewritten as∫ b

a

fdg = (−1)α
∫ b

a

Dα
a+f (x)D1−α

b− gb− (x) dx, (4.8)

which is determined for general functions f ∈ Iαa+ (Lp) and gb− ∈ I1−α
b− (Lq).

Remark 4.2. If f ∈ Cλ(a, b) and g ∈ Cµ(a, b) with λ + µ > 1, it is proved in [22]
that the conditions of the above definition and remark are fulfilled and we may choose
p = q = ∞ and α < λ, 1 − α < µ. Moreover the integral

∫ b

a
fdg coincides with the

Riemann-Stieltjes integral.

The linear spaces Iαa+ (Lp) are Banach spaces with respect to the norms

‖f‖Iα
a+(Lp) = ‖f‖Lp +

∥∥Dα
a+f

∥∥
Lp ∼

∥∥Dα
a+f

∥∥
Lp ,

and the same is true for Iαb− (Lp). If 0 < α < 1/p then the norms of the spaces Iαa+ (Lp)
and Iαb− (Lp) are equivalent, and for a ≤ c < d ≤ b the restriction of f ∈ Iαa+ (Lp (a, b))
to (c, d) belongs to Iαc+ (Lp (c, d)) and the continuation of f ∈ Iαc+ (Lp (c, d)) by zero
beyond (c, d) belongs to Iαa+ (Lp (a, b)). As a consequence, if f ∈ Iαa+ (Lp) and gb− ∈
I1−α
b− (Lq) then the integral

∫ b

a
1(c,d)fdg in the sense of (4.8) exists for any a ≤ c < d ≤ b

and we have ∫ d

c

fdg =
∫ b

a

1(c,d)fdg, (4.9)

whenever the left-hand side is determined in the sense of (4.8).
Fix a parameter 0 < α < 1/2. Denote by W 1−α,∞

T (0, T ) the space of measurable
functions g : [0, T ] → R such that

‖g‖1−α,∞,T := sup
0<s<t<T

( |g(t) − g(s)|
(t− s)1−α

+
∫ t

s

|g(y) − g(s)|
(y − s)2−α

dy

)
<∞.

Clearly,
C1−α+ε (0, T ) ⊂W 1−α,∞

T (0, T ) ⊂ C1−α (0, T ) , ∀ε > 0.

Moreover, if g belongs to W 1−α,∞
T (0, T ), its restriction to (0, t) belongs to

I1−α
t− (L∞(0, t)) for all t and

Λα(g) :=
1

Γ(1 − α)
sup

0<s<t<T

∣∣(D1−α
t− gt−

)
(s)

∣∣
≤ 1

Γ(1 − α)Γ(α)
‖g‖1−α,∞,T <∞.

We also denote by Wα,1
0 (0, T ) the space of measurable functions f on [0, T ] such that

‖f‖α,1 :=
∫ T

0

|f(s)|
sα

ds+
∫ T

0

∫ s

0

|f(s) − f(y)|
(s− y)α+1

dy ds <∞.

The restriction of f ∈Wα,1
0 (0, T ) to (0, t) belongs to Iα0+(L1(0, t)) for all t.
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Notice that if f is a function in the space Wα,1
0 (0, T ), and g belongs to

W 1−α,∞
T (0, T ), then the integral

∫ t

0
fdg exists for all t ∈ [0, T ] and by (4.9) we have∫ t

0

fdg =
∫ T

0

f1(0,t)dg,

which implies the additivity of the indefinite integral. Furthermore the following esti-
mate holds ∣∣∣∣∫ t

0

fdg

∣∣∣∣ ≤ Λα(g) ‖f‖α,1 .

Indeed, by the definition (4.8) we can write∫ t

0

fdg = (−1)α
∫ t

0

(
Dα

0+f
)
(s)

(
D1−α

t− gt−
)
(s) ds.

Hence, ∣∣∣∣∫ t

0

fdg

∣∣∣∣ ≤ sup
0<s<t

∣∣(D1−α
t− gt−

)
(s)

∣∣ ∫ t

0

∣∣(Dα
0+f

)
(s)

∣∣ ds
≤ Λα(g) ‖f‖α,1 . (4.10)

In the next section we will derive more precise estimates for this indefinite integral.

4.2 A priori estimates

Fix 0 < α < 1
2 . Given two functions g ∈W 1−α,∞

T (0, T ) and f ∈Wα,1
0 (0, T ) we denote

Gt (f) :=
∫ t

0

fdg.

The following proposition provides the basic estimate for iterative calculus in the Ba-
nach fixed point theorem applied to the differential equations considered in this paper.

Proposition 4.1
I. Let g ∈ W 1−α,∞

T (0, T ) and f ∈ Wα,1
0 (0, T ). Then for all s < t, the following

estimates

|Gt (f) −Gs (f)| ≤ Λα(g)
∫ t

s

( |f(r)|
(r − s)α + α

∫ r

s

|f(r) − f(y)|
(r − y)α+1

dy

)
dr (4.11)

and

|Gt (f)| +
∫ t

0

|Gt (f) −Gs (f) |
(t− s)α+1

ds ≤ Λα(g) c(1)α,T

×
∫ t

0

(
(t− r)−2α + r−α

) (
|f(r)| +

∫ r

0

|f(r) − f(y)|
(r − y)α+1

dy

)
dr, (4.12)

hold.

II. If f ∈Wα,∞
0 (0, T ) then G· (f) ∈ C1−α (0, T ) and

‖G (f)‖1−α ≤ Λα(g)c(2)α,T ‖f‖α,∞ . (4.13)

The constants c
(i)
α,T , i ∈ {1, 2} depend, only, on α and T .
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Proof. I. Using the additivity property of the indefinite integral and Definition (4.8)
we obtain

|Gt (f) −Gs (f)| =
∣∣∣∣∫ t

s

fdg

∣∣∣∣
=

∣∣∣∣∫ t

s

Dα
s+ (f) (r)

(
D1−α

t− gt−
)
(r) dr

∣∣∣∣
= Λα(g)

(∫ t

s

|f(r)|
(r − s)α dr + α

∫ t

s

∫ r

s

|f(r) − f(y)|
(r − y)α+1

dydr

)
,

which implies (4.11).
Multiplying (4.11) by (t− s)−α−1 and integrating in s yields∫ t

0

|Gt (f) −Gs (f)|
(t− s)α+1

ds ≤ Λα(g)
∫ t

0

(t− s)−α−1

×
(∫ t

s

|f(r)|
(r − s)α dr + α

∫ t

s

∫ r

s

|f(r) − f(y)|
(r − y)α+1

dydr

)
ds. (4.14)

By the substitution s = r − (t− r)y we have∫ r

0

(t− s)−α−1(r − s)−αds = (t− r)−2α

∫ r/(t−r)

0

(1 + y)−α−1y−αdy , (4.15)

and, on the other hand,∫ y

0

(t− s)−α−1ds = α−1
[
(t− y)−α − t−α

]
≤ α−1(t− y)−α . (4.16)

Substituting (4.15) and (4.16) into (4.14) yields∫ t

0

|Gt (f) −Gs (f)|
(t− s)α+1

ds ≤ Λα(g)
[
c(1)α

∫ t

0

|f(r)|
(t− r)2α dr

+
∫ t

0

∫ r

0

|f(r) − f(y)|
(r − y)α+1

(t− y)−αdydr

]
, (4.17)

where
c(1)α =

∫ ∞

0

(1 + y)−α−1y−αdy = B(2α, 1 − α)

and

B(p, q) =
Γ(p)Γ(q)
Γ(p+ q)

=
∫ 1

0

tp−1(1 − t)q−1dt =
∫ ∞

0

tq−1

(1 + t)p+q
dt

is the Beta function.
From (4.11) we can derive the following estimate

|Gt (f)| ≤ Λα(g)
(∫ t

0

|f(r)|
rα

dr + α
∫ t

0

∫ r

0

|f(r) − f(y)|
(r − y)α+1

dydr

)
. (4.18)
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From (4.17) and (4.18) we obtain (4.12) with c(1)α,T = max(c(1)α , 1) + Tα, since

α+ (t− y)−α ≤ Tα
(
r−α + (t− y)−2α

)
.

Observe that
c
(1)
α,T ≤ 1

α(1 − α)
+ Tα.

II. From (4.18) we obtain

‖Gt (f)‖∞ ≤ Λα(g)
(
T 1−α

1 − α + αT
)
‖f‖α,∞ .

The relation (4.11) implies, for each s < t,∣∣∣∣∫ t

s

fdg

∣∣∣∣ ≤ Λα(g)
1

1 − α max{1, αTα}(t− s)1−α ‖f‖α,∞ ,

and the indefinite integral
∫ t

0
fdg is Hölder continuous of order 1 − α. Hence, the

inequality (4.13) holds with

c
(2)
α,T =

T 1−α

1 − α + αT +
1

1 − α max{1, αTα} . �

Recall that the space Wα,∞
0

(
0, T ; Rd

)
is a Banach space with respect to the norm

‖f‖α,∞ := sup
t∈[0,T ]

(
|f(t)| +

∫ t

0

|f (t) − f (s)|
(t− s)α+1 ds

)
.

and for λ ≥ 0 a equivalent norm is defined by

‖f‖α,λ = sup
t∈[0,T ]

e−λt

(
|f(t)| +

∫ t

0

|f(t) − f(s)|
(t− s)α+1

ds

)
.

Let 0 < α < 1
2 , f ∈Wα,∞

0

(
0, T ; Rd

)
and g ∈W 1−α,∞

T (0, T ; Rm). Define

G
(σ)
t (f) =

∫ t

0

σ (s, f(s)) dgs,

where σ =
(
σi,j

)
d×m

: [0, T ]×R
d → R

d×m = L
(
R

m,Rd
)

satisfy the assumptions (H1)
with constant β > α.

Proposition 4.2

If f ∈Wα,∞
0 (0, T ; Rd) then

G(σ) (f) ∈ C1−α
(
0, T ; Rd

)
⊂Wα,∞

0 (0, T ; Rd)
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Moreover for all f ∈Wα,∞
0 (0, T ; Rd) :

j)
∥∥∥G(σ) (f)

∥∥∥
1−α

≤ Λα(g)C(2)
(
1 + ‖f‖α,∞

)
,

jj)
∥∥∥G(σ) (f)

∥∥∥
α,λ

≤ Λα(g)C(3)

λ1−2α

(
1 + ‖f‖α,λ

)
, (4.19)

for all λ ≥ 1, where the constants C(2) and C(3) are independent of λ, f, g (they depend

on T, the dimensions d,m, and the constants |σ(0, 0)|, M0, α, β from (H1)).
If f, h ∈Wα,∞

0 (0, T ; Rd) are such that ‖f‖∞ ≤ N , ‖h‖∞ ≤ N , then∥∥∥G(σ) (f) −G(σ) (h)
∥∥∥
α,λ

≤ Λα(g)C(4)
N

λ1−2α
(1 + ∆ (f) + ∆ (h)) ‖f − h‖α,λ (4.20)

for all λ ≥ 1, where

∆ (f) = sup
r∈[0,T ]

∫ r

0

|fr − fs|δ
(r − s)α+1

ds, (4.21)

and the constants C
(4)
N are independent of λ, f, h, g. (C

(4)
N depends on T, the dimensions

d,m, and the constants from (H1)).

Proof. In order to simplify the presentation of the proof we assume d = m = 1. First
we remark that if f ∈Wα,∞

0 (0, T ), then σ (·, f) ∈Wα,∞
0 (0, T ) since

|σ (r, f(r))| +
∫ r

0

|σ (r, f(r)) − σ (s, f(s)) |
(r − s)α+1

ds

≤ C +M0 |f(r)| +M0

∫ r

0

|f(r) − f(s)|
(r − s)α+1

ds ,

and then
‖σ (·, f)‖α,∞ ≤ C +M0 ‖f‖α,∞

with C =M0

(
T β + Tβ−α

β−α

)
+|σ(0, 0)|. Hence G(σ) (f) ∈ C1−α (0, T ) . Clearly, by (4.13)

the inequality (4.19-j) holds with C(2) = c(2)α,T (C +M0). From (4.12) we obtain∥∥∥G(σ) (f)
∥∥∥
α,λ

≤ Λα(g)c(1)α,T sup
t∈[0,T ]

e−λt

∫ t

0

(
(t− r)−2α + r−α

)
×

(
|σ (r, f(r))| +

∫ r

0

|σ (r, f(r)) − σ (s, f(s)) |
(r − s)α+1

ds

)
dr

≤ Λα(g)c(1)α,T sup
t∈[0,T ]

e−λt

∫ t

0

(
(t− r)−2α + r−α

)
×

(
C +M0 |f(r)| +M0

∫ r

0

|f(r) − f(s)|
(r − s)α+1

ds

)
dr

≤ Λα(g)c(1)α,Tλ
2α−1cα sup

r∈[0,T ]

e−λr

×
(
C +M0 |f(r)| +M0

∫ r

0

|f(r) − f(s)|
(r − s)α+1

ds

)
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because ∫ t

0

e−λ(t−r)
(
(t− r)−2α + r−α

)
dr =

∫ t

0

e−λx
(
x−2α + (t− x)−α

)
dx

=
1
λ

∫ λt

0

e−y
(
λ2αy−2α + λα(λt− y)−α

)
dy

≤ λ2α−1

(∫ ∞

0

e−yy−2αdy + sup
z>0

∫ z

0

e−y(z − y)−αdy

)
:= λ2α−1cα.

Hence (4.19-jj) holds. Remark that cα ≤ 1
1−2α + 4.

Let f, h ∈ Wα,∞
0 (0, T ) be such that ‖f‖∞ ≤ N, ‖h‖∞ ≤ N . We can write using

(4.12)∥∥∥G(σ) (f) −G(σ) (h)
∥∥∥
α,λ

≤ Λα(g)c(1)α,T sup
t∈[0,T ]

e−λt

∫ t

0

{(
(t− r)−2α + r−α

) (
|σ (r, f(r)) − σ (r, h(r)) |

+
∫ r

0

|σ (r, f(r)) − σ (s, f(s)) − σ (r, h(r)) + σ (s, h(s)) |
(r − s)α+1

ds
)}
dr

≤ Λα(g)c(1)α,Tλ
2α−1cα sup

r∈[0,T ]

e−λr
{
M0 |f(r) − h(r)|

+
∫ r

0

|σ (r, f(r)) − σ (s, f(s)) − σ (r, h(r)) + σ (s, h(s)) |
(r − s)α+1

ds
}
.

By Lemma 7.1 we obtain

|σ (r, f(r)) − σ (s, f(s)) − σ (r, h(r)) + σ (s, h(s))|
≤M0|f(r) − f(s) − h(r) + h(s)| +M0|f(r) − h(r)|(r − s)β

+MN |f(r) − h(r)|
(
|f(r) − f(s)|δ + |h(r) − h(s)|δ

)
.

Hence ∫ r

0

|σ (r, f(r)) − σ (s, f(s)) − σ (r, h(r)) + σ (s, h(s)) |
(r − s)α+1

ds

≤M0

∫ r

0

|f(r) − f(s) − h(r) + h(s)|
(r − s)α+1

ds

+
M0

β−α
|f(r) − h(r)|rβ−α

+MN |f(r) − h(r)|
(∫ r

0

|f(r) − f(s)|δ
(r − s)α+1

ds+
∫ r

0

|h(r) − h(s)|δ
(r − s)α+1

ds

)
.

Making use of the notation (4.21) we obtain∥∥∥G(σ) (f) −G(σ) (h)
∥∥∥
α,λ

≤ Λα(g)C(4)
N λ

2α−1 (1 + ∆ (f) + ∆ (h)) ‖f − h‖α,λ

with C(4)
N = c(1)α,T cα

(
1 + Tβ−α

β−α

)
(M0 +MN ) . �



Differential equations driven by fractional Brownian motion 67

Finally, we shall give similar estimates on the ordinary Lebesgue integrals

Ft (f) =
∫ t

0

f(s)ds and F
(b)
t (f) =

∫ t

0

b (s, f(s)) ds .

Proposition 4.3
Let 0 < α < 1

2 and f : [0, T ] → R
d be a measurable function.

If sup
t∈[0,T ]

∫ t

0

|f(s)|
(t−s)α ds < ∞ (in particular if ‖f‖∞ < ∞) then F· (f) ∈ Wα,∞

0

(
0, T ; Rd

)
and

|Ft (f)| +
∫ t

0

|Ft (f) − Fs (f) |
(t− s)α+1

ds ≤ Cα,T

∫ t

0

|f(s)|
(t− s)α ds. (4.22)

If f ∈Wα,∞
0 (0, T ; Rd) then F· (f) ∈ C1

(
0, T ; Rd

)
,

|Ft (f) − Fs (f)| =
∣∣∣∣∫ t

s

fdr

∣∣∣∣ ≤ (t− s) ‖f‖∞ , (4.23)

and

‖F (f)‖α,∞ =
∥∥∥∥∫ ·

0

fds

∥∥∥∥
α,∞

≤ C ′
α,T ‖f‖∞ . (4.24)

Proof. I. We have

|Ft (f)| +
∫ t

0

|Ft (f) − Fs (f) |
(t− s)α+1

ds ≤
∫ t

0

|f(s)| ds+
∫ t

0

(t− s)−α−1

(∫ t

s

|f(r)| dr
)
ds

≤
∫ t

0

|f(s)| ds+
1
α

∫ t

0

(t− r)−α |f(r)| dr

≤ Cα,T

∫ t

0

(t− r)−α |fr| dr,

and hence (4.22), (4.23), (4.24) hold with Cα,T = Tα + 1
α and C ′

α,T = T 1−α

1−α Cα,T . �

Proposition 4.4
Assume that b =

(
bi

)
d×1

: [0, T ] × R
d → R

d satisfies the assumptions (H2)

with constant ρ = 1
α . If f ∈ Wα,∞

0 (0, T ; Rd) then F
(b)
· (f) =

∫ ·
0
b (s, f(s)) ds ∈

C1−α
(
0, T ; Rd

)
and

j)
∥∥∥F (b) (f)

∥∥∥
1−α

≤ d(1) (1 + ‖f‖∞) ,

jj)
∥∥∥F (b) (f)

∥∥∥
α,λ

≤ d(2)

λ1−2α

(
1 + ‖f‖α,λ

)
, (4.25)

for all λ ≥ 1, where d(i) i ∈ {1, 2} are positive constants depending only on α, T, L0,
and B0,α = ‖b0‖L1/α .
If f, h ∈Wα,∞

0 (0, T ; Rd) are such that ‖f‖∞ ≤ N , ‖h‖∞ ≤ N , then∥∥∥F (b) (f) − F (b) (h)
∥∥∥
α,λ

≤ dN
λ1−α

‖f − h‖α,λ (4.26)

for all λ ≥ 1, where dN = Cα,T LNΓ (1 − α) depends on α, T and LN from (H2).
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Proof. In order to simplify the presentation of the proof we assume d = 1. Let f ∈
Wα,∞

0 (0, T ). Then for 0 ≤ s < t ≤ T :

|F (b)
t (f) − F (b)

s (f) | ≤
∫ t

s

|b(r, f(r))| dr ≤
∫ t

s

(L0 |f(r)| + b0 (r)) dr

≤ L0 (t− s) ‖f‖∞ + (t− s)1−α

(∫ t

s

(b0 (r))1/α dr
)α

≤ (L0 T
α ‖f‖∞ +B0,α) (t− s)1−α

,

where B0,α := ‖b0‖L1/α . As a consequence F (b) (f) ∈ C1−α(0, T ) and the inequality
(4.25-j) holds with d(1) = (L0 T

α +B0,α)
(
1 + T 1−α

)
.

By (4.22) we have:

∣∣∣F (b)
t (f)

∣∣∣ +
∫ t

0

|F (b)
t (f) − F (b)

s (f) |
(t− s)α+1

ds

≤ Cα,T

∫ t

0

|b(s, f(s))|
(t− s)α ds

≤ Cα,T

∫ t

0

(L0 |f(s)| + b0(s))
(t− s)α ds

≤ Cα,T

[
L0

∫ t

0

|f(s)|
(t− s)α ds+

(∫ t

0

(t− s)−α/(1−α)
ds

)1−α

B0,α

]
. (4.27)

Hence ∥∥∥F (b) (f)
∥∥∥
α,λ

≤ Cα,T L0 sup
t∈[0,T ]

e−λt

∫ t

0

|f(s)|
(t− s)α ds

+ Cα,T

(
1 − α
1 − 2α

)1−α

B0,α sup
t∈[0,T ]

e−λtt1−2α

≤ Cα,T L0λ
α−1Γ(1 − α) sup

s∈[0,T ]

e−λs |f(s)|

+ Cα,T (1 − 2α)−α (1 − α)1−αe2α−1B0,αλ
2α−1

≤ λ2α−1d(2)
(
1 + ‖f‖α,λ

)
for all λ ≥ 1, that is (4.25-jv) with

d(2) = Cα,T

[
L0 Γ(1 − α) + (1 − 2α)−α (1 − α)1−αe2α−1B0,α

]
.

Let f, h ∈Wα,∞
0 (0, T ) be such that ‖f‖∞ ≤ N , ‖h‖∞ ≤ N . Since

F
(b)
t (f) − F (b)

t (h) =
∫ t

0

(b(s, f(s)) − b(s, h(s))) ds
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then by (4.22), we have∥∥∥F (b) (f) − F (b) (g)
∥∥∥
α,λ

≤ Cα,T sup
t∈[0,T ]

e−λt

∫ t

0

|b(s, f(s)) − b(s, h(s)|
(t− s)α ds

≤ Cα,T LN sup
t∈[0,T ]

e−λt

∫ t

0

|f(s) − h(s)|
(t− s)α ds

≤ Cα,T LN ‖f − h‖α,λ λα−1Γ (1 − α)

=
1
λ1−α

dN ‖f − h‖α,λ ,

where dN = Cα,T LNΓ (1 − α) . �
Remark 4.3. If LN ≡ L0, ∀N > 0 then, in Proposition 4.4 the constant dN is inde-
pendent of N . Similarly, if MN ≡ M0, ∀N > 0 then, in Proposition 4.2 the constant
C

(4)
N is independent of N .

5. Deterministic differential equations

Let 0 < α < 1/2 be fixed. Let g ∈ W 1−α,∞
T (0, T ; Rm). Consider the deterministic

differential equation on R
d

xit = xi0 +
∫ t

0

bi(s, xs)ds+
m∑
j=1

∫ t

0

σi,j (s, xs) dgjs, t ∈ [0, T ] , (5.28)

i = 1, ..., d, where x0 ∈ R
d, and the coefficients σi,j , bi : [0, T ]× R

d→R are measurable
functions satisfying the assumptions (H1) and (H2), respectively with ρ = 1/α, 0 <
β, δ ≤ 1 and

0 < α < α0 = min
{

1
2
, β,

δ

1 + δ

}
.

Then we can state the main result of this section.

Theorem 5.1

Equation (5.28) has a unique solution x ∈Wα,∞
0 (0, T ; Rd). Moreover the solution

is (1 − α)-Hölder continuous.

Proof. First we remark that if x ∈ Wα,∞
0

(
0, T ; Rd

)
is a solution of Equation (5.28),

then x ∈ C1−α
(
0, T ; Rd

)
. Indeed, for all u ∈ Wα,∞

0

(
0, T ; Rd

)
we have G(σ) (u) ∈

C1−α
(
0, T ; Rd

)
by Proposition 4.2 and F (b) (u) ∈ C1−α

(
0, T ; Rd

)
by Proposition 4.4.

Hence,
x = x0 + F (b) (x) +G(σ) (x) ∈ C1−α

(
0, T ; Rd

)
.

Uniqueness. Let x and x̃ be two solutions and choose N such that ‖x‖1−α ≤ N , and
‖x̃‖1−α ≤ N . Then

xt = x0 + F (b)
t (x) +G(σ)

t (x) and x̃t = x0 + F (b)
t (x̃) +G(σ)

t (x̃)
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and by Propositions 4.2 and 4.4 we have

‖x− x̃‖α,λ ≤
∥∥∥F (b) (x) − F (b) (x̃)

∥∥∥
α,λ

+
∥∥∥G(σ) (x) −G(σ) (x̃)

∥∥∥
α,λ

≤ dN
λ1−α

‖x− x̃‖α,λ +
1

λ1−2α
Λα(g)C(4)

N (1 + ∆ (x) + ∆ (x̃)) ‖x− x̃‖α,λ ,

for all λ ≥ 1, where

∆ (x) + ∆ (x̃) = sup
r∈[0,T ]

∫ r

0

|xr − xs|δ
(r − s)α+1

ds+ sup
r∈[0,T ]

∫ r

0

|x̃r − x̃s|δ
(r − s)α+1

ds

≤ 2N sup
r∈[0,T ]

∫ r

0

(r − s)(1−α)δ

(r − s)α+1
ds

= 2N
T δ−α(1+δ)

δ − α (1 + δ)
= CN .

If we put λ sufficiently large such that

dN
λ1−α

+
1

λ1−2α
Λα(g)C(4)CN ≤ 1

2

then we obtain
1
2
‖x− x̃‖α,λ ≤ 0 ,

and as a consequence x = x̃.

Existence. We shall prove the existence of the solution by a fixed point argument in
Wα,∞

0 (0, T ; Rd) using Lemma 7.2.
Consider the operator L : Wα,∞

0

(
0, T ; Rd

)
→ C1−α

(
0, T ; Rd

)
⊂ Wα,∞

0

(
0, T ; Rd

)
defined by

x = L (u) = x0 +
∫ ·

0

b(s, us)ds+
∫ ·

0

σ (s, us) dgs

= x0 + F (b) (u) +G(σ) (u) .

By Propositions 4.2 and 4.4 we have for all λ ≥ 1 :

‖L (u)‖α,λ ≤ |x0| +
∥∥∥F (b) (u)

∥∥∥
α,λ

+
∥∥∥G(σ) (u)

∥∥∥
α,λ

≤ |x0| +
d(2)

λ1−2α

(
1 + ‖u‖α,λ

)
+

1
λ1−2α

Λα(g)C(3)
(
1 + ‖u‖α,λ

)
.

Let λ = λ0 be sufficiently large such that

1
λ1−2α

0

(
d(4) + Λα(g)C(5)

)
≤ 1

2
.

If ‖u‖α,λ0
≤ 2 (1 + |x0|), then ‖L (u)‖α,λ0

≤ 2 (1 + |x0|) and hence

L (B0) ⊂ B0
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where B0 =
{
u ∈Wα,∞

0 (0, T ; Rd) : ‖u‖α,λ0
≤ 2 (1 + |x0|)

}
. Hence condition i) of

Lemma 7.2 is fulfilled with B0 the ball centered at the origin of radius r0 = 2 (1 + |x0|)
with respect to the metric ρ0 associated to the norm ‖·‖α,λ0

.
Remark that for all u ∈ B0

‖u‖α,∞ ≤ 2 (1 + |x0|) eλ0T . (5.29)

Once again, from Propositions 4.2 and 4.4 we have for all u, v ∈ B0 ⊃ L (B0) and
for all λ ≥ 1 :

‖L (u) − L (v)‖α,λ
≤

∥∥∥F (b) (u) − F (b) (v)
∥∥∥
α,λ

+
∥∥∥G(σ) (u) −G(σ) (v)

∥∥∥
α,λ

≤ dN0

λ1−α
‖u− v‖α,λ +

1
λ1−2α

Λα(g)C(4)
N0

(1 + ∆ (u) + ∆ (v)) ‖u− v‖α,λ

≤ C1

λ1−2α
(1 + ∆ (u) + ∆ (v)) ‖u− v‖α,λ , (5.30)

where C1 = dN0 + Λα(g)C(4)
N0

and

∆ (u) = sup
r∈[0,T ]

∫ r

0

|ur − us|δ
(r − s)α+1

ds.

Clearly ∆ : Wα,∞
0 (0, T ; Rd) → [0,+∞] is a lower semicontinuous function since the

convergence in Wα,∞
0 (0, T ; Rd) implies the uniform convergence.

If u ∈ L (B0) then there exists u ∈ B0 such that u = L (u) ∈ C1−α
(
0, T ; Rd

)
.

Then from Propositions 4.2 and 4.4 and using (5.29) we get

‖u‖1−α = ‖L (u)‖1−α ≤ |x0| +
∥∥∥F (b) (u)

∥∥∥
1−α

+
∥∥∥G(σ) (u)

∥∥∥
1−α

≤ |x0| + d(1) (1 + ‖u‖∞) + Λα(g)C(2)
(
1 + ‖u‖α,∞

)
≤ |x0| +

(
d(1) + Λα(g)C(2)

) (
1 + eλ0T 2(1 + |x0|

)
=: C2.

As a consequence

∆ (u) = sup
r∈[0,T ]

∫ r

0

|L (u)r − L (u)s |δ
(r − s)α+1

ds

≤ sup
r∈[0,T ]

∫ r

0

C2 (t− s)(1−α)δ

(r − s)α+1
ds

=
C2

δ − α (1 + δ)
T δ−α(1+δ) =: C4. (5.31)

Therefore, from (5.30) and (5.31) condition ii) from Lemma 7.2 is satisfied for the
metric associated with the norm ‖·‖α,1 and ϕ (u) = C1 (1/2 + ∆ (u)) .
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From (5.30) and (5.31) we have

‖L (u) − L (v)‖α,λ ≤ C1 (1 + 2C4)
λ1−2α

‖u− v‖α,λ ,

for all u, v ∈ L (B0). Let λ = λ2 be sufficiently large such that

C1 (1 + 2C4)
λ1−2α

≤ 1
2
.

Then
‖L (u) − L (v)‖α,λ2

≤ 1
2
‖u− v‖α,λ2

, ∀u, v ∈ L (B0) ,

that is the condition iii) from Lemma 7.2 is satisfied. Hence there exists x ∈ L (B0)
such that

x = L (x) = x0 +
∫ ·

0

b(s, xs)ds+
∫ ·

0

σ (s, xs) dgs .

This completes the proof of the theorem. �
Suppose now that the coefficient σ satisfies assumption (H3) from Section 2. In

that case we can derive a useful estimate on the solution as follows. Notice that (H1)
implies that the growth condition (2.4) holds for γ = 1.

Proposition 5.1
Suppose that the coefficient σ satisfies the assumptions of Theorem 5.1, and in

addition, assumption (H3) holds. Then, the solution x of Equation (5.28) satisfies

‖x‖α,∞ ≤ C1 exp (C2Λα(g)κ) ,

where

κ =



1
1 − 2α

if γ = 1

>
γ

1 − 2α
if

1 − 2α
1 − α ≤ γ < 1

1
1 − α if 0 ≤ γ < 1 − 2α

1 − α
and the constants C1 and C2 depend on T , α, γ, and the constants that appear in
conditions (H1), (H2) and (H3).

Proof. We denote by C a generic positive constant, depending on T , α, γ, and the
constants that appear in assumptions (H1), (H2) and (H3). Let xt = x0 +G(σ)

t (x) +
F

(b)
t (x). Using (4.18) we obtain∣∣∣G(σ)

t (x)
∣∣∣ ≤ Λα(g)

(∫ t

0

|σ (s, xs)|
sα

ds+ α
∫ t

0

∫ s

0

|σ (s, xs) − σ (r, xr) |
(s− r)α+1

drds

)
≤ Λα(g)

(
K0

∫ t

0

1 + |xs|γ
sα

ds+ αM0

∫ t

0

∫ s

0

|xs − xr|
(s− r)α+1

drds

+
αM0t

β−α+1

(β − α) (β − α+ 1)

)
≤ CΛα(g)

[
1 +

∫ t

0

(
s−α|xs|γds+ s−α

∫ s

0

|xs − xr
(s− r)α+1

dr

)
ds

]
.
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On the other hand, using (4.17) we can write

∫ t

0

|G(σ)
t (x) −G(σ)

s (x)|
(t− s)α+1

ds ≤ Λα(g)
(
c(1)α

∫ t

0

|σ (s, xs)|
(t− s)2α ds

+
∫ t

0

∫ s

0

|σ (s, xs) − σ (r, xr) |
(s− r)α+1

(t− r)−αdrds

)
,

which leads to∫ t

0

|G(σ)
t (x) −G(σ)

s (x)|
(t− s)α+1

ds

≤ CΛα(g)
[
1 +

∫ t

0

(
(t− s)−2α|xs|γ + (t− s)−α

∫ s

0

|xs − xr|
(s− r)α+1

dr

)
ds

]
.

On the other hand, from (4.27) we get

∣∣∣F (b)
t (x)

∣∣∣ +
∫ t

0

|F (b)
t (x) − F (b)

s (x)|
(t− s)α+1

ds ≤ C
[
1 +

∫ t

0

(t− s)−α|xs|ds
]
.

Set

ht = |xt| +
∫ t

0

|xt − xs|
(t− s)α+1

ds.

Then the above estimates lead to the following inequality

ht ≤ C (1 + Λα(g))
[
1 +

∫ t

0

[
(t− s)−ε(γ) + s−α

]
hsds

]
(5.32)

where the exponent ε(γ) depends on the values of γ, according to the following three
different cases:

i) If γ = 1 we take ε(γ) = 2α.

ii) If 1−2α
1−α ≤ γ < 1, take ε(γ) > 1 + 2α−1

γ . Applying Hölder inequality with δ′ =
ε(γ)γ > 2α+ γ − 1 we obtain

∫ t

0

|xs|γ(t− s)−2αds ≤
(∫ t

0

|xs|(t− s)−δ′/γds

)γ (∫ t

0

(t− s)(−2α+δ′)/(1−γ)ds

)1−γ

≤ C
(

1 +
∫ t

0

|xs|(t− s)−ε(γ)ds

)
.

This allows to deduce (5.32) in this case.

iii) If 0 ≤ γ < 1−2α
1−α , take ε(γ) = α, and use the same argument as in the step ii).

The inequality (5.32) implies

ht ≤ C (1 + Λα(g))
[
1 +

(
1 + T ε(γ)−α

) ∫ t

0

tε(γ)(t− s)−ε(γ)s−ε(γ)hsds

]
.
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As a consequence, the Gronwall-type Lemma 7.6 yields

‖x‖α,∞ ≤ (1 + Λα(g))Cdα exp
(
cαT (C (1 + Λα(g)))1/[1−ε(γ)]

)
≤ C1 exp

(
C2Λα(g)1/[1−ε(γ)]

)
.

which completes the proof. �

6. Stochastic integrals and equations with respect to the fractional

Brownian motion

Fix a parameter 1/2 < H < 1. Let B = {Bt, t ∈ [0, T ]} be a fractional Brownian
motion with parameter H defined in a complete probability space (Ω,F ,P). Note
that (1.1) implies

E(|Bt −Bs|2) = |t− s|2H ,

and, as a consequence, for any p ≥ 1,

‖Bt −Bs‖p = (E(|Bt −Bs|p))1/p = cp|t− s|H . (6.33)

By Lemma 7.5, proved in the Appendix, the random variable

G =
1

Γ(1 − α)
sup

0<s<t<T

∣∣(D1−α
t− Bt−

)
(s)

∣∣ (6.34)

has moments of all orders. As a consequence, if u = {ut, t ∈ [0, T ]} is a stochastic
process whose trajectories belong to the space Wα,1

T (0, T ), with 1 − H < α < 1/2,
the pathwise integral

∫ T

0
usdBs exists in the sense of Definition 4.1 and we have the

estimate ∣∣∣∣∣
∫ T

0

usdBs

∣∣∣∣∣ ≤ G ‖u‖α,1 .

Moreover, if the trajectories of the process u belong to the space Wα,∞
0 (0, T ), then

the indefinite integral Ut =
∫ t

0
usdBs is Hölder continuous of order 1 − α, and the

estimates (4.13) hold.

Proof of Theorem 2.1 The existence and uniqueness of a solution follows directly from
the deterministic Theorem 5.1. Moreover the solution is Hölder continuous of order
1 − α.

By condition (2.4) and Proposition 5.1 we obtain

‖X‖α,∞ ≤ C1 exp (C2G
κ) ,

where G is the random variable defined in (6.34). Hence, for all p ≥ 1

E ‖X‖pα,∞ ≤ C1E exp (pC2G
κ) <∞ (6.35)
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provided κ < 2. This implies that (6.35) holds if γ/4 + 1/2 < 1 − α < H. If γ = 1
this means H > 3/4 and α < 1/4. �

7. Appendix

In this section we will recall some technical tools used in the paper and we will show
some technical lemmas that have been used in the proof of Theorem 5.1.

Lemma 7.1

Let σ : [0, T ] × R → R be a function satisfying assumption (H1). Then for all

N > 0 and |x1| , |x2| , |x3| , |x4| ≤ N :

|σ (t1, x1) − σ (t2, x2) − σ (t1, x3) + σ (t2, x4)|
≤M0 |x1 − x2 − x3 + x4| +M0 |x1 − x3| |t2 − t1|β

+MN |x1 − x3|
(
|x1 − x2|δ + |x3 − x4|δ

)
.

Proof. By the mean value theorem we can write

σ (t1, x1) − σ (t2, x2) − σ (t1, x3) + σ (t2, x4)

=
∫ 1

0

(x1 − x3)∂xσ(t1, θx1 + (1 − θ)x3)dθ

−
∫ 1

0

(x2 − x4)∂xσ(t2, θx2 + (1 − θ)x4)dθ

=
∫ 1

0

(x1 − x2 − x3 + x4)∂xσ(t2, θx2 + (1 − θ)x4)dθ

+
∫ 1

0

(x1 − x3) [∂xσ(t1, θx1 + (1 − θ)x3) − ∂xσ(t2, θx2 + (1 − θ)x4)] dθ.

As a consequence, we obtain

|σ (t1, x1) − σ (t2, x2) − σ (t1, x3) + σ (t2, x4)|
≤M0 |x1 − x2 − x3 + x4| +M0 |x1 − x3| |t2 − t1|β

+MN |x1 − x3|
(
|x1 − x2|δ + |x3 − x4|δ

)
. �

We present now a fixed point result used in the paper.

Lemma 7.2

Let (X, ρ) be a complete metric space and ρ0, ρ1, ρ2 some metrics on X equivalent

to ρ. If L : X → X satisfies:

i) there exists r0 > 0, x0 ∈ X such that if B0 = {x ∈ X : ρ0 (x0, x) ≤ r0} then

L (B0) ⊂ B0 ,
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ii) there exists ϕ : (X, ρ) → [0,+∞] lower semicontinuous function and some positive

constants C0,K0 such that denoting Nϕ(a) = {x ∈ X : ϕ(x) ≤ a}

a) L (B0) ⊂ Nϕ(C0) ,

b) ρ1 (L (x) ,L (y)) ≤ K0ρ1 (x, y) , ∀x, y ∈ Nϕ(C0) ∩B0,

iii) there exists a ∈ (0, 1) such that

ρ2 (L (x) ,L (y)) ≤ a ρ2 (x, y) , ∀x, y ∈ L (B0) ,

then there exists x∗ ∈ L (B0) ⊂ X such that

x∗ = L (x∗) .

Proof. Let

xn+1 = L (xn) , n ∈ N.

Then xn ∈ L (B0) and ϕ (xn) ≤ C0 , for all n ∈ N
∗. Also

ρ2 (xn+1, xn) = ρ2 (L (xn) ,L (xn−1)) ≤ aρ2 (xn, xn−1) ≤ ... ≤ anρ2 (x1, x0)

which yields

ρ2 (xn+p, xn) ≤ an

1 − aρ2 (x1, x0) → 0, as n→ ∞.

Since (X, ρ) is a complete metric space and B0 is closed in X, then there exists x∗ ∈
B0 such that xn → x∗ and, moreover, by the lower semicontinuous property of ϕ,
ϕ (x∗) ≤ C0 . From ii-b) we have

ρ1 (L (xn) ,L (x∗)) ≤ K0 ρ1 (xn, x∗) → 0.

Hence L (xn) → L (x∗) and x∗ = L (x∗) . �

The following lemma is the so-called Garsia-Rademich-Rumsey inequality (see [9]):

Lemma 7.3

Let p ≥ 1, and α > p−1. Then there exists a constant Cα,p > 0 such that for any

continuous function f on [0, T ], and for all t, s ∈ [0, T ] one has:

|f (t) − f (s)|p ≤ Cα,p |t− s|αp−1
∫ T

0

∫ T

0

|f (x) − f (y)|p

|x− y|αp+1 dxdy (7.36)

(with the convention 0/0 = 0).
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The following lemmas provide basic inequalities for the fractional Brownian mo-
tion.

Lemma 7.4

Let {Bt : t ≥ 0} be a fractional Brownian motion of Hurst parameter H ∈ (0, 1).
Then for every 0 < ε < H and T > 0 there exists a positive random variable ηε,T
such that E (|ηε,T |p) <∞ for all p ∈ [1,∞) and for all s, t ∈ [0, T ]

|B (t) −B (s)| ≤ ηε,T |t− s|H−ε
a.s. (7.37)

Proof. Applying the inequality (7.36) with α = H − ε/2 and p = 2/ε we deduce for all
s, t ∈ [0, T ]

|B (t) −B (s)| ≤ CH,ε |t− s|H−ε
ξ,

where

ξ =

(∫ T

0

∫ T

0

|B (r) −B (θ)|2/ε

|r − θ|(2H)/ε
drdθ

)ε/2

.

Let q ≥ 2/ε. By Minkowski inequality and the estimate (6.33) we obtain

‖ξ‖qq ≤

∫ T

0

∫ T

0

∥∥∥|B (r) −B (θ)|2/ε
∥∥∥

(qε)/2

|r − θ|(2H)/ε
drdθ


(qε)/2

≤ cε,qT qε.

Hence, it suffices to take ηε,T = CH,εξ. �

Lemma 7.5

Let {Bt : t ≥ 0} be a fractional Brownian motion of Hurst parameter H ∈ ( 1
2 , 1).

If 1 −H < α < 1
2 then

E sup
0≤s≤t≤T

∣∣D1−α
t− Bt− (s)

∣∣p <∞. (7.38)

for all T > 0 and p ∈ [1,∞).

Proof. From (3.6) we have

∣∣D1−α
t− Bt− (s)

∣∣ ≤ 1
Γ(α)

(
|B (t) −B (s)|

(t− s)1−α

+(1 − α)
∫ t

s

|B (s) −B (y)|
(y − s)2−α dy

)
.
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By (7.37) for ε < α− (1 −H) there exists a random variable ηε,T with finite moments
of all orders such that

∣∣D1−α
t− Bt− (s)

∣∣ ≤ Cαηε,T

(
(t− s)H−ε−1+α +

∫ t

s

(s− y)H−ε−2+α
dy

)
≤ Cαηε,TT

H−ε−1+α

(
1 +

1
H − ε− 1 + α

)
,

which yields clearly (7.38). �

Finally, let us give a version of the Gronwall lemma.

Lemma 7.6

Fix 0 ≤ α < 1, a, b ≥ 0. Let x : [0,∞) → [0,∞) be a continuous function such

that for each t

xt ≤ a+ btα
∫ t

0

(t− s)−αs−αxsds. (7.39)

Then

xt ≤ aΓ(1 − α)
∞∑

n=0

(
bΓ(1 − α)t1−α

)n
Γ[(n+ 1)(1 − α)]

≤ adα exp
[
cαtb

1/(1−α)
]
, (7.40)

where ca and dα are positive constants depending only on α (as an example, one can

set cα = 2 (Γ(1 − α))1/(1−α)
and dα = 4e2 Γ(1−α)

1−α ).

Proof. Define by an iteration procedure the sequences

β0 (t) = 1 and R0 (t) = xt ,

βn+1 (t) = btα
∫ t

0

(t− s)−αs−αβn (s) ds = bt1−α

∫ 1

0

(1 − r)−αr−αβn (rt) dr,

Rn+1 (t) = btα
∫ t

0

(t− s)−αs−αRn (s) ds .

It is easy to verify by induction that for all 0 ≤ t ≤ T

0 ≤ Rn (t) ≤
(

sup
s∈[0,T ]

|xs|
)
βn (t) , and

βn (t) = Γ(1 − α)

(
bΓ(1 − α)t1−α

)n
Γ[(n+ 1)(1 − α)]

.

Also by induction we have

xt ≤ a
N∑

n=0

βn(t) +RN+1(t) . (7.41)
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Indeed for N = 0 the relation (7.41) reduce to (7.39). Supposing that (7.41) holds for
N , then

xt ≤ a+ btα
∫ t

0

(t− s)−αs−αxsds

≤ a+ btα
∫ t

0

(t− s)−αs−α

[
a

N∑
n=0

βn(s) +RN+1(s)

]
ds

= a
N+1∑
n=0

βn(t) +RN+2(t) .

The estimates (7.40) follow clearly now setting x = bΓ(1 − α)t1−α and β = 1 − α in
the next lemma. �

Lemma 7.7

For all x ≥ 0 and β > 0,

S (x) :=
∞∑

n=0

xn

Γ ((n+ 1)β)
≤ 4e
β

(1 ∨ x)2/β−1
e(1∨x)1/β ≤ 4e2

β
e2x

1/β
. (7.42)

Proof. Let x ≥ 1. We split S (x) = S1 (x) + S2 (x) where

S1 (x) =
∑
n∈N

(n+1)β<2

xn

Γ ((n+ 1)β)
,

S2 (x) =
∑
n∈N

(n+1)β≥2

xn

Γ ((n+ 1)β)
.

We have
S1 (x) ≤ 4e

β
x2/β−1. (7.43)

Indeed if β ≥ 2 then S1 (x) = 0 and if β < 2 then

S1 (x) ≤ x2/β−1
∑
n∈N

n< 2
β

−1

1
Γ ((n+ 1)β)

≤ x2/β−1
∑
n∈N

n< 2
β

−1

e (n+ 1)β

≤ 4e
β
x2/β−1

since

Γ (a) =
∫ ∞

0

ta−1e−tdt > e−1

∫ 1

0

ta−1dt =
1
ae
.

Denote

Jδ,β,k0 = {n ∈ N : [nβ + δ] = k0} =
{
n ∈ N :

k0 − δ
β

≤ n < k0 − δ + 1
β

}
.
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To estimate S2 (x) remark that:

♦
∑

n∈Jδ,β,k0

1 ≤ 1
β , ∀ δ ≥ 0, β > 0, k0 ∈ N,

♦ xn = 1
x

(
x1/β

)(n+1)β ≤ 1
x

(
x1/β

)[(n+1)β]+1
= x2/β−1

(
x1/β

)[(n+1)β]−1
,

♦ ([a] − 1)! ≤ Γ (a) ≤ [a]! for all a ≥ 2.

Hence

S2 (x) ≤ x2/β−1
∑
n∈N

(n+1)β≥2

(
x1/β

)[(n+1)β]−1

([(n+ 1)β] − 1)!

≤ x2/β−1
∞∑
k=1

 ∑
n∈Jβ,β,k+1

1

 (
x1/β

)k

(k!)−1

≤ x2/β−1 1
β

(
ex

1/β − 1
)

and then

S (x) = S1 (x) + S2 (x) ≤ 4e
β
x2/β−1 ex

1/β ≤ 4e/β e2x
1/β
, ∀x ≥ 1

since x2a−1 ≤ exa

, for all x ≥ 1, a > 0.

For x ∈ [0, 1] we have S (x) ≤ S (1) ≤ 4e2

β , which completes the proof. �

Remark. The right-hand side of equality (7.40) can be expressed in terms of the
Mitag-Leffler function (see [17]):

a+ a
∞∑

n=1

bn
Γ(1 − α)n+1tn(1−α)

Γ[(n+ 1)(1 − α)]
= a+ aΓ(1 − α)

(
E1−α,1−α(bΓ(1 − α)t1−α) − 1

)
,

and the asymptotic behavior of the Mittag-Leffler function leads also to the estimate
(7.40).
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