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DIFFERENTIAL FORMS AND HOMOTOPY GROUPS

KUO-TSAI CHEN

The main result of this paper relates differential forms of a manifold to the
fundamental group and its action on higher homotopy groups as follows:

Theorem. // a connected C°° manifold X possesses closed l-forms w19 ,
wm, such that

(a) WiΛwj = 0, i, / = 1, . . , m,

(b) [wj, , [wm] are linearly independent,
then π^X) contains a jree subgroup G of rank m. If, moreover, there exists a
closed q-form w,q > 1, satisfying the conditions:

(c) wt Λ w = 0, 1 = 1, ,m,

(d) for some a e πq(X), the integral I w is nonzero over a,

then {β-a}β<zG ίs a basis of a free abelian subgroup πq(X).
Corollary 1. Let X be a compact Kdhler manifold, and let br>s =

dim Hr>s(X). If 61'0 > ft2'0 + 1, then πx(X) contains a free subgroup of rank 2.
// bι>° > &2'0 + bq+1>° + 1, q > 1, and there exists a closed holomorphic q-form

w with I w Φ 0 for some spherical q-chain a, then πq(X) contains a free

abelian subgroup of infinite rank.
Corollary 2. If a compact Kdhler manifold X has a nonconstant holo-

morphic map into a Riemann surface of genus > 1 , then πλ{X) has a free sub-
group of rank at least 2.

We use a method of iterated integrals [2], which now works not only for
l-forms but also for forms of higher degrees. Useful integrals are obtained
through an extended defining system for a Massey product of cocycles [4], [6].

We begin with an abstract formulation in § 1 followed in § 2 by a treatment of
integrals which can be obtained through extended defining systems for Massey
products. The language of categories is used so that the theory can be inter-
preted in terms of the singular cohomology theory, whose aspect is not treated
in this paper. In § 3, we consider iterated integrals of differential forms. The
mentioned result will be divided into two theorems, which are given as appli-
cations in § 4. For iterated integrals of forms of higher degrees only, our treat-
ment does not go beyond mentioning the fact that J. H. C. Whitehead's integral
for Hopf invariant in [11] can be taken as a twice iterated integral.
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For future reference our method is presented in §§ 1 & 2 in a rather general
form. Those readers who are only interested in the main result of this paper
may begin from § 3.4.

1. The abstract formulation

The main purpose of this section is to set up a frame work in which iterated
path integration is possible. We first choose a family of parameter spaces each
of which has a cochain complex which can be extended to an acyclic one.
Integration along a path (i.e., a map from a parameter space to a manifold)
can be carried out in the parameter space whose acyclic condition makes way
for iterated integration.

1.1. Let k be a commutative ring, and © a category which is equipped with
a contravariant functor C* from © to the category of differential graded k-
algebras (or simply, DG λ-algebras). The differential of C* will be denoted by
d and the product by U . The associated cocycle, coboundary and cohomology
functors on the category © will be respectively denoted by Z*, #* and H*.

Assume that the category © is further equipped with a family 5β of objects
called parameter objects. For each parameter object Y, we shall assume that
the DG ̂ -algebra C*(Y) can be extended to a DG ̂ -algebra C|(Y) satisfying
the following conditions:

(a) C^(Y) is acyclic, i.e., all cohomology groups vanish.
(b) C*(Y) is an ideal of the DG ̂ -algebra C|(Y).

Regard Sβ as a full subcategory of ©, and take C* and CS both as functors from
$β to the category of DG ̂ -algebras. We further demand that

(c) the inclusion C* C C | is natural.
1.2. Let AT be a given object of ©, and Y, Yf arbitrary parameter objects.

Let a: Y —> X be a morphism. The set of such morphisms will be denoted by
Mor(Y,X). Regard M o r ( _ , Z ) and Hq(_) as contravariant functors from
the category Sβ to the category of sets.

Denote by Hq(X) the totality of natural transformations from Mor (_, X) to
Hq(_). In other words, if weHq(X), then, for each a, there is an assigned
element wa of Hq(Y), and for each commutative triangle in ©

(1.2.1)

we have H*(ψ)wa, = wa. There is an obvious ^-module structure on Hq{X).
Alternately Hq{X) can be constructed from cochains as follows:
Let Cq(X) denote the set of all maps
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w: U Mor(Y,Z)-> U Cq(Y)

such that w sends every a: Y -> X to wa e Cq(X). Then (^(X) has an obvious
^-module structure. Define d: Cq(X) -* CQ+1(Z) such that (dw)a = dwa. Let
Zq(X) be the submodule of Cq(X) consisting of all w with dw = 0 such that,
for any commutative triangle (1.2.1),

C*(φ)wa, = wa mod dCq~\Y) .

Then J?«(Z) « Zq(X)ldCq-\X), which will be hereafter taken as the definition
of #«(X).

1.3. An element w e Cq(X) is said to be coherent if

C*(φ)wa, = wa

for every commutative triangle (1.2.1).

There is natural homomorphism

Cq(X) -> Cq(X) ,

which sends each element w of Cq(X) to a coherent element also denoted by w
such that wa = C*(<x)w. This homomorphism induces a natural homomorphism

Hq(X) -> i?q(Z) .

1.4. Similar to CQ(Z), we define C|(Z) so that, if w e C|(Z), then wα be-
longs to C|(Y) instead of Cq(Y). Then Cff(Z) is a /:-submodule of C|(Z).

If u € C9(Z), (? > 0, such that dw = 0, then u € dCjjf \X). An arbitrary ele-

ment v € Cφ'XZ) with dv — u will be written t; = M, which is unique up to

a difference in dC^\X) and therefore unique when q = 1.

Observe that, since C*(Y) is an ideal of C|(Y), I I u\ U w is an element of

Cq+r~\X) for any w e Cr(X). Observe also that, if dw = 0, then

U W] = M U w .dl ΓM

If C/ is a submodule of C«(Z) such that dC/ = 0, then Γ t/ will denote the

submodule of C$\X) of all fu, u e V.

1.5. We are going to give an abstract version of interated integration. Let
there be given submodules Wq C Cq(X), q > 0, each of which consists of
coherent elements. What we have particularly in mind as an example is the
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case of Wq being the image of the natural homomorphism Cq(X) -> Cq(X).
Construct an ascending filtration F of Cq(X) and Zq(X), q > 1, such that

FιCq(X) = Wq , FιZq{X) = Wq Π Zq(X) , and, for r > 2 ,

FrCq(X) = Σ ( {Fr~ιZq~M{X)\ \JWι + Fr~ιCq{X) ,

F'Z^X) = FrC^(Z) Π Z«(X) .

Set

FrHq(X) = (FrZq(X) + dCq~\X))IdCq-\X) .

1.6. For the purpose of illustration, we consider a simple example. Let ©
be the category of pointed connected C°° manifolds, the real line R with 0 as
its base point be the single parameter object, X be a C°° manifold with ;t0 as its
base point, k be the real number field, and C*(X) be the exterior algebra on
X such that C\X) consists of all C°° functions having a zero at xQ. Set C™(R)

C*(i?)
Since Z\R) = C\R) and Cq(R) = 0, « > 1, we have Z 1 ^ ) = C!(Z) and

C«(X) = 0, q > 1.
The natural homomorphism Cι(X) —> C 1 ^ ) is injective, and its image is

taken to be W\ Let the graded module W be such that Wq = 0 for q φ 1. The
elements of F ^ O O = / ^ ( X ) = W\ may be identified with 1-forms on X.

Let w, w19 - € PF1 be 1-forms. For a base point preserving C°° map a:R->X,
write

α* ^ C 1 ^ ) : C\X)-+σ(R) .

If v € C\R), let j v be the unique C°° function f on R such that df = v and
0

/(0) = 0. Define the iterated integrals \wλ- -wre C°(X) such that ί Γ w J =

j , and for r > 2,
j

0 xo

Set I HΊ wr = 1, when r = 0. Then each J MΊ wr is a coherent element

of C|(Z), and

d fyv .HV = ( {wr"Wr_A U
XQ XQ
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for r > 1. As a matter of fact, FrC\X) is spanned by elements of the types

J Wl9 d J WχW2' " ''d J 1 ' ' 'Wr'
XQ XQ XQ

2. Iterated integrals

2.1. Let wt be a coherent element of Z9i(X), qi > 1, i = 1, , r. Set

flu = <7i + + 4j - 7 + i

so that qu = qt. Set e(ι\ /') = (— 1)^", and note that e(/, />(/ +l,k) = — e(/, /:)
for i< j < k.

A Massey system (or a defining system for a Massey product) of H>15 , wr

is a set of coherent elements w(i,j) <=. CQίJ(X), 1 < i < j < r, (/, /) ^ ( l , r ) ,
satisfying the conditions:

(2.1.1) dw(i,j) = Σ e(i,/)w(/,0 U w(l + 1,/) ,

where w(/, 0 = w .̂
The element

z = e(l, l)w(l, 1) U w(2, r) + ε(l, 2)w(l, 2) U w(3, r)

+ + e(l, r - l)w(l, r - 1) U w(r, r)

is a coherent element of ZQlr+ι(X) and is called a Massey product of type
(w19 , w r>.

An extended Massey system of H>1? , wr is a Massey system together with
a coherent element w(l, r) <= Cgiί*(Z) such that (2.1.1) holds for 1 < i < j < r.
In this case, z = dw(l, r) € JCei^(Z).

For most applications mentioned in this work, we shall only use extended
Massey systems of the trivial type such that w(i, j) = 0, l<i<j<r. The only
condition required for wl9 , wr is that wt U wί+1 = 0, 1 < / < r.

2.2. For an extended Massey system of w19 , wr, define inductively

iι(l, 1) = -e(l, 1M , v(l, 1) = Ju(l, 1) = -ε(l, 1)

and, for 1 < / < r,

(2.2.1) iι(l,/) = -ε(l,/)Γ Σ ^(1,0 U w(ί + 1,/) + w(l,/)l .
Li<i<; J

It will be shown shortly that du(l,j) = 0 so that we may define !>(1,/) =
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If the extended Massey system is of the trivial type, and if, for / > 1, we

define I w1» -w3 = I I ί I wλ- 'WJ_1) U wA, then

v(\,i) = ( - l ) ' ε ( l , l)ε(l,2) .6(1,/)

Let Wq, q > 0, be given submodules of coherent elements of CQ(X), which
give rise to the filiations {FrCq(X)} and {FrZq(X)} as described in § 1.5. By an
extended Massey system of w19 , wr in W9 we mean a Massey system which
satisfies the additional condition that w(i, /) e WQίJ, 1 < i < j < r.

Theorem. For any extended Massey system of w19 , wr in W, elements
w(l, r) exist and belong to FrZQlr(X),

We shall call v(l, r) an iterated integral of the type (w19 wr>.
Corollary. For any extended Massey system of the trivial type of w19 ,

wr in W, iWi —Wr exists and belongs to FrZQlr(X).

The proof of the theorem is computational and is divided into two parts,
which are respectively presented in § 2.3 and § 2.4. The computation can be
simplified if we restrict ourselves only to extended Massey systems of the trivial
type, which is sufficient for our main results.

2.3. We are going to show by indution on r that w(l, r) is a well defined
element of Cqir(X) and that du{\9 r) = 0. For r > 1, it follows from the induc-
tion hypotheses that v(l, r - 1) <= Cψ~^\X) and that iι(l, r) e Cqir(X). More-
over,

,r) = dl Σ *>(l,0 U w(ι + l,r)) + dw(l,r)

,0 U w(i+ l,r)

- Σ ed, »>(1, 0 U ΛKi + 1, r) + dw(l, r), by (2.1.1)
l<ΐ<r

= Σ "(U) U wθ'+ hr)

+ Σ e(l,;Xl,0 U w(/ + 1,/) U w(j + \,r)
l<i<j<r

+ Σ e(l,7>(U) U w(j + l,r) , by (2.2.1)
K;<r

= 0 .

2.4. We need to show that u(l,r) <εZQlr(X). Then the fact that
w(l, r) 6 FrZ9*r(X) follows from the definition of w(l, r).

Let a commutative triangle (1.2.1) be given, and set
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Au(l, i) = C*(φ)u(l, i)a. - iι(l, ί)a € σ^Y) ,

Jv(l, 0 - C%{φ)v(U ι\. - v(l, 0. e C^'XF) .

We are going to prove by induction on r > 2 that there exists c(l, i) € CS'^
1 < i < r, such that

(2.4.1)
) = -e ( l , r ) Σ ^d.O U w(i + l,r)β

Take note that (2.4.1) implies u(l, r)

Recall that if κ(l, /) € Z'(Z), then v(l, i) = Γw(l, /) is unique.

For r = 1, we have dAv(l, 1) = Jw(l, 1) = 0.° Choose any c(l, 1)
such that Av(l, 1) = dc(l, 1). For r > 1, according to (2.2.1),

-e(l,r)Jiι(l,r) - Σ MUD U >v(/ + l,r)β

by the induction hypothesis

, M l , 0 U w(i + UDa U w(j + 1, r).

,j) U w(j + l ,r) .

,0 U Λv(i + l ,r) . + Σ dc(\,i) U w(i + l ,r) .
lζί<r

= d Σ c(i,o u w(« + i,r>..

Consequently, there exists c(l, r) G C|lr"2(Y) such that

) - -ε( l ,r) Σ <tU0 U w(/ + l,r)β

Hence the theorem is proved.

3. Integrals of differential forms

3.1. Let / be the unit interval, and the n-cube In be given the C°° structure
of that of a subset of Rn. By a C°° manifold pair, we mean a pair (X, A), where
X is a connected C°° manifold and A a closed submanifold.

Let k be the real (or complex) number field, and C*(X) be the real (or com-
plex) exterior algebra on X whose exterior multiplication will be denoted by
Λ. The exterior algebra C*(X, A) is defined to be the kernel of the homo-
morphism C*(X) —> C*G4) induced by the inclusion A (Z X.
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Let © be the category whose objects are C°° manifold pairs together with
(In, dln) and (In X /, dln X /), n > 1, and whose morphisms are C°° maps of
pairs. Let 0 = (0, , 0) e In.

Let φ be the family of (In, dln) and (In x /, dln X /), n>\. Set C|(/n, dln)
= C*(/n, 0) and C$(/n X /, 9/w x /) = C*(/w X /, 0). This choice of parameter
category ίβ is designed to relate //* with homotopy groups πn.

3.2. Let (X, A) be a C°° manifold pair, and q a positive integer. If
w € Cq(X, A) is a g-form, its image under the canonical homomorphism
Cq(X, A) —> Cq(X, A) will also be denoted by w. (As a matter of fact, this map
is injective.) We shall keep referring to w e CQ(X, A) as a g-form.

Let a: (Iq, dlq) -> (Z, >4) denote an arbitrary C°° map. If >v e CQ(Z, ^4), set

Proposition. Let weZq(X,A). If two C°° maps at\ (Iq, dlq) - • (X,A),
i = 0,1, are homotopίc, then

Proof. Let h: (Iq X I, dlq X /) -> (Z, ̂ ) be a C°° homotopy from α:0 to

Then j wh = Γ >vΛ = 0, so that

r r
I ΛA1 = = I "to

7 ί J ( 0 J

 ft

 / g J { 1 )

 ft •

Let φ denote the composite map I" —»/?X {0} c /« X /, so that hφ = cc0. Since

mod

Hence j >v = j wh, and similarly, I w = I wΛ.
«0 /2χ{0} «l /9χ{l}

The homotopy class of α: (/«, dlq) -^(X,A) will be denoted by a. We are
justified to define

ίoτwζZ"(X,A).
3.3. Let wu ,wreZ\X, x0) such that w1Λw2 = • = wr_1 Aw, = 0.
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According to § 2.1, this gives rise to an extended Massey system of the trivial

type. We have I w1 wr e CL(X, xQ). Since I wr - >wr = I w1 wr is

unique, it is a coherent element of C°^(X, x0). For a: (/, dl) —> (X, xo)> define

I Wj wr to be the value of the function ί I w19 , wr ] at the point 1 € /.
a

In other words, for r > 2,

J WΓ Wr = J ί j W i * 'Wr-l >Vr

Then the value of J wx -wr depends only on the homotopy class a.

3.4. Let a: [0, 1] —> X be a path, and w1? , wr be 1-forms. Write α^i
. Then iterated path integrals can be explicitly given by

Recall that if w1? , wr are closed 1-forms such that w1 Λ w2 = =

>vr_! Λ wr = 0, then the value of j wx- -wr depends only on the homotopy

class of the path a (see also [2]).
In particular, if a is a product βγ, then

J W1 Wr = J Wi W,, + . . + J Ή V " W t J W< + 1 . .Wr

(3.4.1) α ^
+ + JWi- Wr .

Recall also the formula

(3.4.2) J w i wr J w r + 1 w r + s = Σ J wσl wσ(r+s)
a a a

summing over all (r, s)-shuffles σ, i.e., permutations of r + s letters satisfying

<r'l < < σ"V , σ^C + D < < σ-'(r + 5) .

A more detailed account of formulas (3.4.1) and (3.4.2) can be found in
[2,§1.5-§1.6].
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3.5. We are going to establish a useful proposition concerning formal power
series.

Let &[kΏ] denote the ^-algebra of formal power series of noncommutative
indeterminates X19 , Xm, and A be the k-algebra of formal power series of
indeterminates X[, , X'm, X", , Xf^ which are noncommutative except the
relations X\X'( = X"SX\, i,j=l, -,m. Let

be the obvious ^-algebra homomorphism given by

and p' and p"\ k[[x\] —> A be the obvious ^-algebra homomorphism given
respectively by Xt •-» Z< and AΓ4 •-> Z ^ . For u e k[[X]], write w' = p'u and
w;/ = (/'u.

Definition. An element g e k[[X]] is grouplike if Δg = g'g".
Lemma. // g19 , gr are linearly independent grouplike elements, then

g'ig'j* hi =• 1? •••>'"? ar>e linearly independent over k.
Proof. Let Pil..miι: k[[X"]] -> k send every element of k[[X"]] to its coeffi-

cient of the term X'^.X'^ and ci3 e k be such that Σ c i j ^ 7 = 0. Then

Σ ( Σ cij(Pi1'..il8j'))gi = 0 which implies that, for every /, i19 , il9

Hence 2 Q ^ = 0, i.e., c^ = 0.

The above lemma enables us to prove the next assertion in the same way as
for the case of grouplike elements of Hopf algebras [10].

Proposition. // g0, ,gr are distinct grouplike elements of k[[X]], then
they are linearly independent over k.

Proof. Use induction on r > 0. For r > 0, suppose that

£o = c& + + crgr , ct € k .

Since by the induction hypothesis, g19 , gr are linearly independent, so are
g&f, ϊ , / = l , . . . , r . W e have

(cλg[ + + cr£)(cd! + -" + crg
f;) = Cιg[gϊ + + cM >

which implies ctCj = 0, i Φ j , and c\ — ct which forces the contradiction g0 = gt

for some i, 1 < i < r.
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4. Applications

4.1 Theorem. // a C°° manifold X has closed l-forms w19 , wm such that
(a) wt Λ Wj = 0, /, / = 1, , m,
(b) the cohomology class [wj, , [wm] are linearly independent,

then πt(X) contains a free subgroup of rank m.
Proof. There exist smooth loops β19 , βn at x0 such that the m x m

matrix ί j wλ is nonsingular. We may assume that I wt = δtJ.

βj _ βj

For a loop j8 at xQ, let (̂/3) be the formal power series

β β

It follows from (3.4.1) that if β is a product j8'j8", then

θ(β) = θ{~β')θCβ")

Thus there is a multiplicative homomorphism

given by β *-*θ(β).
Since ^ί^) = 1 + Z^ + higher degree terms, there exists an automorphism

χ of the A -algebra &[[X]] such that

(See, for example, [1].) Thus

is the homomorphism given by

= l +

It is known [5] that, with respect to the multiplication, 1 + X19 . , 1 + Xm

form a basis for a free group. In fact, the formal power series expansion of
every reduced word (1 + XtJ

ni -(1 + XirT
r has a nonzero coefficient for

the term Xiχ- Xir. Hence the elements ~βi9 ί < i < m9 generate a free sub-
group.

Corollary. // X is a compact Kdhler manifold and 61*0 > 62»° + 1, then πx{X)
contains a free-subgroup of rank at least 2.

Proof. Let I = bh°. Let w19 , wt be linearly independent holomorphic
closed l-forms on X. Since I — 1 > 62»°, the holomorphic 2-forms wί Λ w29
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• , wγ Λ Wι must be linearly dependent. Hence we may assume that wλ Λ w2

= 0 and apply the theorem.
Remark. The inequality in the above corollary can be written as bx < b2 + 1,

where bλ and b2 are Betti numbers of X. An algebraic result of Stallings [8]
implies that, for K(π, 1), the condition b2 = 0 is sufficient for π to have a free
subgroup of rank equal to bx. The precise relation of his result with ours is not
clear.

Corollary. // a compact Kάhler manifold X has a nonconstant holomorphic
map into a Riemann surface of genus > 1 , then πλ(X) has a free subgroup of
rank at least 2.

Proof. There exist two linearly independent holomorphic 1-forms wx and w2

on the Riemann surface Y such that wx Λ w2 = 0. If /: X^> Y is a nonconstant
holomorphic map, then f*w1 and /*w2 are linearly independent closed holo-
morphic 1-forms on X with f*wλ Λ /*w2 = 0. According to the theorem, πx{X)
has a free subgroup of rank 2.

4.2. Let w19 , wm be given as in Theorem 4.1, and w be a closed q-
form, g > 1, such that wt Λ w = 0, 1 < i < m.

Recall that, for any α: (/w, dln) —> (Z, JC0), the iterated integral I w ^ wkw

is well defined and depends only on the homotopy class of a. We give the fol-
lowing interpretation of this integral.

Let X be the universal covering space of X, and x0 be a base point of X

above x0. The path integral I wtwy -wk may be taken as a function / on X

with f(x0) = 0. Lift w to a r̂-form w on X, and α to a: 79 -^ Jf such that ά(0)
= x0. Then

J > w . .wtw = J fw .

Let )t[[Z]]y be the free left A:[[Z]]-module generated by Y. Define

Θ:πq(X)-*k[[X]]Y

by

a ^ (wY + Σ (wiWXiY + Σ (wtWjWXiXjY +

Proposition. If ae πq(X) and ~β e π^X), then

Proof. Let uλ = wh, , ur = wir. We are going to show that



DIFFERENTIAL FORMS 243

j Ux- - -UrW = J WΓ WrW + •

(4.2.1) ' "

+ J WΓ . -^ J Mi + 1. Wr>V + + J *V >Ur JW .
£ α 0 or

Let \ux ur represent a function g on the universal covering space X with

X0

g(xQ) — 0, β be lifted to a path from x0 to xx in Z , and Γ^ be the covering
transformation taking xQ to xlm Then goΓ^ can be represented by

\UX' Ur + J WΓ .Wr_! J Wr + + J MΓ Wr .
β β xo xo

Let vi> be the q-torm on ί" induced by w, and lift α to ά(Iq, dlq) —> (X, x0).
Then

Γ W l . . . M r > v = J gw = J (goΓ^)w ,
β iϊ Γ^α 5

which is equal to the right hand side of (4.2.1).
4.3 Proposition. // a19 a2eπq(X), q > 1, then

Θ{aλ + a2) = Θ(aλ) + Θ(a2) .

Proof. What we required to show is

(4.3.1) j U l ' - ' U r W = \ U l ' - ' U r W + i u ^ UrW
81+82 81 81

with u19 , ur as given in § 4.2. Write

11 = {(0 € /«: 0 < ί, < J} , /f = {(ί) € /« : i < tq < 1} .

We may choose αx and a2 such that ^( ί ) = x0 γ(ί) € /« and a2(t) =
x0 v(0 e /?. Construct « : ( /« , a/Q) -> (Z, JC0) such that α(ί) = α i (ί) V(0 € 1\

and α(0 = α2(ί) y(ί) e /«. Then α = ax + α2. Moreover, ( Cuλ . wr] (ί)
\ * / / α

= iCiii • ιΛ (ί) V(0 e/f, 1 = 1,2. Hence (4.3.1) holds.

xo

For a multiplicative group G, denote its integral group ring by ZG.
4.4 Theorem. Let X be a connected C°° manifolds, w19 , wm be closed

ί-forms, and w be a closed q-form on X satisfying the following conditions:
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(a) Wi Λ Wj = 0, wt Λ w = 0, ί, / = 1, , m,
(b) TΛe cohomology classes [wj, , [wm] are linearly independent.

(c) q > 1, and there exists a <= πq(X) with I w Φ 0.

ίAere ejcMfts # /ree subgroup G of rank m of πλ{X) such that the Z-module
homomorphism f: ZG —> πq(X) given by]3i->]3-a, V/3 e G, is injective.

Proof. According to § 4 . 1 , we may assume the existence of Jβ19 ••-,

~βm € πλ(X) such that I wt = δtj. Let θ and θ be defined as before, and the Z -

module homomorphism θ: ZG —> k[[X]] be given by β -> 0(/3), v/3 e G.
We claim that θ(β) is a grouplike element of k[[X]\ as defined in § 3.5. In

fact,

ΔθCβ) = l + + Σ J V . ^ r ( ^ + . z-) . . . ( ^ r + *;;) +
JS

Σ fw1#«, Wir(r+.,n W + . - ^ + , ++

where the summation is taken over all (r, ̂ -shuffles σ. It follows from (3.4.2)
that

ΔθCβ) = {p'θCβW'θCβ)) .

According to § 4.1, θ restricted to G is injective. Thus Proposition 3.5 implies
that θ is injective.

Observe that θ(a) = ηY where

is a unit in the ring k[[X]] because J w ψ 0. Therefore we may regard
a

as a free Λ[[Z]]-module with Θ(ά) as a generator. Since θ(β), ~βeG, are linearly
independent, so are Θ(β a) = θ(β)Θ(a), p e G . Hence J8 α, | € G, are linearly
independent over Z in 7rQ(Z).

Corollary. Let X be a compact Kdhler manifold. If ft1'0 > Z>2'0 + bq+ι>° + 1,
# > 1, and the integral of some closed holomorphic q-form, q > 1, over a
spherical q-chain is not zero, then πq(X) contains a free abelian subgroup of
infinite rank.

Proof. Set s = bq+1>° and / = ft1'0 — s. There must exist / linearly independ-
ent close holomorphic 1-forms wl9 , wt such that wt A w — 0, / = 1, , /.
Since / > ft2'0 + 1, we may use the same argument as in the proof of Corollary 4.1
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to obtain wλ Λ w2 = 0. Hence the theorem can be applied.
The next assertion follows from the proof of the theorem.
Corollary. // a compact Kdhler manifold X of complex dimension n > 1

has a nonconstant holomorphic map into a Riemann surface of genus > 1, and
πn(X) is finitely generated, then the integral of every holomorphic n-form of X
must vanish over any spherical n-chain.

4.5. If H\X) = 0 for a connected C°° manifold, it can be easily verified
that, for any given closed 1-forms w19 , wr9 there exists an iterated integral
of the type (w19 , wr> as defined in § 2.2. Using this fact, it can be shown
that πλ(X) has a free subgroup of rank equal to the first Betti number of X.

4.6. So far, we have given no applications of iterated integrals purely in-
volving forms of higher degrees. J. H. C. Whitehead's integral (see also [9]) for
Hopf fibering of spheres can be taken as a twice iterated integral as explained
below.

Let /:S 2 n ~ 1 ->5 n , n = 2, 4, 8, be the Hopf fibering, and w be a closed fl-form

on Sn such that I w = 1. Take a base point pQ e S271'1. Let a be the composite

sn

map

where g is a C°°-map which induces an isomorphism

Let v be a (n — l)-form in S2"-1 such that dv = /*w. Then

I ww = I g*v A a*w = J v Λ /*w ,
α J2n-1 £271-1

which yields the Hopf invariant.
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