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DIFFERENTIAL FORMS AND HOMOTOPY GROUPS

KUO-TSAI CHEN

The main result of this paper relates differential forms of a manifold to the
fundamental group and its action on higher homotopy groups as follows:

Theorem. If a connected C* manifold X possesses closed 1-forms w,, - - -,
W, Such that

@ w,Aw;=0,i,j=1,--.,m,

® Iwl, ---,[w,] are linearly independent,
then n,(X) contains a free subgroup G of rank m. If, moreover, there exists a
closed g-form w,q > 1, satisfying the conditions:

© w,Aw=0,1=1,...,m,

(d) for some @ e w (X), the integral fw is nonzero over @,

then {B-@};cq is a basis of a free abelian subgroup r,(X).

Corollary 1. Let X be a compact Kdihler manifold, and let b™* =
dim H™3(X). If b%° > b>® + 1, then n(X) contains a free subgroup of rank 2.
If b%° > b»0  pa*10 1 1, g > 1, and there exists a closed holomorphic g-form

w with fw #+ 0 for some spherical q-chain «, then =, (X) contains a free

abelian subgroup of infinite rank.

Corollary 2. If a compact Kihler manifold X has a nonconstant holo-
morphic map into a Riemann surface of genus >1, then n,(X) has a free sub-
group of rank at least 2.

We use a method of iterated integrals [2], which now works not only for
1-forms but also for forms of higher degrees. Useful integrals are obtained
through an extended defining system for a Massey product of cocycles [4], [6].

We begin with an abstract formulation in § 1 followed in § 2 by a treatment of
integrals which can be obtained through extended defining systems for Massey
products. The language of categories is used so that the theory can be inter-
preted in terms of the singular cohomology theory, whose aspect is not treated
in this paper. In § 3, we consider iterated integrals of differential forms. The
mentioned result will be divided into two theorems, which are given as appli-
cations in § 4. For iterated integrals of forms of higher degrees only, our treat-
ment does not go beyond mentioning the fact that J. H. C. Whitehead’s integral
for Hopf invariant in [11] can be taken as a twice iterated integral.

Received October 5, 1970. Supported in part by NSF GP-22929.



232 KUO-TSAI CHEN

For future reference our method is presented in §§ 1 & 2 in a rather general
form. Those readers who are only interested in the main result of this paper
may begin from § 3.4.

1. The abstract formulation

The main purpose of this section is to set up a frame work in which iterated
path integration is possible. We first choose a family of parameter spaces each
of which has a cochain complex which can be extended to an acyclic one.
Integration along a path (i.e., a map from a parameter space to a manifold)
can be carried out in the parameter space whose acyclic condition makes way
for iterated integration.

1.1. Let k be a commutative ring, and € a category which is equipped with
a contravariant functor C* from € to the category of differential graded k-
algebras (or simply, DG k-algebras). The differential of C* will be denoted by
d and the product by U. The associated cocycle, coboundary and cohomology
functors on the category € will be respectively denoted by Z*, B* and H*.

Assume that the category € is further equipped with a family 8 of objects
called parameter objects. For each parameter object Y, we shall assume that
the DG k-algebra C*(Y) can be extended to a DG k-algebra C;E(Y) satisfying
the following conditions :

(a) C{I";(Y) is acyclic, i.e., all cohomology groups vanish.

(b) C*(Y) is an ideal of the DG k-algebra C$(Y)~
Regard B as a full subcategory of €, and take C* and C;E both as functors from
8 to the category of DG k-algebras. We further demand that

(¢) the inclusion C* C Cj is natural.

1.2. Let X be a given object of €, and Y, Y’ arbitrary parameter objects.
Let «: Y — X be a morphism. The set of such morphisms will be denoted by
Mor (Y, X). Regard Mor (__, X) and H%__) as contravariant functors from
the category P to the category of sets.

Denote by H?(X) the totality of natural transformations from Mor (,X)to
H(_). In other words, if w e H%(X), then, for each «, there is an assigned
element w, of H%(Y), and for each commutative triangle in €

¢/

Y/

(1.2.1)

we have H*(¢)v_v,, = w,. There is an obvious k-module structure on H%(X).
Alter_pately H%(X) can be constructed from cochains as follows:
Let C%(X) denote the set of all maps
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w: U Mor (Y, X) - U C«Y)
ve veP

such that w sends every a: Y — X to w, € C%(X). Then C%(X) has an obvious
k-module structure. Define d: C%(X) — C?*'(X) such that (dw), = dw,. Let
Z‘I(X) be the submodule of C4(X) consisting of all w with dw = 0 such that,
for any commutative triangle (1.2.1),

C*(pw,, = w, mod dC*(Y) .

Then HY(X) ~ Z%(X)/dC?(X), which will be hereafter taken as the definition
of H4(X).
1.3. An element w e C%(X) is said to be coherent if

CH W, =
for every commutative triangle (1.2.1).
There is natural homomorphism
CuX) — CU(X) ,

which sends each element w of C%(X) to a coherent element also denoted by w
such that w, = C*(a)w. This homomorphism induces a natural homomorphism

HY(X) —» H(X) .

1.4. Similar to C¢(X), we define C§ $(X) so that, if we Cg $(X), then w, be-
longs to C§ (Y) instead of C4(Y). Then CuX)is a k-submodule of C¢ (X)
Ifue Cq(X), q > 0, such that du = 0, then u e qu (X). An arbltrary ele-

ment v € C;’B Y(X) with dv = u will be written v = fu, which is unique up to
a difference in dC‘g’B"(X ) and therefore unique when g = 1.

Observe that, since C*(Y) is an ideal of C%(Y), (fu) U w is an element of
Catr=1(X) for any w e C"(X). Observe also that, if dw = 0, then

d(fu)Uw)zuUw.

If U is a submodule of C%(X) such that dU = 0, then fU will denote the

submodule of ng Y(X) of all f u, uecl.

1.5. We are going to give an abstract version of interated integration. Let
there be given submodules W* C C%(X), g > 0, each of which consists of
coherent elements. What we have particularly in mind as an example is the
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case of W1 being the image of the natural homomorEhism CY(X) — CiUX).
Construct an ascending filtration F of C4X) and Z%(X), q > 1, such that

F'CYX) = Wi, FZYX)=W'N ZY(X), and, for r>2,
FrCu(X) = 3, (f F"lzq'“‘(X)) U W+ Fr'C(X) ,
=1

FrZ9X) = F'CY(X) N Z«(X) .
Set
FrAH(X) = (F'ZY(X) + dC*'(X))/dC?-(X) .

1.6. For the purpose of illustration, we consider a simple example. Let €
be the category of pointed connected C~ manifolds, the real line R with O as
its base point be the single parameter object, X be a C* manifold with x, as its
base point, k be the real number field, and C*(X) be the exterior algebra on
X such that C%X) consists of all C= functions having a zero at x,. Set C{I";(R)
= C*(R).

Since Z'(R) = C'(R) and CY(R) = 0, g > 1, we have Z‘(X) = CY(X) and
Cu(X)=0,qg>1.

The natural homomorphism C'(X) — C(X) is injective, and its image is
taken to be W'. Let the graded module W be such that W% =0 for g # 1. The
elements of FICY(X) = F'Z(X) = W}, may be identified with 1-forms on X.

Letw, w,, - - - ¢ W'be 1-forms. For a base point preserving C* mapa: R— X,
write

* = CYa): C(X) - C'(R) .
If ve C'(R), let fv be the unique C* function f on R such that df = v and
0

f(0) = 0. Define the iterated integrals f w,- - -w, e C°(X) such that ( f wl) =

fa*wl, and for r > 2,

(e f{femd

Set f w,---w, = 1, when r = 0. Then each fwl -w, is a coherent element

of C;E(X), and

dfwl- cew, = (le- . -w,_l) Uw,eFC(X) = FFZ\(X) ,
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for r > 1. As a matter of fact, FFrC(X) is spanned by elements of the types

dfwl,dfwlwz,---,dfwl-nwr.
Zo Zo Zo

2. Iterated integrals
2.1. Let w, be a coherent element of 7%(X), g;>1,i=1,...,r. Set

QGj=q+ - +q;—Jj+i

so that g;; = q;. Set (i, j) = (—1)%4, and note that (i, )e(j + 1, k) = —e(i, k)
fori <j<k.

A Massey system (or a defining system for a Massey product) of w,, - - -, w,
is a set of coherent elements w(i,)) e C%(X), 1 <i<j<r G, +A,r,
satisfying the conditions:

2.1.1) dw(i, j) = @, Dw(, D) U wl + 1,)),
i<I<j
where w(i, i) = w,.
The element

z=c¢(1,Dw(1,1) U w2,n + «1,2)wd,2) U w3, 1)
+ oo F+e(l,r — Dw(l,r — 1) U w(r,r)

is a coherent element of Z%+(X) and is called a Massey product of type
Wyy ey W

An extended Massey system of w;, - - -, w, is a Massey system together with
a coherent element w(1, r) e C**(X) such that (2.1.1) holds for 1 < i< j < r.
In this case, z = dw(l,r) e dCu7(X).

For most applications mentioned in this work, we shall only use extended
Massey systems of the trivial type such that w(i,j) =0, 1 <i<j<r. The only
condition required for w,, - - -, w,isthat w, U w,,, =0, 1 < i < r.

2.2. For an extended Massey system of w,, - - -, w,, define inductively

u1,1) = —e(1, Dw,,  o(1,1) = fu(l,l) = —«(1,1) fwl

and, for 1 < j<r,

@21 ul,j) = —s(l,i>[1<z<,v<1,i) Uwi + 1,0) + W(l,i)] :

It will be shown shortly that du(l,j) = O so that we may define v(1,j) =
Jutt,pecyco.
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If the extended Massey system is of the trivial type, and if, for j > 1, we

define fw1~ Sewy = f((fwl . -w,_l) U wj>, then
v(1,)) = (—1)%e(1, De(1,2)- - -e(1, ) fwl- Wy

Let W, g > 0, be given submodules of coherent elements of C%(X), which
give rise to the filtrations {F CyX )} and {F 174X )} as described in § 1.5. By an
extended Massey system of w,, - - -, w, in W, we mean a Massey system which
satisfies the additional condition that w(i,j) e W%/, 1 < i<j<r.

Theorem. For any extended Massey system of w,, - .-, w, in W, elements
u(1,r) exist and belong to F*Z%(X),

We shall call v(1, r) an iterated integral of the type <w,, - - -w,>.

Corollary. For any extended Massey system of the trivial type of w,, - - -,

wrin W, fwl- . .w, exists and belongs to FZ%(X).

The proof of the theorem is computational and is divided into two parts,
which are respectively presented in § 2.3 and § 2.4. The computation can be
simplified if we restrict ourselves only to extended Massey systems of the trivial
type, which is sufficient for our main results.

2.3. We are going to show by indution on r that u(1,r) is a well defined
element of C%r(X) and that du(1, r) = 0. For r > 1, it follows from the induc-
tion hypotheses that v(1,r — 1) e C’%T‘l“(X) and that u(1, r) e C27(X). More-
over,

—e(1, Ddu(l,r) = d( 5T o1, i) U wii + 1,r)) + dw(l,7)

1<i<r
= 2 ul,d) Uwi+ 1,7
1<ilr
— > (1, Dv(1,9) Udwi + 1,r) + dw(l,r), by(2.1.1)
<iilr
= 2 ul,pUwi+1,n
1<j<r
+ 2 (L, pu, ) Uwi@+ L) Uwil+ 1,

1<i<j<lr

+ 2 (L, pwd, ) UwlG+ 1,0, by (2.2.1)

1<G<lr

=0.

2.4. Wg need to show that u(l,7r)eZ%7(X). Then the fact that
u(1, r) e F*Z%r(X) follows from the definition of u(1, r).
Let a commutative triangle (1.2.1) be given, and set
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Au(ly i) = C*(¢)u(15 i)a’ - u(]-’ i)a € Cq”(Y) s
(1, 1) = Cx@v(L, i) — v(1, ), € Cg(Y) .

We are going to prove by induction on r > 2 that there exists c(1, i) € C‘;Bli"(Y),
1 < i < r, such that

du(l,r) = —e(l,r)d( T (l,i) U wii + 1,r)a) :

1<i<lr

dv(l,r) = —e(1,r) 3 c(1,) U w@ + 1,7), + de(1, 1), .

1<i<r

(2.4.1)

Take note that (2.4.1) implies u(1, r) e Z(X).
Recall that if u(1, i) € Z'(X), then v(1,i) = f u(1, ) is unique.

For r = 1, we have d4v(1, 1) = du(1, 1) = 0. Choose any c¢(1, 1) € C;;l"(Y)
such that 4v(1, 1) = dc(1, 1). For r > 1, according to (2.2.1),

—e(1,ndu(1,n) = 3 4v(1,) U wG + 1,1),

1<j<r

by the induction hypothesis
= Z —e(l,])C(l,l) U W(l + 15j)nx U W(] + 19r)a

1<i<j<lr
+ 2 de(1,) Uw(+ 1,1),
1<j<r
= 3 e(1,De(1,d) U dw( + 1,1, + > de(1,i)) U w@ + 1,r),
1<i<r 1<ir
=d Y, c(1,) Uw@+ 1,n, .
1<ilr

Consequently, there exists c(1,r) e C;’B”"(Y) such that

dv(l,r) = —e(1,r) 3 c(1,) U w@ + 1,1, + dc(1,p) .

1<i<lr

Hence the theorem is proved.

3. Integrals of differential forms

3.1. Let I be the unit interval, and the n-cube I™ be given the C* structure
of that of a subset of R®. By a C* manifold pair, we mean a pair (X, 4), where
X is a connected C~ manifold and A4 a closed submanifold.

Let k be the real (or complex) number field, and C*(X) be the real (or com-
plex) exterior algebra on X whose exterior multiplication will be denoted by
A. The exterior algebra C*(X, A) is defined to be the kernel of the homo-
morphism C*(X) — C*(A4) induced by the inclusion 4 C X.
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Let € be the category whose objects are C~ manifold pairs together with
(I*,0I") and (I" X 1,9I" X I), n > 1, and whose morphisms are C* maps of
pairs. Let 0 = (0, - - -,0) e I™.

Let 8 be the family of (I, 61") and (I x 1,3l X I), n > 1. Set C*(I" ol™)
= C*(I",0) and C;B(I" X 1,0I" X I) = C*(I" X 1,0). This choice of parameter
category B is designed to relate H* with homotopy groups z,,.

3.2. Let (X,A4) be a C~ manifold pair, and g a positive integer. If
weCIX, A)_ is a g-form, its image under the canonical homomorphism
Ci(X, A)— CUX, A) will also be denoted by w. (As a matter of fact, this map
is injective.) We shall keep referring to w e Ciu(X, A) as a g-form.

Let a: (I%,019) — (X, A) denote an arbitrary C* map. If w e C/(X, A), set

fw = fwa .
a 19

Proposition. Let weZ%(X, A). If two C* maps a;: (19,319 — (X, A),
i = 0, 1, are homotopic, then

Proof. Let h: (I? X 1,0l X I) — (X, A) be a C> homotopy from «, to «,.
Then w, = f w;, = 0, so that
aIAXI) ardxIrI
Wy, = f Wy .
I19x {0} I9x{1}

Let ¢ denote the composite map I — I X {0} c 17 X I, so that h¢ = «,. Since
weZUX, A),

C*(@w, = w.,  mod B«(I%,3I .

Hence fw = f w,, and s1m11ar1y,fw = f wy,.
19x{0} I9x(1}

The homotopy class of a: (19,017 — (X, A) will be denoted by @. We are
justified to define
o fo
for we Z9(X, A).

3.3. Letw,..--,w,eZ'(X,x,) suchthat w, Aw,=---=w,_, Aw, =0.
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According to § 2.1, this gives rise to an extended Massey system of the trivial
type. We have f W W, € C‘B(X X,). Since f W W, = fwl w, is

unique, it is a coherent element of e (X x,). For a: (I,0I) — (X X,), define

fw -w, to be the value of the function ( f Wi, ooy w,) at the point 1el.

In other words, for r > 2,

rons = (i om o

a

Then the value of f w,- - -w, depends only on the homotopy class @.

3.4. Leta: [0,a1] — X be a path, and w,, - - -, w, be 1-forms. Write a*w;
= f,(®)dt. Then iterated path integrals can be explicitly given by

[wicwe = [ [Tn@ane -t de e,

Recall that if wy, --.,w, are closed 1-forms such that w, Aw,= ... =

w,_; A w, = 0, then the value of fwl- - -w, depends only on the homotopy

class of the path « (see also [2]). ’
In particular, if « is a product gy, then

fwl...wT = fwl...wr + .- + fwl...wifw“l.. w
4 8 T

3.4.1) °
- 4+ fwl. W, .
B

Recall also the formula

(3.42) fwl' W, fwr+1' e Wos = Z fwal' Woiris

summing over all (r, s)-shuffles o, i.e., permutations of r + s letters satisfying
g1 < o < g, cTir+ D<o < g (r+ ).

A more detailed account of formulas (3.4.1) and (3.4.2) can be found in
[2,8§1.5-§ 1.6].
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3.5. We are going to establish a useful proposition concerning formal power

series.

Let k[[X]] denote the k-algebra of formal power series of noncommutative
indeterminates X, - - -, X,,, and A4 be the k-algebra of formal power series of
indeterminates X7, - - -, X},, X7/, - - -, X which are noncommutative except the
relations X/X; = X/X’;, i,j=1,---,m. Let

4: k[[X]] — 4
be the obvious k-algebra homomorphism given by
XZ'_)X:-*_X:/’ i=15""m1

and o’ and p”: k[[x]] —> A be the obvious k-algebra homomorphism given
respectively by X; — X; and X, — X7. For uek[[X]], write v = p’u and
u/l — p//u'

Definition. An element g e k[[X]] is grouplike if 4g = g’¢”.

Lemma. If g, ---,g, are linearly independent grouplike elements, then
gig/, i,j =1, -, r, are linearly independent over k.

Proof. Let p,,...;,: k[[X"']] — k send every element of k[[X"]] to its coeffi-

ol

cient of the term X;.. X, and c¢;;ek be such that IZ; c;;8:87 = 0. Then

hN (Z Cis(0s,.1,87 )g§ = 0 which implies that, for every i,i, - - -, i,
7

Pz‘l...n(Z Cijg;'/) =0.
J

Hence }; ¢;;87 = 0, i.e., ¢;; = 0.
7

The above lemma enables us to prove the next assertion in the same way as
for the case of grouplike elements of Hopf algebras [10].

Proposition. If g, - - -, g, are distinct grouplike elements of k[[X]], then
they are linearly independent over k.

Proof. Use induction on r > 0. For r > 0, suppose that

&=c¢& + - +cg, cek .

Since by the induction hypothesis, g,, - - -, g are linearly independent, so are
g8y, i, j=1,---,r. We have

gt eg)eg o o8 =gl + - +ogigl

which implies c¢;c; =0, i # j, and ¢} = c¢; which forces the contradiction g, = g;
forsomei, 1 <i<r.
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4. Applications

4.1 Theorem. If a C* manifold X has closed 1-forms w,, - - -, w,, such that
(@ w,Aw;=0,ij=1,...,m,
(b) the cohomology class [w], - - -, [W,] are linearly independent,

then ©(X) contains a free subgroup of rank m.
Proof. There exist smooth loops B, ---, B, at x, such that the m X m

matrix ( f wi) is nonsingular. We may assume that fwi = ;5.

Bj
For a loop B at x,, let () be the formal power series

1+ Zi: (sz) X; + ZZ; (JWiWJ)Xin + ...

It follows from (3.4.1) that if 3 is a product 5’8", then
6(B) = 6(B6(B") .

Thus there is a multiplicative homomorphism
0: = (X) — k[[X]]

given by g — 0(B).
Since 6(8;) = 1 + X; + higher degree terms, there exists an automorphism
x of the k-algebra k[[X]] such that

0B — 1) =X,, i=1...,m.
(See, for example, [1].) Thus
0 = y0: m(X) — kl[X]]
is the homomorphism given by
0B =1+ X, .

It is known [5] that, with respect to the multiplication, 1 + X, ---,1 4+ X,
form a basis for a free group. In fact, the formal power series expansion of
every reduced word (1 4 X;)"---(1 4+ X, )" has a nonzero coefficient for
the term X, - - - X, . Hence the elements 8;, 1 < i < m, generate a free sub-
group.

Corollary. If X isa compact Kdhler manifold and b** > b*° + 1, then r,(X)
contains a free-subgroup of rank at least 2.

Proof. Letl = b“’. Let w,, ---,w, be linearly independent holomorphic
closed 1-forms on X. Since [ — 1 > b*°, the holomorphic 2-forms w, A w,,
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.-+, w; A\ w, must be linearly dependent. Hence we may assume that w; A\ w,
= 0 and apply the theorem.

Remark. The inequality in the above corollary can be written as b, < b,+1,
where b, and b, are Betti numbers of X. An algebraic result of Stallings [8]
implies that, for K(z, 1), the condition b, = 0 is sufficient for = to have a free
subgroup of rank equal to b,. The precise relation of his result with ours is not
clear.

Corollary. If a compact Kihler manifold X has a nonconstant holomorphic
map into a Riemann surface of genus >1, then n(X) has a free subgroup of
rank at least 2.

Proof. There exist two linearly independent holomorphic 1-forms w, and w,
on the Riemann surface Y such that w, A w,=0. If f: X — Y is a nonconstant
holomorphic map, then f*w, and f*w, are linearly independent closed holo-
morphic 1-forms on X with f*w, A f¥w, = 0. According to the theorem, z,(X)
has a free subgroup of rank 2.

4.2. Letw,...,w, be given as in Theorem 4.1, and w be a closed g-
form, g > 1, suchthat w, Aw=0,1<i < m.

Recall that, for any «: (I*, 0I") — (X, x,), the iterated integral f WWse o e WiW

is well defined and depends only on the homotopy class of «. We give the fol-
lowing interpretation of this integral.
Let X be the universal covering space of X, and X, be a base point of X

above x,. The path integral f w;w,- - -w, may be taken as a function f on X

with f(%) = 0. Liftwtoa q—%orm won X, and « to &@: 1¢ — X such that &(0)

= X,. Then
fwiwj- CWEWw = ffw .
a a

Let K[[X]1]Y be the free left k[[X]]-module generated by Y. Define
0: n,(X) — k[[X]]Y
by

awaY > fwiniY + 5 [(wwwxx,y + ...
2 TyJ
Proposition. If @ ¢ 7,(X) and B e m(X), then

0(F-@) = 6(HO@) -

Proof. Letu, = wy, --.,u, = w,; . We are going to show that
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ful...urw:ful...urw_‘_
@421 *° )
+ ful...ui J.ui“...urw + - 4+ ful...ur fw
B a B a

Let ful- ..u, represent a function g on the universal covering space X with

g(x,) =DO, B be lifted to a path from X, to %, in X,and T s be the covering
transformation taking X, to %,. Then go T, can be represented by

ful...u,r —+ ful...ur_l J‘ur + -+ ful...ur .
8 B o

Zo

Let W be the g-form on X induced by w, and lift « to &(I¢,dI?) — (X, ;).
Then

[wuw = g0 = @1,

a-B Tga
which is equal to the right hand side of (4.2.1).
4.3 Proposition. If @, @, ey (X), g > 1, then
0@, + @) = 6(a) + O(a,) .

Proof. What we required to show is

4.3.1) f U+ UW = ful---u,w + f”r oUW

ay+ag ay

with u,, - - -, u, as given in § 4.2. Write

II={®el:0<1t, <4}, II={®el:}{<t,<1}.

We may choose @, and «, such that a,(f) = x, V(®) eI§ and at) =
X, V(® el?. Construct a: (I, 0l7) — (X,x,) such that «a(t) = a,(f) V() e 4
and «(f) = a,(f) v(®) e I. Then @ = @&, + @, Moreover, ( f u, ---u,.) (1)

Zo

_ (ful- : -u,) ) Y& eI, i = 1,2. Hence (4.3.1) holds.

For a multiplicative group G, denote its integral group ring by ZG.
4.4 Theorem. Let X be a connected C* manifolds, w,, - - -, w,, be closed
1-forms, and w be a closed g-form on X satisfying the following conditions :
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(a) Wi/\WjZO, Wi/\W=O, Lj=1,.--.,m,
(b) The cohomology classes [w,], - - -, [w,,] are linearly independent.

() g > 1, and there exists @ e m,(X) with fw + 0.

Then there exists a free subgroup G of rank m of =,(X) such that the Z-module
homomorphism +r: ZG — r,(X) given by B — B-@, VB ¢ G, is injective.
Proof. According to §4.1, we may assume the existence of f§,,---,

B € 7,(X) such that fwi = §,;. Let 8 and O be defined as before, and the Z-

Bi _ o
module homomorphiSIJn 0: ZG — k[[X]] be given by g8 — 6(B), VB e G.
We claim that 6(B) is a grouplike element of k[[X]] as defined in §3.5. In
fact,

@) =1+ - + 3 fwil'“wir(Xﬁl o XD (XL XD e
B

=1+ -+ 2 fwi,,(@)‘ : 'wir(r+s)X£1' ’ X:’I‘X:’/r-l-l 'Xg;+1 +oes
B

where the summation is taken over all (r, s)-shuffles ¢. It follows from (3.4.2)
that

46(B) = (o'0(B)(0"6(B)) -

According to § 4.1, 4 restricted to G is injective. Thus Proposition 3.5 implies
that 4 is injective.
Observe that O(@) = 7Y where

7)_—_fw+2fwini+'--
[

is a unit in the ring k[[X]] because f w = 0. Therefore we may regard k[[X]]Y

as a free k[[X]]-module with ©() as a generator. Since 8(f), § ¢ G, are linearly
independent, so are O(8-@) = 6(f)O(@), p ¢ G. Hence B-@, § ¢ G, are linearly
independent over Z in r,(X).

Corollary. Let X be a compact Kihler manifold. If b%° > b»° 4 b?*10 4 1,
q > 1, and the integral of some closed holomorphic q-form, q > 1, over a
spherical g-chain is not zero, then n,(X) contains a free abelian subgroup of
infinite rank.

Proof. Set s=b?*"? and | = b"* — 5. There must exist / linearly independ-

ent close holomorphic 1-forms w,, - - -, w, such that w, Aw=0,i=1, ...,
Since ! > b*° 4 1, we may use the same argument as in the proof of Corollary 4.1
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to obtain w;, A w, = 0. Hence the theorem can be applied.

The next assertion follows from the proof of the theorem.

Corollary. If a compact Kihler manifold X of complex dimension n > 1
has a nonconstant holomorphic map into a Riemann surface of genus >1, and
7.(X) is finitely generated, then the integral of every holomorphic n-form of X
must vanish over any spherical n-chain.

4.5. If HY(X) = 0 for a connected C* manifold, it can be easily verified
that, for any given closed 1-forms w,, - - -, w,, there exists an iterated integral
of the type (w,, - - ., w,)> as defined in § 2.2. Using this fact, it can be shown
that 7,(X) has a free subgroup of rank equal to the first Betti number of X.

4.6. So far, we have given no applications of iterated integrals purely in-
volving forms of higher degrees. J. H. C. Whitehead’s integral (see also [9]) for
Hopf fibering of spheres can be taken as a twice iterated integral as explained
below.

Let f:8"1— 8", n=2,4, 8, be the Hopf fibering, and w be a closed n-form

on S™ such that f w = 1. Take a base point p, € S**~'. Let a be the composite
sSn
map

(s arney £ (571, p) L (57,700
where g is a C~-map which induces an isomorphism
Ton (L2771, 01" 7Y) = 7y _((S"7Y)

Let v be a (n — 1)-form in $°*~! such that dv = f*w. Then

fww: fg*'v/\a*w= fv/\f*w,

I2n-1 S2n-1

which yields the Hopf invariant.
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