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Differential geometry plays an increasingly important role in modern theoretical physics
and applied mathematics. This textbook gives an introduction to geometrical topics useful in
theoretical physics and applied mathematics, including manifolds, tensor fields, differential
forms, connections, symplectic geometry, actions of Lie groups, bundles and spinors.

Having written it in an informal style, the author gives a strong emphasis on developing the
understanding of the general theory through more than 1000 simple exercises, with complete
solutions or detailed hints. The book will prepare readers for studying modern treatments
of Lagrangian and Hamiltonian mechanics, electromagnetism, gauge fields, relativity and
gravitation.

Differential Geometry and Lie Groups for Physicists is well suited for courses in physics,
mathematics and engineering for advanced undergraduate or graduate students, and can
also be used for active self-study. The required mathematical background knowledge does
not go beyond the level of standard introductory undergraduate mathematics courses.

Mari án Fecko , currently at the Department of Theoretical Physics, Comenius Uni-
versity, Bratislava, Slovakia and at the Institute of Physics, Slovak Academy of Sciences,
Bratislava, works on applications of differential geometry in physics. He has over 15 years’
experience lecturing on mathematical physics and teaching courses on differential geometry
and Lie groups.
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MARIÁN FECKO
Comenius University, Bratislava, Slovakia

and
Slovak Academy of Sciences, Bratislava, Slovakia

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-18796-1 - Differential Geometry and Lie Groups for Physicists
Marian Fecko
Frontmatter
More information

http://www.cambridge.org/9780521187961
http://www.cambridge.org
http://www.cambridge.org


CAMBRIDGE UNIVERSIT Y PRESS

Cambridge, New York, Melbourne, Madrid, Cape Town,
Singapore, São Paulo, Delhi, Tokyo, Mexico City

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521187961

© M. Fecko 2006

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written

permission of Cambridge University Press.

First published 2006

First paperback edition 2011

A catalogue record for this publication is available from the British Library

ISBN 978-0-521-84507-6 Hardback
ISBN 978-0-521-18796-1 Paperback

Cambridge University Press has no responsibility for the persistence or accuracy of
URLs for external or third-party internet websites referred to in this publication, and
does not guarantee that any content on such websites is, or will remain, accurate or

appropriate.

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-18796-1 - Differential Geometry and Lie Groups for Physicists
Marian Fecko
Frontmatter
More information

http://www.cambridge.org/9780521187961
http://www.cambridge.org
http://www.cambridge.org


Contents

Preface page xi
Introduction 1

1 The concept of a manifold 4
1.1 Topology and continuous maps 4
1.2 Classes of smoothness of maps of Cartesian spaces 6
1.3 Smooth structure, smooth manifold 7
1.4 Smooth maps of manifolds 11
1.5 A technical description of smooth surfaces in R

n 16
Summary of Chapter 1 20

2 Vector and tensor fields 21
2.1 Curves and functions on M 22
2.2 Tangent space, vectors and vector fields 23
2.3 Integral curves of a vector field 30
2.4 Linear algebra of tensors (multilinear algebra) 34
2.5 Tensor fields on M 45
2.6 Metric tensor on a manifold 48

Summary of Chapter 2 53
3 Mappings of tensors induced by mappings of manifolds 54

3.1 Mappings of tensors and tensor fields 54
3.2 Induced metric tensor 60

Summary of Chapter 3 63
4 Lie derivative 65

4.1 Local flow of a vector field 65
4.2 Lie transport and Lie derivative 70
4.3 Properties of the Lie derivative 72
4.4 Exponent of the Lie derivative 75
4.5 Geometrical interpretation of the commutator [V, W ],

non-holonomic frames 77
4.6 Isometries and conformal transformations, Killing

equations 81
Summary of Chapter 4 91

v

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-18796-1 - Differential Geometry and Lie Groups for Physicists
Marian Fecko
Frontmatter
More information

http://www.cambridge.org/9780521187961
http://www.cambridge.org
http://www.cambridge.org


vi Contents

5 Exterior algebra 93
5.1 Motivation: volumes of parallelepipeds 93
5.2 p-forms and exterior product 95
5.3 Exterior algebra �L∗ 102
5.4 Interior product iv 105
5.5 Orientation in L 106
5.6 Determinant and generalized Kronecker symbols 107
5.7 The metric volume form 112
5.8 Hodge (duality) operator ∗ 118

Summary of Chapter 5 125
6 Differential calculus of forms 126

6.1 Forms on a manifold 126
6.2 Exterior derivative 128
6.3 Orientability, Hodge operator and volume form on M 133
6.4 V -valued forms 139

Summary of Chapter 6 143
7 Integral calculus of forms 144

7.1 Quantities under the integral sign regarded as
differential forms 144

7.2 Euclidean simplices and chains 146
7.3 Simplices and chains on a manifold 149
7.4 Integral of a form over a chain on a manifold 150
7.5 Stokes’ theorem 151
7.6 Integral over a domain on an orientable manifold 153
7.7 Integral over a domain on an orientable Riemannian manifold 159
7.8 Integral and maps of manifolds 161

Summary of Chapter 7 163
8 Particular cases and applications of Stokes’ theorem 164

8.1 Elementary situations 164
8.2 Divergence of a vector field and Gauss’ theorem 166
8.3 Codifferential and Laplace–deRham operator 171
8.4 Green identities 177
8.5 Vector analysis in E3 178
8.6 Functions of complex variables 185

Summary of Chapter 8 188
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Preface

This is an introductory text dealing with a part of mathematics: modern differential geometry
and the theory of Lie groups. It is written from the perspective of and mainly for the needs
of physicists. The orientation on physics makes itself felt in the choice of material, in the
way it is presented (e.g. with no use of a definition–theorem–proof scheme), as well as in
the content of exercises (often they are closely related to physics).

Its potential readership does not, however, consist of physicists alone. Since the book
is about mathematics, and since physics has served for a fairly long time as a rich source
of inspiration for mathematics, it might be useful for the mathematical community as
well. More generally, it is suitable for anybody who has some (rather modest) preliminary
background knowledge (to be specified in a while) and who desires to become familiar in
a comprehensible way with this interesting, important and living subject, which penetrates
increasingly into various branches of modern theoretical physics, “pure” mathematics itself,
as well as into its numerous applications.

So, what is the minimal background knowledge necessary for a meaningful study of this
book? As mentioned above, the demands are fairly modest. Indeed, the required mathe-
matical background knowledge does not go beyond what should be familiar from standard
introductory undergraduate mathematics courses taken by physics or even engineering ma-
jors. This, in particular, includes some calculus as well as linear algebra (the reader should
be familiar with things like partial derivatives, several variables Taylor expansion, multiple
Riemann integral, linear maps versus matrices, bases and subspaces of a linear space and
so on). Some experience in writing and solving simple systems of ordinary differential
equations, as well as a clear understanding of what is actually behind this activity, is highly
desirable. Necessary basics in algebra in the form used in the main text are concisely sum-
marized in Appendix A at the end of the book, enabling the reader to fill particular gaps
“on the run,” too.

The book is intentionally written in a form which makes it possible to be fully grasped
also by a self-taught person – anybody who is attracted by tensor and spinor fields or by fiber
bundles, who would like to learn how differential forms are differentiated and integrated,
who wants to see how symmetries are related to Lie groups and algebras as well as to
their representations, what is curvature and torsion, why symplectic geometry is useful in
Lagrangian and Hamiltonian mechanics, in what sense connections and gauge fields realize

xi
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xii Preface

the same idea, how Noetherian currents emerge and how they are related to conservation
laws, etc.

Clearly, it is highly advantageous, as the scope of the book indicates, to be familiar (at
least superficially) with the relevant parts of physics on which the applications of various
techniques are illustrated. However, one may derive profit from the book (in terms of geom-
etry alone) even with no background from physics. If we have never seen, say, Maxwell’s
equations and we are not aware at all of their role in physics, then although we will not be able
to understand why such attention is paid to them, nevertheless we will understand perfectly
what we do with these equations here from the technical point of view. We will see how
these partial differential equations may be reformulated in terms of differential forms, what
the action integral looks like in this particular case, how conservation laws may be derived
from it by means of the energy–momentum tensor and so on. And if we find it interesting,
we may hopefully also learn some “traditional” material on electrodynamics later.

If we, in like manner, know nothing about general relativity, then although we will not
understand from where the concept of a “curved” space-time endowed with a metric tensor
emerged, still we will learn the basics of what space-time is from a geometrical point of view
and what is generally done there. We will not penetrate into the physical heart of the Einstein
equations for the gravitational field, we will see, however, their formal structure and we will
learn some simple, though at the same time powerful, techniques for routine manipulations
with these equations. Mastering this machinery then greatly facilitates grasping the physical
side of the theory, if later we were to read something written about general relativity from
the physical perspective.

The key qualification asked of the future reader is a real interest in learning the subject
treated in the book not only in a Platonic way (say, for the sake of an intellectual conversation
at a party) but rather at a working level. Needless to say, one then has to accept a natural con-
sequence: it is not possible to achieve this objective by a passive reading of a “noble science”
alone. On the contrary, a fairly large amount of “dirty” self-activity is needed (an ideal poten-
tial reader should be pleased by reading this fact), inevitably combined with due investment
of time. The formal organization of the book strongly promotes this method of study.

A specific feature of the book is its strong emphasis on developing the general theory
through a large number of simple exercises (more than a thousand of them), in which the
reader analyzes “in a hands-on fashion” various details of a “theory” as well as plenty of
concrete examples (the proof of the pudding is in the eating). This style is highly appreciated,
according to my teaching experience, by many students.

The beginning of an exercise is indicated by a box containing its number (as an example,
14.4.3 denotes the third exercise in Section 4, Chapter 14), the end of the exercise is marked
by a square �. The majority of exercises (around 900) are endowed with a hint (often quite
detailed) and some of them, around 50, with a worked solution. The symbol • marks the
beginning of “text,” which is not an exercise (a “theory” or a comment to exercises). Starred
sections (like 12.6∗) as well as starred exercises may be omitted at the first reading (they
may be regarded as a complement to the “hard core” of the book; actually they need not be
harder but more specific material is often treated there).
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Preface xiii

This book contains a fairly large amount of material, so that a few words might be useful
on how to read it efficiently. There are several ways to proceed, depending on what we
actually need and how much time and effort we are willing to devote to the study.

The basic way, which we recommend the most, consists in reading systematically from
cover to cover and solving (nearly) all the problems step by step. This is the way in which we
may make full use of the text. The subject may be understood in sufficient broadness, with a
lot of interrelations and applications. This needs, however, enough motivation and patience.

If we lack either, we may proceed differently. Namely, we will solve in detail only those
problems which we, for some reason, regard as particularly interesting or from which we
crucially need the result. Proceeding in this way, it may happen here and there that we will
not be able to solve some problem; we are lacking some vital link (knowledge or possibly
a skill) treated in the material being omitted. If we are able to locate the missing link (the
numbers of useful previous exercises, mentioned in hints, might help in doing so), we simply
fill this gap at the relevant point.

Yet more quickly will proceed a reader who decides to restrict their study to a particular
direction of interest and who is interested in the rest of the book only to the extent that it
is important for his or her preferred direction. As an aid to such a reader we present here a
scheme showing the logical dependence of the chapters:

(The scheme does not represent the dependence completely; several sections, short parts
or even individual exercises would require the drawing of additional arrows, making the
scheme then, however, virtually worthless.)

To be more explicit, one could mention the following possible particular directions of
interest.

1. The geometry needed for the fundamentals of general relativity (covariant derivatives, curvature
tensor, geodesics, etc.).

One should follow the line 1 → 2 → 3 → 4 → 15 (similar material goes well with advanced
continuum mechanics). If we want to master working with forms, too (to grasp, as an example,
Section 15.6, dealing with the computation of the Riemann tensor in terms of Cartan’s structure
equations, or Section 16.5 on Einstein’s equations and their derivation from an action integral), we
have to add Chapters 5–7.

2. Elementary theory of Lie groups and their representations (“(differential) geometry-free mini-
course”).

The route might contain the chapters (or only the explicitly mentioned sections of some of them)
1 → 2.4 → 10 → 11.7 → 12 → 13.1–13.3.

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-18796-1 - Differential Geometry and Lie Groups for Physicists
Marian Fecko
Frontmatter
More information

http://www.cambridge.org/9780521187961
http://www.cambridge.org
http://www.cambridge.org


xiv Preface

3. Hamiltonian mechanics and symplectic manifolds.
The minimal itinerary contains Chapters 1 → 2 → 3 → beginning of 4 → 5 → 6 → 7 → 14.

Its extension (the formulation of Lagrangian and Hamiltonian mechanics on the fiber bundles T M
and T ∗ M respectively) takes place in Chapters 17 and 18. If we have the ambition to follow the
more advanced sections on symmetries (Sections 14.5–14.7 and 18.4), we need to understand the
geometry on Lie groups and the actions of Lie groups on manifolds (Chapters 11–13).

4. Basics of working with differential forms.
The route could be 1 → 2 → 3 → beginning of 4 → 5 → 6 → 7 → 8 → 9, or perhaps adding

the beginning of Chapter 16.

This book stems from (and in turn covers) several courses I started to give roughly 15
years ago for theoretical physics students at the Faculty of Mathematics and Physics in
Bratislava. It has been, however, extended (for the convenience of those smart students
who are interested in a broader scope on the subject) as well as polished a bit (although
its presentation often still resembles more the style of informal lectures than that of a dry
“noble-science monograph”). In order to mention an example of how the book may be
used by a teacher, let me briefly note what four particular formal courses are covered by
the book. The first, fairly broad one, is compulsory and it corresponds roughly to (parts of)
Chapters 1–9 and 14–16. Thus it is devoted to the essentials of general differential geometry
and an outline of its principal applications. The other three courses are optional and they
treat more specific parts of the subject. Namely, (elementary) Lie groups and algebras and
their representations (it reproduces more or less the “particular direction of interest” number
2, mentioned above), geometrical methods in classical mechanics (the rest of Chapter 14
and Chapters 17 and 18) and connections and gauge fields (Chapters 19–21).

I have benefited from numerous discussions about geometry in physics with colleagues
from the Department of Theoretical Physics, in particular with Pal’o Ševera and Vlado Balek.

I thank Pavel Bóna for his critical comments on the Slovak edition of the book, Vlado
Bužek and Vlado Černý for constant encouragement during the course of the work and the
former also for the idea to publish it abroad.

Thanks are due to E. Bartoš, J. Buša, V. Černý, J. Hitzinger, J. Chlebı́ková, E. Masár,
E. Saller, S. Slisz and A. Šurda for helping me navigate the troubled waters of computer
typesetting (in particular through the subtleties of TEX) and to my sons, Stanko and Mirko,
for drawing the figures (in TEX).

I would like to thank the helpful and patient people of Cambridge University Press,
particularly Tamsin van Essen, Vincent Higgs, Emma Pearce and Simon Capelin. I would
also like to thank all the (anonymous) referees of Cambridge University Press for valuable
comments and suggestions (e.g. for the idea to complement the summaries of the individual
chapters by a list of the most relevant formulas).

I am indebted to Arthur Greenspoon for careful reading of the manuscript. He helped to
smooth out various pieces of the text which had hardly been continuous before.

Finally, I wish to thank my wife, L’ubka, and my children, Stanko, Mirko and Danka,
for the considerable amount of patience displayed during the years it took me to write this
book.
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Preface xv

I tried hard to make Differential Geometry and Lie Groups for Physicists error-free,
but spotting mistakes in one’s own writing can be difficult in a book-length work. If you
notice any errors in the book or have suggestions for improvements, please let me know
(fecko@fmph.uniba.sk). Errors reported to me (or found by myself) will be listed at my
web page

http://sophia.dtp.fmph.uniba.sk/˜fecko
Bratislava Marián Fecko
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