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of interest for N = 2. As an application of the formalism we prove that certain N = 2
spinning chiral operators (also known as “exotic” chiral primaries) do not admit a consis-
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SCFT. This extends a previous proof in the literature which only applies to certain classes
of theories. To each superdescendant we associate a superconformally covariant differential
operator, which can then be applied to any correlator in superspace. In the case of three-
point functions, we introduce a convenient representation of the differential operators that
considerably simplifies their action. As a consequence it is possible to efficiently obtain
the linear relations between the OPE coefficients of the operators in the same superconfor-
mal multiplet and in turn streamline the computation of superconformal blocks. We also
introduce a Mathematica package to work with four dimensional superspace.

KeEyworDS: Conformal Field Theory, Extended Supersymmetry, Superspaces

ARX1v EPRINT: 1910.12869

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP04(2020)145


mailto:andrea.manenti@epfl.ch
https://arxiv.org/abs/1910.12869
https://doi.org/10.1007/JHEP04(2020)145

Contents
1 Introduction

2 Review of the formalism
2.1 Notation and conventions
2.2 N =1 superspace
2.3 N = 2 superspace

3 Constructing the differential operators
3.1 N =1 case
3.1.1 Strategy
3.1.2  First order
3.1.3  Orders Q? and Q?
3.1.4 Order QQ
3.1.5  Orders Q?Q and Q*Q
3.1.6  Order Q%Q?
3.2 N =2 case
3.2.1 General remarks
3.2.2  Zero R-charge
3.2.3 R-charge 1/2
3.2.4 R-charge 1

4 Acting on three-point functions
41 N =1 case
4.1.1 Idea
4.1.2  Order QQ
4.1.3  Orders Q?Q and Q?*Q
4.1.4 Order Q%Q?
42 N =2 case
4.2.1 Lowest order
4.2.2  Zero R-charge
4.2.3 R-charge 1/2
4.2.4 R-charge 1

5 Exotic chiral primaries

6 A Mathematica package
6.1 Note on the conventions
6.2 Worked out example

7 Conclusions

S Ut w W

© © 9

10
10
11
12
12
13
13
14

15
15
15
17
17
18
18
18
19
20
20

21

23
24
24

27



A Details on notation and conventions 28

B Acting on different points 30
C Superspace expansion 31
D Some identities for the superspace derivatives 32

1 Introduction

Superconformal field theories (SCFTs) have a remarkably rigid structure. The supercon-
formal algebras have been classified long ago [1] and their unitary representations have
been studied extensively, leading to a classification in four dimensions [2, 3] and in any
dimension [4, 5]. A mathematical obstruction prevents superconformal algebras to exist in
dimensions greater than six; furthermore, assuming that the resulting SCFT is local puts
an upper bound on the amount of supercharges A/.! These facts made the classification
of unitary representations an attainable task as only a finite number of cases needed to be
considered. At times, however, studying superconformal multiplets purely from a group
theoretical point of view might not be enough. Often one needs to know how to relate in
a precise way the correlation functions of the various operators in the same multiplet in
order to fully exploit the constraints of supersymmetry. This can be done, for example,
with the help of a superspace formulation. In the case of four dimensions, which is the one
we will focus on, such a formalism has been introduced in the end of the nineties [6-8].

A very general and successful method for studying superconformal field theories is the
conformal bootstrap [9, 10].2 It was initially developed without having supersymmetry
in mind, but its application to SCFTs followed soon after [15, 16]. The search for four
dimensional theories with N' = 1 supersymmetry has been mainly focused on the recently
discovered “minimal” SCFT [17-19]. But the bootstrap is certainly not limited to four
supercharges. There are examples in N' = 2 [20, 21], including a study of the (A;, A3)
Argyres-Douglas models [22], and there are also works addressing N/ = 4 super Yang-
Mills [23, 24]. We should mention that this program has been very successful in other
spacetime dimensions as well. The studies on (2,0) theory in six dimensions [25] and
the recent works on three-dimensional SCFTs relevant for M-theory are some notable
examples [26, 27].

All these works impose the bootstrap constraints on a multiplet whose superprimary
is a Lorentz scalar. Most of the results involving supersymmetric conformal blocks indeed
focus on scalar external operators [28-35]. In the recent years, however, a lot of progress has
been made towards developing a powerful formalism for spinning operators. The process
of computing conformal blocks is fully automated in 3d [36] and the simplest case of spin

'In three dimensions there actually exist theories for any A/, but those for N > 8 are necessarily free.
2By conformal bootstrap we mean the modern revival of the original bootstrap program, which was
developed in the early seventies [11-14].



1/2 has been already tackled in 4d [37]. For all other Lorentz representations at least two
approaches are possible: the method of weight-shifting differential operators [38, 39] and the
recently developed formalism in embedding space [40-42], for which there are already some
explicit results expressed in terms of specific substitutions on Gegenbauer polynomials.
Soon it will be possible to address supersymmetric theories with a bootstrap setup that
involves spinning superconformal primaries. The necessary ingredients are already available
for the Ferrara-Zumino multiplet in A/ = 1 [43]. On the other hand, for other Lorentz
representations in A/ = 1 or for non-scalar primaries in N' > 2 there are no explicit results
so far. Recently a general theory has been developed [44]. In the formalism of [44] the
superconformal blocks are computed by solving the Casimir equation. The problem can be
translated into the Schrédinger equation of a Calogero-Sutherland model [45], or rather,
a perturbation of it which becomes exact at a finite order. In this paper, however, we
propose a different approach to the computation of A' = 1,2 superconformal blocks. The
final output of the formalism shown here will be a set of linear relations among the OPE
coefficients and norms of the operators in the same multiplet®

(a) - (b) -
A(Q£Q201)02O3 - Mab )\01(’)2(93 ) C(QZQ@ol) = NCOl ,

for some, in general rectangular, matrix M and some complex number N. Once the
conformal blocks of all operators in a multiplet are known, it suffices to take the appropriate
linear combination following from the knowledge of M and N.

Even though the main motivation behind this paper is that of computing superconfor-
mal blocks, there are other interesting applications that can be studied. We first directed
our attention to the so-called “exotic chiral primaries.” These operators are allowed by
representation theory? but have been proven to be absent from a very large class of theo-
ries [46]. Arguments that excluded them from theories of class S appeared in [47], while
the more general result of [46] applies to ¢) theories with a Lagrangian description, i)
theories related to Lagrangian ones via a generalized Argyres-Seiberg-Gaiotto duality and
i11) theories that flow to an IR Lagrangian theory via an N' = 2-preserving deformation.
We further extend these results showing that the exotic chiral primaries are forbidden in
any local SCFT. Using the formalism presented here® we expand a three-point function
of an exotic primary X, its conjugate X and the stress tensor J into N' = 1 multiplets.
We then show that the resulting correlators do not satisfy the Ward identities computed
in [49] and are therefore inconsistent. The only assumption is the existence of a conserved
stress tensor, i.e. locality.

Another possible application is the investigation of the constraints stemming from
the averaged null energy condition (ANEC). The ANEC [50-52] states the positivity of
integrated expectation values of the stress tensor. There are non-supersymmetric results
only in four dimensions for spin (4,0) and (j,1) [53] and N' = 1 supersymmetric results

3We call X the coefficient appearing in the three-point function in some standard basis and C the nor-
malization of the two-point function relative to some standard convention. See section 6.1 for more details.

4The exotic operators have spin (4,0) with j > 0 and are annihilated by the Q supercharges. In the
notation of [3] they are gg(jm and in the notation of [4] they are LB1[j; 0]2;2

5We should point out that the differential operator needed for the proof, while being a particular case
of the ones defined in this paper, was already known from [48].



for general multiplets with spin (7,0) [49], which impose lower bounds on the conformal
dimension, sometimes stronger than unitarity. As of now, there is no intuition on the shape
of these bounds for more general Lorentz representations or for extended supersymmetry
and thus more investigations are needed.

The approach of this paper consists in defining a set of superconformally covariant
differential operators that can be applied to any correlator in superspace. In N = 1,
by setting the Grassmann variables to zero, one obtains a conformal primary. Whereas
in N = 2, by setting to zero only the Grassmann variables 6y, 62, one obtains an N = 1
superconformal primary. The advantage of the operators that we define is that it is possible
to greatly simplify their action on three-point functions. This is because any three-point
function can be factorized as a prefactor and a function ¢ of one point in superspace Z. Then
our differential operators can be mapped to derivatives on t(Z), reducing the problem to a
single point. In order to define such operators we need to carefully subtract the conformal
descendants — or the superdescendants of the other supercharges in the N = 2 case —
that are generated when acting with @, @ on . This is done in full generality to all
orders in N' = 1. On the other hand, only some cases have been considered in N' = 2,
leaving the complete analysis to a future work. Specifically we considered all operators
with vanishing su(2) R-charge up to quadratic order in the Q2 @2 supercharges and all
operators with su(2) R-charge 1 and 1/2 up to linear order. By expanding the differentiated
three-point function in a standard basis one can read out the linear relations among the
OPE coefficients of O and QEQEO. Similarly, by acting on two-point functions, one can
obtain the relative norms, even though they are already known in general for N' =1 [54].
We also introduce a Mathematica package to work on four dimensional superspace. It can
be used to derive the results presented in this paper and to perform the computation of
superconformal blocks of spinning primaries. It can also be regarded as a general purpose
tool for any tensor computation in four dimensions with the index-free formalism.

Finally we should mention that superconformal differential operators for extended
supersymmetry have been introduced in the past [55]. The operators that we define in this
paper are unrelated to those.

The paper is organized as follows. In section 2 we give a general overview of the
superspace formalism both for Y = 1 and N' = 2, leaving the precise definitions and
some details to appendix A. Then we present all the differential operators in section 3. In
section 4 we focus on three-point functions and study the action of the differential operators
on them. In section 5 we present the proof of the absence of exotic primaries from any local
SCFT. Finally, in section 6 we introduce the Mathematica package used for this paper,
discuss its applications and show a small worked out example. Further details are left to
the appendices.

2 Review of the formalism

2.1 Notation and conventions

We will follow the conventions of [56] for four dimensional spinors and utilize the formalism
of [6, 7] for N/ = 1 superspace and its generalization [8, 48] for N/ = 2 superspace.



We contract all o, ¢ indices with commuting spinors n®, 7% and we use the shorthand
x to denote the tuple z,7,7. An operator of spin (7, 7) is denoted as follows

O(x) = O(x,m,m) =" 0% ﬁdl e 'ﬁdj O(a1~--o<j) (d1~~~dj)(x) : (2.1)

An operator in superspace also depends on Grassmann variables ¢, %, where I = 1,2 is
an su(2) g index, only present in the N' = 2 case. We use a shorthand z to denote the tuple

x,07,0", and z to denote z,7,7.
O(Z) = O(I, 0;, él, n, 77) _ ei91Q1+i§IQI O(X) . (2'2)

Additional lower case indices 7;, 6;, z;;, label the i-th operator in a correlation function.
For more details on the notation and the definition of the supersymmetric intervals x;;,
oI

o7 ijo O ij - B
The various N' = 1 superdescendants are indicated as (Q‘Q‘O), for £, = 0,1,2.
By definition they are conformal primaries. We follow the conventions of [54] for the

see appendix A.

normalization of their two-point function. When there are different choices for the spin,
they are indicated with a & superscript. E.g. (QQO)"~ has spin (j + 1,7 — 1). In order
to avoid confusion between exponents and possible explicit su(2)g indices, the latter will
be underlined. Namely (Q20) = (Q'=20) and (Q?0) = (Q“Q.0). Following [4] we will
define the u(1)g charge r for both N'=1,2 as

[’I”‘, ng] = _Qé ’ [Ta QI&] = QId ) (23)

and the su(2)r charge R as the Dynkin label R € N, with the Cartan R3 taking values
—R/2,...,R/2. Tt will be convenient to define the ¢, g charges as a function of r and the
scaling dimension A as follows

2
A=q+4q, r=-(q—q), for N =1,
q+q 3(q q) (2.4)
A=qg+7q, r=2(q—q), for N =2.

The unitarity bounds for long multiplets in these variables read

742, for N =1,
J (2.5)
+

2+ R, for N =2.

In the notation of [4] an A-type shortening happens when one of the inequalities is saturated
and a B-type shortening happens when j or 7 vanishes and, respectively, g or ¢ equals R/2
(or vanishes in the A" = 1 case). We will also choose to embed N =1 into N' = 2 by taking
the subalgebra generated by Q%( and Q;a- This leads to

qN=1 = qn=2 — R3, qnv=1 = qn=2+ R3. (2.6)

In the following we will define differential operators denoted with the letter “D” in several
different fonts. In order not to generate confusion we summarize here their meaning. See
the next subsections for the definition of the Z variables.



Symbol Supercharges Acts on

Dyege N =1 21/ 29
Doige / Loige N =1 Zs

]D)Q@z N =2 21/ 2o
Doige / Qoige N =2 Zs

Table 1. Reminder for the notation of differential operators. The alternatives in the first column
represent the differential operator obtained by acting on the first / second operator, respectively.

2.2 N = 1 superspace

Given three superconformal primaries O, Oy and O3 whose sum of R-charges is 0,1 or 2
in absolute value, one can define a three-point function as

(01(z1) O2(22) O3(23)) = Ko, 0, (212, 23;8x1,2,5>21,2)758§02(23;X1,2,>_<1,2;773,773)- (2.7)

The Ko, 0, is an universal prefactor and the tg;’(% encodes all the information of the three-

point function and can be expressed as a linear combination of tensor structures. The
commuting spinors ;, X; are auxiliary polarizations that are removed by the derivatives in
the prefactor. The variable Z3 collectively denotes the superconformally covariant variables
X3, 03 and O3 whose definition can be found in (A.5). Clearly, since here the operator
Os is treated differently, there are two other equivalent representation related by cyclic
permutations. For more details see appendix B.

The general form of the prefactor Kp, 0, is the following

2 2 s
1 [Ti1 (mixiz Ox,)”* (O Xai i)
Jlntge! ot TR, w3200 a* %t

Ko,0, = (2.8)

For the definition of z;; see (A.1). Note that, as the name suggests, the prefactor only
depends on the quantum numbers of the first two operators. The tg;OQ can contain all
Lorentz invariant combinations of its arguments as tensor structures. They need to be
homogeneous functions of the auxiliary spinors — with the degree dictated by the spins
ji and 7; — and also satisfy a scaling property illustrated in (B.3). Due to the Schouten
identities® these tensor structures can be hard to enumerate. But the expected number can
be computed by a group theoretic formula [43]. Moreover, since the problem is essentially
analogous to listing tensor structures in embedding space, one can easily obtain them by
using the results of [57, 58]. The idea is to first define the mapping

s ~ij

Ky — i, Ke — i, (2.9)
Jék — Us ' n;Usi IV — Uyt miUsiy
where we have renamed y; and ; to n; and 7; respectively for simplicity of notation and

used Us defined in (A.6). Then we proceed order by order in ©3,03. The order zero is

5The Schouten identities are all those that follow from e*? €79 4¢7* ¢ +€%7¢*% = 0, and the corresponding

one with dotted indices.



trivial as it suffices to apply (2.9) to the three-point function. Now say we want to compute
the order ©303. We simply consider the three-point functions with all four combinations
of spin”

(J1:71), (J2,72), (3 £ 1,73 £1), (2.10)

and A3 — Az + 1. Then, after applying the mapping (2.9), we remove the extra ns, 73
spinors with ©30,,, (:)38,73 and attach missing 73, 773 spinors with ©3n3, O313. For quadratic
orders it suffices to attach an overall @% or (:)g to the three-point function with no shifts in
the spins. The same logic applies to the other orders. The constraints of multiplet shorten-
ing and conservation can be applied directly on the ¢ by using the fact that the shortening
differential operators always annihilate the prefactor with the appropriate quantum num-
bers. This is a consequence of

. 9 (mxy371)
A; short : D ,
1 shortening B la TR (
1
Ay shortening: D12—2 f(z13) =0, (2.11)
T13

By shortening;: D1, f(z13) =0,

for £13 # 0. Similar identities hold for D. If ;1 = z3 we have the usual contact term
singularity. Once the differential operator is past the prefactor we can use (A.9) to act

0102
on to3 .

2.3 N = 2 superspace

With a formalism similar to the previous case one can construct superconformal three-point
function of N/ = 2 primaries. First we need to introduce the following unitary matrix

57
Z,eijIXije

UIJ(Zij) = 0,7 - 2 = (2.12)

$5j
By rescaling u(z;;) appropriately we obtain a unimodular matrix
1
~ T sz‘Z 2 J N
art(zig) = | 5 ) w(zy), alzg) € SU2). (2.13)
7

Let us consider three superconformal primaries O%l, (9%2 and (’)§3. Here Z; is an su(2)
index transforming under the representation R;. Let us denote as

TE T (),  wesu), (2.14)
the representation with Dynkin label R of SU(2). The simplest cases are®
1
TY () =uf,  T%Bu) = i () (e P) sy, (w2 wf +u uf2) . (2.15)

"If j3 or 75 is zero the corresponding negative shift is omitted. The choice of shifting the spin labels of
the third operator is unimportant and equivalent to any other choice, even when j373 = 0.
8(0*)’; are the usual three-dimensional Pauli matrices and e12 = 2! = 1 is the Levi-Civita tensor.



/ \
Qo= (QO)* .
3,4 +1 q+1,d— 3
/Q/\Q\/Q/\Q\

@0) ..., Qo @0
5 Q/\Q 2 QQ/ ’
~_ ., ~_ .,

@Qo* . @or
\@7 ’ Q/ v
~ .,
(Q*Q%0)

g+1,g+1

Figure 1. Diagram of all operators in an N' = 1 long multiplet. Superscripts of & indicate the
choice of spin j + 1 or 7 4+ 1. Subscripts indicate the ¢, ¢ charges. The R-charge grows from left to
right by 1 and the conformal dimension grows from top to bottom by 1/2. A box represents the
full tower of descendants O, 9,0, 920, ...

The most general three-point function then has the following form
<O:1[l (Zl) 05222 (Z2) 0-3’[3 (Z3)> = ICO102 (Z1,27 Z3; 0X1,2 5 8>‘<L2) X
TRl'ljl (7:6(2'13)) TRIZJQ (ZAL(ZQ;;))X (2.16)
1O T (235 31,2, X0,23 . )

with K defined in (2.8) and Z3 denoting X3, 04,03/ (see appendix A). The ¢ has the same
scaling properties as the N’ =1 case (see (B.3)). But in addition it has to transform as a
tensor with the indices in the appropriate representations. The dependence on the su(2)

indices may come from ©7, ©; or explicit 77 and 6§ tensors.

3 Constructing the differential operators

3.1 N =1 case
3.1.1 Strategy

The goal of this section is to derive a set of superconformally covariant differential operators
D that extract a given order in 0, from an N = 1 superconformal multiplet O(z). That
is, we want them to satisfy the following property

Dyigi O(2)], = (Q'Q"0)(x). (3.1)

where |p means evaluating at § = § = 0 after taking the derivative. The set of all operators
in a long multiplet is illustrated in figure 1. Clearly, by the definition of O(z) (2.2), the first



orders will be simply a derivative with respect to 6 or §. However, the situation becomes
more complicated when both ¢ and ¢ are nonzero. In this case the term multiplying 0°0% is
not a conformal primary, but a linear combination of (QEQZO) and the descendants of the
previous orders. Thus we need to be able to disentangle these contributions. Furthermore
we will not be content with any form of the differential operator. We will need to express
it as a combination of chiral and antichiral derivatives D,, Dg (A.4). The reason will be
evident in the next section: these derivative have nice covariant properties that allow us
to pass them through the prefactor Kp,o, of a three-point function and then their action
on tg;OQ can be fully recast as a derivative with respect to X3, O3, 3.

Firstly we need to compute the exact linear combinations of descendants that appear
in the £/ # 0 terms. This has been done already in [54] by analyzing superconformal
two-point functions. We summarize their results in appendix C. Then we need an ansatz
for the differential operator that we wish to compute. Schematically we have

Dg ~ Dy, Dy ~ Dy . (3.2)
Therefore an ansatz for DQ@Z will be something of the form

DQ@Z ~ ai (DQ)E(Df)Z + permutations, (33)

Q

and the coefficients ay, ... need to be fixed in terms of the ¢;’s in (C.4)—(C.6). This match-
ing could be done by simply working out the algebra of the chiral derivatives, namely
{Dy,Dgs} = 20" . 0, However, we opted for a more convenient method. The strategy is
to define a functional that acts on the non-supersymmetric operators O(x) and turns them
into an explicit function ¢[O](x). It is then possible to implement the rules for derivatives
and index contractions in a computer algebra system and impose the following equality.

p[Dorgr O(2)],] (%) = 0[(Q'Q0)] (x) . (3.4)

The functional ¢ can be chosen arbitrarily as long as it is generic enough to make (3.4) im-
ply (3.1).2 There are a few advantages to this method. First, it can be easily implemented
using the package introduced in section 6. Second, it is possible to choose among many
functionals thus obtaining an overconstrained system of equations like (3.4). The existence
of a solution serves as a check for our results.

A possible choice is ¢[0](x) = (XO(x)). However if X is a local operator then ¢
becomes a quadratic functional (because necessarily X = O) and it is hard to solve the
constraints. If X is the product of two local operators we have a linear functional but there
is no choice that gives a nonzero three-point function with all possible Os. Naturally, there
is no reason why ¢ needs to be a physical correlator. This is then our choice:

X7 l X7 k . _
AAO)(x) = CEDUPN )y (=t (35)

9 Another way to say this is the following: we want to prove some identities between differential operators.
The identities should hold for any choice of functions to which the operators are applied. Therefore we
need to find a set of functions which are generic enough to completely fix the ansatz, but also as easy as
possible to manipulate.



The parameters k,[ can be varied between 0 and, respectively, j and 7 to obtain a family
of functionals. The only identity that needs to be considered when comparing derivatives
of the above expression is the following

XXX 1XT] = XXT] XX + 2 1 X (3.6)

This is particularly convenient because the main obstacle in solving (3.4) is finding all
linearly independent tensors. But, thanks to (3.6), a basis of independent tensors can be
simply taken to be

(o)™ ()™ (i) (nxx)” (mx)© (1), with mn = 0. (3.7)
Now the task of fixing the ansatz for the differential operators DQZ o is tedious but entirely
straightforward.
3.1.2 First order

At first order in 6 and 6 no descendants need to be subtracted. The differential operators
are simply 0y or dg, which can be then completed to chiral derivatives (A.4)

) 0
D+:_.Z naDaa D_:_zi s
. o 9 .
Df = ——" 74D, Dz=-12D,.
QT 417w Q70N
As needed, these operators satisfy
D5 O(z)|, = (QO)*(x),  DZ0(z)|, = (Q0)*(x). (3.9)

They will be used as building blocks for the subsequent differential operators.

3.1.3 Orders Q? and Q?

For the quadratic order we may use the operators DD, and Dy D". However in the next
section we want to prove that all DQg@g commute with the prefactor of the three-point
function. This can be done easily only if all operators are expressed in terms of D$ and
Dg. Since we act on homogeneous functions of 7 and 7 this amounts to only an overall

factor.!9 The result is

250+ o oy 20041 - o

The factors j(j + 1) in the numerator simply cancel the denominator of (3.8). For scalar
operators they can be omitted and Dé is used without the j at the denominator.

Tndeed for an homogeneous function f; = 7a, - - - 7a, f*1 % one has
OyD D fo = 5 D* Ony npnay ey [

:%(£+2)D2fz.



3.1.4 Order QQ

This is the first order where we need to subtract the descendants. Schematically we have
O|,5 = 00 ((QRO) —icd,0) , (3.11)

see (C.4) for the full expression. The needed ansatz is simple. Letting s and r represent
either a plus or a minus sign we have

DZ@ =a" D‘EQD% + 0" D%Da ) (3.12)
The coefficients a*" and b*" are a function of ¢y if sr = ++, co if sr = —+, ¢c3 if sr = +—
and ¢4 if sr = ——. We will directly give the final expression by replacing the values of ¢;
computed in [54].
ot = 2‘14"7'» 7 bt — _ 254"7. ’
2q+q)+j+7 2q+q)+i+7
a*‘l’: 2q—j_2 7 b7+:_ 2C.7+j : 7
20q+q-1)—j+7J 20q+q-1)—j+J
9% + i 95 — 7— 9 (3.13)
ot = q—T)] : 7 pt— — _ q—1] ' :
2q+q—-1)+3j—-J 20q+q-1)+3j—J
- 29 —j—2 - 2¢—7—-2
a” = = — = — = —.
20+q-2)—j—) 20+q-2)—j—)J

We should remark that these expressions are valid for a generic long multiplet. When the
multiplet is short (e.g. 2¢ = j +2) the differential operators associated to null superdescen-
dants should be discarded.

As a quick example we can take the Q@ descendant of the Ferrara-Zumino multiplet
J(z), namely the energy-momentum tensor. The result is simply one half the commutator

1
T(x) = 5 (DZgD% - D%Dg) J(z)

. (3.14)

as can be easily seen by letting j =7=1and ¢ =g = 3/2.

3.1.5 Orders Q%Q and Q3*Q

The contribution at this order is shown in equation (C.5). Letting s = +, the ansatz is

Dga = ¢" Dy Dy D +d* Dy D DS + e Dy D Dy, 5.15)
3.15
— & — Dt 8 D= + 1 3 D= Dt
D{pg = & Dg Dy Df + d° Do D Dy + € Dy DS D

The various coefficients are a function of c56 78 and ¢5675. We have the following simple
relation

s s s __ =S 78 =S
’, d’ e’ =—-¢°, —d°, —¢ ‘Jx_}quﬁq, (3.16)

~10 -



It will then suffice to quote the result for the coefficients of D=, 0 only

Cc

)

v 20+1D)Re+5)G+T+29+27+2)
(J+2)T—-7—2¢—20+2)(j +7+2q+29)
27(7+1)(2¢ —j —2)(7 — 7 + 2q + 2q)

(G+2)(G+7—-2¢-2¢+4)(F—j+2¢+27-2)°

47(7 + 1)(2¢ + j)

(J—7—2¢—-2¢+2)(+7+2¢+2q)°

477+ 1)(2¢ —j — 2)
(J+7—-2¢—-2q+4)(J—J+2¢+27—2)
o 20+ 1)(2a+7)
(G+2)(G+7+2¢+2q)°
_ 277+ 1)(2q + )

C TG0 -+2a+2q-2) 47

C =

dt =

d_:

3.1.6 Order Q%Q?

At last we have the highest order in 6 and . The subtractions needed are six: co through
c14. This means that our ansatz will need seven terms obtained by permuting Da Dg, D%

and Dci). In total there are fourteen permutations after taking into account {D,D} =

{D, D} = 0. Not all of these are independent and the choice of seven out of these is not

unique. We made this ansatz

-t p- pt - - pt pt - - pt+ pt
D /1D D} Dy DY + f2 Dy Dy DY Dy + f3 Dy D D DY

- = pt nt - -t pt
+ fiDg D D DY + f5 Do Dy D DY (3.18)

— Dt - DF + - Dt -
+f6DQDQD@D@+f7DQDQDQDQ.

Q2Q% —

These are the values of the coefficients f;

4G +1)70+1)(20-7-2)J+29)(J +7+29+27+2)

N GG+ -7 -20-20+2)( -7 +20+20- 2 + 7+ 20+ 20)°
fy o 165(j +1)7(7 +1)(2¢ — j — 2)(2¢ +J)
(G—7-2¢-20+2)(j+7—2¢—24+4) (G -7 +2¢+27—2)(j +]+2¢+29)°
b 8+ DI+ 1)(2q + )
(J+2)
(72 + 453 + 25 + 7% + 27 — 4¢° — 8qq + 4q — 4% + 129)
(J—7-20-2q+2)(+7-2¢—24+4)(j—T+2¢+27-2)(j +]+2¢+27)’
fie .4jj<j+ 1)(2q—j—2)(2<7+j)(j—j—2q.—2q>
T+2)J—7-2¢—-20+2)(J+7—2¢—-27+4) (G +7+2¢+27)°
o= — 167+ DIG+1D)(2¢ —j =220 +7j)
(J—7-2¢—-2+2)(j+7—2¢—2+4) (G —T+2¢+27—-2)(j +7+2¢+27)°
fo = 40 +1)J0+1)2e—7—2)2¢+4)J+J]+2¢+27+2)

G+2)T+2)(—7T—-2¢—-20+2)(j —T+2¢+27—-2)(j +7+2¢+27)’
457G+ 1)2q+5) 24+ 7)(G +7+2¢+27+2)

fr=— — ~ e — - — . 3.19
G20 (=) +20+20—2)( -7+ 24+ 27— 2)(j +] + 24 + 2 (3.19)
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/OQQ%’qum’ (m' = 3R —m)
Q Q
— T~
(Q20)* (Q0)*
qa+3+m, g+m 2 q+m, g+ 3 +m’
e e e
(Q22 O) g+147m, (Q2 Qio)ii q+ % +m, (6_222 O) q+ m,

(Q*?Q,%0)

g+1+m,g+14+m

Figure 2. Diagram of all N' = 1 multiplets in an A/ = 2 long multiplet. Superscripts of & indicate
the choice of spin j &1 or 7 4= 1. Subscripts indicate the A = 1 ¢, § charges. Here m = R3 takes
integer spaced values between —R/2 and R/2 and m’ = R/2 — m. The u(1)x=2 R-charge grows
from left to right by 1 and the conformal dimension grows from top to bottom by 1/2. A box
represents a family of long N' = 1 multiplets.

All these expressions are available within the Mathematica package that we introduce in

section 6.

3.2 N =2 case
3.2.1 General remarks

Now we want to define differential operators that extract full N’ = 1 superconformal multi-
plets inside an N = 2 multiplet. We have chosen Q¥ and Ql as generators of the subalgebra.
The decomposition is illustrated schematically in figure 2. We define (Qy@gz(’)) to be a
family of A/ = 1 superconformal primaries, with a slight abuse of notation. In fact, due to

the anticommutation relations!'!

{(QL, STy =—48SR! ;. {8', Qa}=—-408R";, I#J,  (3.20)

in general such operators will not be obtained by simply acting with Q2 and @2 on O and
thus some subtractions might be needed. Each of these families will decompose in R + 1

multiplets with the following charges

_ 1 1 1 1
<q+m,q+2R—m>, m__iR’_§R+1”"’§R’ (3.21)

where we denoted the N' = 2 charges with ¢, 7 and the su(2) representation of O with R.
In this paper we only consider operators with R = {0,1,2} and give results up to the first

"The generators R ; for I # J are the su(2)r ladder operators Ry.
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nontrivial order in the Grassmann variables with I = 2, leaving the general analysis for a
future work.

3.2.2 Zero R-charge

If the superconformal primary is an su(2) singlet, no computation is needed at the linear
order. Indeed from (3.20) and from the fact that Ry on a singlet yields zero, one can see
that these operators are automatically N/ = 1 superconformal primaries

2D50(2)|, = (Q*0)%(z), 2D 0(2)|, = (Q,0)*(2). (3.22)

where now we defined |y as |92:92:0 and the prefix on the differential operator as an
su(2) index
D

D (3.23)

o'a" =Pod|p pi 55,

Similarly, the order, Q% and Q? require no subtractions as well and can be defined by
attaching an index I = 2 to (3.10).

More interesting is the order QQ. We expect a single superconformal primary at this
level. The correct differential operator is a linear combination of the operators in (3.12) for
I =1 and 2. We will not prove this result here but postpone the discussion to section 4.2.2.
Let us denote with a boldface D the N' = 2 differential operators. Letting s and ¢ represent
a sign +, the result is

st st st st
with
A-H-:_ 2 ) A—-i-:_ 2 ,
2q+q+1)+j+7 20¢+q) —j+7
(3.25)
- 2 L 2
A7 = — - — ATT = — - .
20¢+q—1)—j—] 20+ +7i—17

As a quick example we can reproduce the result of [48] for the stress tensor multiplet. Let
us denote with 7 (z) the N' = 2 superconformal primary and with J(z) the Ferrara-Zumino
multiplet. Recalling that for 7 we have ¢ = ¢ =1 and j = 7 = 0, the result is

— Mt _ T
J(z) =D, 5T, = <2DQQ J = 310567 (3.26)

0 )
with, from (3.12) and (3.8),

1 _
ID&% J==3 DL, Das] T . (3.27)

Apart from an overall minus sign, which simply reflects in a different normalization, we

obtain the same linear combination.

3.2.3 R-charge 1/2

When the su(2) R-charge is non-zero, the differential operators are nontrivial starting from
the first order. The simplest case is that of the doublet, for which we expect two N =1

~13 -



superconformal primaries. The operator O on which they act will have an I index. Letting
s = 4, we can write general ansatze as

J]D)Z? Oy = [Dz? Mg‘] Oy, J]D)% Oy = [sz2 ./Wg’] Oy. (3.28)

We denoted with D the N = 2 differential operator. In order to have a superconformally
covariant operator we need to contract the index of O with an appropriate matrix. Since
we expect two multiplets to arise at each order, the solutions for M, and M, must have
two degrees of freedom each. We denote the two classes of solutions as A and B. The
matrix M may be an arbitrary linear combination of those solutions, but the basis that
we chose is the one that projects into N’ = 1 multiplets of definite R-charge. In order to
avoid confusion we indicate here what term is represented by each entry

D30, 1D} 0O, . —
M= [0 LPQ™2)  Giilarly for M. 3.29
<2D501 2D Oy Y (3.29)

The A solution for M will be M, = Ay, My = A, with

00 _ 00
A5:<10>, As:<01). (3.30)

The solutions does not depend on s. Whereas the B solution for M will be Mg = Bq,
M, = B,, with

(3.31)
% 0 sret A 0 5
Be=11"0 ) B-=11"0 )

In this case a nontrivial linear combination is needed to obtain an N/ = 1 superconformal
primary and the solution does depend on the sign s. The resulting operators will have
charges and spin dictated by figure 2. As before, we defer the proof of these results to
section 4.2.3.

3.2.4 R-charge 1

The case of su(2) R-charge 1 is not conceptually different from the last section. Now the
operator will have an adjoint index A and the matrices M in (3.28) will be rectangular.

YOy = DYy M Os, D50, =D M0, (3.32)

We expect three degrees of freedom for the choice of My and M. Thus we can span the
basis by three classes of solutions A, B and C. For the reader’s convenience we will show
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all of them at once by taking an arbitrary linear combination of them'?

2¢ 2ic _ 2ib
aA +bB. +cCp = 2q+j5+2 2q+j+2 2q+j ,
* T\ Latib) Ha—ib) e

2c 2ic 2ib
A_+bB_ C_ = 29— 20— 2¢—j-2 ,
aA-T e (%(G‘Fib) 5(a —ib) c )
(3.33)

B B B 2¢ __ 2ic 2ib
aA + bB + cC. = 2q+7+2 2q+7+2 2gq+7 ,
* T La—ib) —i(a+ib) e

2c _ 2ic 2b
aA_+bB_+cCo= | 2077 2 22 )

As before, the various A = 1 superconformal primaries are obtained by (3.32) by replacing
M with either A, B or C. The proof these results is postponed to section 4.2.4.

4 Acting on three-point functions

4.1 N =1 case
4.1.1 Idea

The main goal is to fix a basis of non supersymmetric three-point functions for a given
triplet of representations <H?:1 0;(x:))@, where a = 1,...n123, and to expand the three-
point function of a superdescendant in that basis. Namely we want to find the coefficients
@) such that

T (1elyo3

Dgege (TTL O]y = > A (Q'QM01)(x1)Os(x2) O3(x3)) ), (4.1)
a=1

provided that the full superconformal three-point function is known.'® A three-point func-
tion can be decomposed as (2.7). When we act on it with, say, D5 we get two terms. But
since Ko, 0, is bosonic, when the Grassmann variables are set to zero only one survives

Dg <Hz:'3:1 Ol(zl»‘o = Ko,0, Dg tgéoz (ZS)|0 : (4.2)

This is certainly convenient as we do not have to worry about the prefactor when taking
derivatives, but it is not yet what we need. If we want to compare the above expression
with a chosen basis of three-point functions we still need to expand the definitions of Z3
and to act with the spinor derivatives inside Ko, 0,. It would be much better if we could
express (4.2) as

DY Oit)|y = Kigony-o, DY t91%(Z5)],. (43)

12 As before, this choice of basis is not arbitrary but it is the one that projects on A = 1 multiplets with
definite R-charges. )
13We implicitly defined n1ety53 as the number of tensor structures in (Q*Q*01)0203).
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following [48]. Here K(©o,)+o, is the prefactor of an hypothetical three-point function of
(QO1)T, Oy and O, if (QO1)™ were a superconformal primary. It is simply a Ko, 0, with
shifted arguments

Konto, =Koi0s|g—a-172: Kgoyro, = Koi1os|g—a-1/2- (4.4)
Q1—qu+l n—aEl '
n—nEl N+l

And D% will be defined later together with all the details, but the important point is that

it is a differential operator with respect to the variables X3, 03 and ©3. Now the problem

is drastically simplified. We can choose a basis of non-nilpotent tensor structures in tg;oz,

I (X3),  a=1,...,m23, (45)

which in turn will induce a basis of non-supersymmetric three-point functions. And then
the comparison can be done at the level of the ¢t. Assuming for now that this reasoning
works for all superdescendants one has'*

T (168)23

LAl
Dyige IQ0%(Z3)] = S A@HF L% (xy), (4.6)
a=1

Q'Q
in place of (4.1). It is evident that (4.6) is easier to solve for A(*). But we went too fast
in all the steps involved. First we need to show that DQng actually commutes with the
prefactor for any ¢,¢. Then we also need to prove that (4.3) is always possible and define
the DQZ@ operators that arise from it.

The proof of (4.3) is not hard. We need to make use of the formulas (A.9), which
are valid for any function of Z3 = X3, O3, 03. The extra factors of x;; that appear can be
reabsorbed in the prefactor and they give automatically the right shifts in the quantum
numbers. Then one can define the derivatives

1 1 0
DS = —— XD, D, =———D,,
D+fL—d@. DI = lif) o
Q_j+1x [eR] Q ja)za s

in complete analogy with (3.8).!5 The detailed expressions are given in appendix D. Clearly
one can also define, by repeated application, the following operators

Doige = Pgegilpyp, pop- (4.8)
Checking for commutativity with Ko, 0, requires us to show
0,0 010
(PgigiKoi0, 8.7 ~ K qugiyor0, Parge 16,) g = 0- (4.9)

This is trivially true if ¢/ vanishes: If ¢ or £ is 1 then we can do the same argument as
the example of before: the derivative acting on Ko, 0, is necessarily fermionic and thus

MNotice the swap £ < .
5Notice the swap j < 7.
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vanishing if the Grassman variables are set to zero. When, on the other hand, ¢ or ¢ is 2,
there are two pieces. One is fermionic an thus vanishing and the other must be proportional
to 2 or 02 due to its R-charge scaling. If £¢ # 0 the result is non-trivial and will be proven
explicitly in the next paragraphs. We can however argue that the commutativity property
must hold without any computation. Indeed it is easy to convince oneself that the terms
in (4.9) that survive after setting the ’s to zero cannot recombine to form an expression
with the right prefactor and a function of X3. Therefore, if they did not vanish, the result
of DQgQg applied on a correlator would not be a three-point function of conformal primaries
but of a combination of primaries and descendants. This is a contradiction by construction
of the operator DQZQZ. We will nevertheless carry an explicit computation in order to have
a non-trivial check of our results. The rest of this section will be devoted to show that (4.9)
holds and thus complete the proof of (4.6).

4.1.2 Order QQ

We want to show (4.9) for £ = ¢ = 1. There are two kinds of terms: those where one
derivative acts on I and one on t and those where both act on K. After setting the
Grassmann variables to zero only the latter may survive, so we need to focus on them.
Concretely we need to show

(a™" DD+ b D5 DY) Koo, =0, (4.10)

We now use (D.2) for the first derivative and (D.3) for the second one. The expressions
obtained for different values of s,7 = + will be proportional to the following factors:

s=r=1: a™(27+7) +b"(2¢+7),
—s=r=1 : CL_+ 2_+_+b_+2* 727
s=—r=1: at (27-7-2)+b"" (2¢+j),
s=r=-—1"_: a (2q—7-2)+b " (2¢—j—2).

From (3.13) it is easy to verify that all these quantities are zero and thus the derivative
commutes with the prefactor as needed. As we commented earlier, this depends crucially
on the fact that the differential operators do not yield conformal descendants.

4.1.3 Orders Q%Q and Q3*Q

For this order, only the terms with one derivative on ¢ and two derivatives on K can survive.
Furthermore, the derivatives on K must be with respect to Q and Q. Since also applying
derivatives on t shifts the quantum numbers (see (D.4)), one needs to be careful with the
ordering. For the derivatives that act on I we use (D.2) and (D.3) as before. There are
in total eight different cases (see (3.15)): in Dz22 G either the Dg or the Dy may act on

the t and s may be 4+. Similarly in D“’LQQ7 D% or Dé may act on the £ and s may be

4. For brevity we only illustrate two cases. If DZQI acts on the ¢ and s = +, the result is
proportional to
2 +j)e" = (20 +j+2)d" - (27 -7-4)c". (4.12)
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If, on the other hand, Dé acts on the ¢ and ¢ = —, the result is proportional to
(2q-j-2)e —(2q—-J))d —(2q¢—j—4)c . (4.13)

In all cases it can be checked that the resulting expressions vanish when one replaces the
coefficients with (3.17).

4.1.4 Order Q%*Q?

This is the last and most challenging order. The terms that can survive are of two kinds:
those where two derivatives (DQ and D Q) act on the ¢ and the other two on the K and those
where all the derivatives act on K. Working out these cases in the same way as we did before
requires deriving formulas for repeated applications of the differential operators, similar to
those appearing in appendix D. We preferred resorting to a “brute force” approach instead.
We used the explicit definition of I and applied the derivatives on it using the Mathematica
package introduced in section 6. The case where all derivatives act on K is straightforward
and can be done with the functions defined in the package. The case where only two
derivatives act on K requires a small explanation first. Since ¢ is a generic function, we
cannot take explicit derivatives of it. But we can always modify (A.9) as follows

5 N N
Diat(Z3) = _Z’(X;?);a % 0¢0g 'Dt(Z3)
13

(1) - (4.14)

= X31)ac

D4 t(Z3) = —z’ga% O 0 €D(Z3),
31

where &, ¢,€,€ are other auxiliary polarization. In this way we can factorize either a
EDEDt or a E'DEDt and focus on the rest. Now the problem becomes explicit and one
can check whether the resulting expressions vanish.

We performed this computation and observed that, with the values of f; given in (3.19),
all expressions identically vanish. This completes the proof of (4.9).

4.2 N = 2 case
4.2.1 Lowest order

The lowest order 6y = 62 = 0 is almost entirely trivial. The matrices @ IJ appearing in the
prefactor of (2.16) reduce to

1 1
.2\ 2 _.2\ 2
N 213 . 31
ull(zl'g)’eg:ézzo = (2> s u22(213)‘02:0—220 = < > s (415)

T3 T3

the off-diagonal components being zero. It is also obvious from (A.1) that all N' = 2
quantities that depend on z7; simply reduce to the same quantity but with the N' =1
definition of z7;. By looking at the prefactor (2.8) it is easy to see that the factors of @ can
be absorbed by shifting the ¢, ¢ labels as follows

1! (213) Koy0, = Koy0s[grsg1/2s 9°(213) Koyo, = Koyos|grsg-1/2- (4.16)

Q—q1—1/2 Q—q+1/2

The component of O with su(2) R-charge R3 = m will have a prefactor containing (7, *)f=™
(ﬂ22)m. This contributes to an A/ = 1 superconformal primary with ¢, g charges equal to
(¢ — m,q + m), consistently with (3.21).
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4.2.2 Zero R-charge

If the superconformal primary is an su(2) singlet, the commutativity with the prefactor
follows immediately from the N' = 1 case. Indeed the structure of Ko, 0, is identical except
for the fact that x;; has more Grassmann variables. The crucial observation is that only
Xg7 O X;3 appear. We can thus write

X;3 = (Xig — 2 91@ 9_% — 2 013 g% + 44 911' 9_%)

) B B 4.17
— 2i0; 0% — 2i093 05 + 4i0y; 03 , (4.17)

Since there is no term mixing ¢; and 63 we can simply rename the quantity inside the
parentheses as xj; and carry the same exact computation as the N' = 1 case. The same
argument applies to x3;. The necessary shifts that need to be applied to the prefactor differ
sightly from (4.4). They follow directly from (A.11)

o~ T
IC(QIO1)iOQ =1y (231) Ko, 0, Q—qa+1/2

J—%1/2

(4.18)

q1—q1+1/2 -

—
K(Qlol)i@ = ;" (213) Ko, 0,
T~ £1/2

Then, using (A.11) followed by setting the 6, 62 Grassmann variables to zero results in
an N = 1 superconformal correlator. The identities presented in (4.16), (4.18) imply that
the resulting superconformal primary has the desired ¢, ¢ charges: (¢ + 1/2, q) for the Q2
descendant and (g, g+ 1/2) for the @2 descendant.'® The result is consistent with figure 2.

At order Q2Q), instead we need to use the operator Dgg defined in (3.24). Here we will
adopt a different strategy from the N = 1 case. We will actually use the commutativity
with the prefactor to derive the form of the differential operator. The reason why this is
a valid proof is that, thanks to the formulas (A.11), we can show that the action of such
an operator on a three-point function yields a correlator of a superconformal primary. We
could have followed the same approach for the N = 1 case, of course. However in the way
we did it the prefactor commutativity served as an important nontrivial check of our results.
The computation is a bit more involved than that of section 4.1.2 because we are not setting
all ’s to zero but only f2 and #2. In particular, there are non vanishing contributions also
from terms where only one derivative acts on K. We follow a “brute force” approach
similar to that of section 4.1.4: we act either with both differential operators D and D on
the K or we act with one of them on the ¢ and we factorize it away using (4.14). Letting
o = |g,—62—0, the following equation has a unique solution for A%, given by (3.25):

010

N ~ 0.0
= ’C(Qgégol)(% u22(213)u11(213) (ngé + ASt ngb)tO; 2 ’0, (4.19)
where we used the property in footnote 16. In analogy with (3.23) and (4.8) we defined

IDQZQZ = DQZ@Z ‘D—)'Dhﬁ—)'ﬁf . (420)

1676 see this, one needs to use the property ﬁ22(231) = '&11(213).
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According to the shifts defined in (4.18) and the definitions in (4.15) the result of the
action on the ¢ is a superconformal primary with charges (¢ + 1/2,q 4+ 1/2) as expected
from figure 2. We can then define the analog of the DQQ when acting on the t as

st _ st st
3 D5+ A" 1Dy (4.21)

4.2.3 R-charge 1/2

Following an approach similar to the last subsection here we will claim that (3.28) an-
nihilates the prefactor. The difference now is that the prefactor has indices: Ko,0,a;’
one of which is contracted with the matrix M. By explicitly computing the action of the
differential operators on the prefactor we can impose that it vanishes and use this to fix
the matrix M. We discover that there are two possible solutions for each case: A defined
in (3.30) and B defined in (3.31). These two choices will give rise to two independent N = 1
multiplets when acting on the t. They will have charges (¢+ 1/2+1/2,GF 1/2) for the @
descendant and (¢ & 1/2,G+ 1/2 F 1/2) for the Q descendant, as described by figure 2. If
we choose M = A we have (a | is implicit in all the following formulas)

0102 | K N 01021
108 Al Ko,0,0,5 (213) 10! 1" = K(g20,)0, i (213) 8 (231) 2Dt o, 2l
DS AI K A ( )t01@2|K K 2( ) ( ) D (91(92|2 (422)
X5 s 010Uy (Z13) 10, = M(Q,01)02 Uy~ (213) Ug™ (213 2 Q .

The first line corresponds to the Q2 descendant with charges (¢ + 1, — 1/2), while the
second line corresponds to the Qg descendant with charges (¢ —1/2,3+ 1), as can be seen
from (4.16), (4.18) and the property in footnote 16. Similarly, if we choose M = B we have

O ~ ~
on 2l = K(ngl)02 “11(213)%2(213) X

010 2 11 01021
(QDSt 10212 4 1 1Dy to! 2! )

’C(@Ol) @y (213) iy* (213) X
(QDS t0102|1 3;2 lpgg tg;(’)zm) ’

]DCSQ Bg‘] Ko,0, fLJ (213) tO

4.23)
i ~ 0102 |K (
[D% BgJ IC(91(92 ’LLJ (Zlg)t ! 2|

where again we have used the property of footnote 16. Now the first line corresponds to
the Q% descendant with charges (¢,q + 1/2) and the second line corresponds to the Qy
descendant with charges (¢ + 1/2,q).

4.2.4 R-charge 1

There are no qualitative differences between the cases with R = 1 and R = 2. As before we
act on the prefactor, impose that it vanishes, and solve for the matrix M. This will give rise
to three different choices, A, B and C defined in (3.33). We will now list all possible ways
of acting on the ¢ and show the charges of the N' = 1 superconformal primaries that are
produced. In order to streamline the notation we will denote with 7 = 72 the R-charge 1
(R = 2) representation that appears in (2.15). We will also define

1
19102 1% _ ; (tg;@“i t@@z\?) _ (4.24)
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Let us start from A

~ 010 ~ 010
1D} AL Koo, T(i(213)) 4% 152717 = Kigro,yo, (i (213))° 2Dt

_ - (4.25)
zDgAﬁA/coloJm(zls))ABtS;‘”z‘B—K(Qmoz( o) G

These represent N' = 1 superconformal primaries with charges, respectively, (¢+3/2,7—1)
and (¢ —1,G+ 3/2). Then we continue with B

~ 0102 |B ~
1D B Koo, T(a(213)) 4P 1o, ! :’C(onl)oz iiy” (213) %
( 'DS t(91(92\ +Bl3 Ds t0102|3)
> ~ 0102 |B N
1D% B Ko,0, T (i(215)) 4% 10 ! = K(@,000, i (213) %

% ( )<2DQtO1O2|+ +Bl3 'DS t0102\3> .

(4.26)

These represent N' = 1 superconformal primaries with charges, respectively, (¢—1/2,3+1)
and (¢4 1,¢ — 1/2). Finally we have C

N 0,105 |B ~
1D3 ClA Ko,0, T (i(z13)) 4 to) 2B K200, U (213) X
( DS t0102|3+2cll D5 t0102\+>

4.27)
] ~ 0102 |B N (
1D5 CH Koyo, T((z13)) 4% o) 218 _ K (@010, G2 (213) X

(QDQ t0102‘3 +2cll DQ t0102‘7> .
Here we also used C'' = —iC'? and C!' = iC'2. These last operators represent N/ = 1

superconformal primaries with charges, respectively, (¢ + 1/2,q) and (q,q + 1/2).

5 Exotic chiral primaries

The chiral operators are A = 2 superconformal multiplets that satisfy an LB; shortening
condition.!” That means that they are annihilated by the Q) supercharges

[QIQ,X(Z)}:O, I=1,2.

This dictates that they must have spin (7,0), with j any non-negative integer, and their
conformal dimension must be half their u(1) R-charge r. In terms of the ¢, ¢ charges
in (2.4) one has ¢ = r/2 and ¢ = 0. The exotic primaries X are defined as those chiral
operators with j > 0 that are su(2) singlets. If j = 0 the chiral operators are often called
Coulomb branch operators. There exist also chiral operators with non vanishing su(2)
R-charge but we will not consider those here. The statement that we will prove is that
the exotic primaries cannot appear in any local SCF'T, that is, any SCFT which admits a
conserved traceless stress tensor.

'"In the notation of [3] this shortening condition is denoted as &.
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We start by constructing a three-point function of X, its conjugate!® X and the stress
tensor multiplet 7. Let us choose the following parametrization

(X (21) T (22) X(23)) = K7 t37 (Z3,x1,m3) - (5.1)
The function tf,(?‘j must be chiral at point z7, for example. This implies

DL 137 (Z3,x1,m3) =0, I=1,2. (5.2)

By using the representation (A.7a) of the differential operators one can see that t;‘?(j may
only depend on X3 and @g. But since the sum of R-charges is zero there cannot be an
isolated ©f and thus t?gj is a function of X3, which can be fixed by scaling (B.3) up to an
overall constant. '
_ J
173
t57 (Z3,m,m3) = A (an2> : (5.3)
3

It is also easy to verify that the conservation of 7 is satisfied. The conservation operators
are (Qr)? and (Q!)2. If we rewrite (5.3) as a function of X3, ©37, ©f we see that there are
no terms of order ©203. This means that we can use the representation (A.8a) for (QF)2
and the representation (A.8b) for (Q;)? and get trivially zero in both cases.

The proof now consists in showing that (5.3) does not satisfy the stress tensor Ward
identities unless j = 0. In order to obtain the Ward identities we have to expand this
function in components and extract the contribution from T'(x2), the stress tensor, and
J(x2), the R-symmetry current. Then impose integral equalities of the form

A A £ (T (x1) T (12) X (x3)) = (A + 3 - 35) (X (x1) X (x3) - (5.48)
[ A (1) ) o)) = (F ) X)) (5.4D)

Here ¥ is a three-dimensional surface enclosing xo and xg but not x1, dQ* is its volume
element and e* is the dilatation conformal Killing vector. An identity similar to (5.4a)
follows from the translation Killing vector. Fortunately, however, half of the work has
already been done. It suffices to extract the contribution from the Ferrara-Zumino multiplet
J(z2) inside of J(z2). Then we can use the results of [49] to apply the Ward identities.

We will keep denoting as X the N’ = 1 primary appearing as the lowest order in the
exotic operator multiplet. Extracting the contribution of the Ferrara-Zumino gives

(X(21)J(22) X(23)) = Kx@2q,7) Qgg t%7 (Z3,x1.m3) | » (5.5)
with the definition Qg% = Qgg‘D%Q’ D defined in (4.21) and Q defined in (A.8). The
result is 4 Xur

++ X7 _ ? i M2 A37M2
QQQ tX (Z37 Ui 7]3) ‘0 - _SA (771773)] X34 ) (56)

8The conjugate has R-charge —r, spin (0,7) and charges ¢ = 0, ¢ = r/2. It satisfies a B; L shortening.
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where now X3 follows the AV = 1 definition. A three-point function of an A/ = 1 chiral
operator instead reads'

;12 X372 j—1 X372 m2m3

tv7(Zs,m.m3) = 1Ay (mns)? ——— +iAs (mns) 7) (5.7)
X3 XS
The comparison between (5.6) and (5.7) is straightforward and yields
4
A1:—§A, Ay =0, (5.8)
while the Ward identities for chiral operators require
T =37 227

A1 = Z] 37T2 5 A2 = ’L] ﬁ . (59)

This immediately implies that there are no solutions for j > 0 and thus the exotic primaries
cannot couple consistently with the stress tensor and must be absent from any local theory.
It also tells us that if j = 0 then A is fixed to be

A=-"_ (5.10)

472

As a check of our formalism we expanded (5.3) to higher orders in the supercharges and
extracted also the contributions from Q%X and Q22X, which are all N' = 1 LB; chiral
multiplets. We verified that for j = 0 all the components satisfy the Ward identities when
A takes the value in (5.10).

6 A Mathematica package

Computations in superspace, in particular those necessary to solve (4.6), might be hard to
do by hand. We introduce a Mathematica package as a convenient tool to perform such
tasks. It can be found in the repository gitlab.com/maneandrea/spinoralgebra. There is
also a version of this package that only deals with commuting variables, which can be
used for any tensor computation in four dimensions. A complete documentation is made
available in the form of a notebook.

The package works with the index-free formalism following the same conventions as
this paper. There are different input and output notations available: one for improved
readability and one to write code more easily. It is possible to reduce, Taylor expand and
compare expressions. Furthermore, many differential operators have been defined, includ-
ing the chiral derivatives (A.4), (A.7), (A.8) and all the operators appearing in (C.1)—(C.6).
It contains a precomputed two-point function for general values of ¢, q, 7,7. By including
the package CFTs4D [58] it is also possible to use the functionalities for N/ = 1 superspace
three-point functions. For any three given operators, the package gives a basis of tg;OZ
tensor structures.

Tn the basis of [49] the coeflicients A1 2 are translated into the coefficients Ci,... .10 as follows:

1 1 1 1
012504:—105:1414—142, 62:§C7:_ZC8:_A27 C3,6,9,10 =0.

,,,,,
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https://gitlab.com/maneandrea/spinoralgebra/tree/master
https://gitlab.com/bootstrapcollaboration/CFTs4D

6.1 Note on the conventions

For two-point function we follow the conventions of [54]. Namely if a superprimary O has
a two-point function given by

= o (mxasie)! (nexaam ) 4
(Om)0(2:)) = Co RIS - (<iptiCo >0, (6.1)

then any of its descendants will have a non-supersymmetric two-point function given by

~ / _  (mxaai) (exaam ) 1oy — (AT
<O (Xl) O (X2)> - C(QZQZO) x122(q/+q/)+j/+j/ ’ O (X) = (Q Q O)(X) ’ (62)
with the ratio of the respective normalizations fixed. From the package, it can be obtained
as follows )
% = operatorNorm["Q‘Q%O", {q,qb}, {j,jb}]. (6.3)
@

Supersymmetric three-point functions instead can be computed by the function SUSY3pf.
The expressions are given directly in the space where tg;OQ (X,0,0) lives, which we will
call “t space” in this paragraph. The notation of the package is as follows

X3—>X3, 63—>®3, 9b3—>@3.

The structures are generated by calling internally the package CFTs4D and then following
the procedure explained in section 2.2. Naturally one can work in ¢ space also for non-
supersymmetric three-point functions using the non nilpotent supersymmetric structures
as a basis. Expanding any function of Xj3,7;,7; in such a basis does not require much
computational effort. It may however be useful to make contact with more familiar bases.
In table 2 we show the mapping between the ©,© — 0 limit of the non-nilpotent structures
in ¢ space and the embedding space structures in CFTs4D [58]. Every tensor structure can
be constructed as a monomial over the building blocks listed in table 2. In order to pass
from ¢ space to embedding one has to multiply both sides by the appropriate prefactors.
The structures in ¢ space need to be multiplied by Ko,0, times an overall scaling X§.
While the embedding structures should be multiplied by the kinematic prefactor given in
CFTs4D as n3KinematicFactor. In formulas one has

3
Ko,0, Xg(AszrAl)‘o- (t space) = H |2ij|" "% . (embedding) , (6.4)
1<j
k#i,5
with 1
Ai=qi+q, ki =0+ (G +75)

2

6.2 Worked out example

As an example, we illustrate step by step the computation of the chiral scalar blocks in the
# x ¢ OPE that appeared in [15]. We want to expand in 1, 6 the correlator

(0(21)(22)6(23)) = Koy 15 (Z3,x1,%1) - (6.5)
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t space  Embedding t space  Embedding t space  Embedding

771X3772 ﬁl’Q : : : :
1/2 Xan . _ 1,2
X3 B 522 lK%g 2 K3
)(5/2 13 X371 K31 nln%ﬁ 3
o 3 X2 2 ~ mXs j
213 I 3 2 2,3
N Xan ~2,3
— a3 132 2 13U3 K, )g ~
/2 _ 24372 e
1,3 3 3,1
mmns3 I~ _ 21 /2 ;
. X373 7> 3
—73 31 x1/2 2 13X 373 33
3 T 12 1,2
. X3

Table 2. Mapping between the ©,© — 0 limit of the non nilpotent three-point tensor structures in
t space and the embedding formalism structures in [58]. The equality between neighboring columns
holds after we apply the appropriate Ko, 0, X§ prefactor to the ¢ space structures and the kinematic
prefactor to the embedding structures. See (6.4).

First we need to include the packages by calling <<SpinorAlgebra” and <<CFTs4D". Then
@]

¢¢. In order to do that let us assume that the spin

we generate the three-point function ¢
j of O is big enough

In[1]:=  $Assumptions = {j > 20};

In[2]:=  t0¢bb = SUSY3pf[{{q0, q0},{q, 0},{0, a}},{{i, j},{6, 0},{0, 0}}]
We also need to declare that qp, ¢ and j are constants. This is done by

In[3:= q0/:ConstQ[q0] := True;

and similarly for the others. Now we can generate a basis of non-nilpotent tensor structures
of the descendants. They are (QQO)**, (QQO)~~ and (Q2Q?O). We can pass the list
option to the function in order to output a basis and take the first part to obtain the
non-nilpotent structures

tQQbOpp = SUSY3pf[{{q0+1/2,q0+1/2},{q,

In[4]:= 0},{0,q9}}, {{j+1,j+1},{0,0},{0,0}}, list —
Truel[[111;
In[5]:= tQQbOmm = SUSY3pf[{{q0+1/2,q0+1/2},{q,

0},{0,q}}, {{j-1,j-1},{0,0},{06,0}}, list —
Truelll1]l;

Inf6]:= tQsqQbsq0 = SUSY3pf[{{q0+1,q0+1},{q, 0},{0,q}},
{{j,j},{0,0},{0,0}}, list — Truell[1]l;

The results are in the package’s notation but they can also be visualized in a clearer notation
by wrapping them with the function Nice. Now we can act with the differential operators
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on the superprimary and expand the result in the relative bases. For brevity we will only
show the first case. Let us save in some variables the needed coefficients of (3.13). They
can be obtained from the package by calling the function coefficientD. For example

In[7]:=  app
bpp

coefficientD["a++", {q0, qO}, {j, j}1;
coefficientD["b++", {q0, qO}, {j, j}1;

In the package’s conventions ©3,03 and U correspond respectively to 63, 6b3 and x3.
From the definition in (3.12) and (3.8) we have®"

app

In[1l]:= Dppt = W

ChiralDbp[ChiralDp[t0ddb, nl, 63, x31, nbl, 63, Xx3]

+(Fff;QChirale[ChiralDbp[t0¢¢b, nbl, 63, x31, nl, 63, x31;
]

This is going to be a large expression, but we only need the lowest order, we can therefore

set the 6 variables to zero?!

In[9]:= Dppt = SetToZero[Dppt, {63, 6b3}] // Reduction;

Now we need to remember that ¢ is chiral and it satisfies a shortening condition. The
shortening operators at the first two points pass through the Ko, 0, prefactor?? and thus

we need to impose?

In[l]:= chi = Compare[ChiralDp[t0ddb, n2, 63, x3], variables — Arrayl[C,4]]

The function Compare equates an expression to zero and solves for the variables given by
taking into account all possible identities among tensor structures.?* In principle one needs
to impose chirality at point 3 as well, but in this case the constraint at the second point is
strong enough to fix everything. In more complicated situations this might not happen and
then one has to use the results of appendix B. Now we are ready to compare the derivative
with the basis defined previously. In this simple case the basis has length one, but let us

20Tn the package the derivatives ChiralD represent the derivatives D. When acting on the ¢ use ChiralD
instead (D =[esc]scD[esc]). Also note that, when acting on the ¢, the operators D are sent to D and D
to D. See (4.8).

2Tn more complicated applications it is better to separate the various orders in 63 and 03 and act on
each piece only with the operators inside ChiralD (like 9,0¢, 0,0x0 etc...) that do not give zero when the
0’s are suppressed. In the documentation of the package there is a worked out example.

*2Gee (2.11).

Z3This instruction will generate an error but it can be ignored. It can be avoided by replacing the C[1i]’s
with variables consisting in a single Symbol. It comes up because there is an automatic routine that sets
ConstQ to true for the variables in variables, which works only if they are Symbols. This is not an issue
because ConstQ[C[i]] is true by default after SUSY3pf is called.

24The problem of imposing the identities among tensor structures (Schouten identities) is actually by-
passed by replacing numerical values to the various quantities. More details are given in the package doc-
umentation.
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write the code in a way that easily generalizes for larger bases
In[1]:= solQQbpp = Compare[ConstantsList[[1;;1]]1.tQQb0pp - (Dppt/.chil[1]])]
(290 + j) Cl}}

Out[l]= {{A% bl (j+1)2

where we defined A = /\(QQO)qu's' Here ConstantsList is just a list of standard constants.
If no options are given to Compare, it will solve for those. The norm of this operator is
known from [54]

(290 + j)(2q0 +j + 1)
(j+ 1) ’

where the proportionality factor is the usual tensor structure for two-point functions. For

(QRO)TH(QQRO) ™) oc —4

(6.6)

the user’s convenience it is saved in the package and it can be obtained by using the function
operatorNorm. The computation of (QQO)~~ is almost identical and the computation of
(Q?Q?0) is structurally the same, but it is more involved to define the differential operator.
They are all worked out in the notebook attached to this submission. In the end we get
the expected result
(290 + ) , (290 =5 —2) ,
(290 +7)(290 —j — 2) ,
16(2q0 + + 1) (200 — j — 1) 21020

9290, = 9240,
(6.7)

The different factors of 2 in the first two terms are due to the (—2)~/ in the normalization
of the blocks.

7 Conclusions

We defined superconformally covariant differential operators in A/ = 1,2 superspace. They
can be used to expand in components any superconformal primary that appears in a corre-
lation function in superspace. The results for A" = 2 do not yet cover all possible cases so
further work will be needed. In addition we generalized the results of [46] by showing that
the exotic chiral primaries are absent from any local SCFT. This conclusion followed from
the fact that the three-point function of an exotic primary, its conjugate and the stress
tensor J is incompatible with the Ward identities of 7.

The action of the differential operators on three-point functions has been addressed in
detail in order to render more systematic and efficient the computation of superdescendant
OPE coefficients in terms of their superconformal primary; which was the main motivation
behind this work. This opens the way to many interesting applications. The most impor-
tant one is to compute superconformal blocks for spinning superprimaries, both protected
and long. A place to start from could be the case of spin 1/2 [37] where the conformal
blocks are already available and the extra work needed to include supersymmetry is mini-
mal. The aim of the Mathematica package that we introduced is to render all these tasks
relatively straightforward and systematic.
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The approach we followed for N’ = 2 supersymmetry was to expand a multiplet into
N = 1 multiplets of a chosen subalgebra. This is what is usually needed in most applica-
tions. However, we would like to point our focus to another possible direction. Recently it
was discovered that NV > 2 SCFTs possess an infinite dimensional symmetry characterized
by a 2d chiral algebra [59-61]. This correspondence applies to correlators of a class of op-
erators called “Schur operators.” Except for the case of chiral primaries (B1Bj) all Schur
operators are conformal but not superconformal primaries. They have su(2)p eigenvalue
R/2 with charges

2q=J7+R, 20=7+R, (7.1)

(7,7) being the spin. It could be interesting to extend this formalism including a way to
relate a correlator of Schur operators to the correlator of its corresponding primary.
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A Details on notation and conventions

We use lowercase greek letters «, & for spinor indices, lowercase latin letters i, j for operator
labels and uppercase latin letters I, J for su(2)g indices (only for N' = 2). The bosonic
supersymmetric interval is defined as®®

(Xij)ad = (Xij)ad - 2i01ia§{d - 2’L ijaégd + 47;0[1'&5]['@ 5 (Al)

o

with z;; being a shorthand for x; — z; and x4 denoting the matrix o

x,. We can also
define the matrix with upper indices and the Lorentz square as follows

~ 3 Y6 1 s :
(%)™ = =P xig)pp,  ap” = 5 (xi)aa (R5i) ™ (A.2)
The fermionic supersymmetric intervals are defined as
ol gl pl
e?ij = 07; — e?j ) em‘j =04 — edj : (A.3)

The chiral derivatives in superspace are defined in the standard way

+ ok é-ldi D g w0

- na
. Iia = ——=— — 0%, 0" . ——.
80?@ a1t 83# ) 2] 89{“ I aaaxé{

DL, = (A4)

%Here and in the following equations the expressions for A' = 1 are obtained by dropping the I indices.
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The derivative D; yields zero when acting on x3;, k # ¢ and similarly for D; when acting
on Xk, k # 4. For three-point functions in A/ = 1,2 superspace we encountered the
superconformally covariant variables X3, @§ and ©37. Here is their definition

Xa7X79X093 — Xa5X51X13
Xg = 31212 33’ X3:_32221 é?):Xg’
TiF T3 T31° X5
13 232 31" T23 A5
,91 ,é[ 0 0 _ ( )
I _ . (X31%1  X33U39 3171X13  U327X93 )\ 1\t
@3—2 —5 D) ) @31_ D) _(@3)
L13 Ta3 37 L33

Similar objects Xj, G)f, ©;1,1=1,2, can be defined by a cyclic permutation of the points.
We will further define

Uz = 5(X3+ X3). (A.6)
Also, note that X5 — X3 = 4i @é@g 1- We can define chiral derivatives in the space of the
X, 0,;,0; variables

d o 0 _ d
Dor = —— DL = —— A.

I a@a[ @I 8X'“‘ & 8@? ) ( 7a)

o _ o o
Dol = 52a7 Dl = —— +2i0%70} A.Tb
= 90aT’ ¢ a@,+Z Toagzn  (ATD)

s O _

_ Y _sn % Y I _ Y

Dur = 5607 0,097 BTk D, 8@ Tad BT - (A.7c)
I

All three representations are equivalent, provided one regards as independent the variables
that appear therein. Furthermore we can give a list of dual derivatives Q,, Qg4 satisfying

(D, Q} = 0.

0 p ma O =1 0
= 5647 + 2ioy, @I XK’ Q= 8(:)? , (A.8a)
— i ol _— _ 9 al e 9
Qa[ - 8@a1 9 Qa - 8@1 21@ aaaXp, ) (ASb)
0 — 0 0
_ STt I _ al o
Qa1 = 5001 +io, @I BTk Q5 8@1 100, ETiTh (A.8c)

These operators are obtained from the former by letting (X, 0, 0) > (=X, -0, —0), which
is also the result of swapping 1 <+ 2 for (X3, 03, 03), and by introducing an overall minus
sign by convention. It is possible to derive some very useful identities that arise from acting
with D or D on a function of Z3. For N'= 1 we have [7]

Do f(Z3) = %1808 855, £ (7,)

T13°
(x47) (A.9)
Dia f(Zs) = =122 P Dy f(Z).
31
Similarly, for the second point we have
Do f(Z3) = ( QS)M € Q5 f(Zs)
v2s” (A.10)

D2af(Z3) (X?jz)aa af QB f(ZB) .
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And for N' = 2 we have [48]

DI f(Zs) = —iC8es g 18D (7).

— . Xa7 . N @
Diar f(Z3) = —Z(x(;;)a;;m a7 (213) €' Dy s f(Z3),
137731
having defined u I" in (2.12). Similarly, for the second point we have
. X923 ) ack N aBA.J
D3, f(Z3) = Z(x?(:sgf;zg)l/z“f(%z) <0 Q4" f(Z3),
(A.12)

= . X32 ) ace N o

Doyt f(Z?)) = 1(1‘2(32:;2:322)1/2 ’LL]J(Zgg) € p Qﬂ] f(Zg) .

B Acting on different points

The formulas shown in this paper only consider the application of the differential operators
at the first point. Due to the symmetry of exchanging the first two points, it is very easy
to derive similar formulas for the second one. It suffices to use (A.10) instead of (A.9).
The result amounts to simply replacing all D’s to Q’s and D’s to Q’s and including an
extra minus sign for every derivative. The result concerning the commutativity with the
prefactor clearly holds as well thanks to the symmetry of Ko, 0, upon exchanging the first
two operators.

On the other hand, the point z3 is treated differently by the parametrization of (2.7).
As a consequence it is not possible to apply a differential operator on O3 using the formulas
shown here. Fortunately there is a way to switch between different parametrizations by
working on the ¢ only. For simplicity, we will assume all three operators to be su(2) singlets.
We have

(01(Z1)O2(Z2)03(Z3)> = IC0102 (Z1,2, 2’3) t8§02 (23) ) (B-l)

where some arguments of the various objects are not shown for brevity. Recall z = z,n, 7,
2z =x,0,0. By cyclically permuting the operators (which is a trivial operation) we get

(02(22)03(23)01(21)) = K0,0, (223, 21) te? P (Z1) (B.2)

having used Z3|{17273}_,{27371} = Z1. The reduced three-point functions ¢ satisfy a scaling
property

tol %2 (AAX, A0, \0) = A \*1J19?(X,0,0), (B.3)
with
1 B 7 2
a= 5(Q3—Q1—Q2)+§(Q3—Q1—Q2),
2 1 (B-4)
a= §(Q3—(11—62)+§((13—q1—q2).

Let us be now more precise with the arguments of the t. We will denote it as

0;0; _ _ _
tor ” (Z5mis 5055 153 M ) (B.5)
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implying that the spinors are associated to the operator with the matching label. Follow-
ing [7] we can then write the following formula that relates the two

t8303(Z; 12,723 13X, Xngsm, 1) = C(X, X) t8;02(Z; X, X015 m2, 72513, 73) - (B.6)

with
(—1)d1+i2+7>+7s
CX, X) = X2(a+qz)+jl—js X2(5+¢I2)+j1—73 ’ (B.7)

The matching involves only quantities in the Z space. If one wants to have the Xn
replacements only in one side, it is possible to consider equation (B.6) with, for instance,
m — X and 7; — 7 X and then use simply

ST - 52 _
XX =X 71, mXX = —X?p; . (B.8)
The factors of X2 and X? can be then taken out using the scaling in ji, 7;. Often it is more

convenient to express the correlator in terms of U rather than X and X. The relation is
very simple

Xaa = Upa +2¢ @aéd R Xao’z =Upa — 2t eaéd . (Bg)

A function that solves (B.6) has been implemented in the Mathematica package of section 6
under the name of permuteCyclic.

C Superspace expansion

The expansion in N’ = 1 superspace of a general superfield reads

02)|,_5_,=O0x). (C.1)
Olyg = 169,(QO)* + =2 101(Q0)" o
— 00, (QO)" + j_i =07 (QO) .
Olgage = i@Q(QQO) + %9’2@20). (C.3)
0|5 = —00,80;((QRO)* — icy 9o, O)
- jjﬁ 01 60;((QQO) ™ — icy 8,047 0)
(C.4)

7 S
+ 1 00, 01 ((QRO) ™™ — ic3n0x05 O)

n m 00 07 ((QQO) ™~ — iy 9,005 0) .
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0‘929*7@29 = _1'02 éa* ((Q2@O)+ - ’iC5 anaxﬁ (QO)+ - iCG naxﬁ (Qo)i)

- 1_—92 01 ((Q*Q0)™ — icr 9,0x05 (QO)t — ics n0x0; (QO)™)

(C.5)
+ 792 00, ((Q*QO)" — ics 10x05 (QO)™ — icg 00k (QO) ™)
+ Zﬁ‘ﬂ 1 ((Q*QO)™ — ier 9,0x0; (QO)t — ics 0,057 (QO) ™) .

0‘929’2 -1z 02‘92 ((Q2Q2 )
— icg 8,050 (QQO) T — ic1918x05 (QQO) (C.6)
— ic11 OOl (QQO)T™ —ic1an 0k (QQO) ™~
— C13 83 O —ci14 8778X6ﬁ 1 0xT O) .

The coefficients ¢; through c4 agree with [54]. Instead c5 through c¢12 and ¢4 differ by a
simple normalization (cfr. [54, (A.8-10)]). Finally c13 is a bit different

5’ = =42+ j +7) (57 + 8¢157) . (C.7)

The reason is because they define 920 to be

aaannan(n L 07 8,00, 0 — (2+]+])86“O (C.8)

whereas we define it simply as 0,0"O. The Supplementary material attached to this
submission contains the expressions of (3.13), (3.17) and (3.19) in terms of the coefficients

C;.

D Some identities for the superspace derivatives

Let us denote in this way the following shifts of the quantum numbers in Kp, 0,

Ksi(91(92 = Koloz a—qa+1/2» ’Csi(’h(’)g - ]C01(92 Q—qa+1/2 - (Dl)
Ji—j1£l 71— %1

Note that this does not correspond to the shifts that follow from applying @ or Q on O;.
Those have been defined in (4.4). This definition simply happens to be convenient for the
formulas that will follow. The factors of j are inserted to cancel the contributions from the
factorials at the denominator of (2.8).

The first set of formulae that we need is the action of the first order derivatives on
Ko,0,.- The quantum numbers of O; will be denoted as ¢,q,7 and 7. Since in some
cases 01 might be a superdescendant we will denote as jy and 7, the spin labels of the
superconformal primary. They will show up because they are inside the definition of the
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differential operators (see (3.8)).

_ ) 1 ~
DQ Ko,0, = _2(2(] —J - 2)]7) Ks_0,0, 9182 R (D2a)
29+ _
D5 Ko,0, = —2ﬁ Ks, 0,0, X01 (D.2Db)
_ _ 1
D(2 Ko,0, = —2(2¢—7 — Q)J_f Ks_0,0, 0,01 . (D.2¢)
0
_920+tJ
D% ’CO1O2 = ]0 1 IC5+O1(92 91X . (D2d)

Next we need the action on Kp, 0, times a Grassmann variable. Below, the x and y that
appear on both sides of the equalities can also be replaced by 0, or dy being careful with
the signs.?0

Dy Ko,0, 01x = (Dg Ko,0,) O1x — ]ZO Ks_0:0, Xx130% , (D.3a)
D Koy0, 01x = (D Ko,0,) 01X + ] ir . Ks, 0105 XX13X 5 (D.3b)
D5 Ko,0, X0 = (Dg Ko,0,) X1 + /Cs 0,0, OxX31X (D.3¢)
D% Ko,0, X0 = (DZ)£ Ko,0,) x01 — 7 1 . Ks, 0,05 XX31X - (D.3d)

Finally we will also need the action of the derivatives on the t. These equations will make
use of a different definition for the shifts, which can be found in (4.4). The result is

K:Olog D:t tol 2 ]C(Qol)j:02 D tolOZ s (D4a)
Ko,0, Di t01‘92 = Kgoyto, Di t01‘92 (D.4b)

where we have used the derlvatlves defined in (4.7).

All these results can be easily proven by first applying the differential operators on
simple terms such as x;; and ng and then working our way up to more complicated
expressions. The main trick used involves shifting the labels of the prefactor. When the
labels are shifted down that means that a derivative acted on 7 or 7, bringing down a Jy
or Jy respectively. When the labels are shifted up that means that we have introduced
an extra auxiliary spinor y or ¥ on which the added derivative can act and reproduce the
needed expression.
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