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Abstract—A new and exact series solution for the scattering and
coupling problems by dielectric-loaded multiple slits in a perfectly
conducting screen is presented. The case of normal incidence and TM
polarization is considered. The scattered and transmitted fields are
represented in terms of an infinite series of radial modes. By applying
the appropriate boundary conditions, the coefficients of scattered and
transmitted fields are obtained and some numerical results are given.

1. INTRODUCTION

The diffraction of electromagnetic radiation by slits has been widely
studied for microwave and optical applications [1–3]. The problem of
a single slit has been treated by several researchers using different
methods [4–6]. A method of moments analysis of electromagnetic
coupling through a single slot and multiple slots was formulated
using either the characteristic-mode theory [7, 8] or a Gaussian-beam
expansion [9]. A method of moments solution for the problem of a
single slot and for a double slot was also treated by Otsuki [10], using
Babinet’s principle. Diffraction by a single slit, by double slits, and by
multiple slits was investigated by a method that uses a set of orthogonal
functions and Fourier transformations [11–13]. When the slit (or strip
grating) is infinite, there is an enormous amount of theoretical work
before, its scattering behavior can be well understood [14–19]. When
the strip grating is finite, the problem also receives much attention.
When the strip grating is loaded by dielectric material and finite,
the amount of relevant theoretical works seems very small, and its
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scattering behavior is not well understood. In this paper we limit our
discussion to scattering from the dielectric-loaded finite strip grating.
The understanding of transmission through the dielectric-loaded finite
strip grating is important in the evaluation and control of aperture
leakage often encountered in antenna and electromagnetic interference
(EMI) problems. Also, a diffraction problem from dielectric-loaded
multiple slits is not only an interesting subject in the field of
electromagnetic wave theory but also an important one relating to the
surface measurement or diagnostics by microwave, millimeter wave,
laser or ultrasonic beams, and specially to the development of various
kinds of optical devices. The purpose of the present paper is to study
scattering from a dielectric-loaded finite strip grating (i.e., dielectric-
loaded multiple slits) by using radial mode matching technique [20].

2. THEORETICAL FORMULATION

Consider a TMz plane wave incident on a perfectly conducting plane
with dielectric-loaded N-slits as shown in Fig. 1. The direction of the
incident field makes an angle φi with the x axis. Regions (I), (II) and
(III) denote the upper, inner, and lower sections of dielectric cylinder,
respectively. The radius of each cylinder is ar(r = 1, 2, . . . , N).
Throughout the paper, ejwt time harmonic factor is suppressed. In
region (I) (ρr > ar, 0 < φ < π, r = 1, 2, . . . , N) as shown in Fig. 1, the
incident, reflected and scattered electric fields of lth cylinder are given
by [21]

Einc
zl (ρl, φl) + Eref

zl (ρl, φl) =
∞∑

p=1

sl
pJp(koρl) sin pφl (1)

Escat
zl (ρl, φl) =

∞∑

p=1

Bl
pH

(2)
p (koρl) sin pφl (2)

where sl
p = 4jpejkoxl cos φi sin pφi, ko = w

√
µoεo and Bl

p are referred to

as the scattering coefficients of lth cylinder. Jp(·) and H
(2)
p (·) are the

pth order Bessel function of the first kind and Hankel function of the
second kind, respectively. The incident wave is chosen to have a phase
of zero at the origin, so that koxl cosφi is the phase of the incident
wave at the center of lth cylinder. The total fields in region (I) should
include the original incident, reflected fields and the scattered fields
from cylinders 1, 2, . . . , N , respectively and it can be expressed by the
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following forms: when r = l,

EI
zl(ρl, φl) = Einc

zl (ρl, φl) + Eref
zl (ρl, φl) +

N∑

r=1

Escat
zr (ρr, φr)

=
∞∑

p=1

{
sl
pJp(koρl) sin pφl +

N∑

r=1

Br
pH

(2)
p (koρr) sin pφr

}
(3)

Since Hφ = 1/(jwµ0)∂Ez(ρ, φ)/∂ρ, the corresponding φ component of
the H-field in region (I) is

HI
φl(ρl, φl)=

ko

jwµ0

∞∑

p=1

{
sl
pJ
′
p(koρl) sinpφl+

N∑

r=1

Br
pH

(2)′
p (koρr)sin pφr

}
(4)

and µ0 is a background medium of permeability in all regions.
The z-component of the transmitted electric field in region (III)

(ρr > ar, π < φ < 2π) from the lth slit can be written as

EIII
zl (ρl, φl) =

∞∑

p=1

C l
pH

(2)
p (koρl) sin p (φl − π) (5)

The corresponding magnetic field in region (III) from the lth slit is

HIII
φl (ρl, φl) =

ko

jwµ0

∞∑

p=1

C l
pH

(2)′
p (koρl) sin p(φl − π) (6)

Figure 1. Geometry of the problem.
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Similarly, the z-component of the electric field inside cylinder l
can be written as

EIIl
zl (ρl, φl) =

∞∑
n=−∞

Al
nJn(klρl)ejnφl (7)

where kl = ko

√
εl/ε0. To determine the unknown coefficients Al

n, Bl
p

and C l
p (l = 1, 2, 3, . . . , N), it is necessary to match the boundary

conditions of tangential E- and H-field continuities at ρl = al. To
apply boundary conditions at ρl = al, the fields outside the cylinder l
must be expressed in terms of the coordinate of the cylinder l. In other
words, (ρr, φr) in Eq. (3) and the corresponding equation obtained
from Eq. (5) must be transformed to (ρl, φl). This is possible using
the addition theorem for cylindrical Bessel and Hankel functions [22].
Therefore these equations can be written as

EI
zl(ρl, φl) =

∞∑

p=1

{
sl
pJp(koρl) sin pφl + Bl

pH
(2)
p (koρl) sin p φl

+
N∑

r=1,r 6=l

∞∑
m=−∞

Br
pW

lr
pm(koρl) sinmφl

}
(8)

Figure 2. Far-zone transmitted field |Etran
z | (ε1 = ε2 = 1.0, k0R1 =

k0R2 = 10, D = 4k0R1, φi = 90◦).
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(a)

(b)

Figure 3. Transmitted field pattern (|G(φ)|) from two identical slits
with ka = 0.5, 1.0, 1.5, 2.0 at φi = 90◦.

EIII
zl (ρl, φl) =

∞∑

p=1

{
C l

pH
(2)
p (koρl) sin p(φl − π)

+
N∑

r=1,r 6=l

∞∑
m=−∞

Cr
pW lr

pm(koρl) sinm(φl − π)
}

(9)

where

W lr
pm(koρl) =

{
−(−1)pH

(2)
p+m(k0dlr)Jm(k0ρl), r > l

−(−1)mH
(2)
p+m(k0dlr)Jm(k0ρl), r < l

(10)

in which dlr is the distance between cylinders l and r. The tangential
electric field continuity at ρl = al yields

EIIl
zl =





EI
z , ρl = al, 0 < φ < π

EIII
z , ρl = al, π < φ < 2π

(11)
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Substituting Eqs. (7), (8) and (9) into (11) gives
∞∑

p=1

{
sl
pJp(koal) sin pφl + Bl

pH
(2)
p (koal) sin pφl

+
N∑

r=1,r 6=l

∞∑
m=−∞

Br
pW

lr
pm(koal) sin mφl

}
UI

+
∞∑

p=1

{
C l

pH
(2)
p (koal) sin p(φl − π)

+
N∑

r=1,r 6=l

∞∑
m=−∞

Cr
pW lr

pm(koal) sinm(φl−π)
}

UII =
∞∑

n=−∞
Al

nJn(klal)ejnφl(12)

where UI(II) = 1 for 0 < φ < π (π < φ < 2π) and zero elsewhere. In
Eq. (12), applying the orthogonality condition of exponential function

(b)

(a)

Figure 4. Transmitted field pattern (|G(φ)|) from three identical slits
with ka = 0.5, 1.0, 1.5, 2.0 at φi = 90◦.
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(a)

(b)

Figure 5. Transmitted field pattern (|G(φ)|) from four identical slits
with ka = 0.5, 1.0, 1.5, 2.0 at φi = 90◦.

with respect to φ from 0 to 2π gives

2πAl
kJk(klal) =

∞∑

p=1

{
sl
pJp(koal) + Bl

pH
(2)
p (koal)

}
F l
−kp

+
∞∑

p=1

N∑

r=1,r 6=l

∞∑
m=−∞

Br
pW

lr
pm(koal)F l

−km +
∞∑

p=1

C l
pH

(2)
p (koal)Gl

−kp

+
∞∑

p=1

N∑

r=1,r 6=l

∞∑
m=−∞

Cr
pW lr

pm(koal)Gl
−km (13)

where

F l
−kp =

∫ π

0
e−jkφl sin pφldφl (14)

Gl
−kp =

∫ 2π

π
e−jkφl sin p(φl − π)dφl (15)
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Next, the tangential magnetic field continuities at ρl = al yield

HIIl
φl

= HI
φl

, 0 < φl < π (16)

HIIl
φl

= HIII
φl

, π < φl < 2π (17)

Since, Hφ(ρ, φ) = k/(jwµ0)∂Ez(ρ, φ)/∂(kρ), the Hφ continuities at
ρl = al are given by

∞∑

p=1

sl
pJ
′
p(koal) sin pφl +

∞∑

p=1

Bl
pH

(2)′
p (koal) sin pφl

+
∞∑

p=1

N∑

r=1,r 6=l

∞∑
m=−∞

Br
pW

′lr
pm(koal) sinmφl

=
kl

ko

∞∑
n=−∞

Al
nJ ′n(klal)ejnφl , 0 < φl < π (18)

(b)

(a)

Figure 6. Transmitted field pattern (|G(φ|) from six identical slits
versus ka = 0.5, 1.0, 1.5, 2.0 at φi = 90◦.
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(a)

(b)

Figure 7. Transmitted field pattern (|G(φ = 270◦)|) from four
identical slits versus ka at φi = 90◦.

∞∑

p=1

C l
pH

(2)′
p (koal) sin p(φl − π)

+
∞∑

p=1

N∑

r=1,r 6=l

∞∑
m=−∞

Cr
pW ′lr

pm(koal) sinm(φl − π)

=
kl

ko

∞∑
n=−∞

Al
nJ ′n(klal)ejnφl , π < φl < 2π (19)

In a similar manner, applying orthogonality conditions of sine function
to Eqs. (18) and (19) with respect to φl from 0 to π and from π to 2π
yield
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sl
qJq

′(koal)+Bl
qH

(2)′
q (koal)+

∞∑

p=1

N∑

r=1,r 6=l

Br
p

{
W ′lr

qp(koal)−W ′lr
(−q)p(koal)

}

=
2
π

kl

ko

∞∑
n=−∞

Al
nJ ′n(klal)F l

qn (20)

C l
qH

(2)′
q (koal) +

∞∑

p=1

N∑

r=1,r 6=l

Cr
p

{
W ′lr

qp(koal)−W ′lr
(−q)p(koal)

}

=
2
π

kl

ko

∞∑
n=−∞

Al
nJ ′n(klal)Gl

qn (21)

Substituting Eq. (13) into (20) and (21), the simultaneous system
equations for unknown coefficients Bl

p and C l
p (l = 1, 2, 3 . . . , N) are

(b)

(a)

Figure 8. Transmitted field pattern (|G(φ)| = 270◦) from four
identical slits versus ka = 1.5 at φi = 90◦.
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(b)

(a)

Figure 9. Transmitted field pattern (|G(φ)|) from dielectric-loaded
four slits with ka = 1.5 at φi = 90◦.

given by



[
α1

q

β1
q

]

...[
αN

q

βN
q

]




=




[
[S11

11 ] [S11
12 ]

[S11
21 ] [S11

22 ]

]
. . .

[
[S1N

11 ] [S1N
12 ]

[S1N
21 ] [S1N

22 ]

]

...[
[SN1

11 ] [SN1
12 ]

[SN1
21 ] [SN1

22 ]

]
. . .

[
[SNN

11 ] [SNN
12 ]

[SNN
21 ] [SNN

22 ]

]







[
B1

p

C1
p

]

...[
BN

p

CN
p

]




(22)

The submatrices [Slr
ij ] are given by

[Slr
ij ] =





[
clr
qp

]
, l = r (self−interaction)

[
dlr

qp

]
, l 6= r (mutual−interaction)

(23)



420 Lee et al.

and the elements clr
qp and dlr

qp are given by
[
clr
qp

]
= H(2)′

p (koal)δqpδij −H(2)
p (koal)I l

ij (24)
[
dlr

qp

]
=

(
W ′lr

pq −W ′lr
p(−q)

)
δij −Rlr

ij (25)

where

I l
ij =

kl

π2ko

∞∑
n=−∞

J ′n(klal)
Jn(klal)

f i
qnf j

p(−n) (26)

Rlr
ij =

kl

π2ko

∞∑
n=−∞

∞∑
m=−∞

J ′n(klal)
Jn(klal)

W lr
pm(k0al)f i

qnf j
m(−n) (27)

f1
pn =

∫ π

0
ejnφl sin pφldφl (28)

f2
pn =

∫ 2π

π
ejnφl sin p(φl − π)dφl (29)

and the elements of the vector αl
q and βl

q are given by

αl
q = −

∞∑

p=1

sl
p

{
jpJ ′p(koal)δqp − jpJp(koal)I l

11

}
(30)

Figure 10. Transmitted field pattern (|G(φ)|) from dielectric-loaded
four slits with ka = 1.5 at φi = 90◦.
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Figure 11. E-field equi-amplitude contour plot near dielectric-loaded
four slits with ka = 1.5; D = 4a, (ε1; ε2; ε3; ε4) = (1; 3; 3; 1).

βl
q =

∞∑

p=1

sl
pj

pJp(koal)I l
21 (31)

and the vector Bl
p and C l

p (l = 1, 2, 3, . . . , N) represents the unknown
expansion coefficients of the scattered and transmitted fields from the
dielectric-loaded multiple slits. Eq. (22) can be solved numerically to
retrieve the unknown scattering and transmitting coefficients. The
transmission field pattern in the far zone (koρ À 1 and ρi > ρ)
is determined after using the large argument approximation of the
Hankel function and the far-field approximations φl ∼ φ and ρl ∼
ρ± xl cos(φ− π), i.e.,

Etran
z (ρ, φ) =

√
2j

πkoρ
e−jkoρG(φ) (32)

where

G(φ) =
N∑

r=1

∞∑

p=1

jpCr
pejk0xr cos(φ−π) sin p(φ− π) (33)
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3. NUMERICAL RESULTS

In order to verify that the infinite series involved in the solution is
rapidly convergent [21], a far-zone transmitted field of two identical
slits is considered. Fig. 2 shows the variation of the far-zone
transmitted field for two identical slits (k0R1 = k0R2 = 10, D =
4k0R1) with the number of the infinite series number of p, q, n and
m. As one can see from Fig. 2, the convergence is achieved after
p = q = n = m = 15 for a dimension of k0R1 = k0R2 = 10. That
is relatively a small number of terms required to achieve convergence.
One of the advantages of the proposed method is the possibility of
computing the transmitted field pattern from two slits including or
without the mutual interactions by simple setting the elements in the
off-diagonal submatrices to zero. To illustrate the effect of mutual
interaction of the transmitted field pattern, Figs. 3–6 show the far-
transmitted field pattern (G(φ)) of two, three, four and six identical
slits with ka = 0.5, 1.0, 1.5, 2.0 at φi = 90◦. The solid and dashed lines
represent the patterns with and without mutual interactions (i.e., total
and non-interaction fields) between the multiple slits, respectively.
The dot-dashed lines represent the patterns of interaction field, which
are subtracted from total fields to yield the non-interaction fields.
Figs. 7 and 8 show the far-transmitted field pattern at φ = 270◦ of
two or four dielectric-loaded slits with ε1,2,3,4 = 1, 3, 5 versus ka in
normal incidence. It has been verified that even a slight change in
the dielectric-loaded slit can alter the transmitted behavior of multiple
slits in a conducting plane. Figs. 9 and 10 show the far-transmitted
field pattern of different dielectric-loaded three or four slits. In Fig. 11,
the behavior of |Ez(ρ, φ)| in the neighborhood of dielectric-loaded four
slits (ε1 = 1, ε2 = 3, ε3 = 3, ε4 = 1) is plotted for φi = 90◦. From
Fig. 11, it can be seen that the boundary conditions on the conducting
plane and dielectric cylinder are satisfied.

4. CONCLUSION

The analysis of plane wave scattering and transmitting from dielectric-
loaded multiple slits is derived rigorously for TM polarization. The
analysis is cast into a form that is simple for computations as well
as for predicting the effect of mutual interactions between dielectric-
loaded multiple slits.
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